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Abstract

Optimizationof GARCH(1,1)processesby maximumlikelihoodhasbeendocumentedto benu-
mericallydifficult andproneto error. In this paper, it is shown that this difficulty is relatedto a
onedimensionalmanifold in the parameterspacewherethe likelihoodfunction is large andal-
mostconstant.This manifold is revealedby introducingothernaturalparameterizationsfor the
process,namelyother coordinatesin the parameterspace. In order to avoid spuriousfits, we
suggestfixing the averagevolatility of theprocessby a momentestimateandestimatingthe re-
mainingparameterswith amaximumlikelihoodprocedure.Moreover, theconvergenceproperties
of themaximizationalgorithmarevastly improved by working with oneof thenew coordinates
system.We alsoinvestigatethefinite sampledistribution of theestimatedparameterscomputed
with a maximumlikelihood. The resultsindicatethat the interceptparameterα0 is stronglybi-
ased,whereasthevolatility andseveralof thenew coordinateshavesmallerbias.Theaggregation
propertiesof GARCH(1,1),from 14 minutesto 8 daysareinvestigated.Theresultsindicatethat
the theoreticalaggregationrelationsfor this processarenot consistentwith theforeignexchange
data.Finally, thechangeof coordinatesis generalizedto GARCH(p,q),andtheempiricalproperty
of thelog-likelihoodis investigated.
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1 Intr oduction

Sincetheir inception,GARCH processeshave gaineda very fastacceptancein the financelit-
erature.Theseminalpapersare(Engle,1982; EngleandBollerslev, 1986; Bollerslev, 1986), and
two comprehensive reviewsare(Bollerslev etal., 1992) and(BeraandHiggins,1993). Garchtype
processesmodel the volatility andin particularincorporatethe long memory, or clustering,ob-
served in financialdata,namelytheconditionalheteroskedasticity. TheGARCH family contains
a numberof parameterswhich mustbeestimatedon actualdatafor empiricalapplications.The
estimationis carriedoutwith astandardlog-likelihoodmaximization,usingaconjugategradient-
like algorithmto solve the maximizationproblem. Possibly, moresophisticatedalgorithmscan
be used,combiningthe efficiency of a local searchwith the safetyof a global search.Yet, it is
“commonknowledge”amongpractitionersthat theGARCH parametersarenumericallydifficult
to estimatein empiricalapplications.Thenumericalalgorithmcaneasilyfail, or converge to er-
raticsolutions.Therefore,theresultingfittedparametersmustbeexaminedwith ahealthydoseof
scepticism.

In this paper, we investigatewhy the parameterestimationof the GARCH processesareso dif-
ficult numerically. Using a changeof coordinatesin the parameterspace,we show that a one-
dimensionalmanifoldof nearlydegeneratesolutionsexists. This family of solutionsexplainsthe
weaknessof thefit with respectto thedataquality andto thesearchingalgorithm. In particular,
with insufficientdata,or with corrupteddata,theglobalsolutionmaywell notexist or bemeaning-
less.After exploringthismanifoldof solutionsandits origin,weproposeto modify theestimation
procedureof theparameters.A first parameter, fixing thevolatility of theprocess,is computedby
a momentestimate.In a secondstep,the remainingparametersarefitted usinga log likelihood
method,whichallows for a robustestimationframework.

This paperis organizedasfollows: in section2, theGARCH(1,1)processequationsarerewritten
in different forms in order to make the propertiesof the processexplicit. The log-likelihood
function is analyzedin variousparameterizationsin section3. In section4, the causefor the
manifoldof nearlydegeneratesolutionsis explained.In section5, theestimationonfinite samples,
andin particularthe sizeof the bias,areinvestigated.Section6 is concernedwith estimatesof
GARCH(1,1)processat higher frequency, and the comparisonwith the theoreticalaggregation
relations.The generalizationfor theGARCH(p,q)processesis carriedout in section7. Finally,
therecommendationsfor robustestimatesarepresentedin theconclusion.

2 Rewriting the GARCH(1,1) process

TheGARCH(1,1)processis usuallywritten as

r i
� σiεi (1)

σ2
i
� α0

� α1r2
i � 1
� β1σ2

i � 1 (2)

andthethreepositive numbersα0, α1 andβ1 aretheparametersof theprocess.Thevariableεi is
identicallyandindependentlydistributed(i.i.d.) andin generaldrawn from thenormaldistribution
N � 0 � 1� . Thenormalityof ε is not essentialfor thediscussionbelow, theonly neededpropertyis
thatthescalefor εi is fixedby E � ε2

i � � 1. Theintegerindex i representsatimegivenby t � t0
�

i δt,
wheret0 is anarbitrarystartingpoint,andδt is theprocessincrement.This implicit δt fixesa time
scalefor the processandfor the parameters.The processis assumedto be stationary, andwith
finite varianceE � σ2

i �	� ∞, which impliesα1
� β1 � 1.
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With theaboveparametrization,thepropertiesof theprocessareentangledin thethreeparameters.
In order to make the propertiesof the processappeardirectly in the equation,we rewrite the
processfor σi (equation2) in theform

σ2
i
� σ2 � 1 
 µcorr � � µcorr � µemaσ2

i � 1
� � 1 
 µema� r2

i � 1 � (3)� σ2 � µcorr � µemaσ2
i � 1
� � 1 
 µema� r2

i � 1 
 σ2 �
with thechangeof parameters

σ2 � α0

1 
 α1 
 β1
(4)

µcorr
� α1

� β1 (5)

µema
� β1

α1
� β1

(6)

This reparametrizationexemplifiesthepropertiesof theprocess,in particular

E 
 σ2
i � � E 
 r2

i � � σ2 (7)

E 
 σ2
i � k � σ2

i � � σ2 � µk
corr � σ2

i 
 σ2 � (8)

whereσ2 is themeanof r2
i andσ2

i . Theparameterµcorr correspondsto theexponentialdecayof
theconditionalmeanvolatility. Theparameterµemais actingsomewhatsimilarly to anexponential
moving average(ema). The decayof the correlationfor the returnandlatentvolatility arealso
givenby µcorr

ρ � σ2 � � k � � E � σ2
i � k σ2

i � 
 E � σ2
i � 2

E � σ4
i � 
 E � σ2

i � 2 � µk
corr

ρ � r2 � � k � � E � r2
i � k r2

i � 
 E � r2
i � 2

E � r4
i � 
 E � r2

i � 2� µk
corr

κ4 � µema
� � 1 
 µema� E � ε4 � � 
 1

κ4E � ε4� 
 1
(9)

with

κ4
� E �σ4 �

σ4
� 1 
 µ2

corr

1 
 µ2
corr � 1 � � 1 
 µema� 2 � E � ε4 � 
 1����� (10)

Throughoutthispaper, thevolatility is annualizedby using

σ2
ann
� 1year

δt
σ2 � (11)

Thismakesσann independentof δt. Thesametransformationis usedfor thelatentvolatility σi and
for thereturnr i . In thispaper, thecomputationsaredonewith daily dataδt � 1 day, with 1 year=
250days,andthetime intervalsareexpressedin days.

Eachparameterµ actsmultiplicatively and,therefore,definesanexponentialtime scale.This is
madeexplicit by a furtherchangeof coordinates

µcorr
� exp ��
 δt � τcorr � (12)

µema
� exp ��
 δt � τema�
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whereτcorr andτemacorrespondto theexponentialdecaytime interval of thecorrelationandema.
As often,time scalesvary widely, it is thereforeusefulto introduceothercoordinatesastheloga-
rithm of thetime intervals

zcorr
� ln � τcorr � (13)

zema
� ln � τema�

suchthat thez parameterizationcorrespondsto a doublelogarithmictransformationof theµ pa-
rameters,i.e. µ � exp ��
 δt exp ��
 z��� .
Thesesuccessive transformationsdefinefour coordinatesystemson theparameterspace,namely� α0 � α1 � β1 � , � σann� µcorr � µema� , � σann� τcorr � τema� and � σann� zcorr � zema� . Thesedifferentcoordinates
emphasizethat theGARCH(1,1)processis parametrizedby a threedimensionalspace,on which
wecanusedifferentcoordinatesystems.Generically, weuseθ todenoteonepointin theparameter
space,andpracticallyθ is representedin agivencoordinatessystem.

Thedomainsfor thecoordinatesare

0 � α0 � α1 � β1 α1
� β1 � 1

0 � σ
0 � µcorr � µema � 1 (14)

0 � τcorr � τema

andno constraintson zcorr � zema. Oneadvantageof thesenew coordinatesis that thedomainsare
becomingsimplerin thenew coordinatesystems.Yet, asa guardfor thenumericalsearchof the
maximumlikelihood,sufficiently largefinite boundsmaystill be imposedto preventoverflow or
zerovalues,particularlybecausethecoordinatechangesinvolve exponentialsandlogarithms.

3 The log-likelihood

Usually, the parametersθ arefitted by a (pseudo)log-likelihood procedure.Assumingthat the
randomvariablesεi have aGaussiandistribution, thelog-likelihoodfunctionis

l � θ � � 
 1
2n ∑

i

�
ln � 2π � � ln � σ2

i � � r2
i

σ2
i � � (15)

wheren is thenumberof datapointsin thesample.An initial fractionof datamustbe usedfor
build-up, becauseof the memoryof the volatility process.An estimateθ̃ for the parametersis
givenby thesolutionof themaximizationproblem

max
θ

l � θ � � (16)

Many desirablepropertiesareknown whenfitting parametersby a log-likelihoodprocedure2. The
mostgenerallyapplicablepropertyis the independenceon thecoordinatesystem:theestimation
canbedonein any parametrizationandtheresultswill be identical,up to the reparametrization.
This propertyis true for finite samplesandany dataset(assuminga non-degeneratemaximum).
In particular, if theprocessis misspecified(i.e. thedatawerenot generatedby thefitted process),
themaximumis identicalin any coordinatesystem.

2 A generalreferenceon this topic is (DavidsonandMacKinnon,1993).
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Theconvergencepropertiesof thealgorithmusedto solve themaxequationchangedependingon
thecoordinatesystem.Essentially, all efficient maximizationalgorithmsusea Taylor expansion
aroundthe maximum. As a heuristicestimate,the convergenceis fasterfor a larger domainin
whichthesecondorderTaylorexpansionaroundthesolutionis agoodapproximation.Practically,
we usein this papera BFGSalgorithm,accordingto theNumericalRecipes(Presset al., 1992).
For this section,theempiricaldatasetusedto computethefiguresis thedaily foreignexchange
(FX) rate for USD/CHF. The year 1994 is usedfor build-up3, and the years1995 to 1998 for
the estimations.We have checked that the propertiesdiscussedin this paperarerobust against
changesof thedataset(othercurrency pairs,equitiesindices,or bondindices),or changesof the
timeperiod,or of thebuild-up andsamplelengths.

Thepropertiesof the l � θ � functionareillustratedby plotting its valuesalongcutsin theparameter
space.Thosecutsaredonealongconstantcoordinateplanes,andthis is wherethedifferentcoor-
dinatesystemsplayanimportantrole. A cut in the � σ � µcorr � planeatconstantµema is presentedin
Figure1. This figuredoesnot really look like a niceparabolicmaximum.Let usemphasizethat
thelevel linesfor thecontourplot arenot regularlyspaced,but muchcloseraroundthemaximum.
In fact, themaximumis very flat alongan ‘L’ shape.A closerinspectionshows that something
happensalong the lower side of the figure, but the log-likelihood changestoo rapidly in these
coordinatesto displayaclearfigure.

The samecut, with the samedomainbut in the � σ � τcorr � plane,is presentedon Figure2. Here,
thestructurestartsto unravel: the large flat areathatoccupiesmostof thefigure is thestructure
thatwaswedgedalongtheµcorr

� 1 axis. Themaximumis now at thevery top of thefigure,at
τcorr � 20 days,andis still very asymmetric.

In orderto seethemaximumclearly, anotherlogarithmictransformationis necessary. Thesame
cut,but in the � σ � zcorr � plane,is presentedonFigure3. Here,thestructurescompletelyunravel: a
long ridge of nearlyoptimalsolutionsexists. This onedimensionalquasi-degeneracy is themajor
causeof troublefor themaximizationalgorithm. This featureis not visible in the � α � β � coordi-
natesbecausetheridgeis nearlyperpendicularto theµema, τemaor zemacoordinates.An arbitrary
cut, in particularin the � α � β � coordinates,shows only anisolatedmaximum.Thecomparisonof
thethreefiguresalsoexplainswhy, generically, themaximizationalgorithmperformsmuchbetter
whenusingthe � σann� zcorr � zema� coordinates:the log-likelihoodis muchbetterapproximatedby
its secondorderTaylorexpansion.

In order to get a betterquantitative picture for thesequasidegeneratesolutions,we solve for a
givenσ themaximizationproblemfor � zcorr � zema� . Then,we canplot thesolution � z̃corr � z̃ema� as
a functionof σ, asshown on Figure4. The long ridge is now clearlyvisible asa plateauon the
log-likelihood function. Note that the relative differencein the log-likelihood betweenthe best
solutionandthe plateauis only of 0.3%. By comparison,computingwith the sametime series
(USD/CHF, with 1 yearfor build up and4 yearsfor thefits), but sliding thestartingpoint for the
fit every monthfrom 1986to 1993,leadsto a variationof thelog-likelihoodof 10%.

The horizontalplateaucorrespondsto � ∂l � θ ��� ∂θk � � 0, and possibly fools an optimizational-
gorithm to fulfill its convergencecriterion. This can be a major sourceof spurioussolutions.
Moreover, a largeamountof datawasusedin orderto computethisfigure,yet usinglessdatacan
createsecondarymaximaor possiblyanotherabsolutemaximum. Thesespurioussolutionsare
worrisomeasthecorrespondingparametersarecompletelymeaningless.For example,theaver-
agevolatility of theresultingprocess(whichis givendirectlyby σ) canbetoo largeby afactor10.

3 The GARCH processeshave an internalstatewith memory, namelyσi . The internalstateis initialized with an
estimateof the meanvolatility, and thenoneyearof datais usedto build-up the internal state. In this way, at the
begining of thesampleusedto estimatethe log-likelihoodfunction,σi hasanexponentialysmall dependency on the
initial condition.
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Figure1: The log-likelihood as a function of σann and µcorr, for µema
� 0 � 9514 � exp ��
 exp ��
 3��� .

The data are USD/CHF foreign exchange, with 1 year of build-up for the process, and 4 years for
the computation of the log-likelihood. Note that the levels for the contour plot are much narrower
close to the maximum.
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Figure2: The log-likelihood as a function of σann and τcorr, for τema
� 20� 08 � exp � 3� . The data,

domain for the parameters, and levels for the contour plot are as in Figure 1.
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Figure3: The log-likelihood as a function of σann and zcorr, for zema
� 3. The data, domain for the

parameters, and levels for the contour plot are as in Figure 1.
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Figure4: τ̃corr, τ̃ema and the log-likelihood as a function of σann. The data are as in Figure 1.

Thesespurioussolutionsarenot easyto detectin theusual � α � β � coordinates,their mostvisible
signaturebeingα̃1

� β̃1 � 1.

In orderto definea morerobust fitting procedurefor theparameters,we proposeto usea mixed
estimation,with a momentestimatefor σ andwith a log-likelihoodfor zcorr � zema. Moreprecisely,
σ is computedfrom themomentestimate

σ̃2 �0/ r2
i 1 (17)

where /32 1 denotesthe sampleaverage. The remainingparametersare obtainedby solving the
restrictedmaximumlikelihoodproblem

min4
zcorr 5 zema6 l � σ̃ � zcorr � zema� � (18)

In orderto differentiatefrom theusual‘log-likelihoodfit all’ procedure,we call theresultingtwo
stepsestimatea restrictedestimate,becausefor the log-likelihood step,the parameterspaceof
the processis restrictedto the subspacecorrespondingto the observed volatility. This method
enforcesa naturalsoundnesscriterion on the fitted process,namelythe volatility of the fitted
processis identicalto thevolatility of thedata.Moreover, this is importantfor long termforecasts
(seeequation8) madewith this process.Notethatsomesoftwarepackageslike S+alreadyallow
the estimationof a volatility like constraintwith a momentestimator. Yet, this is usedwith the
original � α � β � parametrizationto adda constraintthatessentiallyfixesα0. Therefore,thereis no
changeof coordinatesinvolvedin thisprocedure.
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Figure5: The annualized latent volatility / σ2
i 1 1: 2 (full line) and annualized data volatility / r2

i 1 1: 2
(dotted line) for the GARCH(1,1) process with different values for the parameter σann. At the point
where the two curves intersect, the process parameter σann is such that the latent volatility is equal
to the data volatility. The data are as in Figure 1.

4 The causesof the tr ouble

We still needto understandwhy we obtainthis family of almostdegeneratesolutions. The im-
portantpoint to realizeis that, whenfitting a processon data,the threequantitiesσ2, / σ2

i 1 and/ r2
i 1 aredifferent,namelythe identity in equation7 doesnot hold anymorefor sampleaverage.

Theprocessfor σi is still definedby equation3, andwe cantake its unconditionalaverage.After
straightforwardcalculations,theunconditionalaveragecanbewritten

σ2 �0/ r2
i 1 � � µcorr � 1 
 µema�

1 
 µcorr

�
1� � / σ2

i 1 
 / r2
i 1 � (19)

The quantity / r2
i 1 is a numberdependingonly on the data,the quantity / σ2

i 1 is still a function
of theprocessparameters.In theabove equation,if / σ2

i 1 �;/ r2
i 1 , thentheusualidentity between

all variancesis true. Similarly to Figure4, we plottedon Figure5 the quantities / σ2
i 1 and / r2

i 1
alongthe almostdegeneratesolutions,usingσann asa parameter. On this figure, the difference
betweenthe threevariancesis clear. Moreover, / σ2

i 1 is almostconstantalongthebranchof near
solutions,but different by about5% from / r2

i 1 . Only at the maximumlikelihood solution, the
equality / σ2

i 1 �</ r2
i 1 � σ̃2 is fulfilled to a high degreeof accuracy. Therefore,thesecondtermin

equation19 is nonzero,andthe1�=� 1 
 µcorr � createsasingularityfor σ. In orderto checkfor this
explanation,we approximate/ σ2

i 1 by a constantandplug theappropriatenumbersin equation19
in orderto obtainanestimatefor σ. Then,wecompareσ versusµcorr asobtainedalongthenearly
degeneratesolution,andσ versusµcorr asobtainedfrom equation19: thetwo curvescloselymatch,
in agreementwith theabove analysis.

An interestingquestionis to determinewhetherthis onedimensionaldegeneracy is originating
in theGARCH processitself, or in the inability of theGARCH processto fit financialdata(say
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for example,becausetheGARCH(1,1)processhasan exponentialcorrelationdecaywhereasfi-
nancialdatahave a power law decay).To settlethis question,we generatedsyntheticdatawith a
GARCH(1,1)process.Then,we plottedasabove thelog-likelihoodlandscapeof a GARCH(1,1)
process,but usingreturnfrom thesyntheticGARCH(1,1)data. A similar pictureemerges,indi-
catingthatthisonedimensionaldegeneracy is apropertyof theGARCH process.

We fitted a GARCH(1,1)processusinga restrictedestimateon morethan200daily time series,
includingforeignexchangerates,interestrates,bondindicesandequitiesindices.Theannualized
volatility changessignificantlyfrom 1% to 50%,particularlybetweenfamiliesof assets.Typical
timedecayparametersare1 > zcorr � zema > 4,or 2 � 7 days > τcorr � τema > 54days.Parameterswhich
arevery different from thoserangesshouldbe considereda priori assuspicious.We alsofitted
higherfrequency datafor USD/CHFon the GARCH(1,1)process(seesection6). The fit is in-
creasinglydubiouswith higherfrequency. Yet, therestrictedfit givesbetterestimatedparameters,
with a log-likelihooddifferingby lessthan0.0025%.

5 Estimation on a finite sample

Whenintroducingthe log-likelihoodprocedure,we mentionedthat the fit is independentof the
coordinatesystem,evenfor finite samplesandmisspecifiedprocesses.More desirableproperties
of the log-likelihood procedureare true when making more assumptions.First, let us assume
that the datageneratingprocessis given, and that we are fitting thesedataon the samepro-
cess. This hypothesisenforcesconsistency, namelythat we arefitting the right datagenerating
process.Then, it is known that asymptotically(i.e. whenthe samplesizegoesto infinity), the
fitted parametersconverge in probability to the trueparametersandhave a Gaussiandistribution
aroundthe true values. Moreover, the standarddeviation for the Gaussianprobability density
function (pdf) is relatedto the informationmatrix, anddecaysas1�@? n wheren is the sample
size (DavidsonandMacKinnon,1993). Undera changeof coordinates,the informationmatrix
changesin the naturalway, namelyby conjugationwith the Jacobianmatrix of the coordinate
change.Therefore,a changeof coordinatesdoesnot modify the asymptoticconvergenceprop-
ertiesof the log-likelihoodfit. Anotherimportantpropertyof log-likelihoodfit is its efficiency,
namelytheestimatoris in somesenseoptimal (DavidsonandMacKinnon,1993), andthis is true
in any coordinatesystem.

Yet, besidethe invariancewith reparametrization,very little is known aboutlog-likelihoodesti-
matesusingfinite datasamples.This is of importantpracticalconcernbecause,typically, a few
yearsof daily dataarefitted on a process,meaninga few hundredto a few thousandpoints. In
particular, thefinite sampleestimatesaregenericallybiased.Moreover, undernonlineartransfor-
mations,atmostonecoordinatesystemcanbeunbiased(because/ f � x� 1BA� f � / x1 � for anonlinear
function f ). Therefore,thevariouscoordinatesystemsintroducedpreviously for theGARCH(1,1)
processhave differentbiases.

In this section,we studythe finite sizedistribution of the fitted parameters,andthe biasof the
variouscoordinates. For this purpose,we generatesamplesof dataof given length n with a
GARCH(1,1)processwith parameterscorrespondingto σann

� 10%, zcorr
� 3 and zema

� 2 � 5,
or for theothercoordinatesα0

� 1 � 94310� 6, α1
� 0 � 0750,β1

� 0 � 8764,µcorr
� 0 � 9514,µema

�
0 � 9212,τcorr

� 20� 2, τema
� 12� 18. Thesevaluescorrespondto typical FX parameters.Generi-

cally, a coordinateof thedatageneratingprocessis denotedby θ0. Then,a GARCH(1,1)process
is fitted on this dataset,resultingin anestimateθ for eachcoordinate.This procedureis repeated
N � 100,000times,andthemeansθ, thestandarddeviation4 stdDev � θ � , andtheempiricalpdf for

4 We denotethestandarddeviation by stdDev to avoid confusionwith theprocessparameterσ.
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thefitted parametersθ is computed.Thisprocedureis repeatedfor varioussamplesizesn.

Therelative biasfor thevariouscoordinatesis estimatedasfollows: for a coordinateθ, we make
the‘Ansatz’

θ � n� � θ0

�
1
� bθ

n � (20)

wherebθ
� bθ � n� is therelativebiasandn thesamplesize.Thisform is dictatedby theasymptotic

(unbiased)Gaussiandistribution for therescaledparameters,whichimpliesthatthebiashasto de-
cayasymptoticallyfasterthan1�@? n. In orderto checkthatthis form capturestheleadingn depen-
dency, we displayon Figure6 therelative biasfor thesamplesizesin therange125 > n > 2000,
which correspondsto a rangeof 6 monthsto 8 yearsof daily data. Someof the coordinates
(β1 � σann� µcorr � µema� zcorr) seemto bealreadycloseto theasymptoticbehavior. Theothercoordi-
nateshavestill aclear1� ? n correction.A studyof thestandarddeviationsandempiricalprobabil-
ity densityfunctionsof thescaleddeviationδθ � ? n � θ 
 θ0 � pointstosimilarfinitesizebehaviors.
For example,thepdf for δα0 is clearlyskewed,evenfor a samplesizeof n � 2000,which canbe
thoughtaslargeenough.This slow convergenceto theasymptoticbehavior originatesin thecor-
relationof theprocess,asmeasuredby τcorr. Roughly, anindependantestimatefor theparameter
is obtainedafter τcorr data,reducingthesamplesizen to an effective samplesizeneff

� n� τcorr.
For example,oneyearof daily datacorrespondsto neff � 250� 20 � 12, which is clearly a very
small sample.Practically, we arevery often fitting processesin this small effective samplesize
andthereforewe shouldexpectstrongcorrectionsto theasymptotictheoreticalresults.This be-
comesparticularly relevant for inferenceandhypothesistesting,and in this respect,the choice
of coordinatesdoesmatter. In thecontext of theWald test(DavidsonandMacKinnon,1993), the
dependency of the testwith respectto thealgebraicformulationof the null hypothesishasbeen
studiedby (Phillips andPark,1988). For example,in view of the Figures1, 2 and3, this issue
seemsimportantwhentestingfor theunit root α1

� β1
� µcorr

� 1. However, hypothesistesting
would bring usbeyondthescopeof thepresentpaper. Returningto theFigure6, we seethatα0,
τcorr andτema arestronglybiased,α1, β1, µcorr andzcorr have a mediumbias,andσann, µema and
zemahave asmallbias.This is yetanotherreasonnot to usetheusual(α0, α1, β1) coordinates,but
to preferthe � σ � µcorr � µema� or � σ � zcorr � zema� coordinates.

With anestimatefor thestandarddeviationof θ

stdDev � θ � � θ2 
 θ2

N
� (21)

the standarddeviation of the relative biascanbe estimatedstdDev � b� � n stdDev � θ ��� θ0. Then,
at a 10 sigmalevel, no coordinateis freeof biases.Anothercommentaboutfitting smallsamples
mustbe added. In order to solve the maximizationproblem,our bestfitting algorithmis used,
namelya BFGSalgorithmworking in the � σann� zcorr � zema� coordinates.The searchalgorithmis
startedat thedatageneratingvalues,with possiblerestartat 6 neighboringpointswhenasolution
is not found. Despitethis fairly robust maximizationalgorithm,a fraction of the datasetnever
convergesto ameaningfulsolution,but runsto ‘infinity’ (i.e. to theboundariesof thedomainsset
to avoid over- andunderflow). For thedatasetsof size125,250,500,1000and2000,thefractions
of unconvergedsolutionsarerespectively 24%,7%, 1%, 0.03%and0%. This indicatesthat, for
thesefractionsof thedatasets,thereis noglobalmaximum(despitethefactthatwearefitting the
datageneratingprocess).This is yet anotherwarningaboutpotentialproblemsof estimatesmade
on smalldatasets.
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6 Estimation at higher fr equencies

Up to this point, thefitting of daily datais discussed.In this section,theabove issueis explored
at higherfrequencies.A first studyusingintra-daydatacanbefoundin (Guillaumeet al., 1994).
In order to discountthe daily andweekly seasonalities,a synthetichomogeneoustime seriesis
computed,sampledregularly in dynamicalbusinesstimescale(Breymannetal., 2000). This time
scalemeasuresthe recentintra-weekvolatility patternandbuilds a time scaleflowing at a pace
relatedto thispattern,similarly to thetheta-timeproposedin (Dacorognaetal., 1996). Moreover,
HolidaysandDaylight Saving Time aretaken into account.Theregular time seriesis computed
from tick-by-tick quotesfor USD/CHF and covers 11 years,from 1.1.1989to 1.1.2000. The
synthetictime seriesis sampledevery 14 minutesin dynamicalbusinesstime,with a linearinter-
polationbetweenticks,andwith thelogarithmicmiddlepriceasthevalue.Theyear1989is used
for build-up of theGARCH(1,1)processandthedecade1990to 2000for thefit.

With this regulartimeseries,it is easyto computethereturnatdifferentfrequencies,andto inves-
tigatethefittedGARCH(1,1)process.As aby-product,wecancomparethefittedparameterswith
theaggregationrelationfor theGARCH(1,1)processasderivedby (DrostandNijman,1993). In
this paper, assuminga GARCH(1,1)processat scaleδt, theauthorscomputetheparametersfor
theequivalentGARCH(1,1)processat scalemδt. Theserelationsarequitecomplicated,yet they
simplify drasticallyfor σann andτcorr

σann� mδt � � σann� δt � (22)

τcorr � mδt � � τcorr � δt � �
In this form, both relationshipsarevery easyto check. Thedecimationequationfor the lastpa-
rameterseemsnot to simplify (it involvessolvinganimplicit equation).At thehighestfrequency,
we draw the equivalentof Figures1, 2 and3. Essentially, the sameproblemis present,but the
manifoldof nearlydegeneratesolutionsis muchflatter. Thismakesthefit of highfrequenciesdata
evenmoredifficult.

The GARCH(1,1)processesis estimatedon the above data,at time intervals rangingfrom 14
minutesto 8 days. The fit is donewith a log-likelihood computedwith a Student-tprobability
densityfor the residuals,andthenumberof degreesof freedomis alsooptimized.Theresulting
volatilities aredisplayedin Figure7. Theagreementbetweenthe3 volatilities is excelentaboveC 1 day, but deteriorateswith smaller time intervals. Figure 7 indicatesthat at the maximum
likelihood,theequalityσ2 �D/ r2

i 1 is not fulfilled for intra-daytime intervals.Oneway to interpret
this resultis thatGARCH(1,1)is notableto describesuchhigh frequency data.

In orderto enforcetheidentity σ2 � E � r2
i � , therestrictedfitting procedureis used.As theannual-

izeddatavolatility E � r � δt � 2 � is roughlyconstant,thisenforcesthatσann� δt � is alsoalmostconstant.
At the maximumlikelihood, the relative differenceof the log-likelihoodbetweenrestrictedand
unrestrictedestimatesis in the worst case0.0025%(at the highestfrequency). This illustrates
oncemorethedifficulty of suchhighfrequency fits andtheflatnessof thelog-likelihoodin thepa-
rameterspace.Theresultingτ parametersaredisplayedin Figure8. For timeintervalslongerthanC 0.7day, thedecaycorrelationtime τcorr is approximatelyconstant,with avalue C 90days.This
behavior is consistentwith theaggregationpropertiesof GARCH(1,1),andpointsto theexistence
of a preferredcorrelationdecayfrequency, of the orderof 3 months. Yet, the situationchanges
for time intervalssmallerthan0.7day. In this domain,thecorrelationtime is very well described
by a lineardependency with thereturntime interval τcorr

C nδt, in contradictionwith thetheoret-
ical aggregationproperties.Let usnotethat,duringtheworking days,0.7dayin a businesstime
scalecorrespondsonaverageto 0.7E 5/7= 0.5day, namelytheinflexion point is around12h.This
changeof behavior for theparametersmaybeexplainedby severalarguments,for exampleby the
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presenceof intra-dayspeculators,or by the inadequacy of the GARCH(1,1)processto describe
intra-daydata.

It is alsoworthwhileto analysethenumberof degreesof freedomfor theStudent-tdistribution,as
reportedonFigure9. For thewholerangeof returntime intervals,thevaluesarebetween4.5to 9,
with a value C 6 for δt � 1 day. Thesevaluesaretoo small to considera Gaussiandistribution as
a goodapproximationof theStudentdistribution. Besides,thereis no apparentchangeof regime
betweendeepintra-dayreturn,anddaily return.This pointsto thefactthata Studentdistribution
shouldbeusedat all frequencies,includingfor daily data.

7 Generalization for GARCH F p G qH
Thegeneralizationof thecoordinateschangeto GARCH � p � q� is fairly straighforward,at leastfor
the transformationto the � σ � µcorr � µema� coordinates.The next coordinatechangefor τ requires
moresophistication.In orderto simplify thenotation,weconsiderthemodelGARCH(m,m)with
m � max� p � q� , andpossiblysomeof thecoefficientsaresetto zero:

σ2
i
� α0

� m

∑
k I 1

αkr
2
i � k
� m

∑
k I 1

βkσ2
i � k (23)

Theequations4 to 6 become

σ2 � α0

1 
 ∑m
kI 1 αk

� βk
(24)

µcorr5 k � αk
� βk (25)

µema5 k � βk

αk
� βk

(26)
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andleadto

σ2
i
� σ2 � m

∑
kI 1

µcorr5 k � µema5 kσ2
i � k
� � 1 
 µema5 k � r2

i � k 
 σ2 � � (27)

A shortcomputationof theunconditionalaverageof theprocessshows thatσ correspondsto the
meanvolatility σ2 � E � σ2

i � � E � r2
i � , with the condition∑m

kI 1 µcorr5 k � 1. In order to ensurethe
positivity of the volatility σ2

i in eq.27, the conditionsµcorr5 k J 0 � 0 for all k arealsoneeded.In
orderto computetheconditionalaverageandlaggedcorrelations,it is convenientto introducethe
new variables

γi
� σ2

i 
 σ (28)

δi
� r2

i 
 σ2
i

for whicheq.27 becomes

γi
� m

∑
kI 1

µcorr5 k � γi � k
� � 1 
 µema5 k � δi � k � � (29)

Wedenoteby Ωi theinformationsetat time i, andby

γ̄k
� E � γi � k �Ωi � (30)

δ̄k
� E � δi � k �Ωi �

the conditionalexpectationat time i
�

k given the informationsetΩi . For k J m, the recursion
equationdependsonly on γ̄

γ̄ j
� m

∑
k I 1

µcorr5 kγ̄ j � k (31)

Therefore,theasymtoticpropertiesof theprocessdependonly on thecoefficientsµcorr5 k. In order
to computeexplicitly thetimedecayof thecorrelation,weexpressthelastequationin theform of
aMarkov chainKγ j

� MKγ j � 1 for thevectorKγ j
� � γ̄ j � γ̄ j � 1 � 2�2�2 � γ̄ j � m � T . with transitionmatrix

M �MLNNNO µcorr5 1 µcorr5 2 2�2�2 µcorr5m
1 0 2�2�2 0
0 1 2�2�2 0
...

PRQQQS � (32)

The (complex) characteristictime decaysof the Markov chainaregiven by the eigenvaluesof
the transitionmatrix. By expandingrecursively on the last column the characteristicequation�M 
 λ1m � (where1m is them-dimensionalunit matrix), the time decaysτcorr5 k � 
 δt � ln � λk � are
relatedto theroot λk of theequation
 λm � m

∑
k I 1

µcorr5 kλm� k � 0 � (33)

For the processto be well behaved, it mustdecayto the unconditionalmeanσ, namelyall the
rootsmustbe insidethe unit circle � λk � � 1. Theseconditionsinducerestrictionson the space
for the parameters,in particularon αk � βk. Theseconditionsdo not reduceto the onegiven in
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(NelsonandCao,1992), andasfar aswe know they arenew. Solving the polynomialeq.33 is
clearly thedifficult partof thechangeof coordinatesµcorr5 k T τcorr5 k. Then,onemorelogarithm
canbetakento obtainthezcorr5 k coordinates.

For GARCH(2,2),eq. 33 is quadraticandcanbe solved by algebraicmeans. In particular, the
above conditionson the µcorr5 k (positivity for all k, sumsmallerthanone)aresufficient to have
a positive determinant,andthereforeboth rootsarereal. Moreover, the conditions � λk � � 1 are
alwayssatisfied,andthereforedonot introducefurtherrestriction.

Intuitively, the manifold of nearlydegeneratesolutionmustexist for all GARCH � p � q� models.
Similarly to Figure4 for GARCH(1,1),wehavefittedaGARCH(2,2)modelon thesamedataset,
for variousvaluesof σann. Theresultsaredisplayedin Figure10 which clearlyexhibits thesame
plateauin the log-likelihood. The sub-optimalsolutionscorrespondto ∑m

kI 1 µcorr5 k � 1. For the
GARCH(2,2)model, this leadsto a leadingeigenvalueλ � closeto one,namelyto a very large
correlationtime τ � . Thereforethediagnosticsfor a spuriousoptimizationcansimilarly be used
for GARCH(p,q)models.

A naturalquestionis whetherthereexist new dangerousdirectionsfor a GARCH(2,2)estimate.
Themostimportantsubspaceis spanedby the � µcorr5 1 � µcorr5 2 � coordinateasthecorrelationproper-
tiesof theprocessdependonly onthesetwo parameters.A cut in thelog-likelihoodspacethrough
thebestsolutionin the � µcorr5 1 � µcorr5 2 � subspaceshowsaveryelongatedparabolicmaximumalong
theboundaryµcorr5 1 � µcorr5 2 � 1. Theaspectratio of theparabolicmaximumis of order10 (i.e.
theratio of thecurvature).This shouldnot causetroublefor any decentmaximizationprocedure,
andthereforethereshouldbeno furtherdangerousdirection.
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8 Conclusions

The figuresclearly indicatesthe pitfalls presentwhen fitting GARCH(p,q) process. They are
relatedto a one-dimensionalmanifoldof almostdegeneratesolutions.To avoid possiblespurious
fits, wesuggest:U usingenoughdata.U computingσ with themomentestimateσ̃2 �V/ r2

i 1 ; then,usinga log-likelihoodfor the re-
mainingparameters.

maximizingthelog-likelihoodusingthe � σann� zcorr � zema� coordinatesystem,becauseof the
betterefficiency of the numericalalgorithm. This hasthe supplementaryadvantagethat
thereis no constrainton zcorr andzema (exceptpossiblyfor preventingoverflows andunder-
flows).

checkingtheresultsby comparingσ̃2 and / σ2
i 1 .U If ausuallog-likelihoodis usedinsteadof theabove two stepprocedure,wesuggestcheck-

ing thevalidity of theresultsby comparingσ̃2, / σ2
i 1 and / r2

i 1 . Probablespurioussolutions
correspondto substantialdifferencesbetweenthesethreequantities,aswell as∑k α̃k

� β̃k �
1. For themaximizationalgorithm,avery smallconvergencecriterionshouldbetaken.

Moreover, we have comparedtheparametersfitted at variousfrequencieswith theDrostandNi-
jman (DrostandNijman,1993) aggregationrelationfor GARCH(1,1). Overall, the aggregation
relationsdo not hold, with a weakdiscrepancy for time intervals longerthan5 hours.This indi-
catesthattheGARCH(1,1)doesnotdescribecompletelyfinancialdata.

A direct extensionof the above procedurecanbe donefor multivariateprocesses.In that case,
the numberof parametersis rapidly growing with the numberof time seriesand the dangerof
misleadingparameterestimationsis increasingwith the dimensionof the parameterspace.Es-
timating volatility-like andcorrelation-like parametersby a momentestimateseemsan efficient
way to reducethecomplexity andrisk of theusuallog-likelihoodprocedure.
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