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Abstract

This paper compares the complexity of three differ-
ent fixed polarity generalizations of Reed-Muller canonical
form to multiple-valued logic: the Galois Field-based ex-
pansion introduced by Green and Taylor, the Reed-Muller-
Fourier form of Stanković and Moraga, and the expansion
over addition modulo , minimum and the set of all lit-
eral operators introduced by the author and Muzio. An
algorithm for computing the minimal canonical forms for
these generalizations is implemented and applied to a set
of encoded 4-valued benchmark functions, 3- and 4-valued
adders and multipliers. The experimental results show that,
for the benchmark functions, the Reed-Muller-Fourier form
and our expansion yield a comparable number of prod-
ucts on average. They have 40% less products on average
than the expansion of Green and Taylor. The Reed-Muller-
Fourier form gives a compact representation for adders,
while our expansion seems to be suitable for multipliers.

1. Introduction

Two-level expressions of multiple-valued logic functions
and their minimization has been a subject of active research
for many years. This problem is important because it pro-
vides a means for optimizing the implementations of cir-
cuits that are direct translations of two-level expressions
([1]-[4]). Thus, two-level logic representations have direct
impact on macro-cell design styles using programmable
logic arrays (PLAs).

We can classify two-level expressions of multiple-valued
logic functions into two major groups. The first one in-
cludes logic representations evolved from classical sum-of-
products form of Boolean functions over a Boolean alge-

bra. An example is the canonical form of multiple-valued
functions in a Post algebra over the set of operations (MIN,
MAX, literal) [5]. The second group includes logic repre-
sentations based on generalization of modulo 2 polynomial
over a Galois Field , often referred to as Reed-Muller
canonical form [6], [7]. In this paper we consider three dif-
ferent generalizations of the Reed-Muller canonical form to
multiple-valued logic and compare their complexity.

The Reed-Muller canonical form can be extended to
multiple-valued logic in several ways, depending on how
its operations are generalized. Many extensions have been
suggested, including [8]-[13]. In these extensions, AND
and XOR operations (which are equivalent to multiplica-
tion and addition modulo 2, correspondently) are general-
ized to addition and multiplication in . This is a
natural extension, allowing to preserve the nice properties
of fields. However, such generalizations are only applica-
ble to algebras with being a prime or a power of a prime
number. This doesn’t cover, for example, the interesting
case of . In [14] we introduced another general-
ization of the fixed polarity Reed-Muller canonical form,
where AND is extended to MIN operation, and XOR is ex-
tended to addition modulo . Since MIN is not distributive
over addition modulo , such an algebraic structure is not
a field any longer, but it is applicable to any positive integer

.

From an implementation point of view, the MIN op-
eration is easier to implement than the multiplication in

. For example, in current-mode CMOS technol-
ogy, MIN can be implemented using 5 transistors only [15].
Moreover, this implementation is independent of , i.e. the
number of transistors does not increase with increasing val-
ues of . On the other hand, the implementation of multi-
plication in is larger and it always depends on .
For example, for , a current-mode CMOS circuit
realizing multiplication modulo 3 consists of 16 transistors



[16].

However, this implementation advantage can only be uti-
lized if the complexity of MIN-based expression of an -
valued function is not larger than the complexity of the

multiplication-based expression. The purpose of
this paper is to compare the complexity of our canonical
form to the complexity of the canonical forms introduced
in [11] and [13]. As a measure of complexity we use the
number of products and the number of literals per term in
the expression. This choice is motivated by the major op-
timization objectives in combinational logic design, which
are area and delay reduction [17]. When considering a two-
level implementation of a sum-of-products-type expression
by a PLA, each row of a PLA is in one-to-one correspon-
dence with a product-term of the sum-of-products expres-
sion. Each transistor in a row relates to the literals of a
product-term. Therefore, the primary goal of logic opti-
mization is the reduction of the number of products, and
a secondary one is the reduction of the number of literals.
Achieving a sum-of-products representation with the min-
imal number of products and with the minimal number of
literals corresponds to optimizing both area and delay. So,
these two parameters are good measures of the complex-
ity of a two-level expression. For our purpose, a minimal
expression is an expression with the smallest number of lit-
erals taken from the expressions with a smallest number of
products.

Using the theory developed in [12], [13] and [14] we im-
plemented an algorithm for computing the minimal canon-
ical forms for the three different generalizations of Reed-
Muller canonical form: the Galois Field-based expansion
introduced by Green and Taylor [11], the Reed-Muller-
Fourier form of Stanković and Moraga [13] and our gen-
eralization from [14]. We applied the algorithm to a set
of encoded 4-valued benchmark functions, 3- and 4-valued
adders and multipliers. The experimental results show that
for the benchmark functions and multipliers Reed-Muller-
Fourier form and our form have a comparable number of
products on average. They have 40% less products on aver-
age than the expansion of Green and Taylor. Reed-Muller-
Fourier form gives best results for adders, contrary to our
form for which the adders seem to be the worst-case. How-
ever, our expansion seems to be suitable for multipliers.

The paper is organized as follows. In Section 2, the back-
ground on Reed-Muller canonical form and its generaliza-
tions is given. In Section 3, the algorithm for computing
the minimal canonical forms from [11], [13] and [14] is de-
scribed. In Section 4, the experimental results are shown. In
the final section, some conclusions are drawn and directions
for further research are proposed.

2. Reed-Muller canonical form and its general-
izations

In this section we describe Reed-Muller canonical form
of Boolean functions and its generalizations to multiple-
valued logic.

Reed-Muller canonical form of Boolean functions was
introduced in 1954 by Reed [6] and Muller [7]. It is an
expression of type:

(1)

where are constants, the sign stands for XOR
and ” ” stands for AND. is the binary expansion
of with being the least significant digit, and and

for . All variables in (1) are
uncomplemented.

If the restriction on all the variables being uncom-
plemented is dropped, then the Reed-Muller canonical
form extends to fixed polarity Reed-Muller canonical form,
which is unique for a fixed polarity
and is given by:

(2)

where and are the binary ex-
pansions of and , respectively. The term

, is defined by: , and,
, for .

There are several ways to extend the Reed-Muller canon-
ical form to -valued logic. The first generalization was
proposed by Cohn in 1960 [8]. It is an expression over a
ring of integers modulo , with being a prime, namely:

(3)

where are constants over a finite set of values
, the sign stands for addition modulo ,

and ” ” stands for multiplication modulo .
is the -ary expansion of , and the term denotes the

th power of the variable , .
Cohn’s generalization was extended by Pradhan [9] for

the case when is a power of a prime, and then further ex-
tended by Kodandapani and Setlur [10] to the fixed-polarity
case, where the variables , , are repre-

sented by all literals except , where is the



-ary expansion of fixed a polarity .

Recall, that the literal operator , is defined by

if
otherwise

Green and Taylor [11] introduced a different extension
of Cohn’s form to the fixed-polarity case, where an ad-
ditive transform is performed on each variable

, , according to a fixed polarity
. Harking and Moraga [12] presented

an efficient algorithm for computing such an expansion for
different polarities.

Stanković and Moraga [13] introduced yet another exten-
sion, called Reed-Muller-Fourier form, where the restriction
on all the variables being uncomplemented is dropped, and
the NOT operation is generalized to be any reordering of the
elements of , giving different fixed polarities.

All of the above described generalizations are only ap-
plicable for the algebras with being a prime or a power
of a prime number. In [14] we introduced another gener-
alization of the fixed polarity Reed-Muller canonical form,
applicable to any positive integer . We showed that any

-valued -variable function can be expressed over the set
of operations addition modulo , MIN and the set of all

literal operators , in the following fixed-polarity
canonical form:

(4)

where the sign stands for addition modulo , and ” ”
stands for MIN, and the term is defined by

if

otherwise

where , is a multiple-valued variable
and are constants.

In our generalization of the polarity, we assume that each
variable , , is represented by all literals

except , where is the -ary expansion of a
polarity . For example, if ,
polarity vector implies that in the canonical form

is represented by literals and , is represented by

and , and is represented by and . A similar
generalization of polarity is used in [10].

We select three fixed polarity generalizations of Reed-
Muller canonical form: the form introduced by Green and
Taylor [11], the Reed-Muller-Fourier form of Stanković and
Moraga [13] and our generalization from [14], and compare
their complexity. In the next section we describe the algo-
rithm which we use for computing these forms.

3. Computation of the minimal canonical
forms

In this section we present an algorithm for computing the
minimal canonical forms for the generalizations introduced
in [11], [13] and [14]. The algorithm is based on the theory
developed in [12], [13], [14], and, apart from unifying the
previous results, brings no novelty. The reason for reporting
it here is merely to give the reader a clear picture of how
the experiment was conducted, so that it can be repeated, if
needed.

The pseudocode of the algorithm is shown in Figure 2.
The same structure is used for computing all three canonical
forms, with the difference in the transformation matrices
and the operations used for the computations. For example,
the transformation matrices for and are shown
in Figure 1.

Green & Taylor Stanković & Moraga Dubrova & Muzio

Figure 1. The transformation matrices for
and .

The algorithm receives as an input a cube cover of the
on-set of a completely specified multiple-valued multiple-
output function . It returns as an output the number of
non-zero coefficients in a minimal canonical form of . The
number of non-zero coefficients corresponds to the number
of products in the expression. Recall, that we define mini-
mal expression as the expression with the smallest number
of literals among the expressions with a smallest number of
products. An optimal polarity is the polarity of a minimal
expression.

First, the transformation matrix is generated.
is a two-dimensional array of integers of size
, where is the radix of logic and is the number

of inputs.
The arrays and are two-dimensional arrays of inte-

gers of size , where is the number of outputs of .
The polarity vector is computed for a given polarity by
reordering the coefficients of the functions in a certain way,
depending of the value of (for more details the reader is
referred to [12], [13] and [14]). is the resulting vector of
coefficients of the canonical form. It is obtained by multi-
plying the transformation matrix by the polarity vector

. For Reed-Muller-Fourier form [13] and our form [14],



the computation is carried out modulo . For the Green and
Taylor form [11], the operations of multiplication and addi-
tion over are used. For a prime these coincide
with modulo operations. For the extended fields, when

is a power of a prime, they differ.

Notice, that the algorithm processes multiple-output
functions by first fixing the polarity, then computing the
non-zero coefficients of the expressions for all outputs, and
then evaluating the total number of products. We keep track
of the products, common for several outputs, are count them
just once. Another possible strategy would be to find an op-
timal polarity for each output function separately.

GeneralizedRM
input: on-set of
output: number of non-zero coefficients in a minimal
canonical form of

Generate ;
best products = ;
best literals = ;
best polarity = 0;
for all polarities

make the polarity vector by reordering the
coefficients of ;

;
products CountProducts ;
literals CountLiterals ;
if products best products

if literals best literals
best products = products;
best literals = literals;
best polarity = ;

re-compute R and P for best polarity;
GenerateReverse ;

if
return ”error” ;

else
return(best products);

Figure 2. Pseudocode of the algorithm for
computing minimal canonical forms.

After the optimal polarity is found, the solution is veri-
fied by performing the reverse transform .

4. Experimental results

We implemented the algorithm shown in Figure 2 and
applied it to a set of 4-valued benchmark functions, and 3-
and 4-valued adders and multipliers. The -valued adders
and multipliers were obtained by a direct encoding of their
functionality in -valued logic. The 4-valued benchmark
functions were generated by pairing inputs and outputs of
benchmarks and encoding them using the scheme shown in
Figure 3. If a function has an odd number of inputs (or out-
puts), then we assume the existence of one additional input
(or output) which has the don’t care value for all combi-
nations. Since our algorithm takes as an input completely
specified functions only, we first run Espresso [18] to ob-
tain covers of the original benchmarks and then apply the
encoding to the resulting covers. However, a similar strat-
egy can be used to obtain a set of incompletely specified
4-valued functions. The fragments of Espresso format of a
Boolean function and the resulting 4-valued one are shown
in Figure 4. Notice, that if a single value in a pair of binary
values is don’t care, then this pair is encoded in two differ-
ent ways. A binary cube with such pairs will be encoded
in 4-valued cubes.

pair of values in resulting value(s) in
the original function the 4-valued function

00 0
01 1
10 2
11 3
- - -
-0 0,2
-1 1,3
0- 0,1
1- 2,3

Figure 3. Encoding scheme used to obtain 4-
valued input 4-valued output benchmarks; "-"
stands for the don’t care value.

Table 1 shows the number of non-zero coefficients in
the expressions computed by the algorithm in Figure 2 for
the 4-valued benchmark functions. Columns 2 and 3 give
the number of inputs and the outputs of the functions.
The numbers of non-zero coefficients in the canonical forms
[11], [13] and [14] are shown in the columns 4, 6 and 8, cor-
respondently. To have a more representative comparison,
we have also presented in columns 5, 7 and 9 the relative
values in %, taking the Green & Taylor [11] form as ba-

This set of 4-valued benchmarks is available at
http://www.ele.kth.se/ elena/



Table 1. Benchmark results for 4-valued functions, showing the number of non-zero coefficients in
the expressions computed by the algorithm in Figure 2.

Green & Stanković & Dubrova &
Example Taylor [11] Moraga [13] Muzio [14]
function n k abs. % abs. % abs. %

5xp1 3 5 223 100% 154 69.06% 150 67.26%
9sym 5 1 261 100% 84 32.18% 135 51.72%
bw 3 14 118 100% 79 66.95% 96 81.36%
clip 5 3 1112 100% 673 60.52% 715 64.30%
con 4 1 57 100% 42 73.68% 23 40.35%

ex1010 5 5 2249 100% 2231 99.20% 2238 99.51%
inc 4 5 193 100% 123 63.73% 120 62.18%

misex1 4 4 99 100% 51 51.52% 28 28.28%
rd53 3 2 50 100% 25 50.00% 30 60.00%
rd73 4 2 189 100% 106 56.08% 120 63.49%
rd84 4 2 262 100% 125 47.71% 116 44.27%
sao2 5 2 657 100% 246 37.44% 89 13.55%

squar5 3 4 61 100% 38 62.30% 47 77.05%

average 4 4 425 100% 306 59.26% 301 57.95%

Table 2. Experimental results for 3- and 4-valued adders, showing the number of non-zero coefficients
in the expressions computed by the algorithm in Figure 2.

Green & Stanković & Dubrova &
Example Taylor [11] Moraga [13] Muzio [14]

m function n k abs. % abs. % abs. %
3 adder 2-bit 4 3 21 100% 14 66.67% 32 152.38%

adder 3-bit 6 4 75 100% 42 56.00% 165 220.00%
4 adder 2-bit 4 3 77 100% 34 44.16% 68 88.31%

adder 3-bit 6 4 415 100% 174 41.93% 524 126.27%

average 5 4 147 100% 66 52.19% 197 146.74%

Table 3. Experimental results for 3- and 4-valued multipliers, showing the number of non-zero coeffi-
cients in the expressions computed by the algorithm in Figure 2.

Green & Stanković & Dubrova &
Example Taylor [11] Moraga [13] Muzio [14]

m function n k abs. % abs. % abs. %
3 mult. 2-bit 4 4 52 100% 33 63.46% 31 59.62%

mult. 3-bit 6 6 581 100% 369 63.51% 349 60.07%
4 mult. 2-bit 4 4 278 100% 113 40.36% 108 38.85%

mult. 3-bit 6 6 5813 100% 2830 48.68% 2171 37.35%

average 5 5 1681 100% 836 54.08% 665 48.97%



.i 9 .i 5

.o 10 .o 5
.m 4

110000-10 1000100001 30010 20201
30030 20201
30011 20201
30031 20201

... ..
10 - -10011 0000100100 2-212 00210

2-213 00210
.e .e

Figure 4. Fragment of Espresso format of an
original benchmark function and the encoded
4-valued one.

sis (100%). Tables 2 and 3 show the results for the 3- and
4-valued adders and multipliers, correspondently.

The experimental results show that for the benchmark
functions Reed-Muller-Fourier form and our expansion are
comparable in the number of products on average. The ex-
pansion of Green and Taylor has 40% more products on
average. Reed-Muller-Fourier form gives best results for
adders, contrary to our form for which the adders are hard.
Our form seems particularity suitable for multipliers, with
5% reduction of the number of products over Reed-Muller-
Fourier form and 51% reduction over Green and Taylor’s
form.

For the Green and Taylor’s and our expansions, the op-
timal polarity is computed by an exhaustive search through
all possible polarities. This brute force approach makes
the algorithm infeasible for the functions with and

. E.g., it takes only 4 min to compute the optimal
polarity for the 3-valued 3-bit adder having 6 inputs. How-
ever, 2 days are needed to find the solution for the 3-valued
4-bit adder having 8 inputs. Using some heuristics for find-
ing an optimal polarity would extend the capability of the
algorithm, but so far no such heuristics have been found.

For Reed-Muller-Fourier form [13], the exhaustive
search through all possible polarities is out of ques-
tion even for . Therefore, we compute represen-
tatives of possible polarities and take the best result.
This, of course, means that we do not exploit the full power
of Reed-Muller-Fourier form and for some functions the re-
sult we compute is not the best one.

When analyzing the results in the above tables, it should
be taken into account that the products in the Reed-Muller-
Fourier form and the form [11] use multiplication,
while the products in our form [14] use MIN. With present
technologies, MIN has a much simpler implementation than

multiplication in . So, the circuit realizing a MIN-
based expression will occupy less area than the circuit real-
izing a multiplication-based expression of the same
number of products and literals. This, of course, might
change as technology evolves.

5. Conclusion

This paper compares the complexity of three fixed po-
larity generalizations of Reed-Muller canonical form: the
Galois Field-based form introduced by Green and Taylor
[11], the Reed-Muller-Fourier form of Stanković and Mor-
aga [13] and our generalization over addition modulo ,
minimum and the set of all literal operators [14]. Using
the theory developed [12], [13] and [14] we implemented
an algorithm for computing the minimal canonical forms
for the corresponding generalizations and applied to a set
of benchmark functions, adders and multipliers. The exper-
imental results show that for the benchmark functions the
Reed-Muller-Fourier form and our expansion give compa-
rable results. On average, the number of products in these
expansions is 40% smaller than the number of products in
the expansion of Green and Taylor. Adders have most com-
pact representations in Reed-Muller-Fourier form. Our ex-
pansion seems to be most suitable for multipliers.

In general, it is hard to make a comparison between dif-
ferent representations of functions. We based our compari-
son on the benchmarks results. An alternative would be to
compare the upper bounds on the number of products in the
canonical forms. Unfortunately, very few results on the up-
per bounds are reported for the case of and none for
the canonical forms introduced in [11], [13] and [14].

The main open problem remains finding a good heuris-
tic for selecting an optimal polarity. We need to examine
which functional properties can be used to guide the choice
of polarity and also to investigate which search techniques
are applicable to this problem.

Further work on the efficiency of computing the ex-
pressions might also incorporate representation of multiple-
valued functions by Multiple-Valued Decision Diagrams
(MDD) [19], and performing the basic operations of the al-
gorithm directly on graphs. Since there is no direct corre-
spondence between the size of the cover for the function
and the size of the MDD that represents it, very large cube
covers can be captured and efficiently manipulated using
this representation. For the Reed-Muller-Fourier represen-
tation, some work in this direction for has been started in
[20] and [21].
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