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Abstract

Optimizationof GARCH(1,1)processeby maximumlikelihoodhasbeendocumentedo be nu-
merically difficult and proneto error In this paper it is shavn thatthis difficulty is relatedto a
onedimensionalimanifold in the parametespacewherethe likelihood functionis large and al-
mostconstant. This manifold is revealedby introducingothernaturalparameterizationfor the
process,namely other coordinatesn the parameterspace. In orderto avoid spuriousfits, we
suggesfixing the averagevolatility of the processhy a momentestimateand estimatingthe re-
mainingparametersvith amaximumlik elihoodprocedureMoreover, the convergenceproperties
of the maximizationalgorithmare vastly improved by working with one of the new coordinates
system.We alsoinvestigatethe finite sampledistribution of the estimatedparametergomputed
with a maximumlikelihood. The resultsindicatethatthe interceptparameteny is strongly bi-
asedwhereaghevolatility andseveralof thenew coordinatehave smallerbias. Theaggreation
propertiesof GARCH(1,1),from 14 minutesto 8 daysareinvestigated.The resultsindicatethat
thetheoreticalaggr@ationrelationsfor this processarenot consistentvith the foreignexchange
data.Finally, thechangeof coordinatess generalizedo GARCH(p,q),andtheempiricalproperty
of thelog-likelihoodis investigated.
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1 Intr oduction

Sincetheir inception, GARCH processe$iave gaineda very fastacceptancén the financelit-
erature.The seminalpapersare ( 4 } ), and
two comprehense reviews are( ) and( ). Garchtype
processesnodelthe volatility andin particularincorporatethe long memory or clustering,ob-
senedin financialdata,namelythe conditionalheteroskdasticity The GARCH family contains
a numberof parametersvhich mustbe estimatedon actualdatafor empiricalapplications.The
estimationis carriedoutwith a standardog-likelihood maximization,usinga conjugategradient-
like algorithmto solve the maximizationproblem. Possibly more sophisticatedilgorithmscan
be used,combiningthe efficiengy of alocal searchwith the safetyof a global search.Yet, it is
“commonknowledge” amongpractitionerghatthe GARCH parameterare numericallydifficult
to estimaten empiricalapplications.The numericalalgorithmcaneasilyfail, or converge to er
ratic solutions.Thereforetheresultingfitted parametermustbe examinedwith a healthydoseof
scepticism.

In this papey we investigatewhy the parameteestimationof the GARCH processesire so dif-
ficult numerically Using a changeof coordinatesn the parameteispace we shav that a one-
dimensionamanifold of nearlydegeneratesolutionsexists. This family of solutionsexplainsthe
weaknes®f thefit with respecto the dataquality andto the searchingalgorithm. In particular
with insufficientdata,or with corrupteddata theglobalsolutionmaywell notexist or bemeaning-
less.After exploring this manifold of solutionsandits origin, we proposeo modify theestimation
procedureof the parametersA first parametefrfixing thevolatility of the processis computecby
a momentestimate.In a secondstep,the remainingparameterarefitted usinga log likelihood
method which allows for arobustestimationframework.

This paperis organizedasfollows: in section2, the GARCH(1,1)processequationsarerewritten

in differentforms in orderto make the propertiesof the processexplicit. The log-likelihood
function is analyzedin variousparameterizationg section3. In section4, the causefor the

manifoldof nearlydegeneratesolutionsis explained.In sectionb, theestimatioronfinite samples,
andin particularthe size of the bias, areinvestigated.Section6 is concernedwvith estimatesof

GARCH(1,1) processat higherfrequeng, andthe comparisorwith the theoreticalaggrgation
relations. The generalizatiorfor the GARCH(p,q)processess carriedout in section?. Finally,

therecommendationfor robustestimatesrepresentedn the conclusion.

2 Rewriting the GARCH(1,1) process

The GARCHY(1,1)processs usuallywritten as

I = Gj§ (1)

of = do+0urf;+P107 (2)

andthethreepositve numbers, a1 and; arethe parametersf the process.Thevariableg; is
identicallyandindependentlgistributed(i.i.d.) andin generaldravn from thenormaldistribution
N(0,1). Thenormality of € is not essentiafor the discussiorbelaw, the only neededropertyis
thatthescalefor g; is fixedby E[€Z] = 1. Theintegerindex i representatime givenby't = to+i &t,
wheretg is anarbitrarystartingpoint,andét is the processncrement.Thisimplicit ot fixesatime
scalefor the processandfor the parameters.The processs assumedo be stationary andwith
finite varianceE[0?] < o, whichimpliesa; + 31 < 1.



With theabove parametrizationthepropertieof the procesareentangledn thethreeparameters.
In orderto make the propertiesof the processappeardirectly in the equation,we rewrite the
procesdor o; (equation?) in theform

0'i2 = 02(1— Heorr) + Ucorr(“emep'izfl +(1- Uema)rizfl) 3)
= o°+ Mcorr (Uemegiz—l +(1- uema)riz—l - 02)
with the changeof parameters
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Thisreparametrizatioexemplifiesthe propertiesof the processin particular

Elo?] = E[rf] = o? (@)
E [0i2+k | olz] = 02 + pckorr (GIZ - 02) (8)

wherea? is the meanof r? ando?. The parametegior correspondso the exponentialdecayof
theconditionalmearnvolatility. The parameteplemais actingsomevhatsimilarly to anexponential
moving average(ema). The decayof the correlationfor the returnandlatentvolatility arealso

givenby peorr
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Throughouthis paperthevolatility is annualizedy using

lyear
2 2
ann— TO- .

(11)

This makesoannindependentf ot. Thesameransformationis usedfor thelatentvolatility o; and
for thereturnr;. In this paperthe computationsredonewith daily datadt = 1 day, with 1 year=
250days,andthetime intervals areexpressedn days.

Eachparametep actsmultiplicatively and, therefore,definesan exponentialtime scale. This is
madeexplicit by a furtherchangeof coordinates

Heorr = eXp(—0t/Tcor) (12)
Hema = €XP(—0t/Temq



wheretqor andtemacorrespondo the exponentialdecaytime interval of the correlationandema.
As often,time scalesvary widely, it is thereforeusefulto introduceothercoordinatesastheloga-
rithm of thetime intenals

Zeor = IN(Tcorr) (13)
Zema = IN(Tema)

suchthatthe z parameterizatiocorrespondso a doublelogarithmictransformatiorof the p pa-
rametersi.e. p= exp(—otexp(—2z)).

Thesesuccessie transformationslefinefour coordinatesystemson the parametespace namely

(0o, 01, B1), (Tanm, Heorr; Mema)s (Tann, Teorr Tema) @Nd(Cann, Zeorr, Zema). Thesedifferentcoordinates
emphasizehatthe GARCH(1,1)processs parametrizedby athreedimensionakpacepn which

we canusedifferentcoordinatesystemsGenericallywe usef to denoteonepointin theparameter
spaceandpractically@ is representeth a givencoordinatesystem.

Thedomainsfor the coordinatesire

0o, 01,1 a;+PB1 <1
o
Hcorr, Mema < 1 (14)

Tcorr; Tema

o O O O
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andno constrainton z.o, Zma Oneadvantageof thesenewn coordinatess thatthe domainsare
becomingsimplerin the newv coordinatesystems.Yet, asa guardfor the numericalsearchof the
maximumlik elihood, sufficiently large finite boundsmay still be imposedto preventoverflon or
zerovalues particularlybecausehe coordinatechangesnvolve exponentialsandlogarithms.

3 Thelog-likelihood

Usually the parameter® arefitted by a (pseudo)log-likelihood procedure. Assumingthat the
randomvariabless; have a Gaussiardistribution, thelog-likelihoodfunctionis

1(6) = —2—1n (In(ZTI) +n(0?) + ;—'22) , (15)

wheren is the numberof datapointsin the sample. An initial fraction of datamustbe usedfor
build-up, becausef the memoryof the volatility process.An estimated for the parameterss
givenby the solutionof the maximizationproblem

max 1(8). (16)

Many desirablepropertiesareknovn whenfitting parameterdy alog-likelihoodproceduré. The
mostgenerallyapplicablepropertyis the independencen the coordinatesystem:the estimation
canbedonein ary parametrizatiormndthe resultswill beidentical,up to the reparametrization.
This propertyis true for finite samplesandary dataset(assuminga non-dgeneratenaximum).
In particular if the procesds misspecifiedi.e. the datawerenot generatedby thefitted process),
themaximumis identicalin ary coordinatesystem.

2 A generateferenceon this topicis ( ).



The corvergencepropertiesof thealgorithmusedto solve themaxequationchangedependingn
the coordinatesystem.Essentially all efficient maximizationalgorithmsusea Taylor expansion
aroundthe maximum. As a heuristicestimate the corvergenceis fasterfor a larger domainin
whichthesecondrderTaylorexpansioraroundthesolutionis agoodapproximationPractically
we usein this papera BFGSalgorithm,accordingto the NumericalRecipeg ).
For this section,the empiricaldatasetusedto computethe figuresis the daily foreign exchange
(FX) rate for USD/CHF. The year 1994 is usedfor build-up®, andthe years1995to 1998 for
the estimations.We have checled that the propertiesdiscussedn this paperare robust against
change®f the dataset(othercurreng pairs,equitiesindices,or bondindices),or change®f the
time period,or of the build-up andsampldengths.

Thepropertief thel (8) functionareillustratedby plotting its valuesalongcutsin the parameter
space.Thosecutsaredonealongconstantoordinateplanes andthis is wherethe differentcoor
dinatesystemsplay animportantrole. A cutin the (0, hcorr) planeat constanpemais presentedn
Figurel. Thisfigure doesnotreally look like a nice parabolicmaximum. Let us emphasizg¢hat
thelevel linesfor thecontourplot arenotregularly spacedbut muchcloseraroundthe maximum.
In fact, the maximumis very flat alongan ‘L’ shape.A closerinspectionshawvs that something
happensalong the lower side of the figure, but the log-likelihood changegoo rapidly in these
coordinatedo displaya clearfigure.

The samecut, with the samedomainbut in the (0, Tcor) plane,is presentedn Figure2. Here,
the structurestartsto unravel: the large flat areathat occupiesmostof the figure is the structure
thatwaswedgedalongthe peorr = 1 axis. The maximumis now at the very top of the figure, at
Tcorr = 20 days,andis still very asymmetric.

In orderto seethe maximumclearly anotherdogarithmictransformatioris necessaryThe same
cut, butin the (o, zr) plane,is presenteadn Figure3. Here,the structurescompletelyunravel: a

long ridge of nearly optimal solutionsexists This onedimensionafuasi-dgenerag is the major
causeof troublefor the maximizationalgorithm. This featureis not visible in the (a, 3) coordi-
natesbecausdheridgeis nearlyperpendiculato the Yema TemaOr Zema CoOOrdinatesAn arbitrary
cut, in particularin the (a,B) coordinatesshavs only anisolatedmaximum. The comparisorof

thethreefiguresalsoexplainswhy, generically the maximizationalgorithmperformsmuchbetter
whenusingthe (Oann, Zeorr, Zema) coordinatesthe log-likelihoodis muchbetterapproximatedy

its secondbrderTaylor expansion.

In orderto geta betterquantitatve picturefor thesequasidegeneratesolutions,we solve for a
given o the maximizationproblemfor (zqorr, Zma). Then,we canplot the solution (Zorr, Zema) @S
afunctionof g, asshavn on Figure4. Thelong ridgeis now clearly visible asa plateauon the
log-likelihood function. Note thatthe relative differencein the log-likelihood betweenthe best
solutionandthe plateauis only of 0.3%. By comparisoncomputingwith the sametime series
(USD/CHEF, with 1 yearfor build up and4 yearsfor thefits), but sliding the startingpoint for the
fit every monthfrom 1986to 1993,leadsto a variationof thelog-likelihoodof 10%.

The horizontal plateaucorrespondgo |01(6)/06x| ~ 0, and possibly fools an optimization al-
gorithm to fulfill its cornvergencecriterion. This canbe a major sourceof spurioussolutions.
Moreover, alarge amountof datawasusedin orderto computethis figure,yet usinglessdatacan
createsecondarymaximaor possiblyanotherabsolutemaximum. Thesespurioussolutionsare
worrisomeasthe correspondingparametersare completelymeaninglessFor example,the aver
agevolatility of theresultingprocesgwhichis givendirectly by ) canbetoolargeby afactorl0.

3 The GARCH processebave aninternalstatewith memory namelya;. Theinternalstateis initialized with an
estimateof the meanvolatility, and then one year of datais usedto build-up the internal state. In this way, at the
begining of the sampleusedto estimatethe log-likelihood function, o; hasan exponentialysmall dependengcon the
initial condition.
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Figurel: The log-likelihood as a function of Oann and Peorr, for lema = 0.9514= exp(— exp(—3)).
The data are USD/CHF foreign exchange, with 1 year of build-up for the process, and 4 years for
the computation of the log-likelihood. Note that the levels for the contour plot are much narrower
close to the maximum.



0= —
2.75-
| s 3.00— 77
3.59 3.25\
3.50
1 3.54
1000
3.58
§ 4
S 3.58
2000 —
PSfragreplacements ‘ ‘ ‘
0.0 0.5 1.0
o

Figure2: The log-likelihood as a function of Gann and Teorr, for Tema = 20.08 = exp(3). The data,
domain for the parameters, and levels for the contour plot are as in Figure 1.
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Figure3: The log-likelihood as a function of G, and Z.oy, for Zema = 3. The data, domain for the
parameters, and levels for the contour plot are as in Figure 1.



10000
— 3.605
1000+ T o
B T @
n corr L
g ] - 3
E ] ema @
R S A Log-likelihood + 3
3 g
- L
1004 — 3.600
10— v
L I:I T T 17T I L I LI I T T 17T I T T 17T I L I LI I T T 17T I L 3-595
0.0 0.2 0.4 0.6 0.8 1.0

(¢}
ann

Figure4: Teor, Tema and the log-likelihood as a function of 04y, The data are as in Figure 1.

Thesespurioussolutionsarenot easyto detectin the usual(a, ) coordinatestheir mostvisible
signaturebeingdi; + 1 ~ 1.

In orderto definea morerobustfitting procedurefor the parametersye proposeto usea mixed
estimationwith a momentestimatgor ¢ andwith alog-likelihoodfor z o, Zma More precisely
o is computedrom the momentestimate

8% = (rf) (17)

where () denotesthe sampleaverage. The remainingparametersre obtainedby solving the
restrictedmaximumlik elihoodproblem

min I (6, ZCOI'I’, Zema) . (18)
(zcorr,zema)

In orderto differentiatefrom the usual‘log-lik elihoodfit all’ procedurewe call theresultingtwo
stepsestimatea restrictedestimate becausdor the log-likelihood step,the parameteispaceof
the processis restrictedto the subspaceorrespondingo the obsened volatility. This method
enforcesa natural soundnesgriterion on the fitted process,namelythe volatility of the fitted
processs identicalto thevolatility of thedata.Moreover, thisis importantfor longtermforecasts
(seeequation8) madewith this process Note thatsomesoftware packagesik e S+ alreadyallow
the estimationof a volatility like constraintwith a momentestimator Yet, this is usedwith the
original (a, ) parametrizatiorio adda constrainthatessentiallyfixesag. Therefore thereis no
changeof coordinatesnvolvedin this procedure.
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Figure5: The annualized latent volatility (67)%/2 (full line) and annualized data volatility (r?)/2

(dotted line) for the GARCH(1,1) process with different values for the parameter O4,,. At the point
where the two curves intersect, the process parameter Oann, is such that the latent volatility is equal
to the data volatility. The data are as in Figure 1.

4 The causesf the tr ouble

We still needto understandvhy we obtainthis family of almostdegeneratesolutions. The im-
portantpoint to realizeis that, whenfitting a processon data,the threequantitieso?, (o?) and
(r?) aredifferent,namelythe identity in equation7 doesnot hold arymorefor sampleaverage.
Theprocesdor g; is still definedby equation3, andwe cantake its unconditionakaverage.After
straightforvard calculationsthe unconditionakveragecanbewritten

0= (et (Hortobend 1) ((02) — (12 19)

1— beorr

The quantity (r?) is a numberdependingonly on the data, the quantity (¢?) is still a function
of the procesgparametersin the above equation|if (o2) = (r2), thenthe usualidentity between
all variancess true. Similarly to Figure 4, we plottedon Figure 5 the quantities(o?) and (r?)
alongthe almostdegeneratesolutions,using oann asa parameter On this figure, the difference
betweenthe threevariancess clear Moreover, (g?) is aimostconstantalongthe branchof near
solutions,but differentby about5% from (r?). Only at the maximumlik elihood solution, the
equality(0?) = (r?) = &2 is fulfilled to a high degreeof accuray. Therefore the secondermin
equationl9is nonzero,andthe1/(1— porr) Createsasingularityfor o. In orderto checkfor this
explanation,we approximate(o?) by a constanandplug the appropriatenumbersn equation19
in orderto obtainanestimatefor 0. Then,we compares versugleorr asobtainedalongthenearly
degeneratesolution,ando versugi.qrr asobtainedrom equationl9: thetwo curvescloselymatch,
in agreementvith theabove analysis.

An interestingquestionis to determinewhetherthis one dimensionaldegenerag is originating
in the GARCH processtself, or in the inability of the GARCH procesgo fit financialdata(say
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for example,becausehe GARCH(1,1)processhasan exponentialcorrelationdecaywhereadi-

nancialdatahave a power law decay).To settlethis questionwe generatedyntheticdatawith a
GARCH(1,1)process.Then,we plottedasabove the log-likelihoodlandscapef a GARCH(1,1)
processput usingreturnfrom the syntheticGARCH(1,1)data. A similar pictureemeges,indi-

catingthatthis onedimensionatlegenerayg is a propertyof the GARCH process.

We fitted a GARCH(1,1)procesausinga restrictedestimateon morethan 200 daily time series,
includingforeignexchangerates,nterestrates bondindicesandequitiesindices. Theannualized
volatility changesignificantlyfrom 1% to 50%, particularlybetweerfamiliesof assetsTypical
time decayparameterarel < Z.or, Zema< 4,0r 2.7 days< Tcorr, Tema< 54 days.Parametersvhich
arevery differentfrom thoserangesshouldbe considereda priori assuspicious.We alsofitted
higherfrequeng datafor USD/CHF on the GARCH(1,1) procesqseesection6). Thefit is in-
creasinglydubiouswith higherfrequeng. Yet,therestrictedit givesbetterestimategarameters,
with alog-likelihooddiffering by lessthan0.0025%.

5 Estimation on a finite sample

Whenintroducingthe log-likelihood procedurewe mentionedthat the fit is independenbf the
coordinatesystem evenfor finite samplesandmisspecifiedprocessesMore desirableproperties
of the log-likelihood procedureare true when making more assumptions.First, let us assume
that the data generatingprocessis given, and that we are fitting thesedataon the samepro-
cess. This hypothesisenforcesconsisteng, namelythat we arefitting the right datagenerating
process.Then, it is known thatasymptotically(i.e. whenthe samplesize goesto infinity), the
fitted parametergornverge in probability to the true parameterand have a Gaussiardistribution
aroundthe true values. Moreover, the standarddeviation for the Gaussiarprobability density
function (pdf) is relatedto the information matrix, and decaysas 1/4/n wheren is the sample
size( ). Undera changeof coordinatesthe information matrix
changedn the naturalway, namelyby conjugationwith the Jacobiamrmatrix of the coordinate
change. Therefore,a changeof coordinatesdloesnot modify the asymptoticcornvergenceprop-
ertiesof the log-likelihoodfit. Anotherimportantpropertyof log-likelihoodfit is its efficiency,
namelythe estimatolis in somesenseptimal ( ), andthis s true
in ary coordinatesystem.

Yet, besidethe invariancewith reparametrizationyery little is knowvn aboutlog-likelihood esti-
matesusingfinite datasamples.This is of importantpracticalconcernbecausetypically, a few
yearsof daily dataarefitted on a processmeaninga few hundredto a few thousandpoints. In
particular thefinite sampleestimatesregenericallybiased.Moreover, undernonlineartransfor
mations atmostonecoordinatesystemcanbeunbiasedbecausé f (x)) # f((x)) for anonlinear
function f). Thereforethevariouscoordinatesystemsntroducedpreviously for the GARCH(1,1)
processave differentbiases.

In this section,we studythe finite size distribution of the fitted parametersandthe bias of the
various coordinates. For this purpose,we generatesamplesof dataof given lengthn with a
GARCH(1,1) processwith parametergorrespondingo 0ann = 10%, Z.or = 3 aNd Zema = 2.5,
or for the othercoordinatesig = 1.94310°°, a; = 0.0750,B1 = 0.8764, Yeorr = 0.9514, Yema =
0.9212,Tcorr = 20.2, Tema= 12.18. Thesevaluescorrespondo typical FX parametersGeneri-
cally, acoordinateof the datageneratingprocesss denotedby 6o. Then,a GARCH(1,1)process
is fitted on this dataset,resultingin anestimated for eachcoordinate.This procedurds repeated
N = 100,000times,andthe meansd, the standardleviatiort" stdDev(8), andthe empiricalpdf for

4 We denotethe standardieviation by stdDe to avoid confusionwith the processparametep.
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thefitted parameter® is computed.This procedurds repeatedor varioussamplesizesn.

Therelatve biasfor thevariouscoordinatess estimatedasfollows: for a coordinated, we make
the‘Ansatz’

6(n) = 6 (1—|— %) (20)

wherebg = bg(n) is therelatve biasandn thesamplesize. Thisform is dictatedby theasymptotic
(unbiasediGaussiamistribution for therescalegarametersyhichimpliesthatthe biashasto de-
cayasymptoticallyfasterthanl/,/n. In orderto checkthatthis form capturesheleadingn depen-
deng, we displayon Figure6 the relative biasfor the samplesizesin therangel25< n < 2000,
which corresponddo a rangeof 6 monthsto 8 yearsof daily data. Someof the coordinates
(B1, Oann Keorrs Mema Zcorr) S€EMEO be alreadycloseto the asymptoticbhehaior. The othercoordi-
nateshave still aclearl/+/n correction.A studyof thestandardieviationsandempiricalprobabil-
ity densityfunctionsof thescaleddeviation 36 = 1/n (6 — 8) pointsto similarfinite sizebehaiors.
For example,the pdf for day is clearly skewed, evenfor a samplesizeof n = 2000,which canbe
thoughtaslarge enough.This slow corvergenceto the asymptotichehaior originatesin the cor
relationof the processasmeasuredy T.or. Roughly anindependanestimatefor the parameter
is obtainedafter 1¢or data,reducingthe samplesizen to an effective samplesize neg = n/Tcorr-
For example,oneyearof daily datacorrespondso nes ~ 250/20 ~ 12, which is clearly a very
small sample. Practically we arevery oftenfitting processe this small effective samplesize
andthereforewe shouldexpectstrongcorrectionsto the asymptotictheoreticalresults. This be-
comesparticularly relevant for inferenceand hypothesigesting,andin this respectthe choice

of coordinatesloesmatter In the context of the Wald test( ), the
dependengc of the testwith respecto the algebraicformulationof the null hypothesishasbeen
studiedby ( ). For example,in view of the Figuresl, 2 and 3, this issue

seemdmportantwhentestingfor the unit root a; + 31 = Heorr = 1. However, hypothesigdesting
would bring us beyondthe scopeof the presenfpaper Returningto the Figure6, we seethatay,
Tcorr aNdTema are stronglybiased,a1, B1, Peorr aNdZeorr have a mediumbias,and oann, Hemaand
Zemahave asmallbias. Thisis yetanotherreasomotto usetheusual(ag, a1, 1) coordinatesbut
to preferthe (0, Ueorr, Mema) OF (O, Zeorr, Zema) COOrdinates.

With anestimatefor the standardieviation of 6
027

stdDe/(8) = N

(21)

the standarddeviation of the relative bias canbe estimatedstdDer(b) = nstdDev(8) /60. Then,
ata 10 sigmalevel, no coordinatds free of biases. Anothercommentaboultfitting smallsamples
mustbe added. In orderto solve the maximizationproblem,our bestfitting algorithmis used,
namelya BFGSalgorithmworking in the (Gann, Zcorr, Zema) COOrdinates.The searchalgorithmis
startedatthe datageneratingrzalues with possiblerestartat 6 neighboringpointswhena solution
is not found. Despitethis fairly robust maximizationalgorithm, a fraction of the datasetnever
corvergesto ameaningfulsolution,but runsto ‘infinity’ (i.e. to theboundarie®f thedomainsset
to avoid over- andunderflav). For thedatasetsof size125,250,500,1000and2000,thefractions
of uncowvemedsolutionsarerespectiely 24%, 7%, 1%, 0.03%and0%. This indicatesthat, for
thesefractionsof thedatasets thereis no globalmaximum(despitethefactthatwe arefitting the
datageneratingprocess) This is yet anothemwarningaboutpotentialproblemsof estimatesnade
onsmalldatasets.

12



350 — S

L11
\
/

Relative biais

PSfragreplacements

1000

100 Samplesizen

Figure6: The relative bias versus the sample size, for the various coordinates.

13



6 Estimation at higher frequencies

Up to this point, thefitting of daily datais discussedIn this section,the above issueis explored
at higherfrequenciesA first studyusingintra-daydatacanbe foundin ( ).
In orderto discountthe daily andweekly seasonalitiesa synthetichomogeneousime seriesis
computedsampledegularly in dynamicalbusinesgime scalg( ). Thistime
scalemeasureshe recentintra-weekvolatility patternandbuilds a time scaleflowing at a pace
relatedto this pattern,similarly to the theta-timeproposedn ( ). Moreover,
HolidaysandDaylight Saving Time aretaken into account. The regulartime seriesis computed
from tick-by-tick quotesfor USD/CHF and covers 11 years,from 1.1.1989to 1.1.2000. The
synthetictime seriesis sampledevery 14 minutesin dynamicalbusinesgime, with alinearinter
polationbetweerticks, andwith thelogarithmicmiddle priceasthevalue. Theyear1989is used
for build-up of the GARCH(1,1)processandthedecadel 990to 2000for thefit.

With thisregulartime seriesijt is easyto computethereturnat differentfrequenciesandto inves-
tigatethefitted GARCH(1,1)processAs aby-productwe cancomparehefitted parametersvith
theaggreationrelationfor the GARCH(1,1)processasderived by ( ). In
this paper assuminga GARCH(1,1) processat scaledt, the authorscomputethe parametergor
theequivalentGARCH(1,1)processat scalemdt. Theserelationsarequite complicated,yetthey
simplify drasticallyfor ognn andtcorr

O-ann(mét) = O'ann(ét) (22)
Tcorr(mét) = Tcorr(ét).

In this form, both relationshipsare very easyto check. The decimationequationfor the last pa-
rameterseemsot to simplify (it involvessolvinganimplicit equation) At the highestfrequeng,

we draw the equivalentof Figuresl, 2 and 3. Essentially the sameproblemis presentbut the
manifoldof nearlydegeneratesolutionsis muchflatter This makesthefit of highfrequencieslata
evenmoredifficult.

The GARCH(1,1) processes$s estimatedon the above data, at time intenals rangingfrom 14
minutesto 8 days. Thefit is donewith a log-likelihood computedwith a Student-tprobability
densityfor the residualsandthe numberof degreesof freedomis alsooptimized. The resulting
volatilities aredisplayedin Figure7. The agreemenbetweenthe 3 volatilities is excelentabose
~1 day but deteriorateswith smallertime intenals. Figure 7 indicatesthat at the maximum
likelihood,the equalitya? = (r2) is notfulfilled for intra-daytime intenals. Oneway to interpret
thisresultis thatGARCH(1,1)is not ableto describesuchhigh frequeny data.

In orderto enforcetheidentity 02 = E[r?], therestrictedfitting procedurés used.As the annual-
izeddatavolatility E[r[8t]?] is roughlyconstantthis enforceghatoann(dt) is alsoalmostconstant.
At the maximumlikelihood, the relative differenceof the log-likelihood betweenrestrictedand
unrestrictedestimatess in the worst case0.0025%(at the highestfrequeng). This illustrates
oncemorethedifficulty of suchhighfrequeny fits andtheflatnessof thelog-likelihoodin the pa-
rameterspace Theresultingt parameteraredisplayedn Figure8. For timeintervalslongerthan
~0.7 day, thedecaycorrelationtime T is approximatelyconstantwith avalue~ 90 days.This
behaior is consistentvith theaggraationpropertiesof GARCH(1,1),andpointsto theexistence
of a preferredcorrelationdecayfrequeng, of the orderof 3 months. Yet, the situationchanges
for time intervals smallerthan0.7 day In this domain,the correlationtime is very well described
by alineardependengcwith thereturntime intenval T¢qrr ~ N, in contradictionwith thetheoret-
ical aggrgationproperties.Let us notethat, during the working days,0.7 dayin a businesdime
scalecorrespondsn averageto 0.7x5/7 = 0.5day, namelytheinflexion pointis around12h. This
changeof behaior for the parametersnay be explainedby severalargumentsfor exampleby the
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Figure7: The annualized volatilities (r2)}/2, (62)%/2 and Gan, versus the return time interval 3t.

presencef intra-dayspeculatorsor by theinadequag of the GARCH(1,1) procesgo describe
intra-daydata.

It is alsoworthwhileto analysehenumberof degreesof freedomfor the Student-distribution, as
reportedon Figure9. For thewholerangeof returntime intenals, thevaluesarebetweert.5t0 9,
with avalue~6 for ot = 1 day Thesevaluesaretoo smallto considera Gaussiardistribution as
a goodapproximatiorof the Studentdistribution. Besidesthereis no apparenthangeof regime
betweerdeepintra-dayreturn,anddaily return. This pointsto the factthata Studentdistribution
shouldbe usedat all frequenciesincludingfor daily data.

7 Generalizationfor GARCH (p,q)

Thegeneralizatiorof the coordinateshangeio GARCH(p, q) is fairly straighforvard, atleastfor
the transformatiorto the (0, peorr, lema) COOrdinates.The next coordinatechangefor T requires
moresophisticationln orderto simplify the notation,we considerthe model GARCH(m,m)with
m= maxp, g), andpossiblysomeof the coeficientsaresetto zero:

m m
of =do+ Y o+ Y Bl (23)
(= =

Theequations! to 6 become

2 Oo
o° = 24
1— 577, G+ B @9
Hcorrk = Ok+ Bk (25)
Bk
= 26
HMemak Gk‘l‘Bk ( )
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andleadto
m
0i2 = 0%+ Z Heorrk (Uemakcisz +(1- Uemak)risz - 02) . 7)
K=1

A shortcomputationof the unconditionalaverageof the processhaws that o correspondso the
meanvolatility 0% = E[0?] = E[r?], with the condition S} ; keork < 1. In orderto ensurethe
positivity of the volatility 67 in eq. 27, the conditionspiork > 0.0 for all k arealsoneeded.In
orderto computethe conditionalaverageandlaggedcorrelationsit is corvenientto introducethe
new variables

Y = of-o (28)
5 = r?-a?

for whicheq.27 becomes
m
Yi = z Ucorr,k (W—k + (1— Uema,k)ai—k) . (29)
K=1

We denoteby Q; theinformationsetattime i, andby

E[Vik/ Q] (30)
E[Sik/Qi]

o<

the conditionalexpectationat time i + k given the informationsetQ;. For k > m, the recursion
equationdependnly ony

m
Vj = z Ucorr,ijfk (31)
k=1

Therefore the asymtoticpropertiesof the processiependonly on the coeficientspicorrk. In order
to computeexplicitly thetime decayof thecorrelationwe expresshelastequationin theform of
aMarkov chainy; = My;j_; for thevectory; = (Yj,Yj-1,-*,Yj—m) " . With transitionmatrix

Hcorr1  MHcorr2 -+ Heorrm
M= 0 1 ... 0 . (32)

The (compl) characteristidime decaysof the Markov chain are given by the eigevaluesof
the transitionmatrix. By expandingrecursvely on the last columnthe characteristicequation
IM — Alp| (Wherely, is the m-dimensionalnit matrix), the time decaystcork = —0t/In(Ax) are
relatedto theroot Ak of theequation

m
A"+ z Ucorr,k)\mik =0. (33)
k=1

For the procesgo be well behaed, it mustdecayto the unconditionalmeano, namelyall the
roots mustbe inside the unit circle || < 1. Theseconditionsinducerestrictionson the space
for the parametersin particularon oy, Bx. Theseconditionsdo not reduceto the one givenin
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Figure 10: The leading correlation time T4 and the log-likelihood as a function of Oan, for the
GARCH(2,2) model. The data are as in Figure 1.

( ), andasfar aswe know they arenew. Solvingthe polynomialeq. 33 is
clearly the difficult partof the changeof coordinategicorrk — Tcorrk- Then,onemorelogarithm
canbetakento obtainthe z;rk coordinates.

For GARCH(2,2),eq. 33 is quadraticand can be solved by algebraicmeans. In particular the
above conditionson the peorr i (positiity for all k, sumsmallerthanone)are sufiicient to have
a positive determinantandthereforeboth rootsarereal. Moreover, the conditions|Ay| < 1 are
alwayssatisfied andthereforedo notintroducefurtherrestriction.

Intuitively, the manifold of nearly degeneratesolution mustexist for all GARCH(p,q) models.
Similarly to Figure4 for GARCH(1,1),we have fitted a GARCH(2,2)modelon the samedataset,
for variousvaluesof o4 Theresultsaredisplayedin Figure 10 which clearly exhibits the same
plateauin the log-likelihood. The sub-optimalsolutionscorrespondo S, Heorrk = 1. For the
GARCH(2,2)model, this leadsto a leadingeigervalue A, closeto one,namelyto a very large
correlationtime t1... Thereforethe diagnosticdor a spuriousoptimizationcansimilarly be used
for GARCH(p,g)models.

A naturalquestionis whetherthereexist new dangerouglirectionsfor a GARCH(2,2)estimate.
Themostimportantsubspacés spanedy the (Pcorr,1, Heorr,2) COOrdinateasthe correlationproper
tiesof the processlependonly onthesetwo parametersA cutin thelog-likelihoodspacehrough
thebestsolutionin the (Peor 1, Heorr,2) SUbspacshavs avery elongategarabolicmaximumalong
the boundarypicor1 + Heorr2 = 1. The aspectratio of the parabolicmaximumis of order10 (i.e.
theratio of the curvature). This shouldnot causeroublefor ary decentmaximizationprocedure,
andthereforethereshouldbe no furtherdangerouslirection.

18



8 Conclusions

The figuresclearly indicatesthe pitfalls presentwhen fitting GARCH(p,q) process. They are
relatedto a one-dimensionamanifold of almostdegeneratesolutions.To avoid possiblespurious
fits, we suggest:

e usingenoughdata.

e computingo with the momentestimated? = (r?); then,usinga log-likelihoodfor the re-
mainingparameters.

maximizingthelog-likelihoodusingthe (Gann, Zeorr, Zems) cOOrdinatesystembecausef the
betterefficieng of the numericalalgorithm. This hasthe supplementanadwantagethat
thereis no constrainton z.q;r andzema (exceptpossiblyfor preventingoverflovs andunder
flows).

checkingtheresultsby comparingd? and(c?).

e If ausuallog-likelihoodis usedinsteadof the above two stepprocedurewe suggestheck-
ing the validity of the resultsby comparing?, (0?) and(r?). Probablespurioussolutions
correspondo substantiatlifferencedetweerthesethreequantitiesaswell asy y G+ B =~
1. For themaximizationalgorithm,avery smallconvergencecriterionshouldbetaken.

Moreover, we have comparedhe parameteréitted at variousfrequenciewith the DrostandNi-
jman ( ) aggr@ationrelationfor GARCH(1,1). Overall, the aggreation
relationsdo not hold, with a weakdiscrepang for time intenvals longerthan5 hours. This indi-
cateshatthe GARCH(1,1)doesnotdescribecompletelyfinancialdata.

A direct extensionof the above procedurecanbe donefor multivariateprocessesin that case,
the numberof parameterss rapidly growing with the numberof time seriesand the dangerof

misleadingparameteestimationds increasingwith the dimensionof the parametesspace. Es-
timating volatility-like and correlation-lilke parameterdy a momentestimateseemsan efficient
way to reducethe compleity andrisk of theusuallog-likelihoodprocedure.
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