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Abstract

We study the commutation relation for 2-radial SLE in the unit disc starting from
two boundary points. We follow the framework introduced by Dubédat [9]. Under
an additional requirement of the interchangeability of the two curves, we classify all
locally commuting 2-radial SLE,; for x € (0,8): it is either a two-sided radial SLE,
with spiral of constant spiraling rate or a chordal SLE, weighted by a power of the
conformal radius of its complement. Namely, for fixed x and starting points, we have
exactly two one-parameter continuous families of locally commuting 2-radial SLE.
Two-sided radial SLE with spiral is a generalization of two-sided radial SLE (with-
out spiral) analyzed in [13,14,20,23] and satisfies the resampling property. We also
discuss the semiclassical limit of the commutation relation as k — 0. In particular,
we show that the limit for the second family with an appropriately chosen power of
conformal radius is a chord that minimizes a modified chordal Loewner energy, which
is unique only when the endpoints are not antipodal.

Keywords: Schramm-Loewner evolution, commutation relation, resampling prop-
erty.
MSC: 60J67.

1 Introduction

1.1 Background on radial SLE

In 1999, O. Schramm [32] introduced the Schramm-Loewner evolution (SLE) as the non-
self-crossing random curve driven by a multiple of Brownian motion using Loewner’s
transform. This definition is motivated by a quest to describe mathematically the ran-
dom interfaces in two-dimensional critical lattice models, which satisfy the conformal
tnvariance and the domain Markov property. These properties impose that the chordal
Loewner driving function of such a random interface has to be a multiple of Brownian
motion, hence justifying the definition of chordal SLE. Indeed, SLEs are proved to be
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the scaling limit of interfaces in many conformally invariant statistical mechanics models,
e.g., [6,7,22,33,34,37], and play a central role in random conformal geometry.

However, to characterize the other natural variant — radial SLE — one needs an
additional condition on the reflection symmetry. As we are mainly concerned with radial
SLE in the present article, let us briefly describe its definition and characterization. We
will describe the radial Loewner chain in D = {z € C||z| < 1} targeting at 0. Radial
Loewner chain in other simply connected domain D C C targeting at an interior point
zg € D is defined via a conformal map from D onto D sending 0 to zp.

Conformal radius and capacity. For any compact subset K (not necessarily con-
nected) of D such that D\ K is simply connected and contains 0, we let gk be the
unique conformal map D\ K — D such that gx(0) = 0 and g% (0) > 0 (called the radial
mapping-out function of K). The conformal radius of D\ K is

CR(D\ K) := (g (0))".
The capacity of K is

cap(K) = log g% (0) = —log CR(D \ K).

Radial Loewner chain. For § € [0,27), suppose n : [0,7] — D is a continuous
non-self-crossing curve such that 7y = €' and no,ry € D\ {0}. Let D; be the connected
component of D\ Mo, containing the origin. Let g; : Dy — D be the unique conformal
map with ¢;(0) = 0 and ¢;(0) > 0. We say that the curve is parameterized by capacity if
g;(0) = exp(t). Then g¢; satisfies the radial Loewner equation

et 4 g4(2)

& — gu(2)’ g0(2) = 2, (1.1)

g (2) = gi(2)
where t — & € R/2nZ is continuous and called the driving function of . We note that
if z = ¢'"0 € 9D, then taking a continuous branch V; := arg g;(e'?), we have

BVi(2) = cot((Vi — &)/2). (1.2)

Characterization of radial SLE. Consider a family (IPp)gecr/2xz of probability dis-
tributions on curves 7 : [0,00) — D with 19 = €' and parametrized by capacity satisfies
the following properties:

1. (Conformal invariance) For all a € R/2wZ, let p,(z) = €z be the rotation map
D — D. For all a,6 € R/27Z, the pullback measure p} Py = Py_,. From this, we may
extend the definition of Py to any simply connected domain D with an interior marked
point zg by pulling back using a uniformizing conformal map D — I sending 2 to 0.

2. (Domain Markov property) For any ¢t > 0, § € R/2nZ, let n ~ Py. Conditioning on
0,45 9t(M[t,00)) ~ Pe, where & is the driving function of 7. See Figure 1.

3. (Reflection symmetry) Let ¢ : z — Z be the complex conjugation, then Py ~ (*P_jg.



Then there exists £ > 0 such that for all 8, the driving function of n ~ Py is t — 0+ +/kB;
modulo 277, where B. is the standard Brownian motion. This follows from the fact that
(vV/kB).>0 are the only continuous Lévy processes W that have the same law under the
transformation W +— —W. In this case, as t — oo, 1 — 0 almost surely. The distribution
Py is the law of the radial SLE, in I starting from el?. We also call it radial SLE,. in
(D; €!%; 0) for short.
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Figure 1: Domain Markov property of radial SLE.

The third assumption on the reflection symmetry is natural for conformally invariant
and achiral statistical mechanics models. However, one may also wonder what happens
without the reflection symmetry, this means that the law of the driving function is no
longer required to be invariant with respect to W +— —W. From the classification of
continuous Lévy processes, we obtain that there exists k > 0 and p € R such that for all
0, the driving function of 1 ~ Py is

t+ 0+ KB+ ut (mod) 27Z.

The curve generated is called radial SLE,, with spiraling rate p starting from ' and we
denote it as radial SLE* in (ID;e'%; 0). It was shown in [28] that almost surely, n; — 0 as
t — oo for all Kk > 0 and p € R.

1.2 Locally commuting 2-radial SLE

The random radial curve satisfying conformal invariance and domain Markov property are
easily characterized thanks to the fact all simply connected domains (excluding C) with
one marked interior point and one marked boundary point are conformally equivalent. If
we consider the radial Loewner chain of two curves growing from two distinct boundary
points €1 el%2 ¢ 9D, then we have a one-dimensional moduli space of the boundary data.
The goal of this work is to characterize and identify the family of local laws Py, g,) of
the pair of continuous non-self-crossing curves (77(1), 77(2)) in D starting from all possible
choices of €', e?2 ¢ 9D under the following axioms.

For this, we first parameterize n"), n(?) by their intrinsic radial capacities and consider
the associated Loewner chains g.(l) and g.(2) re(sI))ective(l%A For all t = (t1,t2) € R, let g¢
1 2
U

be the radial mapping-out function of 7 := Mo 1) Y Mosta)



(CI) Conformal invariance: For all a« € R/27Z and 01,02 € R/27Z, the pullback
measure p, Pg, 9,) = Pg,—a,0,—a)- From this, we may extend the definition of
Pg, 6, to any simply connected domain D with an interior marked point zo by
pulling back using a uniformizing conformal map D — D sending zg to 0.

(DMP) Domain Markov property: Conditioning on 7,
1 (1) 2 (2)
(9t(77( ) \77[07151])7!%(77( ) \"7[0’152])> ~ P(Gﬁ” 91(:2))7

where (exp(i6y"), exp(i6,>))) = (ge(n\))), g6 (1i2))).

(MARG) Marginal laws: There exists £ > 0 such that the marginal local law of n\9) is
“absolutely continuous” with respect to an SLE, for j =1, 2.
(INT) Interchangeability condition: Let 7 be the map which swaps n(") and n(®). We
have Pg, g9,y = 7" P(9,,9,)-

See Section 2.1 for a more precise statement of the axioms. We note that since gy is
parametrized by two times ¢, 9, the condition (DMP) implies that g may be real-
[(01,11} using ggll ), then mapping out g§11 )(77[(02712}), or vice versa.

The image has the same law regardless of the order in which we map out the curves.

ized by first mapping out 7

This observation gives a commutation relation on the infinitesimal generators of the
two curves (Proposition 2.2). Therefore, we call the family of the laws (P, 4,)) as an
interchangeable and locally commuting 2-radial SLE,.

These conditions and our analysis are very close to the commutation relation of SLE
studied by Dubédat in [9], which focuses on classifying all locally commuting chordal
SLEs. Dubédat also derived the commutation relation in the radial setting in terms of
the generators of radial SLE. Our main contribution is to find all solutions to the radial
commutation relation and identify all interchangeable and locally commuting 2-radial
SLE,. It is also natural to use SLE/GFF couplings, particularly, [28], to find examples
of commuting 2-radial SLEs. See Remark 3.10. However, it is unclear to the authors a
priori that all commuting 2-radial SLEs can be coupled to GFF.

1.3 Main result: A classification

We classify all locally commuting 2-radial SLE with the interchangeability condition
(INT). Similar to the analysis in [9], we also show that the conditions (CI), (DMP),
and (MARG) imply that there exists Z : {(01,602) € R?|0; < 05 < 01 + 27} — Rso,
called partition function which encodes the family of distributions P, 4,). See Section 2
for more details.

Theorem 1.1. Fiz k € (0,8). Suppose Z is the partition function for an interchangeable
and locally commuting 2-radial SLE,. Then Z is one of the following two functions:

1. There exists u € R such that, up to a multiplicative constant, Z is the same as
Qu(ﬁl, 92) = (Sin ((92 — 91)/2))2/N exp (l/j;(el + 92)) . (1.3)
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In this case, the law of the corresponding locally commuting 2-radial SLE, is the same
as two-sided radial SLE, with spiraling rate 1, see Section 3.2 and Figure 2.

2. There ezists a < 1 — k/8 such that, up to a multiplicative constant, Z is the same as
Za(01,02) = (sin (62— 01)/2) %% 6, (sin (02— 0)/4)7) . (14)

where ¢q s the unique solution to the following Fuler’s hypergeometric differential
equation

{u(l — )¢ (u) = 255 (2u — 1)@/ (u) + 52 p(u) =0, e (0,1); (1.5)

b(1/2) =1, ¢(1/2) =0.
In this case, the law of the corresponding locally commuting 2-radial SLE,, is the same

as vy chordal SLE, in D weighted by CR(D\ )™, where CR(D\v) denotes the confor-

mal radius of the connected component of D\ v containing the origin, see Section 3.4.

Both G, in (1.3) and Z, in (1.4) are solutions to “radial BPZ equations” (or “BPZ-
Cardy equations” in [18], see also [19]):

Iiauz
2 z
K@QQZ
2z

RZ  (6—k)/(4K) _
2 (sin((02—61)/2)"
o0z B (6 —k)/(4rK) B
2 (sin((02—61)/2))°

+ cot ((92 — 01)/2)

— cot (((92 — 91)/2)

)

where 0; is the partial derivative with respect to 6; and F' is the constant:

2
we—3 3
T Z_ﬂa when Z =G,
F:w_a>_i7 when Z = Z,.
8k 2K

In general, partition function Z, in (1.4) involves hypergeometric function and is
not explicit; but in the following two special cases, such function has a simple explicit
expression:

e When k = 4, Z, can be written as trigonometric functions and hyperbolic functions
in # = 65 — 01, see Remark 2.6.

e When o = «i(k) which is the one-arm exponent for the conformal loop ensemble,
Za,(x) can be written as trigonometric functions in § = 6 — 01, see Remark 2.7. In
this case, the partition function 2, () with & € (4,8) is the limit of the partition
function for interfaces in critical random-cluster model conditional on the one-arm
event.

The two-sided radial SLE, with spiral is also closely related to the mixed multifractal
spectrum introduced by Binder [5]. More precisely, the points on an SLE curve are
classified in terms of the asymptotic behavior of the uniformizing conformal maps in the
complement of the curve, according to its Holder exponent and its winding exponent.



The Hausdorff dimension (i.e., mixed multifractal spectrum) of the set of points with a
given behavior is computed in [11]. It was shown in [23] that conditioning a chordal SLE
to pass through an interior point 0 gives the two-sided radial SLE (without spiral). Since
the points with zero winding exponent have the maximal spectrum, this conditioning is
equivalent to conditioning on the event where the 0 is a point on the SLE curve with
zero winding exponent. We speculate that “conditioning” on the rare event where 0 is a
point with winding rate p, the curve obtained should satisfy the commutation relation
and hence has to be the two-sided radial SLE that with the spiraling rate p. In the
terminology of the conformal field theory, this would correspond to inserting a curve-
generating operator at 0 with complex charges and conformal weights [4].
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Figure 2: Simulation by Minjae Park. Two-sided radial SLE around the origin
with £ = 0.01 and g = 5 in the left panel. Two-sided radial SLE around the
origin with Kk = 2 and p = 5 in the right panel.

The interchangeability condition (INT) is natural, given the reversibility of chordal
SLE. It also simplifies our classification and in particular, the notation, see Section 2.3
and, in particular, Lemma 2.5. In Remark 3.16, we give an example of locally commuting
radial 2-SLE without (INT). In Proposition 3.17, we show the classification without the
condition (INT), where the second one-parameter family of solution (1.4) becomes a
two-parameter family.

1.4 Resampling property

Let D C C be a simply connected domain and let x1,z2 be distinct prime ends of 0D.
We denote by X(D;x1,22) the set of continuous non-self-crossing curves in D from xz;
to x3. We recall the definition of the chordal SLE in the upper half-plane (H;0,00) in
Appendix B. For other simply connected domain (D;z1, z2), chordal SLE in (D;x1, x2) is
a random curve in X(D;x1, z2) defined by mapping chordal SLE in (H; 0, co) conformally
from H onto D sending 0 to 1 and oo to xa. Let D C D be a simply connected domain
containing 0 and let 1,2 be distinct prime ends of dD. We denote by X(D;x1,x2;0)
the set of pairs of continuous simple curves (7](1), 17(2)) in D such that n™") goes from z;



to 0 and 7® goes from x5 to 0 and n¥ Ny = {0}. We say that a law on (n(),n®) ¢
X(D;x1,x2;0) satisfies resampling property if

« the conditional law of 7(®) given (") is a chordal SLE, in (D \ 7M; z,0),
« and the conditional law of ") given 1(?) is a chordal SLE, in (D \ n®);z1,0).

In Theorem 3.9 we show that for each u € R, two-sided radial SLE, with spiraling
rate p satisfies resampling property for x € (0,4]. This result follows directly from the
expression of the partition function G,. Another proof can be found in [28] using the
coupling with GFF. Combining with Theorem 1.1, we find that commutation relation
implies resampling property.

Corollary 1.2. Fiz k € (0,4] and 01 < 02 < 01 + 27. An interchangeable and locally
commuting 2-radial SLE,; in X(D el eif2. 0) is a two-sided radial SLE, with spiral, hence,
satisfies the resampling property. The converse is not true as we may toke a linear
combination of 2-radial SLE, with different spiraling rate.

1.5 Semiclassical limits of partition functions

Figure 3: The curves generated by 4 from Proposition 1.3. They correspond
to the energy minimizers from Proposition 4.8. On the left, 85 — 1 ~ 7, and
A=0.1, 0.2, 0.5, 1, 2, 5, 10, 20, 50, 100, 200, 500 (A = 0.1 corresponds to
the innermost green curve and A = 500 corresponds to the outermost orange
curve). On the right A = 10 while 6, — ; varies.

We also discuss the commutation relation when x = 0, the corresponding deterministic
pair of curves, and the semiclassical limit x — 0+ in Section 4. In particular, semiclassical
limits of partition functions in Theorem 1.1 have explicit formulas.

Proposition 1.3. Fiz 61 < 0y < 01 + 27 and denote 6 = 65 — 0.

o For the partition function G,, in (1.3), fir p € R, we have

iig%nloggu(@l, 92) = QIOgSin ((92 — 91)/2) + /L(91 + 02) (1.6)
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o For the partition function Z, in (1.4), if « ~ —\/k for some X > 0, then the following
limit exists

A _ 1 .
UM (0) = lim rlog Za(61, 02);

and for 0 € (0, 7],

UNO) = UM 27 — 6) = —2logsin(6/2) + /; VA + deot?(u/2) du. (L7)

We mention that a similar semiclassical limit of the partition functions for multichordal
SLE was considered in [3,29] and that multiradial SLE; was considered in [2,40]. We
prove Proposition 1.3 in Section 4.

Proposition 1.4. We use the same notations as in Proposition 1.3. The function U
can be expressed as

UMNB) = —6 log sin(6/2) — inf (1(3) = Aog CR(D\ 7)) + C
where the infimum is attained and taken over all chords connecting €' and €92, I(-) is
the chordal Loewner energy, and C' is a normalizing constant only depending on A such

that U (1) = 0. Moreover, the minimizer is unique when @ # m and there are exvactly two
minimizers when 6 = 7.

See Lemma 4.7 for details and Figure 3 for a simulation of those energy minimizers. A
related relation between the semiclassical limit of the partition function for multichordal
SLE and the minimizers of the multichordal Loewner energy was proved in [29]. We point
out in particular that * in (1.7) when A > 0 is not differentiable at § = 7 since the
minimizer of I(-) — Alog CR(D \ -) is non-unique when 6 = 7. Such non-differentiable
functions do not appear in earlier literature about the semiclassical limits of SLE partition
functions (2, 3,29, 40].

2 Partition functions of locally commuting 2-radial SLE

In this section, we give the precise definition of locally commuting 2-radial SLE. We also
define and classify the partition functions.

2.1 Definition of locally commuting 2-radial SLE

Let D C D be a simply connected domain containing 0 and let z1,xs be distinct prime

ends of D. Let Uy, Us be, respectively, closed neighborhoods of x1 and x5 in D that do
not contain 0 and such that U; NUy = (). We will consider probability measures IP’%I, 752;2)
on pairs of unparametrized continuous curves in U; and Us starting from x; and x2, and

exiting U; and Us almost surely. We call that such a family of measures indexed by

different choices of (Uy,Us) compatible if for all U; C U{ and Uy C U}, we have PE%{;CUIQLQ)



is obtained from restricting the curves under ]P’ElU)l’g i ,) to the part before first exiting the

subdomains U; and Us.

(U1,U2)
I[D(D T1,22)

on pairs of continuous non-self-crossing curves (M, n(?) for all D, (1, x9), and (U1, Us)
as above that satisfy additionally the (CI),(DMP),(MARG) conditions below. We
say that a locally commuting 2-radial SLE, is interchangeable if it satisfies further the
condition (INT).

The locally commuting 2-radial SLE, is a compatible family of measures

(CI) Conformal invariance: If ¢ : D — D’ is a conformal map fixing 0, then the pullback

measure
spleU)e(l2)) _ pUil2)
(D5 p(x1),(x2)) (D;1,22)"

Therefore, it suffices to describe the measure when (D; x1,z2) = (D; 91, ¢1%2).
(DMP) Domain Markov property: Let ("), 7)) ~ P2 and we parametrize n

(D; e.el 7ewg)
and 17(2) by their own capacity in D. Let t = (¢1,t2), such that ¢; is a stopping time
(4)

for nU) and Mo,]

is contained in the interior of Uj;. Let

(1)

Then conditionally on Mo.11) [0.t2]7 WE have

7D, 72 ~ p(01.02)

(€25 778) mﬁz))
See Figure 4.
Gt
—
it

i

Figure 4: (CI) and (DMP) imply that a locally commuting 2-radial SLE

satisfies (71, 7)) ~ Egl U<22 ) ~ gt P(gt((j(z)gt‘(;{zg).
ity t2 (Dse™t e )

(MARG) Marginal laws: Let (1), n®) ~ p{U1:02) We assume that there exist C? func-

(]D) eif1 e;92)

tions bj : ST x ST\ A — R where S = R/27Z, and A is the diagonal {(6,0) |6 € S}



such that the capacity parametrized Loewner driving function t — §t(1) of 77(1) satisfies

5(()1) =01, Vo(2) = 0o,
dgt? = vrdB + b (¢, V) a, (2.1)
av® = cot (2 = V) /2) at,

where B! is one-dimensional standard Brownian motion. In other words, the radial
Loewner chain g,gl) associated with 7") maps the tip 17,51) to exp(iggl)) and €2 to
exp(iV?) by (1.2).
Similarly, the capacity parametrized Loewner driving function ¢ — 9§2) of @ satisfies
‘/E)(l) = 917 f(()z) = 92a
dg” = VedB? + (v, ?)at, (2.2)
v = cot (V1 = ) /2) ar.
In other words, the radial Loewner chain g£2) associated with n(® maps the tip 77,52) to
exp(iff)) and 1 to exp(in(l)).
(INT) Interchangeability condition: The two curves are unordered. In other words, let
7 (M, 9?) = (), 9M),
(U1,U02) xmp(U2,U1)
(Dszr,a0) T IP>(D; z2,71)"
Remark 2.1. Despite the heavy notation, the only purpose of introducing the neigh-
borhoods Ui, Us is to give a precise meaning of “local law” of the 2-radial SLE near
their starting points. In particular, if we have a random pair of curves in X(ID; z1, 2:2;0),

or a random simple curve in X(D;x1,z2), we obtain a compatible family of probability
(U1,U2)

P(D;Il,xz)

possible pairs of neighborhoods (Uy,Us). Note that a priori, a compatible family of lo-

measures by restricting the random curve (or the pair of random curve) to all
cal laws does not necessarily imply they can be coupled as the restriction of a random
curve or pair of curves in all (Uy,Us), but this will be a consequence of our classification

Theorem 1.1.

(U1,U2)

To simplify notations, we also denote IP’(D; 2101 i02)

by P, ¢,) as in Section 1.2.

These axioms allow us to characterize the local law of the 2-radial SLE by considering
the infinitesimal generators of the two-time driving function which is the subject of the

next sections.

2.2 Commutation relations

In this section, we assume that x € (0,00) and do not assume (INT). We consider
a locally commuting 2-radial SLEy, which is a compatible family of measures Py, g,)
satisfying the conditions (CI), (DMP), and (MARG). Let by, by : St x ST\ A — R be
C? functions as in the condition (MARG).
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We now derive the infinitesimal form of the radial commutation relation. Let

0, — 0
5122811+b1(01,92)61+c0t< 2 1)82

6, —0
£2:';822+b2(01,92)82+cot< ! 5 2)(91

be the diffusion generators associated with (2.1) and (2.2).

Proposition 2.2. The diffusion generators (2.3) of a locally commuting 2-radial SLE,
satisfies the infinitesimal commutation relation

Lo — Ly

[L1,Lo) := L1Ly — L2Ly = (sin (02 — 61)/2))*

(2.4)

The proof follows exactly the same steps as in [9] for chordal SLEs. The radial
commutation relation was stated briefly in [9] but with an opposite sign. For the reader’s
convenience, we derive it here. We introduce the following notations. They will also be
used in Section 3.2.

Fix 01 < 02 < 01 + 2w. We will describe the growth of a pair of continuous non-self-
crossing curves (7, 7?)) in D such that 77((]1) = ¢t and 77((]2) = e'%. Fort = (t1,t2) € R2,

suppose 77[%7)1‘/1] and 77[(&)7&2] are disjoint. We consider the following mapping-out functions:
@\ n D is conformal with g?(0) = 0 and (¢)  (0) = exp(t;) > 0, f
© g Mo.t,] is conformal with g;; = 0 and (g = exp(t; , for
j=1,2.

gt D\ (17[(3)1‘/1] U 77[(0212]) — D is conformal with ¢¢(0) = 0 and ¢;(0) > 0.

geq D\ ggll) (7](2) }) — D is conformal with g (0

0.2 ) =0 and g¢,(0) > 0.
o gt2:D\ gg) (77[(&11]) — D is conformal with g¢ 2(0) = 0 and g¢ 5(0) > 0

Using such notations, we have gy = gt ; ogg) for j =1,2. Let ¢g), ®t, ¢t j be the covering
maps of gg ), g, gt,j respectively, i.e., the continuous function such that g.(ew) = ¢i¢-(0)

and ¢o(f) = 6. Denote by (£g),t]- > 0) the driving function of 7\9) as a radial Loewner
chain for j = 1,2. Let

o0 = oua (&), 0 = ona (62).

The pair t — (99),99)) may be viewed as the two-time driving function of the pair
(nM, ). See Figure 5.

Proof of Proposition 2.2. The strategy of the proof consists of mapping out (17[%)5], 77[(02)5})

in two ways, where both curves are parametrized by their intrinsic capacity seen in D.
We can either

o first map out 77[(;7)6] by the conformal map gél), then by g <) 1,

(2) (2)
€

e or first map out M0.e] by the conformal map gz", then by g ) 2.
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expl(ith) exp(ifs)
2
gt(Q) l Gt
—
Jt,2
exp(ingl)) exp(ift(f))

Figure 5: We have g¢ = g¢1 0 gt(ll ) = gipo gt(f )

e

(e,e

We then compare the expansions of (98)&),

and ,CQ .

More precisely, we first follow the Loewner flow t — ggl) until ¢ = €. Under this flow,
the radial driving function is ¢ — §t(1). And t — Vt(Q) satisfies

)) in € which are expressed in terms of £;

v = cot (V¥ = &")/2).
Hence, for any smooth test function F': (61,62) — R, we have

e2L?

Egp, ,) [F(60, V)] = (1 +ely + ) F(61,02) + o(¢?).

Now we use g(. )1 to map out 77[(57)6] = gél)(n[(&)g]). We note that the capacity of 77[((?,)5]

is not €. We compute its capacity, we note that

(1) ’ _ 2z + 6161 2€i91 _ 2,2 o 62161 o 226191
815 (gt ) (Z)|t:0 - _z—ewl +Z(z—e‘91)2 - (Z_eigl)Q
Therefore, for small ¢,
(1)/6192 =1- ° +igcot((6y — 01)/2) + O(?).
(98) () = 1 = e + iecot((2 = 0)/2) + O(&?)
So we have , .
M) (%) =1 - + o(e).
‘(95 ) (e™) 2 (sin((B — 61)/2))? o(€)

12



(1)

It follows from (3.7) that the image under g:’ of a set of capacity ¢ near €' has capacity

g=c¢ (‘ (g(l))l (el2) i - 0(5)) = (1 - c ) + o(e?).
) (sin((82 — 61)/2))*

In particular, 77[(5 )d has capacity . Therefore, using the conditions (CI) and (DMP),
we have

1E(01,02) [ (9(;)5)a0(2) ) (2.5)
2£2 2£2
<1 +ely + ) (1 +¢&'Ly + 5 ) F(61,02) + o(e?)

2[:2 52£2
<1 + 8 El + Lo) + <—€5£2 + + 2 24 62£1£2>> F(@l, 02) + 0(62)

where § = & (sin((6 — 61)/2)) 2 so that ¢’ = (1 — §).

If we first map out the second curve, then the first curve, and notice that the value
of § is unchanged, we obtain that the above expectation also equals
e2r? 22

1
2+2

(1 +e(L1+ La) + (—85[,1 + + 82£2£1>> F(Ql, 02) + 0(62).

Comparing these two expansions, the coefficient of the e2-order terms have to coincide,
we obtain the condition

J Ly — L
L1, La) i= L1Ly — LoLy = = (L — L1) = ———= 2
€ (sin((62 — 61)/2))
as claimed. O
We note that the condition (CI) implies
bj(@l +a, 0 + a) = bj(91,62), Vi =1,2and a € R. (2.6)

Proposition 2.3 (Radial BPZ equations). Let x € (0,00). Let by,by : St x ST\ A = R
be C? functions as in the condition (MARG). Then (2.4) and (2.6) imply that there
exists Z 1 {(01,02) € R?|6; < Oy < 01 + 21} — Rwq, called partition function, and a
constant I € R such that

bj =k0;logZ, j=1,2,

and
) 012 0 Z h
ez a5 v 2.7
53 cot(621/2) z 2 (sin(fg1/2))* o
K 0222 hz :
r — cot(6a1/2 - - -
R cot(621/2) z 2(sin(921/2))2 -

where h = (6 — k)/(2K) and 091 = 0 — 61 = —012.
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We note that Z does not always descend to a function on (R/27Z)2.

Proof. We use the expression (2.3) and obtain

(L1, L] = [— 5 ~ 011 + |KO1by — KOab1 | 012 +

(sin(612/2))>
[K—Z C0t<012/2) B b1

4 (sin(612/2))* 2 (sin(612/2))*
[/ﬁ;—2 C0t<912/2) n b

4 (sin(612/2))*  2(sin(012/2

2 (sin (612 /2))2] Oz

_ (;82251 + baOoby + COt(912/2)6151> ]81

K
)2 + (281152 + b101by — COt(912/2)a2b2> 162’

and

(sis(QH;/L;))Z = (sin(9112/2))2 [;(822 — 011) + (cot(6h12/2) — b1)01 + (b2 + cot(012/2))621 :

Comparing the coefficients, then (2.4) shows

81b2 = 32b1a (2‘9)
- by 6— K Cot(912/2)
Z O2by + badaby + cot(B12/2)01b1 — +( ) =9
5 02201 + 020201 + co (612/2)01b1 2 (sin(612/2))? 4/ (sin(012/2))

(2.10)
- by 6— K Cot(921/2)
Z011ba + b101bg + cot(fa1/2)Daby — +( > -
5 91102 7+ 610102 + co (621/2)02b2 2 (sin(6g1/2))> 4 (sin(621/2))°

(2.11)

Eq. (2.9) shows that there exists a function Z : {(1,62) € R? |61 < 03 < 01 + 27w} —

R~ such that

0hZ 0 Z
b1 =k0O1log Z = /-@17, by = kOylog Z = /@27.

Plugging it into (2.10) and (2.11), we have

Kk 02 Z 0z L
i o B —0, 2.12
) (2 E cot(fa1/2) z 2(sin(921/2))2> o
kO Z 022 .
i R B —0, 2.13
KOy (2 = cot(f21/2) A 2(sin(921/2))2> ( |
where h = (6 — x)/(2k).
Eq. (2.12) and (2.13) imply that, there exist functions Fy and Fj;
Kk 02Z 02 -
5 2 CcO ( 21/ ) A 2(Sin(921/2))2 2( 2>
OLZ hZ h
K +cot(021/2)—~ ~ -
5 % CcO ( 21/ ) Z 2(5111(921/2))2 1( 1>
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Using the identity

0022 ., (02 RZ\?

Eq. (2.6) implies that F; and F; are constants and

kOnZ 022 -

\ s ) P 2.14

5z cot(021/2) z 2(sin(¢921/2))2 1 | |
= Z

KOnZ cot(921/2)81 N ) — o

2 Z Z  2(sin(f/2))?

It remains to show F} = F5. Taking the derivative of
avr bj(01 4+ a,02 +a) = k(0;2/2)(01 + a,02 + a)

and evaluate at a = 0, we get from (CI) and (2.6) that

z z
0_81(82) 82(82>, Vji=1,2. (2.16)

From this, we have

0Z  0pZ <alz>2 B (822)2
Z z \Z Z

" Z "z
81( Z ) @( z )

" Z 0 Z
81(2)—82( z )'

If we take the difference (2.14) - (2.15), we get

g <<8122>2 - <82;>2> + cot(621/2) (822 + 8;2) = I — F. (2.17)

Note that (2.16) also implies

HEZ Oz EZ DHZ\ . (HE  E
0—81(;5) 82(3) 31(z)+‘91<z>—31<z+z)

and

Hence there is 4 € R such that

—_— =4 —. 2.1
K Z + Z (2.18)
Plugging into (2.17) we get
"hZ rZ
(12 —~ 22) [+ cot(921/2) —F —F,. (2.19)

Combining (2.18) and (2.19), there are two cases.
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Case 1: We have either u = 0, then Fy = F5 as desired.
Case 2: If y # 0, then

Z
2.20
022 _
7 = %Cot(921/2) + % — FlTNFQ
We solve (2.20) and obtain that, for some constant C' € R,
Z(01,05) = C (sin(61/2))%/* exp <‘:91 + ‘:92) , (2.21)
where (F - Fy) (F - Fy)
k(Fy — k(Fy —

2 24

Plugging into (2.14)-(2.15), we obtain u; = ug which implies F; = F5 as desired. More-

over, in this case we have

—3+ p?
2k

This completes the proof. O

P =F= Z x Gy, when g # 0.

2.3 Solutions to commutation relations with interchangeability

We now classify all possible partition functions Z with the additional condition (INT),
which is equivalent to

Theorem 2.4. Let k € (0,8) and Z be a partition function from Proposition 2.3 and
assume that (2.22) holds. Then, up to a multiplicative constant, Z is one of the following
functions:

1. Z=G, for some i € R, where G,, is defined in (1.3).
2. Z=2Z, for some a < 1—k/8, where Z, is defined in (1.4).

Throughout this section, we assume that Z is a partition function from Proposition 2.3
and assume that (2.22) holds.
Lemma 2.5. There exists A > 0 such that for all 01 < 65 < 01 + 27,

/\Z(Ql, 92) = 2(92, 01 + 27T). (2.23)

Proof. Assumption (2.22) implies that

Z(0, 01 + 27)

1
w01 log ( Z(01,0)

) = by (62,01 + 2m) — b1(01,062) = ba(02,61) — b1(01,02) =0

and similarly,

2(92,01 + 27T)>
Dlog| ——————>) =0
o Z(61,62)
Therefore, Z(03,01 + 27)/Z(61,02) is a constant A\ which also equals Z(0; + 27,62 +

27?)/2(92,(914—271’). ]
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Proof of Theorem 2.4. From the proof of Proposition 2.3, combining (2.18) and (2.19),
we have two cases: we have either p # 0, then

Zx g,

which satisfies the interchangeability condition (2.22).

Or we have p = 0, then
01 Z =—-02. (2.24)

Eq. (2.24) implies that 9,Z(01 +a, 62+ a) = 0, in other words, Z(61, 03) only depends
on the difference 8 = 05 — 6. Thus we write with a slight abuse of notation

Z(61,602) = 2(0), 6 € (0,2m).
We want to solve the equations (2.7) and (2.8), they are simplified to the same equation:

Kk Z" zZ! h
——+cot(0/2) 7 — ——5 = F. 2.25
2 Z /27 2 (sin(0/2))? (2.25)
Noticing that

9 Z(01+2m,0y + 2m)

A2 =
Z(01,602)

=1,
we obtain A =1 and
Z(0)=Z(2r —0). (2.26)
To solve (2.25) under the assumption (2.26), we may write
0 c (0,2m), wu=(sin(8/4))* € (0,1), Z(F) = C(sin(8/2))"*¢(u), (2.27)

satisfying for u € (0,1),

3 : (6—r)(r—2) _
{u(1—u)¢ + 3=8(1 - 2u)¢ +%(T—F)¢—O’ (2.28)

¢(1/2) =1, ¢'(1/2) =0,

where C is a positive constant. Eq. (2.28) has a unique solution ¢ in C?(0,1) due to
Lemma A.1. More precisely:
P (6 - )(x—2) 3
—k)(k — K
=0 TR 1 e, P>
o' o < g e > =5

the unique solution ¢(u) is positive for all u € (0,1).
o When o =1— /8,

$(u) = (du(l —u))¥"1/2 = (sin(0/2))*/""
by (A.1). Hence,
Z(0) = C (sin(6/2))%* x Go.
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e When a > 1—£/8, Lemma A.1 shows that the unique solution is not always positive.
Therefore it does not give any partition function in Proposition 2.3. See Figure 6 for
the case when k = 4.

This completes the proof. O

Remark 2.6. When x = 4, the partition function Z, in (1.4) has an explicit expression.
We denote 6 = 65 — 6.

o If & €10,1/2), we have

Z,(01,0) = (sin(6/2))" /2 cos (\/f(e - w)) .

Za(01,02) = (sin(6/2)) "2 cosh (\/g(e - w)) .

o If @ < 0, we have

See Figure 6.

a=1/2

-2

-4

Figure 6: Plot of 0 — Z,(6) with k = 4 and 6 = 0 — 0, for different a’s.
When a > 1/2, it is not always positive.

Remark 2.7. When « € (0,8) and o = «a;(x) which is the one-arm exponent for confor-
mal loop ensemble [35]:
(3 — 8)(8 — k)
32k ’
) has an explicit expression: we denote 6 = 62 — 01,

ai(k) =
the partition function Z,

1(k

Zo () (01, 02) = 25732 (sin(0/2))' =5/ ((sin(0/4))%/~! + (cos(8/4))*/"71) . (2.29)
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For k € (4,8), this is the conjectured partition function for the scaling limit of interfaces
in critical random-cluster models with Dobrushin boundary condition conditional on the
one-arm event, see [12]. This conjecture holds for percolation (with x = 6) and FK-Ising
model (with k = 16/3).

Remark 2.8. Let us give a comment on the C? requirement on by, by in the assumption
(MARG). We assume such C? requirement as part of the axioms at the beginning.
But in fact, this is not necessary. Suppose we relax the requirement and only assume
b1,be in (MARG) are continuous, we are still able to derive (2.14) and (2.15) as weak
solutions. The operators in the left-hand side of radial BPZ equations (2.14) and (2.15) are
hypoelliptic, due to a general characterization by Hérmander [15], see also [10, Lemma 5]
and [30, Sect. 2.3.3]. Therefore, the weak solutions are strong solutions which are in fact
C®, and consequently by, by are C'°°. Note that such analysis does not work for Kk = 0
since the corresponding BPZ equation (4.1) is nonlinear.

3 Identification of locally commuting 2-radial SLEs

The goal of this section is to identify all locally commuting 2-radial SLEs, namely, those
whose partition functions are classified in Theorem 2.4: We discuss the 2-sided radial SLE
with spiral in Section 3.2 and chordal SLE weighted by conformal radius in Section 3.4.

3.1 Radial SLE

For 0 € [0,27), suppose 1 : [0,7] — D is a continuous non-self-crossing curve such that
no = €' and N,y C D\{0}. We parameterize the curve by the capacity and denote by g;
the corresponding radial Loewner chain as in (1.1). Denote by ¢; the covering conformal
map of ¢, i.e. gi(exp(iw)) = exp(ige(w)) with ¢o(w) = w for w € H. Then the radial
Loewner equation (1.1) is equivalent to

Opr(w) = cot ((¢r(w) —&)/2),  ¢o(w) = w.

Radial SLE,, is the radial Loewner chain with & = \/kB; where B is one-dimensional
Brownian motion. We also call it radial SLE, in (D;e';0). In the following lemma, we
will describe the boundary perturbation property of radial SLE. We fix the parameters:

6—rk - (6—k)(k—2) (6 —kK)(3k —8)
k>0, 2k 8k ¢ 2K (3-1)
Lemma 3.1 (See [16, Prop. 5] or [14, Prop. 2.2]). Fiz k € (0,8) and 6 € [0,27). Suppose

K is a compact subset of D such that D\ K is simply connected and contains the origin and

that K has a positive distance from e®. Suppose 1 is radial SLE, in (D;e';0) and define
T=inf{t :n, € K}. Fort <7, denote by g x the unique conformal map D\ ¢g;(K) — D
such that gy 1t (0) = 0 and g; ;¢(0) > 0. We denote by ¢y i the covering map of girc. Then
the following process is a local martingale:

My = L{t < )6} (€)' gt (0)" exp (Gm )
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where my is defined through

dmt — _%Sét,K(gt)dt + é (1 - ¢:‘,,K(§t)2> dt’

111 1/ 2
and S¢ = ‘{’b, — % (%,) denotes the Schwarzian derivative of ¢.

Moreover, when k < 4, the process My is a uniformly integrable martingale. The law
of radial SLE,, in (D\ K;e'%;0) is the same as radial SLE,, in (D;e';0) weighted by M;.

Remark 3.2. It is explained in the proof of [16, Prop. 5] that the term m; = mp(nj 4, K)
is the same as the Brownian loop measure of loops that intersect both 7 and K when
Mo, N K =0.

Fix 61,6y such that 61 < 63 < 01 + 27, Let k € [0,00), p € R and p € R. A radial
SLE(p) in D starting from ' with force point €2 and spiraling rate u is the radial
Loewner chain with driving function & that solves the following SDE:

§o = 01, Vo = 02,
dé; = /RdB; + £ cot (& — V;)/2) dt + pdt, (3:2)
dV; = cot (Vi — &)/2) dt.

The solution to SDE (3.2) exists for all time when x € (0,8) and p > —2 and it is
generated by a continuous curve from €' to the origin.

Lemma 3.3. For k € (0,8), p > =2, u € R, radial SLEE(p) in D is almost surely
generated by a continuous curve n and limy_, oo nr = 0.

Proof. This is proved in [28, Prop. 3.30] and [28, Sect. 4]. See also [20]. O

Remark 3.4. The expression of G, in (1.3) is such that the Loewner driving function of
radial SLE#(2) can be rewritten as

&o = 01, Vo = s,

A& = VRAB; + K 0y log G, (&, Vi)dt,
dV; = cot (Vi — &)/2) dt.

3.2 Two-sided radial SLE with spiral

In this section, we introduce two-sided radial SLE, with spiral when « € (0,8) by
reweighting two independent radial SLE,. The two-sided radial SLE analyzed in [13,
14,20,23] is a special case where the spiraling rate y = 0.

We use the same notations as in Figure 5.

Lemma 3.5. Fiz k € (0,8) and 0, < 0y < 0y + 2w. We fix the parameters h,h,c as
in (3.1). For p € R, we define G, as in (1.3). Let P denote the probability measure
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under which (17(1),7)(2)) are two independent radial SLE, in D starting from €1 and e\%2

respectively. We define

—u2

3 7 2 A\ P 7
Mi(G) =1{migs N iory = 0} 9t(0) = " x T 64, (&) gty (0)"
j=1

x G, (agl), 9§2>> exp <§mt) , (3.3)
where my is defined through
/1 N1 N2
ame = 3 (=800 (&) + 5 (1=t (&) ) (3.4)
Then M¢(G,) is a two-time-parameter local martingale with respect to PP.

(2)

Lemma 3.1 and Remark 3.2 show that my = mp (77[%11]’77[0 ta]

) is the Brownian loop

measure of loops in D intersecting both 77[%)&] and U[(()2)7z2] when 17[%)#/1] N 77[(0212] = 0.
We note that G, satisfies the “radial BPZ equations”

R 811gu 82gu h MQ -3

= + cot(621/2 — = ; 3.5

2 G, On/27g "= =3 (sin(021/2))% 2 (3:5)
0 0 h 23

K 02O cot(fa1/2) 19 : ;= . (3.6)

2 Gy Gu 2 (sin(021/2)) 2K

Relations (3.4), (3.5) and (3.6) play an essential role in the proof of Lemma 3.5.

Proof of Lemma 3.5. Let us first compute the variations of terms appearing in (3.3).
From standard calculations (see e.g. [14, Lem. 3.2]), we have the following variational
formula of the capacity parameterizations:

dg; 1 (0 2 ?
961(0) _ (%1 (&) - 1) At + o (&) dta;

91/;,1(0)
(Z%;((O(;) = .1 (51511))2 dt; + (%72 (ft(f)f - 1) dta; (3.7)
W = (€)'

=1

From the assumption that n() and n® are two independent radial SLE,. under P,
we have that ¢ = \/kBM + 0, and €@ = /kB® + 0y where B and B® are two
independent Brownian motions. From this, It6’s calculus gives:

a6 = dges (&) =0t (68) acl) = ey (61) an

+oot (047 = 07)/2) 64 (687t (33)
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where we used the expansions

O (w) = (o) (¢5) cot (0] (w) — 60")/2) — (6) (w) cot ((w — &) /2)

= -3(80)" () + 0w — &), asw— ), (3.9)
Ouyoe () = cot (o) (w) — 62)/2) 64 5 (62 (3.10)
Similarly, we have
A0 = does (&) =0ha (6)) A&l — whayy (¢1) dty
+cot (07 = 0)/2) ¢, (5t1))2dt1. (3.11)

Taking derivatives with respect to w in (3.9) and (3.10) and let w — 5;11) we obtain

0ot () 1ot (67) aorn(€))
G (6) e, (6D) 3% (€D) <¢“ (&) - ) ’
(Odt) (&)
() e - )
It6’s formula gives
A} 1 (f(l)) £1 (gt(ll)) @ 1 o0 (2)
o (@1 ) %71 (ft(ll)) d§;, 5 C5C ((9 )/2) </5t2 (f )
n i (60) 1t (€Y et (€)1, L ane
5%71 (gg)) + 5 3 (5 11))2 - gﬁ%,l ( t(ll)) 6 <¢t,1 ( t(ll)> — 1> dty,
ders (62)) s (€0
(b:;((gm )) i Eng gdgt(f) _ %cs& ((9£2) _ gél))/2> ¢ 1 (51:(11))2 dt;
wol (62) 10 (62) 4eta (62) 1/, e
5 ¢t72 (@(3)) + §¢;2 (ft(g))Z 3¢t,2 (gt(f)) % <¢t,2 (§t22 ) — 1) dis.
Now we are ready to prove that My(G,) is a two-time-parameter local martingale.

Combining with (3.4), (3.5) and (3.6), we have

AM(G,)  (3—p2 -\ dg(0) ;dg;(0) ¢
- —h +h 22 4 2d
M(G,) < 2k 9¢(0) 2:21 9:;(0) 2 e

@M—l

2
1Y 0i;G
o3 (L) + 528 (6) dtj)

7j=1
() it (&),
(&) 2 %(ij




+ hz_:ag”¢> (&) at,

o
2
0; t, 5t ;
Z( g“qﬁt (&) +h— £ e ))dﬁj). (3.12)
=1 (z)t,] (é‘tj )
In particular, M¢(G,) is a two-time-parameter local martingale under P. O

Definition 3.6. Fiz x € (0,8) and 0; < 0 < 61 + 27. For n € R, we define G, as
n (1.3). Let P denote the probability measure under which (n™,n?)) are two independent
radial SLE,, in D starting from €91 and €% respectively. We define M¢(G,) as (3.3) in
Lemma 3.5 and denote by P(G,,) the probability measure obtained by tilting P by M¢(G,,)
and call it two-sided radial SLE, with spiraling rate p in (D;e'?1, €'%:0).

When k < 4, two-sided radial SLE,, with spiral is well-defined for all time and the two
curves do not touch each other before they reach the origin. When x € (4, 8), the above
definition for two-sided radial SLE, with spiral is only defined up to the times the two
curves touch each other. When the spiraling rate is 0, we obtain the standard two-sided
radial SLE analyzed in [13, 14,20, 23].

Corollary 3.7. Under P(G,), for every t = (ti1,t2),

o ge(nM) is a radial SLEX(2) in D starting from exp(iGEl)) with force point at exp(i&éz)),
o g¢(n®) is a radial SLEF(2) in D starting from exp(iG,EQ)) with force point at exp(i&él)).

In particular, P(G,,) on pairs (nV),n?)) satisfies (CI), (DMP), (MARG) and (INT)
with
b = k;log G, j=1,2. (3.13)

Proof. Combining (3.12) with (1.3), we have

AM,(G,) _ (1 ot ((9( )/2> & (5(1)) n %%71 (éll)) + hZ (E )) df(l)

()

1 @) @\ L H o (e f2(62) Lo
| ot (08 = 07)/2) 0 (657) + Lota (67) + h—a5t | acl?.

oo (62))

From Girsanov’s theorem and (3.8) and (3.11), under P(G,), we have

— R, (sﬁ}’) dBS) + (61 an

+ cot (0" — 07)/2) (¢t (&) )2 dt1 + ¢ (iﬁf)f dt2> , (3.14)
=VEd o (5 ) dBt2 + 1 ( )2
+cot (07— 6")/2) (qst L (60) dt + 045 (62 dtz) , (3.15)
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where B and B® are two independent Brownian motions under P(G,).

Therefore, taking into account the variation of the capacity parametrization (3.7),
(3.14) and (3.15) show that under P(G,,), for every t = (t1,2), gt(n'!) is a radial SLE/(2)
in D starting from exp(i@él)) with force point at exp(i&éQ)). Similarly, g¢(n?) is a radial
SLE!(2) in D starting from exp(16£2)) with force point at exp(i&él)). These imply (CI),
(DMP), (MARG) and (INT). Eq. (3.13) follows from Remark 3.4. O

Remark 3.8. Two-sided radial SLE, with spiral can be generalized to the multiple-sided
case: N-sided radial SLE, with spiraling rate p for N > 2 can be defined a similar way
as in Definition 3.6 where the partition function G, shall be replaced by

N
Gu(Or,..,08) = I (sin((6; —6,)/2)"" xexp [ £ 0],

1<i<j<N kia
for 07 < --- <Oy < 01+ 27. When p = 0, it is the same as the partition function for
N-sided radial SLE,; in [14].

3.3 Resampling property of two-sided radial SLE with spiral

In this section, we will prove the resampling property of two-sided radial SLE with spiral
as we described in Section 1.4 and in Corollary 1.2. We fix x € (0,4] in the following
Theorem 3.9, because we will use the boundary perturbation property in Lemma 3.1 with
k € (0,4] in the proof.

Theorem 3.9 (Resampling property). Fiz k € (0,4], p € R and 01 < 02 < 01 +
2r. Suppose (nM), n2)) ~ P(G,.) is two-sided radial SLE, with spiraling rate p as in
Definition 3.6, we have the followings.

e The marginal law of nV) is radial SLEX(2) in D starting from €% with force point ¢\
and spiraling rate .

o Given 0V, the conditional law of n? is chordal SLE, in D \ W from 2 to 0.
The same is true when we interchange nW and n?.

Remark 3.10. Radial SLE with spiral appears as a flow line in the setup of imaginary
geometry [28]. Furthermore, two-sided radial SLE,, with spiraling rate p can be viewed
as a pair of flow lines of

el + L log |

where I" is a GFF in D with properly chosen boundary data, and the angles of the two flow

I'+

lines are also chosen properly. See Figure 2. Using such coupling, one is able to derive
the resampling property in Theorem 3.9, see [28, Prop. 3.28]. However, our proof of the
resampling property in Section 3.2 does not use the coupling with imaginary geometry.
We derive it directly using a refined analysis of the Radon-Nikodym derivative M (G,)
in Definition 3.6.
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Proof of Theorem 3.9. Since G,,(61,62) = AG,(02,01 + 2m) for some constant A which
does not depend on 6; and 6, n and n® are interchangeable. Therefore, it suffices
to show the bullet points in the statement. The marginal law of 77(1) is a consequence of

Corollary 3.7, and it remains to show the conditional law of 7(?) given n(\).

(1)

The law of Mo.t]

is the same as radial SLE,; weighted by the following local martingale:

37;/42

M 0)(G) = (95) (0377 x G, (6 010 (62)) x (41) (0)" (4f)) (0)".

The law of (7](1),77(2)) is the same as two independent radial SLE, weighted by the local

martingale M¢(G,). Therefore, the conditional law of 77[((? )tQ] given 77[(3 )tl] is the same as a

radial SLE, weighted by

h
Moy (@) _ e (6) shaO exp (Gme) - oe G (07.007)
Mio(@0) (o) (@0 (o) @F Gu (€17, 01! (62))

:ZPt ::Rt

Pt 1 (ft(ll))h-

From the boundary perturbation property Lemma 3.1, a radial SLE, in (ID; ¢!2; 0) weighted
by P; has the same law as radial SLE, in (D 77[(01 )1;1}3 ¢'%2:0). Thus, the conditional law of

77[(02)152] given 77[((})&} is the same as a radial SLE, in (D \ n(l) sel%:0) weighted by

[07t1]7
1 2
e 6 (000)

RACERD)

dha ()" (3.16)

Combining Lemma 3.3 and Lemma 3.11, we see that radial SLE, in (D \ 7][((})7&1];6192;0)

converges to chordal SLE, in (D\n™);e%2,0) as t; — co; and we will show in Lemma 3.12

that Ry — 1 almost surely as t; — oo. Combining these two parts, the conditional law
(2)

of 0.4

] given ) is the same as chordal SLE, as desired. O

Lemma 3.11. Fiz x € (0,4] and 6; < 03 < 01 + 2x. We assume (V) € X(D;e1;0),
namely a simple curve in D from €' to 0.

o Forty € (0,00), we denote by Q, the law of a radial SLE, in (D\ 77[%)1‘/1]; elf2; ).

o We denote by Qoo the law of a chordal SLE, in (D \ nM; %, 0).

Then for any t1,ts € (0,00), the law of the curve n®) restricted to [0,ts] (under intrinsic
capacity parametrization) under Q, and Qoo are absolutely continuous. We have

lim @y, (n(2) ) =1, Qs —a.s.

=00 dQog \ ' 105t2]

Proof. 1t is proved in [17, Lem. 3.2] and [21]. To be self-contained, we include its short
proof adapted to our setting in Appendix B. O
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Lemma 3.12. Assume the same notations as in the proof of Theorem 3.9 and recall that
Ry is defined in (3.16). We have

lim R =1, a.s.
t1—o0

Proof. We first argue that, almost surely, the difference
1 1
Atl = ¢£1)(92) - gt(l)
is bounded away from 0 and 27. As the marginal law of n(!) is radial SLE(2), we have
dA;, = —V/rdB + 2cot(Ay, /2)dt, — pdty,

where B1) is one-dimensional Brownian motion. Roughly speaking, when Ay, is close to
zero, it is absolutely continuous with respect to the Bessel process of dimension 8/k+1 >
3; this explains that it is bounded away from zero. We will give more precise details
below. Define

2m—6
() = /0 exp(2uu/k) (sin(u/2)) %% du, for 6 € (0,2n),

then f(A;) is a local martingale. Suppose A € (0,27). For n > 1, define T,, = inf{¢ :
Ay =2""or Ay = 2r—2""}. For n large enough, we have Ag € (27",27—27"). Optional
stopping theorem gives E[f(Ar,)] = f(Ap). Thus

P[T;, < oo] ~ 27"/~ " for large n.

In particular, we have >, P[T,, < oo] < oo, and Borel-Cantelli lemma tells that almost
surely, there exists ng such that 7, = oo. In other words, almost surely, there exists ng
such that A; € (2770, 27 — 2770) for all ¢.

Next, we show that Ry — 1 as t; — oo. We write I, for the arc in 0D that is the
[(01’)2&1] under the conformal map glgll) extended to the boundary,
see Figure 5. It is easy to see the harmonic measure of dD seen from 0 of the domain

image of both sides of n

D\ 77[(3 )tl] is decreasing to 0 as t; — oco. Therefore,

15| = [0D\ I, | 7% 0
where If, = 0D \ I, .

Lemma 3.3 shows that n[(g )tz] is at positive distance from 7

A € (0,1) such that the neighborhood

(1)

[0.00)" Hence, there exists
700)

U= {z eD|P, (B hits 77[((},)00) before exiting D) > )\}

(2)
[Oth]
starting from z. Let

satisfies n NU = @, where P, is the law of a two-dimensional Brownian motion 3

Uy, = {z eD|P, (ﬁ hits 77[((31) before exiting ]D)) > )\} cU.
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(1)
9t Pt1

[(:

ty

exp(if; exp(ifa)

exp(i&,”)

Figure 7: Tllustration of the domains Uy, and Uy, := gg) (Ut, ) and the rotation

map Py, -

The image Uy, := ggll ) (Ut,) is bounded by I;, and a circular arc oy, meeting the endpoints

of I}, with angle \/m. Since |If | — 0, the diameter of the domain D\ Uy, , which contains

77[(37),52] = ggll) (77[(()2712]), converges to 0.

Recall that the map g¢,1 maps out the curve f][(g )tﬂ = gt(ll) (77[(3 )152]

by the rotation p;, : D — D such that the image of the mid-point of oy, under p;, lies in

). If we conjugate g1

(0,1) (so that R(cy,) is symmetric with respect to the real line and py, (o, ) shrinks to
the point 1 € dD), the map g¢1 = pt, © Ge1 © Pt_ll converges in Carathéodory topology
(namely, uniformly on compact subsets) to the identity map in D as t; — oo. If we
Schwarz-reflect g¢1 along 0D \ gt(l1 ) (exp(if2)), we see that the convergence also extends
to the boundary, more precisely, we obtain that g¢ 1 converges uniformly on all compact
subsets of D\ {1} (and the map is well-defined on every such compact subset for large
enough ¢;), so do the derivatives of g1 with respect to z.

Finally, since A, is bounded away from 0 and 27 almost surely, as we proved above,
we obtain that Ry — 1 almost surely, which completes the proof. ]

3.4 Chordal SLE weighted by conformal radius

In this section, we show that the partition functions Z, correspond to the chordal SLE
weighted by the conformal radius to the power —a.

For this, we first calculate the Laplace transform of the conformal radius of the com-
plement of chordal SLE. Usually, chordal SLE is defined in the upper-half plane as in
Appendix B. It is more convenient here to describe it in the unit disc D via a change
of coordinate. Fix x € (0,8) and 6; < 03 < 0; + 2w. Suppose 7 is chordal SLE,; in
(D; €91, ¢1%2). We parameterize it by the capacity and define g;, & accordingly as in Sec-
tion 3.1. Denote by T the first time + disconnects €2 from the origin. A chordal SLE,
in (D; e, e%), up to T, has the same law as radial SLE,(x — 6) starting from e'%! with
i02

force point €2, up to the same time, see [36]. In other words, its driving function &

27



solves the following SDE:
§o = 01, Vo = 02,
ag = VraB, + "0 cot (6~ Vi)/2)dr, (317)
dV; = cot (Vi — &)/2) dt.

Note that the conformal radius CR(D\ ) is the same as e~ ; thus its Laplace transform
can be derived from the SDE (3.17).

Lemma 3.13. Fiz k € (0,8) and 01 < 0 < 01 4+ 2n. We denote 0 = 65 — 6, € (0,27).
Suppose v is chordal SLE, in (ID; ewl,er) and denote by Egy the expectation with respect
to . Denote by CR(D\ ~y) the conformal radius of D\ v seen from the origin. For a € R,
we define

®(k, a;u) == Ey [CR(D\~)™*], where u = (sin(6/4))* € (0,1). (3.18)
Then ®(k,a;u) is finite for u € (0,1) if only and if « < 1 — k/8. Moreover, when
a<1—r/8, ®(u) = ®(k,a;u) satisfies the following ODE

3k — 8
K

8
u(l — u)d" + (1 - 2u)d' + 2o =0, (3.19)
K

and the symmetry
O(u) =P(1 —u), uwe(0,1). (3.20)

Proof. We first show that ®(k,a;u) is finite as long as @ < 1 — /8. This is done

in [31, Proof of Prop. 3.5]. For the reader’s convenience, we summarize its proof here.

When a < 0, since CR(D \ 7) < 1 by Schwarz lemma, we obtain immediately that
O (k, o u) < 0.

When « € (0,1 — «/8), we will derive ® in terms of hypergeometric functions. We set

4 4\ ? 4 4\ 2 4
e T ! () IRt
K K K K K K 2 K

Assume C ¢ Z and define

fl(u) = 2F1(A,B,C;’LL), fQ(u) = ul—C 2F1(1 +A- Cal + B - Ca2 - C,U),

where 9F; is the hypergeometric function (see e.g. [1, Eq.(15.1.1)]). Note that fi, fo are
two linearly independent solutions to ODE (3.19). Let us check the values of f1, fo at the
endpoints u = 0 or u = 1. Since k € (0,8) and a € (0,1 — k/8) and C ¢ Z, we have

A<l Be(1-8/k,1—-4/k], Ce€(—o00,1)\Z, C>A+B.

From [1, Eq.(15.1.20)], we have

F(O)T(C — A B) cos (77 (1 — %)2 + 8,5‘)
fl(o) =4 fl(l) = F(C*A)F(C*B) = cos (71' (1 ~ é)) ;

K
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f2(0) =0, fo(1) =

We parameterize 7 by the capacity, then its driving function & solves SDE (3.17). We
denote 0; = V; — &. The process 6; satisfies the SDE:

k—4

d6; = \/rdB; +

cot(6;/2)dt. (3.21)

The disconnection time 7T is the first time that 6, hits 0 or 2. Suppose f is an analytic
function defined on (0,1). Then e f ((sin(Gt / 4))2) is a local martingale if and only if f
satisfies (3.19). Since f1, f2 are solutions to this ODE, the processes

ey ((sin(6:/4)%) and e fy ((sin(0:/4))?)

are local martingales. These martingales are also considered in [35]. Since f1, fo are finite
at v = 0 and v = 1, and the lifetime T has finite expectation, we may conclude that these

two local martingales are martingales up to T'. Then the optional stopping theorem gives

{E" [T Lgymy] + F(DE [T 1o, 2my | = o ((sin(0/4))°)
fo(D)E [T g, —amy| = f2 ((sin(6/4))°)

As CR(D\ ) = e T, the above relation gives

o o 2y, 1= A0)
Eo [CR(D\7)7] = fi ((6in(0/4)") + —7755

In particular, this implies that ®(k, «;u) is finite for v € (0,1) when

o ((sin(9/4))2) . (3.22)

4
k€ (0,8), Cz%—;%Z, a€ (0,1 —k/8).

As ®(k, a;u) is continuous in k € (0, 8) and is increasing in «, we conclude that ®(k, a; u)
is finite for u € (0,1) when
k€ (0,8), a<l-r/S8.

Moreover, when o € (0,1 — x/8) and C =3/2 —4/k ¢ Z,

B(u) = Bk, 03u) = Eo[CRD\ 1)~ = fi(w) + W )
f2(1)

satisfies (3.19). In fact, ® satisfies (3.19) for all x € (0,8) and o < 1 — /8. Note that
'@ ((sin(6,/4))*) = Eg [CR(D\ 7)™ | 70, (3.23)
is a martingale and 6, satisfies (3.21). Thus, ® is a weak solution for (3.19) and
(sin((02 — 01)/2)) " @ ((sin((0> — 01)/4))*)

is a weak solution to the radial BPZ equations. As the operators in the radial BPZ
equations are hypoelliptic, see Remark 2.8, weak solutions are strong solutions. Thus ®
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is a C? solution to (3.19) for all k € (0,8) and o < 1 — x/8. The symmetry in (3.20) is
clear from the definition.

Finally, let us consider the case when o > 1 — £/8. Fix k € (0,8) with C ¢ Z. As
at(1—k/8), we have

A—1, B-—(1-8/k),
filu) = 2F1(1,1 —-8/k,3/2 —4/k;u) € (—00, 00), fi(l) = —1,
fo(u) = ulC oF (1 +4/k,1/2 — 4/Kk,1/2 + 4/k;u) # 0, f2(1) = 0.
Plugging into (3.22), we see that
O(k,o;u) T oo, asat(l—k/8).
Note that ®(k, a;u) is increasing in .. This completes the proof. ]

Corollary 3.14. Fiz k € (0,8) and 61 < 63 < 61 + 2w. We denote § = 03 — 61 € (0,27).
Suppose v is chordal SLE, in (D; e, e%2) and denote by Eg the expectation with respect
to v. Recall that Z, is defined in (1.4) for a« < 1— /8 and G, is defined in (1.3) for

1 € R. Recall that h = 62_7” from (3.1). Then we have

—2n Ep[CR(D\ 7)™

Z4(01,02) = (sin(6/2)) E.[CR(D\7)~] fora <1—k/8. (3.24)
Moreover, we have
Eg[CRID\ )7°] _ (sin(0/2))*" Z4(01,602) — (sin(6/2))*" Go (61, 02) (3.25)

Ex[CR(D \ v)~¢]
as at (1 —k/8).

Proof. We denote u = (sin(6/4))?. Recall from (1.4) that ¢, is the unique solution
o (1.5). Comparing with (3.19) and (3.20), it is clear that

(I)(’K% ) )

bal’) = d(r,0;1/2)

Thus
—on, Eg[CR(D\ 7)™

E[CR(D\ 7))’

Za(61,62) := (sin(6/2)) " pa(u) = (sin(6/2))
as desired in (3.24). Moreover, we have

Ey[CR(D\ 7)™
Ex[CR(D \ 7)7¢]

= (sin(6/2))*" Za(61,62) = da(u)

which converges to ¢, (1) = (sin(6/2))*" Go(61,62) as @ — ag = 1 — k/8 by Lemma A.1.
This gives (3.25). O
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Corollary 3.15. Fiz k € (0,8) and o < 1—£k/8. Denote by P the law of v chordal SLE,
in (D; e, el%) with 0, < 0y < 01 + 2r. Let nV) be v and let n® be the time-reversal
of v and still denote by P the induced law on (nW,n?). We define Z, as in (1.4).
Denote by P(Z,) the probability measure obtained by weighting P by CR(D\ v)~%. Then,
under P(Z,,), the family of local laws obtained by restricting the pair (nM,n®) in disjoint
neighborhoods satisfies (CI), (DMP), (MARG) and (INT) with

bj = K,aj 10gZa, j = 1,2.

More precisely, the driving function of nV) solves the following SDE, up to the first time

e% 4s disconnected from the origin:

g(()l) = 917 ‘/()(2) = 02)
Y= /rdBY + mal(logz NGRAARE S (3.26)
av,® = cot (v - ") /2) at,

where B is Brownian motion under P(Z,). Similarly, the driving function of n? solves
the following SDE, up to the first time ¢' is disconnected from the origin:

‘/0(1) = 017 g(()Q) = 027
def? = /rdB + kon(0g Za) (V" 6 )dt, (3:27)
v,V = cot (VY = ) /2) at,

where B is Brownian motion under P(Z,).

Proof. The fact that the local laws obtained by restricting the pair (77(1), n(z)) ~P(Z,) in
disjoint neighborhoods satisfies (CI), (DMP), (MARG) and (INT) follows from the
reversibility of SLE (proved in [26,27,39]): suppose v is chordal SLE, in D from 1 to
%2 with x € (0,8), the time-reversal of v has the same law as chordal SLE, in I from e'%2
to €1, Tt remains to check (3.26) and (3.27). As the pair (n(1), () is interchangeable,

it suffices to check (3.26).

Denote ®(-) = ®(k,a;-) as in (3.18). Using the same notations as in the proof of
Lemma 3.13, we denote the martingale in (3.23) by

My() := e ((sin(0:/4))°) .
Then P(Z,) is the same as P tilting by M;(«). Recall from (3.21), under P, we have

—4
dtgt = \/EdBt + r cot(9t/2)dt

Thus, under P, we have
dM(a) VD' |
=—— 0:/2)d B;.
M (a) sin(6/2)dB:

Girsanov’s theorem tells that

- o'
Bt = Bt — \{qu) 81n(9t/2)dt

is Brownian motion under P(Z,). Combining with (3.24), we obtain (3.26). O
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Now, we are ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. The conclusion follows from Theorem 2.4, Corollary 3.7 and Corol-
lary 3.15. O

3.5 Commuting SLEs without interchangeability
We may also classify the commuting SLEs without interchangeability. Let us first give
an example.
Remark 3.16. Using the same notations as in Lemma 3.13, for x € (0,8) and a < 1—£/8,
we consider

(I)L(K'a Qs u) =Eyg {CR(D \ ’7)_a1{0 is to the left of 'y}} ;

q)R(Ha a; u) ::EQ {CR(D \ ’7)_a1{0 is to the right of 'y}} .
Then ®L(-) = ®¥(k, ;) and ®E(-) = ®F(k, ;) also satisfy the ODE (3.19), but they

do not enjoy the symmetry (3.20) anymore. This gives an example of locally commuting
2-radial SLE without interchangeability.

Moreover, we denote 6 = 05 — 61 and set

Z5(01,602) = (sin(60/2)) 7" & (r, ; (sin(0/4))*);
Z8(01,02) = (sin(0/2)) 7" % (r, a; (sin(0/4))*).
Then both Z¥ and ZF satisfy (2.14) and (2.15) with

Fe (6 —kK)(k—2) .
8k
Proposition 3.17. If one remowves the interchangeability condition in Theorem 2.4, one

obtains partition functions, Z, of the form:

1. Z2 =G, for some p € R, where G, is defined as in (1.3).
2. Z=2,4, fora <1—k/8 and B € [0,1], where

Z4,5(61,02) = (sin(21/2)) 7" (B ((sin(021/4))%) + (1 — B)"((sin(21/4))?)).

The locally commuting 2-radial SLE, corresponding to the second case above is ob-
tained analogously to Corollary 3.15. That is, one weights the law of a chordal SLE, in
(D; €91, ¢1%2) | denoted by ~, by

R(D \ 7)—&(51{0 is to the left of v} + (1 - 6)1{0 is to the right of ’y})?

then lets n( be v and 7? be the time-reversal of v, and finally restricts the law of
(77(1),7](2)) to disjoint neighborhoods. One sees that the obtained family of local laws
satisfies (CI), (DMP), and (MARG) by using the reversibility of SLE: this makes 7(?)
a chordal SLE in (ID;e'?2, i) weighted by

R(]D) \ U(Z))_a(ﬁl{o is to the right of n(2)} + (1 - 6)1{0 is to the left of 17(2)})'
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Proof of Proposition 3.17. If we in the proof of Theorem 2.4 assume that u = 0 without
assuming interchangeability, then Z is a positive solution of (2.25). By changing variables
by (2.27), we find that Z corresponds to a positive solution ¢ of (3.19). Lemma A.2,
shows that (up to a multiplicative constant)

¢ = Bt + (1 - p)of, pelo,1], (3.28)

if @« < 1 — k/8, that there are no positive solutions if & > 1 — x/8, and that there is only
one positive solution, corresponding to Z = Gy, if a =1 — k/8. O

4 Semiclassical limits of commutation relation

4.1 Commutation relation when x =0

We now consider the commutation relation when x = 0. In the multichordal SLE case, a
similar semiclassical limit of partition functions was considered in [29] and [3].

It is not hard to see that the infinitesimal commutation relation (Proposition 2.2)
also holds when x = 0. However, we need to derive the BPZ equation and classify the
partition functions differently, which we summarize in the following proposition.

Proposition 4.1. We consider an interchangeable and locally commuting 2-radial SLEg.
Let by, by : ST x SY\ A = R be C? functions as in the condition (MARG). Then (2.4)
and (2.6) imply that there exists U : {(01,602) € R?|6; < 6 < 61 + 27} — R and a
constant C such that

b =0;u, j=1,2

and
3
(822/[)2 + 2C0t(912/2)811/[ -5 = C,
(sin(012/2))?
3 (4.1)
(OU)? + 2 cot(Ba1 /2)0h — ————— = C,
(sin(fa1/2))?
where o1 = O3 — 01 = —012. The only solutions are
Z/l(@l, 02) = Z/[u(el, 02) = 2log sin(021/2) + ,u(@l + 92) (4.2)
for some € R or
U(Ql, 92) =—6 log Sin(921/2) (4.3)

up to an additive constant.

Proof. The proof of Proposition 2.3 up to (2.11) holds verbatim when x = 0.

From (2.9) we know that there is a function U : {(61,602) |61 < 62 < 61 + 27} — R
such that we can write by = 01U and ba = 0oU{. Equations (2.10) and (2.11) give:

o ((627/{)2 + 200‘5(012/2)812/{ — (SH1@32/2))2> =0 (44)
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Do ((811/{)2 + 2 cot (62, /2)dald — M) =0. (4.5)

Hence, there exist functions C1(61) and Cy(f2) such that

2 3 —
(821/{) + 2cot(912/2)81L{ — (sjn(012/2))2 = 02(02) (4 6)
2 3 _ '
(311/{) + 2C0t(921/2)82u - m = 01(01)

Since b; is invariant under the rotation (61, 62) — (01 +a, 62+a), so are the left-hand sides
of (4.6). Thus, C1(0;) = Cy and Cy(f2) = Co are constant. The rotational invariance of
b; also gives

0 = 01(01U + OoU) = D2(OWU + OoU).

We let 1 € R such that
2u = oU + 0U.

Taking the difference of the equations in (4.6), we obtain
(812/{ — OoU + 200t(921/2)) 2u = C1—Cy (4.7)
Case 1: If p # 0, then

o = Cl%ﬁ + 1 — cot(691/2),
Aol = 6'24;51 + p + cot(621/2).

Plugging this back into (4.6) shows that C; = Cy =: C and C = p? — 3. Therefore, up to
an additive constant, we have

U(671,02) = 2logsin(ba /2) + (61 + 62).

Case 2: If u = 01U+ 0oU = 0, then it follows directly that C; = Cy =: C. Moreover, U
only depends on 6 := 0 — 61 and writing U(0) = U(61, 02) with a slight abuse of notation,
we have from the interchangeability condition that

UO) =UR2r —0). (4.8)
Thus, (4.1) becomes

3+ (cos(6/2))*

/ 2 _
(U'(0) + cot(/2))° =C + (sin(8/2))? (4.9)
Eq. (4.9) gives the solutions
Vo 3+ ((305(9/2))2 e
Uu) = j:\l C+ —(sin(0/2))2 t(6/2). (4.10)
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Since U'(m) = 0 from (4.8), this implies that C' = —3 and
U'(0) = cot(0/2) or — 3cot(6/2).

Namely,
U(0) = 2logsin(0/2) or — 6logsin(6/2)

up to an additive constant. O

We have defined the two-sided radial SLE, with spiraling rate p for x € (0,8) in
Definition 3.6, we now extend the definition to the case k = 0.

Definition 4.2. We use the same notations as in Figure 5, we say that a deterministic
pair of continuous simple curves (n(l), 77(2)) is the two-sided radial SLEg with spiraling
rate p in (D;e'%1, €'%2; 0) if we have for all t = (¢, 1),

1) (2)
9(0 0) — 91) 0( 0,0) — 927 , ,
a6" = gy 1 ()" dts + cot (607 — 62)/2) (041 (67)" dtr + ot (¢2) a2 ).

(¢
= btz (62) dbs + cot (602 — 6")/2) (6 (¢ drr + o4, (62) it

To justify such a pair exists, we note that when to = 0, we write 9(1) = 5(1) nd
99) V;(Q) then

551) =01, Vo(2) = 0o,
defl) = pdty + cot (<§; ~ V) /2) dty = od, (&) Vi, (4.11)
AV = cot (V2 = &))/2) dts,

1 =

which shows 1! is the radial SLE}(2) with force point €2, Similarly, n(® is the radial
SLEf (2) with force point €!?L. As in Corollary 3.7, the system of equations in Definition 4.2
is simply the two-time version of (4.11) starting from t after capacity-reparametrization.

Since U, satisfies the commutation relation as we showed in Proposition 4.1, we know
that (n(M, n(?)) gives a pair in Definition 4.2 if we show that 9é2) ¢ {Hél), H,El) + 27} for all
t. Indeed, the map t; — Qé ) t2) 9(%)752) is repulsive away from {0, 27}, so is well-defined
and for all t9 > 0. Similarly, for fixed to, the function t; — 981) t2) «981) ) is repulsive
away from {0,27}, so 0£2) ¢ {HEI), HEI) + 27} for all ¢1,t9 > 0.
Corollary 4.3. The only interchangeable and locally commuting 2-radial SLEqg are the
two-sided radial SLEqg with spiraling rate u € R and the chordal SLEg.
Proof. When U = U,,, the corresponding commuting SLEj is the two-sided radial SLEq
(with spiraling rate ).

When U(61,62) = —6logsin(fa1/2), the corresponding commuting SLE( is the chordal

SLEg in (D;e'%1, ¢!%2) and its time-reversal. O
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Remark 4.4. We note that when U(61,02) = Up(01,02) = 2logsin(ba1/2), the corre-
sponding commuting SLEj is the two-sided radial SLEy (with zero spiraling rate). This
is also the geodesic pair in X(ID; ', ¢92; 0) studied in [24,25,38], or in other words, the
concatenation of n(l) and 77(2) is the chord minimizing the chordal Loewner energy among
all chords in (ID;e'?1, %) passing through 0, hence can be viewed as the chordal SLE
“conditioned” to pass through 0.

We remark that, unlike the k > 0 case, we do not have the second one-parameter
family given by weighting by conformal radius as described in Section 3.4.

4.2 Semiclassical limits of partition functions

To understand the reason why the second one-parameter family given by Z, disappears
when x = 0, we now take a closer look at the semiclassical limit (x — 0) of G, and Z,.

For p € R, recall that G, is defined in (1.3):

Gu(B1,62) = (sin (62 — 01)/2))%* exp <’;(91 + ez)> |
Lemma 4.5. Fiz p € R and 0 < 01 < 09 < 61 + 27, we have (1.6):
ii_)r%/ﬁlog G,.(01,602) = 2logsin ((62 — 61)/2) + p(01 + 62)
which is the solution (4.2) in Proposition 4.1.
Proof. This is immediate from the expression of G,,. O

Lemma 4.5 gives the first part of Proposition 1.3. We will prove its second part below.
For o < 1 — k/8, recall that Z, is defined in (1.4):

Za(01,62) = (sin (02— 61)/2) """ 6 ((sin (62 — 02)/4))°) ,

where ¢, is the unique solution to (1.5). Before we derive semiclassical limit of Z,, let
us first address chordal Loewner energy [29]. Recall that X(ID;e'?1, ¢!2) is the space of all

continuous curves in D connecting €1 and e'%2.

Lemma 4.6. Fiz 61 < 05 < 01 + 27. Suppose v € X(D; ei‘ql,eiQQ). We parameterize it by
the capacity and define g, & accordingly as in Section 3.1 and set T = —log CR(D \ 7).
Suppose t — & is absolutely continuous and denote its derivative by &. We denote by
t — V; the solution to

V= cot (Vi — €)/2), Vo=bs. (1.12)

Then the chordal Loewner energy I(7) can be written as

1) =5 [ (&~ seot (v~ )/2)) ds (413

Furthermore, the infimum of 1(y) in X(ID; €', ¢92) is zero and is attained by the hyperbolic
geodesic.

36



Proof. Eq. (4.13) is a standard calculation by changing coordinates. O

Lemma 4.7. If we choose a = a(k) such that oo = o(1/k), then
1ir%/<,log Z4(61,02) = —6logsin(fa1/2) (4.14)
K—

which is the solution (4.3) in Proposition 4.1.
If  ~ —\/k for some X\ > 0, then the limit lim,_,o klog Z,(01,02) exists and equals

U1, 602) == —6logsin(fa; /2) — inf  (I(y) — Alog CR(D\ 7))
~EX(D;eif1 eif2)

+ yei(lﬂli)l;f—l,l) (I(7) — Alog CR(D\ 7)),

(4.15)

where 1(v) is the chordal Loewner energy of v in X(D;e',e%2) and the infimums are
attained.

We note that the constraint o < 1 — /8 implies that we can only choose A > 0 and
the last term in (4.15) is a constant such that U4*(61,6; + m) = 0 as we have normalized
Z,, such that Z,(01,0; +7) = 1.

Proof. For a < 1 — k/8, recall from Lemma 3.13 and (3.24) that Z, is defined as
(k—6)/k EG[CR(D \ 7)70[]

Ex[CR(D\v)~]’
where [Eg is the expectation with respect to the law of v which is a chordal SLE, in
(D; €1, ¢%2) and 6 = 6 — 6.

Then the result follows from the large deviation principle for chordal SLE as x — 0+

Z,(61,02) = (sin(0/2))

[29]. In fact, the Loewner energy is the large deviation rate function of chordal SLE for
the Hausdorff metric and v +— —log CR(ID \ ) is a continuous function X(ID;e'1, ei2) —
[0,00]. Varadhan’s lemma [8, Lem. 4.3.4 and 4.3.6] shows if & ~ —\/k, then

lim  log B[CR(D \ 7)™ = — inf (L(y) — Alog CR(D '\ 7))

~EX(D;eif1 eif2)
which proves the limit (4.15). Since the large deviation rate function I of chordal SLEq;
is good, the infimum in (4.15) is attained.

Similarly, an easy bound and Varadhan’s lemma also show the limit (4.14). ]

Proposition 4.8. For 01 < 0y < 01 + 7, we denote 0 = 05 — 01 and we have

0
ey ) = N og CR(D 7)) = /0 (/22 + 4 cot2(u/2)~2cot(u/2) ) du. (4.16)

o If 01 < 09 < 01 + m, the infimum in (4.16) is attained for a unique curve v* €
X(D; e, e%2) whose radial driving function £*, defined on [0,T), satisfies
o =01, Vg = 0a,
€ = cot((V" = &)/2) + /27 + 4 cot® (V" — &) /2), (4.17)
Vi = cot((Vi" = £)/2),
and limy_,7_ (V" — &) =0.
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o If instead 03 = 61 + m, then the infimum in (4.16) is attained for two curves, ~*
and v**. One of the corresponding driving functions, say £, satisfies (4.17) so that
lim 7 (V7 — &) = 0, while the other £, satisfies £ = —&F for all t € [0,T), so
that lim,_p_ (V** — £%) = 27.

Proof. We denote the right-hand side of (4.16) by

H)(0) = /09 (\/2)\ + 4 cot?(u/2) — 2cot(u/2))du, (4.18)

for 6 € [0, 7], and H\(0) = Hx(2m — 0) for 6 € (7, 27]. Let 0, : [0,] — D\ {0} be a
simple curve, parametrized by capacity, with an absolutely continuous driving function
t — & and set V; as in (4.12). Define

T () = & [ (& seon@i- €02 - OG- €)) as. (419

Since H) is not differentiable at § = 7w (the left and right derivatives differ by a sign),
the integrand on the right-hand side of Eq. (4.19) is not necessarily well-defined for s
such that Vi — ¢ = m. However, this is not an issue: Let E = {s € [0,t] : Vs — & = 7}.
In the interior of E, we have £ = 0 and V, = 0. Hence, the integrand is well-defined
and takes the value 2\ for s € E°. Since OF has measure zero the integrand need not be
well-defined there.

Let us connect J(>291 0,) O the chordal Loewner energy I in Lemma 4.6. We have the
following two observations.

 Denote by 4; the union of 7|9 ;4 and the hyperbolic geodesic from v; to e in D\ Yo,
Then Lemma 4.6 gives the energy of 4;:

I(3%) = ;/Ot (és — 3cot((Vs — és)/2)>2d8-
e For H),, we have
HAVi = &) — Hy (02— 00) = [ (V- &) (cot((Ve — £)/2) — &) ds.
Plugging these two observations into (4.19), we have
Toron (M0.1) = I(%) = Nog CR(D\ ) + HA(Vi — &) — Ha(2 = 61).  (4.20)
Suppose v : (0,7) — D\ {0}, with v(0+) = ¢t and y(T—) = €%, has finite chordal
Loewner energy. Then the associated radial driving function, in the capacity parametriza-

tion, &., is absolutely continuous on [0,t] for all ¢ € [0,7). Furthermore, a harmonic
measure argument shows that

Vi-&—0 or V;—& —2m, ast—T—
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(depending on, on which side of the origin v passes). Hence, Eq. (4.20) implies

I(7) = Mog CR(D\ ) = Hx(62 — 1) + lim Ty, gy () = HA(B2 = 61).  (4.21)

Now let ) < 02 < 61 + 7, and let (&, V;*) be the solution to (4.17). Then,

DV — &) = —\/2A + dcot®(V — )/2),

so that there does, indeed, exist T' € (0,00) so that lim, ,7_ (V" — &) = 0. It follows
from (4.21) that £* is the driving function of a simple curve v*, with v*(0+) = €' and
7*(T—) = €2, and that

I(v*) = AMog CR(D \ v*) = Hx(02 — 61).

Thus, the infimum of I(y) — Aog CR(D \ 7) equals Hy(f2 — 61) and is attained by ~*.
Furthermore, any 7 € X(D; %!, ¢¥2) which minimizes I(y) — Alog CR(ID\ 7) must satisfy
J()‘OI’GQ) (’y[o,t]) = 0 for all ¢, or equivalently, its driving function must satisfy

& =3cot((Vi — &)/2)) + H\(V; = &), ae. (4.22)

If #3 < 61 + 7 the unique continuous solution of (4.22) is &". If 6 = 6, + 7, then (4.22)
has two continuous solutions, £ and &**, where 52“ = —E;‘ . O

Since Z, is a function of 0 := 6, — 61, so we may write U*(0) = U* (61, 602). The next
corollary explains why we do not find this solution in Proposition 4.1.

Corollary 4.9. We let = 0o — 01 and write UN0) = U(01,02). Then we have (1.7):
for 6 € (0,m),

UB) = U 2 — 0) = —2logsin(6/2) + /07r \/2)\ + 4 cot?(u/2) du.

In particular, it satisfies

3
(sin(0/2))°
and has the left derivative —v/2\ and right derivative 2\ at 0 = 7.

U'(8))* 4 2cot(8/2)U' () — =-3+2\ (4.23)

In other words, U* is not differentiable at 7. That is why we do not see it in Propo-
sition 4.1. Moreover, the driving function &* in (4.17) satisfies & = O1UN(&F, V;*) which
is analogous to (4.11).

Proof. The expression (1.7) follows directly from (4.15) and Proposition 4.8. It is straight-
forward to check that it satisfies (4.23). O

Proof of Proposition 1.3 and Proposition 1.4. Thisis a collection of Lemma 4.5, Lemma 4.7,
Proposition 4.8 and Corollary 4.9. O
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Remark 4.10. When A = 2, Corollary 4.9 is consistent with Remark 2.7: when a =
a1(k) as in (2.29), we have (k) ~ —2/k and thus

UNT2(0) = lim _rlog Z, () (61, 02)

~ J4log2 —6logsin(0/2) + 8logcos(0/4), if 6 € (0,7];
4log2 — 6logsin(0/2) 4+ 8logsin(0/4), if 6 € [m,2m).

Then
U =2(6) = —3cot(0/2) —2tan(0/4), if 6 € (0,7);
—3cot(0/2) +2cot(0/4), if 6 € (m,2m).
Note that, when 6 € (0, 7), the derivative of the right-hand side of (1.7) is
2
—cot(0/2) — Sn(0/2) —3cot(0/2) — 2tan(6/4).

Remark 4.11. If one removes the assumption of interchangeability from Proposition 4.1,
then one obtains, in addition to the solutions (4.2) and (4.3), the solutions

UNE(0,,0;) = —2logsin(921/2):|:/ \/2)\ +4dcot?(u/2)du, 6y <Oy < O+2m, X\ > 0.
621

(These solutions correspond to Eq. (4.10) with C' > —3 and A = (3 + C)/2.) Note
that Z/{)‘7+(91,02) = L{*(Gl,Gg) for 6; < 69 < 01 + 7 and L{*’_(Hl,ﬁg) = Z/[A(91,92) for
01+7m <0y < 01+27m. As in the case with interchangeability, we do not have a one-to-one
correspondence with the solutions from the x > 0 case. Following Lemma 4.7, one can
take the semiclassical limit of Z, 3 from Proposition 3.17. If A > 0 and a ~ —\/k as
k — 0, then one has

UNT(601,62),  if B=1;

UMby, 62), if 5 € (0,1);
U= (61, 62), if 3=0.

Za.5(61,62) _

Yy, log 20 5(0, )

The case 8 = 1 follows from

621

inf  (I(y) = Alog CR(D\ 7)) :/ (\/2)\+4cot2(u/2) —2cot(u/2)> du,
~EX(D;elf1 ei02) 0

0 is to the left of v

which can be seen by examining the proof of Proposition 4.8. The case 8 = 0 is analogous.

A Euler’s hypergeometric differential equations

Lemma A.l. Fiz k € (0,8) and o € R, we consider Euler’s hypergeometric differential
equation (1.5):
3k — 8 8
{uu — )¢/ (w) = o= (2u— )¢/ (w) + —6(uw) =0, e (0,1);
6(1/2) =1, ¢/(1/2) =0.
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There is a unique solution ¢, to (1.5) in C?(0,1) and the solution ¢, is continuous in c.
Furthermore,

o when a =ag:=1—k/8, we have
Do (1) = (4u(l = w)) " (A1)

o when a <1 —k/8, we have ¢o(u) >0 for all u € (0,1);
o when a > 1— k/8, there exists u € (0,1) such that ¢o(u) < 0.

Proof. By direct calculation, we see that (A.1) satisfies (1.5) when o = 9. We write

a0 =1—£/8, Gag(u) = (du(l —u)Y" V2 G(w) = dag(u)f(u).

Then Eq. (1.5) becomes

{u(l ) = TR D)+ e an)f) =0, e
F1/2) =1 12 =0
We write y; = f and y, = f’, then Eq. (A.2) becomes

y1 = Fi(u,y1,92) = yo2;

Yo = Fa(u,y1,y2) = iuo(éi — Z) Y1 52—;8 132(? — i; Y2; (A.3)

yi(1/2) =1, y2(1/2) =0.

The functional (Fi, F2) is continuous in A = (0,1) x R x R and satisfies a local Lipschitz
condition with respect to (y1,y2) in A. Thus, the initial value problem (A.3) has exactly
one solution, and the solution can be extended up to the boundary of A. This gives the
unique solution ¢, to (1.5) and the solution ¢, is continuous in a.

Next, let us check the positivity of the solution. There are two cases.
Case 1: a < . In this case, F7 is increasing in y» and F3 is increasing in y;. Thus we
have a comparison principle for the unique solution to (A.3). In particular, the solution
f to (A.2) is decreasing in « as long as o < ag. Consequently, the unique solution ¢,
to (1.5) is decreasing in « as long as a < ag and ¢ (u) > ¢a,(u) > 0 for all u € (0,1)
when o < ayg.
Case 2: o > ag. We prove by contradiction and assume f(u) > 0 for all u € (1/2,1).
As f/(1/2) =0 and f"(1/2) = 32(ap — )/ < 0, there exists € > 0 small such that

—§:=f'(1/2+¢) < 0.
The ODE in (A.2) implies that

K+ 8

P < (552) e . we /2.
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Using Gronwall’s inequality, we obtain, for u € (1/2 +¢,1),

Fl(w) < £(1/2+ ) exp ( Lo (50) i)ds> - (M) .

Since k € (0,8), we have “TJ;S > 1. The derivative f’ is not integrable as u — 1. This
implies that f(u) — —oo as u — 1, which contradicts our assumption and completes the

proof. O

Lemma A.2. Fiz k € (0,8) and a € R. Consider Euler’s hypergeometric differential
equation:

3k —8 S8«

u(l —u)d” (u) — 5 (2u —1)¢ (u) + ?gb/(u) =0, ue(0,1). (A.4)

We have the following:

o When a > 1 — /8, there exists, for each solution ¢ to (A.4), u € (0,1) such that
¢(u) <0.

o When a =1—k/8, the only positive solution (up to a multiplicative constant) of (A.4)
18

Qbao (U) = (4u(1 - u))4/“_1/2'

o When a < 1—£/8, the positive solutions of (A.4), are (up to a multiplicative constant)
all of the form
¢(u) = B (u) + (1 - B)2(u), B €(0,1],
with ®* and ®F as in Remark 3.16.

Proof. We first consider a« > 1 — k/8. Let ¢, be as in Lemma A.1, and let 1, be the
solution of (A.4) satisfying 1, (1/2) = 0 and ¢/, (1/2) = 1. It is easily verified that

Ya(u) = —Po(l —u), we(0,1). (A.5)

Since ¢, and 1), are linearly independent, any solution of (A.4) can be expressed as a
linear combination of them. When o« > 1—£/8, it follows from Lemma A.1 and Eq. (A.5)
that there is no positive solution of (A.4). Similarly, when o« = oy = 1 — /8, it follows
from Lemma A.1 and Eq. (A.5) that the only positive solutions of (A.4) are C'¢q,, with
C > 0.

Now consider o < 1 — /8. As stated in Remark 3.16, ®* and ®# are C2-solutions
to (A.4) (@, &% € C?((0,1)) follows from the same argument as for ® in Lemma 3.13
using Remark 2.8). Moreover, 0 < ®%(u), ®F(u) < ®(u), for u € (0,1), and

o) =1, ®L(1)=0, and @%0)=0, @%1)=1.

Since ®* and ®F are linearly independent, any solution ¢ of (A.4) can be decomposed
as ¢ = Cp®f + Cr®*, for some real constants C, and Cg. If C, < 0, then ¢(u) < 0 for
u > 0 small. So, for a positive solution ¢ we must have Cp > 0. Similarly, we deduce
that C'gr > 0, and clearly we may not have C;, = C'r = 0. This finishes the proof. O
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B Convergence of radial SLE to chordal SLE

Suppose v : [0,00) — H is a continuous non-self-crossing curve in H such that vo = 0. Let
H; be the unbounded connected component of H \ Yo,y- Let g¢ - Hy — H be the unique
conformal map with lim,_, |g:(2) — z| = 0. We say that the curve is parameterized by
half-plane capacity if

2t 1
gt()—z-i- +o [ as z — 00.
z
Then g, satisfies the chordal Loewner equation

2
Orgr(z) = m7 g90(z) = z.
We call W; the driving function. Chordal SLE, in H from 0 to oo is the chordal Loewner
chain with driving function W; = /kB; where B is one-dimensional Brownian motion.
For a general simply connected domain D with two distinct prime ends x1, x5 € 0D, we
define chordal SLE, in D from z; to x2 to be the image of chordal SLE, in H from 0 to
oo under the conformal map ¢ : H — D sending 0 to z; and oo to xs.
Proof of Lemma 3.11. Recall that Q¢, denotes the law of radlal SLE, in (]D)\n[(o1 )t %2 0),
and denote by Qs the laW of chordal SLE, in (D \ nM;e'%,0). We fix a sequence of
conformal maps fi, : D\ 77 0 t 0 H and a conformal map fOO :D\ 7" — H such that

fo () = =1 fu(@®) =0 fuo(0) = =1, fool(e®) =0;
and that f;, converges to fo locally uniformly. Note that (ft,)«(Q4,) is the same as radial
SLE, in (H;0;w = f;,(0)), and (foo)«(@o) is the same as chordal SLE, in (H;0,—1).

Suppose 7 is chordal SLE in H from 0 to oo and denote by W; its driving function
and by g; the corresponding conformal maps. From [36], the law of chordal SLE,; in H
from 0 to —1 is the same as v weighted by the local martingale

|g: (= D" (Wi = ge(—1)) 2", (B.1)
where h = (6 — k)/(2k) as in (3.1). The law of radial SLE, in H from 0 to w = f, (0) is

the same as v weighted by the local martingale

iy ((Tmlge(w))\ O ED Re(gt< )

—2h
, (B.2)

where h = (k — 2)(6 — k) /(8k) as in (3.1).
Combining (B.1) and (B.2), (fi,)«(Qy,) (radial SLE, in H from 0 to w = f;,(0)) is
the same as (foo)+(Qoo) (chordal SLE, in H from 0 to —1) weighted by

g/ () (Tm(ge(w))\ FTOYED W, — Re(gi(w))
|gz<—1>\hx< Tm (w) ) X‘(Wt—gx—l))Re(w)

As t; — oo, we have w = f;,(0) — —1 and M; — 1 almost surely, and f;, converges to

—2h

M; =

foo locally uniformly. These give the desired conclusion. O
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