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Abstract

Formal verification is of importance in many phases of the design of digital systems.
In spite of the inherent complexity of the problem, the state-of-the-art in the area has
been significantly advanced by BDD-based tools. However, the growing complexity of the
verification instances keeps motivating the exploration of alternative approaches. This
paper considers probabilistic equivalence checking techniques. Probabilistic methods
decide equivalence of two circuits by hashing them and comparing the resulting hash
codes. We design an algorithm which takes O(n - k) time to compute the hash code for
an n-variable Boolean function given as a dig oint sum-of-products with & products.

1 Introduction

Combinational equivalence checking is one of the key techniques of the current verification
methodology for digital systems. Given two combinational netlists of the same number of
inputs and outputs, the goal isto determine whether for every possibleinput assignment, each
pair of corresponding outputs evaluates to the same value. Although this problem is known to
be coNP-hard, many practical instances are tractable.

Most of the current successful equivalence checkersuse Binary Decision Diagrams (BDDs)
[1] or their derivatives as a core of the equivalence deduction engine. The circuits to be veri-
fied are converted into BDDs which are then structurally compared. This type of equivalence
checking isfast and independent of the actual circuit structure. However, if the BDD represen-
tation grows too large, its storage and manipulation becomes infeasible. Various techniques
have been proposed to reduce the memory complexity of BDDs by exploiting the structural
and functional similarities of the circuits[2]-[5]. Some alternative to BDD-based equivalence
checkers use Boolean Satisfiability (SAT) [6], [7] or SAT-like methods (ATPG [8], recursive
learning [9]) as aprincipal engine.

In spite of the considerable advances in the area, the growing complexity of the verifica-
tion instances motivates exploring the alternative approaches. We study the properties of the
transform which is used in the probabilistic method [11] for transforming Boolean functions
into polynomials and derive several rulesfor speeding-up the computation of hash codes. The
main goal is to avoid generating the entire polynomial for a function f, but instead to derive
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the polynomials only for very small subfunctions of f, hash them and combine the results to
compute the hash code for f. We show that if the input function is given as a digoint sum-of-
products, our rules allow to shrink the size of the subfunctions for which the polynomial has
to be generated to 1-variable subfunctions (z and z'). The polynomiasfor z and =’ are x and
1—z, correspondently, so on practice we do not generate polynomialsat all but simply symbol-
ically replace. Using these rules, we design an algorithm which takes O (n - k) time to compute
the hash code for an n-variable function if the function is given as a digjoint sum-of-products
with &£ products. Our experimental results show that it takes less than 0.1sec to compute and
compare hash codes for digoint sum-of-products of size £ < 5000. Furthermore, thistimeis
smaller than the time for building can comparing BDDs for the corresponding functions.

The paper is organized as follows. In Section 2 gives a brief overview of the arithmetic
transform and describes the new algorithm for computing hash codes from digoint sum-of-
products. Section 3 shows the experimental results. Section 4 concludes the paper.

2 Probabilistic verification method

2.1 Notation

Throughout the paper, we denote by f;, f» Boolean functions of type {0,1}" — {0, 1} and by
A[f1], A[f2] the functions over thefield Z,,, p - prime, of type Zy — Z,. We use the symbols
V, A and’ for Boolean operations AND, OR and NOT, correspondently. We denote by -, +
and — the arithmetic operation over the field Z, (all modulo p). We use z4, z», ..., z, for
both, Boolean and field variables. For example, z; A z stands for a Boolean expression rep-
resenting an AND of two Boolean variables; z; -z, standsfor afield expression (polynomial)
representing a multiplication mod p of two field variables.

A product-termis a Boolean product (AND) of one or more variables z+, . .., z,, or their
complements. A sum-of-products is a Boolean sum (OR) of one or more product-terms. A
sum-of-products F' = ¢; Vea V... Veg isdigointif c;Ac; = 0forany 4,5 € {1,...,k}, i # j.

By sup(f) we denote the support set of a Boolean function f, which isthe set of variables
on which the function actually depends, i.e. sup(f) = {i | flz;i=0 # flz;=1},% € {1,...,n}.

2.2 Basicidea of the probabilistic method

The probabilistic method based on arithmetic transform has been developedin [11] for Boolean
functions {0,1}" — {0,1} an extended in [12] to the multiple-valued case {0, 1,...,m —
1}" — {0,1,...,m— 1}, m - positiveinteger greater than 2. In both cases, the combinational
logic circuits f; and f, to be compared are transformed to the integer-valued polynomials
Alf1] and A[f,]. These polynomials are functions of type Z — Z, over afinitefield of inte-
gers Z, with p being a prime. To compute hash codes, A|[f,| and A[f;] are evaluated for the
values of variables taken independently and uniformly at random from Z,,. The resulting hash
codes, Hy, and Hy,, are compared and the following conclusions are drawn:

1. |fo1 #+ Hf2,thenf1 # fs.

2.1f Hy, = Hy,, then f; = f, with aprobability of error e.

Conclusion (1) can be made because a polynomial is unique for a given function. Note
that in this case the correctness of the conclusion is 100% guaranteed. This makes this method
particularly attractive for applications where the expectation to get the answer no is high, e.g.
in detection of bugs. If Hy, = Hy,, then the decision is taken with a quantified probability,



because an error may result from collision between non-equivalent functions. It was shownin
[11] that, for any n-variable Boolean function, the error probability e isat most (p — 1)" /p"™ ~
n/p, for p >> n, where p isthe size of thefield Z,. For example, if n = 64 and p is a 32-bit
integer, thene ~ 1.5 - 10~%. The error probability can be made even smaller by using alarger
P.

The formal definition of arithmetic transform A : f — A[f] is made by associating a
key polynomial with each of the 2" input assignments of a function f(z1,...,z,). The key
polynomials of assignments producing the non-zero output value of f are then summed up
to producing the output value of f. This sum is interpreted as an integer-valued polynomial
Alf(zy, ..., z,) over Z,.

The key polynomial for a given row of the truth table is a product of terms, where each
term is associated with a particular input variable z;, i € {1,...,n}. If b; represents the
value of z; in agiven row of the truth table, then the corresponding term w(b;, ;) in the key
polynomial is defined asw(b;, z;) = b; - x; + (1 — b;) - (1 — z;). Parameter b acts as a selector
between z; and ;.

For amore detailed description of arithmetic transform the reader is referred to [12].

2.3 Annew algorithm for computing hash codes

Polynomials A[f] are not efficient as a data structure. Often, it takes more memory to store
A[f] than to store f. Therefore, we would like to avoid computing and storing a complete
representation of A[f]. Instead, we would rather derive the polynomial only for very small
subfunctions of f, hash them and then combine to compute the hash code for f. Thiswould
be very easy to perform incrementally if the following property was satisfied:

Alfr e fo] = Alf1] ®p Alfa) (@)
where e is some Boolean operation and e, is some operation over the field Z,. If (1) holds,
then, for any assignment (ay,...,a,) € 77, Alfi ® fo](a1,...,a,) = Alfi](a1,...,a,) &

Alfs](as, ..., a,) and thus Hy,es, = Hy, , Hy,. S0, we can first compute Hy, and Hy,, and
then apply e, to them to get the Hy,,, .

Unfortunately, the equation (1) does not hold for al the operations and al the functions.
We can identify the following special cases for which (1) is satisfied. Lemma 1 is a specia
case of Theorem 9[11, p. 72] and Lemma 2 isa special case of Theorem 3[11, p. 69]. Let f;
and f, be Boolean functions.

Lemma?2 If sup(fi) N sup(fe) = O, then A[f, A fo] = A[f1] - A[f2].

Lemmata 1 and 2 allow us to perform the computation of hash codes incrementally when
the conditions f; A fo = 0 and sup(f1) N sup(fz) = O are satisfied. For example,

Az V (2 ANxo)] = Alzq] + Az A 4] sincex; A () Axy) =0
= Az + A[z]] - A[z,] since sup(z1) N sup(zz) = O
= o1+ (1 —m) 29 snceAlz] =z and Az’ =1— =z

Suppose we evaluate the polynomial Alz; V (2} A )] for the values (a1, a2) € Z7, then
lev(z’ll\wz) = A[xl \ (xll A 552)](&17 a2) =a;+ (1 - al) - Q2.



HashFromDisjoint(F)
input: adisjoint sum-of-products F for f(x1,...,%n)
output: the hash code for f

Generaterandomvalues ay, . . . ,a, € Z, for variableszy, ..., z,;
Computea, =1 —a, forall a;, i € {1,...,n};
hash = 0;
for (i = 0;i < |F|;i+ +)
hash_tmp = 1;

for (j =0;5 <n;j ++)
if(z; is complemented)
hash_tmp = hash_tmp - a’;
else
if(z; is not complemented)
hash_tmp = hash_tmp - a;;
hash = hash + hash_tmp;
return(hashy;

Figure 1: Pseudocode of the algorithm for computing the hash code.

Next we show that if a Boolean function f is given by a digoint sum-of-products, then
Lemmata 1 and 2 can be subsequently applied to break down the A[f] to the polynomials
of 1-variable subfunctions (z; and z}, i € {1,...,n}). Since the polynomials for z; and .
are Alz;] = x; and A[z}] = 1 — x;, correspondently, to compute the hash code H; we can
simply replace z; by thevaluea; € Z, and z; by 1 — a;. Thistechniqueisimplemented in the
algorithm for computing hash codes HashFromDigj oint() shown in Figure 1.

Theorem 1 ThealgorithmHashFromDisjoint() computes the hash code for a Boolean func-
tion f(z1,...,x,) given by a disoint sum-of-products F' in O(n - | F'|) steps.

The proof is available from the authors.

3 Experimental results

The purpose of experiments was to compare the time it takes HashFromDigjoint() to com-
pute and compare hash codes for two functions with the time it takes to build and compare
BDDs for these functions. In both cases the input functions are given by digoint sum-of-
products. Our program has been implemented in C and uses the CUDD package [13] the for
the BDD manipulations. All results are reported on a Sun Ultra 60 workstation operating with
a 440 MHz CPU and with 128 MB RAM main memory. Time was measured using the Unix
command time.

Table 1 shows the results for the IWLS93 benchmark set. The original functions in this
benchmark set are given by regular sum-or-productsin .pla format. For our experiments, we
first transformed all the benchmarks to digoint sum-of-products in .pla format. The digoint
sum-of-products were generated using Espresso with -Ddigont option [14]. Then, we verified
every function against its copy with a random number of introduced faults. The faults were
introduced by flipping a bit to a complemented value. Columns 2 and 3 give the number of
inputs n and the number of outputs m of the benchmarksfunctions. Columns4 and 5 show the
number of product-termsin the original and digjoint sum-of-products (SOP), correspondently.
Column 6 gives the time it took HashFromDigjoint() to compute and compare hash codes



starting from the digoint sum-of-products. 0.00 stands for the times smaller that 0.01 sec.
Note, that the numbers shown do not include the time it took Espresso to compute the digjoint
SOPs. Columns 7 shows the time for building and comparing two BDDs starting from the
digoint SOPs using CUDD BDD package [13]. For a comparison, we aso show in column
8 the time for building and comparing two BDDs starting from the origina SOPs. The sign
"—" stands for the cases when the BDD package aborted with a ” problem during garbage
collection” error message.

Our experimental results show that, if a digoint SOP is given on the input, then the run-
time of HashFrom Disjoint() is always faster than the BDD time. If the size of a digjoint
SOP does not exceed 5000 product-terms, then the run-time of HashFrom Digjoint() iseven
faster than the BDD-building time from the original, non-digjoint SOP. However, representing
functions by digoint sum-of-products in infeasible for larger input instances. In the next
section discuss our current work towards overcoming this problem.

Table 1: Hash code computation versus BDD building time.

time to compute time to build timeto build
number of products || 2 hash codesfrom 2BDD from 2 BDD from
disjoint covers digoint covers | original covers

name n m | origina | digoint and compare and compare and compare
cover cover (sec) (sec) (sec)
Conl 7 2 9 11 0.01 0.15 0.13
Xor5 5 1 16 16 0.00 0.09 0.12
Misex2 25 18 29 29 0.01 0.17 0.11
Squar5 5 8 32 30 0.00 0.13 0.13
Misex1 8 7 32 32 0.01 0.14 0.17
Rd53 5 3 32 32 0.00 0.12 0.16
Inc 7 9 34 34 0.00 0.17 0.15
Sort8 8 4 40 44 0.00 0.13 0.12
E64 65 65 65 65 0.00 0.20 0.14
5xpl 7 10 75 75 0.08 0.13 0.14
Bw 5 28 87 96 0.00 0.11 0.14
Rd73 7 3 141 141 0.01 0.19 0.13
Sa02 10 4 58 152 0.00 0.11 0.1
Clip 9 5 167 185 0.00 0.19 0.11
9sym 9 1 87 189 0.00 0.14 0.14
Duke2 22 29 87 226 0.01 0.19 0.13
Table3 14 14 175 232 0.01 0.18 0.17
Rds4 8 4 256 255 0.00 0.14 0.16
Ex5p 8 63 256 256 0.01 0.17 0.19
B12 15 9 431 302 0.01 0.12 0.15
Table5 17 15 158 315 0.01 0.19 0.15
Apexd 9 19 438 537 0.01 0.17 0.20
Ex1010 10 10 1024 810 0.01 0.16 0.14
Cps 24 | 109 654 945 0.08 0.28 0.20
Vg2 25 8 958 958 0.03 0.34 0.14
Ex4p 128 | 28 621 1004 0.09 0.33 0.24
T481 16 1 481 1547 0.02 021 0.12
Pdc 16 40 276 1800 0.07 0.43 0.41
Spla 16 46 2307 2194 0.09 — —
Seq 41 35 1459 2274 0.12 0.36 0.26
Apex3 54 50 280 2331 0.15 0.48 0.12
Misex3 14 14 1848 2349 0.05 0.27 0.25
Misex3c | 14 14 305 2401 0.08 031 0.13
Alud 14 8 1028 3605 0.06 0.44 0.19
Apex5 | 117 | 88 1227 5029 0.63 1.10 0.33
Apexl 45 45 206 12307 0.70 — 0.28
Cordic 23 2 1206 22228 0.53 219 0.27




4 Conclusion

This paper considers the application of probabilistic techniques to equivalence checking. We
design an agorithm which takes O(n - k) time to compute the hash code for an n-variable
function if the function is given as adisoint SOP with £ product-terms.

A clear shortcoming of our current algorithm is the requirement that the input functions
are available in the digoint SOP format. This make it infeasible for large input instances.
To avoid this problem, we are presently working on the development of a pre-processing
algorithm, which takes a netlist description of the circuit to be verified and partitionsit into a
network of nodes, with each node representing a digoint SOP of areasonable size.
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