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Introdu
tion

Cerami
 Can
ellous bone

Homogeneized medium: Biot model (1956)

2 frequen
y regimes LF and HF : f
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2πaκ
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ρ
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Vis
ous dissipation in the HF regime: Johnson, Koplik and Dashen (1987)
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2D Biot-JKD model

2D transversely isotropi
 media: 17 positive physi
al parameters

8 variables: ξ = −∇.φ (u
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onservation of momentum:
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(D + Ω
i

)1/2: shifted fra
tional derivatives of order 1/2
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Fra
tional derivative and di�usive representation

Di�usive representation:

1√
t

=

∫
∞

0

1√
π θ

e

−θ t
dθ

(D +Ω)1/2w =
e

−Ωt

√
π t

∗
(
∂w

∂t
+Ωw

)
non lo
al-in-time

(D +Ω)1/2w =

∫
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0

1

π
√
θ

∫
t

0

e

−(θ+Ω) (t−τ)

(
∂w
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+ Ωw

)
dτ dθ

(D +Ω)1/2w =

∫
∞

0

1

π
√
θ
ψ(θ, t)dθ di�usive representation

Ordinary di�erential equation lo
al-in-time satis�ed by the di�usive variable ψ :






∂ ψ

∂ t
= −(θ + Ω)ψ +

∂w

∂t
+Ωw

ψ(0) = 0

Di�usive approximation (DA): (D + Ω)1/2w ≃
N∑

ℓ=1

aℓ ψ(θℓ, t)
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Determination of the quadrature 
oe�
ients (1/2)

Goal: determination of θℓ and aℓ

The dispersion relation depends on the physi
al parameters and on the vis
ous

operator






F̂

JKD(ω) =
1√
Ω
(j ω +Ω)1/2 Biot-JKD

F̂

DA(ω) =
j ω + Ω√

Ω

N∑

ℓ=1

aℓ

θℓ + j ω +Ω
Biot-DA

Frequen
y range of interest [ω
0

/10 , 10ω
0

]

Three methods:

- Gaussian quadrature

- 
lassi
al linear least-squares minimization

- nonlinear 
onstrained minimization
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Determination of the 
oe�
ients (2/2)

Relative error ε
mod

Parametri
 determination of N
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Error of model ε
mod

at N = 5: 84.42%, 6.78%, 0.25%

Best method: nonlinear optimization
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Numeri
al modeling

8+ 2N variables. Velo
ity-stress formulation

U = (v
s,x , vs,z , wx , wz , σxx , σxz , σzz , p , ψ

x

1

, ψz
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, · · · , ψx
N

, ψz
N

)T

First-order hyperboli
 system with sour
e term
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= −SU

Strang splitting. Su

essive resolutions of
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= 0 fourth-order ADER s
heme

-
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∂ t
= −S U exa
t integration

Pie
ewise homogeneous media: Immersed Interfa
e Method

Optimal 
ondition of stability CFL = max

ϕ∈[0,π/2]
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2D numeri
al experiments: multiple s
attering (1/2)

Wave propagation in 
omplex media

Plane wave in transversely isotropi
 medium

Ellipsoidal s
atterers randomly distributed: 
on
entration 25%

Properties of e�e
tive medium

initial time t > 0

Ω3 IqPf
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2D numeri
al experiments: multiple s
attering (2/2)

M. Chekroun (Université du Maine)

p − ω transform of the 
oherent �eld

Phase velo
ity and attenuation of the

e�e
tive medium in terms of the frequen
y

e�e
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Thank you for your attention!
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