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Abstract

The testability of generalized Reed-Muller circuits
realizing m-valued functions in modulo m sum-of-
product form, with m being a prime greater than two,
1s investigated. Two aspects of the problem are consid-
ered - the number of tests required for fault detection,
and the generation of tests. We prove that just four
tests are sufficient to detect all single stuck-at faults
on internal lines in the circuit. Furthermore, this set
of tests is independent of the function being realized
and therefore universal. We give two alternative tech-
niques for testing primary inputs - one by generai-
ing a lest set of mazimum length 2n, where n is the
number of primary inpuis, and the other by adding to
the circuit an extra multiplication mod m gate with
an observable output to ensure that the four tests for
internal lines also detect all single stuck-at faults on
primary inpuls.

1 Introduction.

A logic function can be implemented with many
different circuit designs. Various realizations of the
same function may require different numbers of input
vectors as tests. For example, in two-valued logic a
two-level sum-of-products realization of the n-variable
parity function (which has the value 1 if and only if an
odd number of the variables have the value 1) requires
all 27 possible input vectors as tests to detect all single
stuck-at faults. However, this function can also be
implemented as a multi-level tree of two-input XOR
gates, and this realization requires only two tests to
detect all single stuck-at faults.

In two-valued systems, testing the multi-level tree
of XOR gates is easy because in a fanout free linear
circuit any single fault propagates to the output in-
dependently of the input vector applied. This prop-
erty allows the minimization of the number of tests
required for fault detection and simplifies the gener-
ation of tests for the whole family of circuits, called
Reed-Muller (RM) circuits. An RM circuit consists of
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a multi-level tree of two-input XOR gates, fed by AND
gates (fig. 1). Any RM circuit can be tested for all
single stuck-at faults with a maximum of 3n +4 input
vectors, where n is the number of primary inputs [5].
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Figure 1: Reed-Muller circuit.

The useful property of a multi-level tree of XOR
gates to propagate any single fault to the output re-
mains valid when XOR gates are replaced with sum
mod m gates and more than two levels of signals are
used in the circuit. Circuits which use more than
two levels of signals (voltage or current) are known
as multiple-valued (or m-valued) circuits. So, an m-
valued circuit based on a multi-level tree of sum mod
m gates might possess a useful property of easy testa-
bility. One such architecture is a circunit realizing
an m-valued function in modulo m sum-of-product
form, where m is a prime. This canonical form of
m-valued functions, referred to as generalized Reed-
Muller (GRM) expansion [9], was proposed by Cohn in
1960 [1]. Modulo m addition and multiplication form
a Galois field of order m, or GF(m). An m-valued
function f(z1,...,2,) has a unique GRM expansion

of type [4]:
m™—1

fley, ... zp) = Z ¢z} :clz2 zin,
1=0

where ¢; € {0,1,...,m — 1} are constants, and
(7192 . ..%,) is the m-ary expansion of ¢ with 7; be-

ing the least significant digit. The term :L';.j denotes



the 4;th power of the variable z;. All operations are
in GF(m). Throughout the paper, we assume that m
is a prime greater than two.

A GRM expansion can be implemented by the cir-
cuit shown on Figure 2. It consists of a linear cas-
cade of two-input sum mod m gates fed by multi-
plication mod m gates, one corresponding to each
product-term of the expansion with non-zero constant
¢, 1 €{1,...,m" — 1}. The input z¢ has the value of
the constant co during normal operation and a value
different from ¢g during testing.
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Figure 2: Generalized Reed-Muller circuit.
For example, the 3-variable 3-valued function
f(:Cl, T3, $3) = lw%l‘z D 2.’/&%33% @O leizoxs @ 21’11‘21’%

can be implemented by the GRM circuit shown in Fig-
ure 3. We use the notation ” @” for addition mod m

and ” -7 for multiplication mod m. ” -” is omitted
where obvious.
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Figure 3: GRM circuit implementing the function
from the example.

In this paper, we investigate the testability of GRM
circuits. We concentrate on two aspects of the prob-
lem:

e The number of tests required for fault detection.
e The generation of tests.

As a fault model, we use a single stuck-at fault model,
i.e. we assume that a single line in the circuit can be
stuck at some constant logic value from 0 to (m-1).
First, we consider detection of internal faults, which
occur on the inputs of the individual gates. We prove
that only four tests are sufficient to detect all single
stuck-at faults on internal lines in a GRM circuit. Fur-
thermore, this set of tests is independent of the func-
tion being realized and therefore universal. Second, we
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give two alternative techniques for testing primary in-
puts - one by generating a test set of maximum length
2n, and the other by adding to the circuit an extra
multiplication mod m gates with an observable out-
put to ensure that the four tests for internal lines also
detect all single stuck-at faults on primary inputs.
The paper is organized as follows. Section 2 esti-
mates the number of tests sufficient to detect all single
stuck-at faults on the internal lines of a GRM circuit.
In Section 3, the testability of the primary inputs is
investigated. Subsection 3.1 describes a procedure for
test generation for primary inputs and Subsection 3.2
evaluates its effectiveness. In Section 4 shows that
by adding to the GRM circuit an extra multiplication
mod m gates with an observable output the number
of tests sufficient to detect all single stuck-at faults is
reducible to four. In Section 5, some conclusions are
drawn and topics for further research are proposed.

2 Testability of internal lines.

It is proved in [2] that in the two-valued RM re-
alization of a Boolean function f{x1,...,z,) at most
n + 4 tests are required to detect all internal single
stuck-at faults. The proof is constructive by showing
that, independently of the function being realized, a
set T = 11 U Ty detects all internal single stuck-at
faults. 77 is defined by the table below

—m—oolB
—,O o B
—o o8
ool

It detects all single faults on the inputs of XOR gates
and all stuck-at-0 faults on the inputs of AND gates.
Ty is defined by Ts := {ta1,%22,...,%2n } With the test
ty; having z; = 0 and ; = 1 for all j # 4,4,j €
{1,2,...,n}. Tt detects all stuck-at-1 faults on the
inputs of AND gates. So, the n + 4 tests in the test
set 7 = TyUT, detect all internal single stuck-at faults
in a two-valued RM circuit.

We use a similar approach to prove that, in the
GRM realization of an m-valued function, only four
tests are required to detect all internal single stuck-
at faults. It might appear surprising that the many-
valued case requires less tests than the two-valued one.
Before giving the result, we explain the intuition be-
hind this phenomenon.

Consider an n-input multiplication mod m gate G
with m being a prime. Let a; € M be the value
of the input variable z;, for ¢ € {1,2,...,n}, where
M :={0,1,...,m— 1}. Since the cancellation law of
multiplication holds for GF(m) [6], for any z,y,z € M
we have:

If 40 and y#z then zy+# 2z

It follows from the above that if an input vector
(a1,...,an) such that a; # 0 for all 4, is applied to G,
than a change in the value of any single input 2; causes
a change in the value on the output. But this implies




that (a1,...,an) is a test for all z; stuck-at-@; faults,
where @; denotes any value but a;, i.e. @; € M — {a;}.

By applying the same reasoning as above, one can
see that to detect the remaining stuck-at-a; faults on
each input z;, another input assignment (a},...,a,)
such that a; # 0 and a; # a; for all 7 has to be applied.

So any two input assignments (ai,...,a,) and
(@}, ...,al) such that none of a;, aj is zero and a; # a;
foralli € {1,2,...,n}, detect all single stuck-at faults
on the inputs of a multiplication mod m gate for m
being a prime greater than two. It is easy to see why
m = 2 is an exception. In the two-valued case there
is only one input assignment with all entries different
from zero, namely (11...1).

Since the cancellation law of addition also holds
for GF(m), by applying the similar reasoning as
above, we can see that any two input assignments
(a1,...,a,) and (af,...,a,) such that a; # a; for all
i € {1,2,...,n}, detect all single stuck-at faults on
the inputs of an n-input sum mod m gate. Notice,
that the requirement z # 0 is not postulated in the
cancellation law of addition, so the entries of the as-
signments can have value zero as well. Thus, the above
statement holds also for the case m = 2, 1.e. for an
XOR gate.

We can now give the main result of the section.

Theorem 1 There exists a universal set of four tests
which detects all single stuck-at faults on internal lines
in any GRM circust.

Proof: The proof is constructive. Consider the set
T consisting of four tests defined by the table below.
Lo 1 X Tn
0 0 0 0
0 1 1 1
1 0 0 0
0 m—1 m-1 m—1

Let us denote with p; and r; the inputs of the ith
addition mod m gate in the cascade, as shown on Fig-
ure 4.
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Figure 4: Generalized Reed-Muller circuit.

1. The first test of 7' results in applying @,0) to
each pair (pi, i), detecting all stuck-at-0 faults

on p; and r;. By stuck-at-k faults we mean all
stuck-at-I faults for € M — {k}.

2. The second test of T results in applying (*, ¢;) to
each pair (p;,7;), where ¢; is the constant (non-
zero) which is fed into the ith multiplication mod
m gate and * denotes any value from M. It de-
tects all r; stuck-at-0 faults.

This test also detects all stuck-at-1 faults on the
inputs of the multiplication mod m gates.

3. The third test of T results in applying (1,0) to
each pair (p;, 7;), detecting all p; stuck-at-0 faults.

4. The fourth test of 7" applies the value (m — 1) to
the inputs of multiplication mod m gates, detect-
ing all stuck-at-1 faults on them.

Hence the four tests completely test the internal
lines for all single stuck-at faults.

]

The above theorem gives the number of tests suf-
ficient to detect all internal single stuck-at faults in a
GRM circuit. Since the proof is constructive, it shows
how to generate the test set itself. This test set is
independent of the function being realized, and there-
fore universal. In the next section we investigate the
testability of the primary inputs of a GRM circuit.

3 Testability of primary inputs.

We show that the number of tests sufficient to de-
tect all stuck-at faults on primary inputs in a GRM cir-
cuit, as well as in an arbitrary m-valued combinational

logic circuit realizing a function f(zi,...,%,), is at
most 2n. For any variable z;, provided f(21,...,2,)
is not degenerate in z;, there exist values ai,...,an
and a # a; such that
f(al)'~':ai—11ai>ai+l)"‘7gn)# (1)
flay, ..., @i_1,0}, 8511, .., 0n)

Since the change in the value of z; from a; to a} causes
a change in the value of f, the input vector ¢; =
(@y,...,8i-1,8i,Qi+1, . . -, Qn) 1s a test for all z; stuck-
at faults which set the output of the circuit to a logic
value different from f(a1,...,an). On the other hand,
the input vector t2 = (@1, ..., @j—1,8}, Git1,...,0pn) is
a test for all z; stuck-at faults which set the output of
the circuit to f(a1,...,as). Thus T = {t1,¢2} is a test
set for all single stuck-at faults on z;. Considering all
inputs, a set of 2n tests for all single stuck-at faults
on primary inputs can be obtained.

While the fact that a test set of length 2n exists is
straightforward, the problem of generating this test set
is not trivial. The next section presents a procedure
for finding 2n tests for detecting all single stuck-at
faults on primary inputs of a GRM circuit.

3.1 A procedure for test generation.

It is shown in [2] that in the two-valued case, the
number of tests required to detect all single stuck-
at faults on primary inputs in an RM circuit is 2n.,



where n. is the number of primary inputs appearing
in an even number of product-terms in the RM ex-
pansion of the n-variable function being realized. The
following procedure is applied to find the test set. For
a primary input z;, all AND gates having z; as input
are considered. From these, a gate G; with the mini-
mal number of other inputs is selected. Further, two
tests, ¢;1 and ¢;2 are defined in the following way:

;1 := specifies z; = 0, all other inputs of G; to 1,
and all other primary inputs to 0.

t;5 1= specifies ¢; = 1, all other inputs of G; to 1,
and all other primary inputs to 0.

The test t;; detects x; stuck-at-1, and the test t;5 de-
tects @; stuck-at-0. The procedure is repeated for all
n inputs.

Unfortunately, this simple procedure cannot be
used directly for the case m > 2 because of the follow-
ing reason. A GRM expansion of an m-valued function
f(z1,...,25) can have (m—1) different powers of each
variable z; involved in the product-terms. If m = 2,
only one power of an #; is employed, and thus, a sin-
gle gate G; with the minimal number of other inputs
can always be selected. By assigning all but z; inputs
of G; to value 1, and all other primary inputs to 0,
a single path from z; to the output is sensitized. So,
the effect of a fault on z; is always propagated to the
output. In a GRM circuit, there may be more than
one multiplication mod m gate depending on z; and
k other primary inputs. If these k£ primary inputs are
assigned to 1 and the rest of the primary inputs to
0, then the effect of a fault on z; is propagated along
multiple paths, and thus may be canceled out by the
sum mod m cascade. Therefore, in case of GRM cir-
cuits, all m* possible combinations of values for & pri-
mary inputs, not assigned to 0, should be examined to
find out which one makes the output sensitive to z;.
Such an assignment always exists, provided the circuit
doesn’t have redundant multiplication mod m gates.

As an illustration, consider the GRM circuit on Fig-
ure 3 and suppose we generate tests for primary input
z1. All four multiplication mod m gates have z; as in-
put, but the first and the second gates depend on the
minimal number of other primary inputs (zs only).
If we set 2o = 1 and z3 = 0, then the circuit imple-
ments the function f(z1,1,0) = lz¥®22% = 0, i.e. the
output is not sensitive to ;. However, for the input
assignment £ = 2 and 23 = 0, the circuit implements
the function f(z1,2,0) = 227 ® 2z% = 122, and thus
the output is sensitive to z;.

Summarizing, the modified procedure for finding
the test set of size 2n for detecting all single stuck-at
faults on primary inputs of a GRM circuit is:

Procedure for test generation for primary in-
puts of a GRM circuit:

1. Consider all multiplication mod m gates having
z; as input;

2. From these, select the gates depending on the
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minimal number of other primary inputs. Define
H := {z; | 2; is a primary input on which all
selected gates depend};

3. With z; = 0 for all z; ¢ H, find an assignment 4
for the primary inputs in H — {z;} under which
the output is sensitive to the input z;, i.e. for
some values a; # a} the transition in the value
of z; from a; to a} causes a change in the value
of the output. The simplest way to find such an
assignment depends on the mechanism used to
specify the circuit;

4. Define two tests t;; and ;5 in the following way:

ti1 = specifies z; = a;, primary inputs in
H — {z;} in correspondence with the assignment
A, and z; =0 forall z; ¢ H.

t;z = specifies &; = a;, primary inputs in
H — {2;} in correspondence with the assignment
A, and ¢; =0 for all 2; ¢ H.

5. Repeat the procedure for all primary inputs.

The complexity of the procedure depends on the
size of H. The smaller the size of H, the easier it is
to find the assignment A. In the simplest case when
|H| = 1, there 1s a multiplication mod m gate(s) in
the circuit depending on primary input z; only (i.e.
realizing some power of ;). Then, to generate tests
for x; stuck-at faults, only m values of z; should be
examined to find a; and a; satisfying:

F(0,...,0,a;,0,...,0) # f(0,...,0,a;,0,...,0)

In the next section we show that for a random GRM
circuit implementing an m-valued n-variable function,
the probability that |H| < 2 is greater than 99,99%

for any z;, provided n > 3 and m > 3.

3.2 Evaluation of the effectiveness of the
procedure.

As shown in the previous section, it is easy to find
a test for a primary input z; of a GRM circuit if the
circuit has a multiplication mod m gate depending on
z; and a small number & of other primary inputs. In
this section we estimate how often this is the case.
Lemmas 1 and 2 give the mathematical foundation of
the result.

Lemma 1 In the GRM expansion of an m-valued
n-variable function, the number Ny, of k-variable
product-terms which include a given variable z; is at
most:

n—1)!
Nign = (m = 1)f (n —(k)!(lc)— 1)1

where Ll <k <nandi€ {1,2,...,n}.



Proof: In a GRM expansion, each variable can have
(m — 1) different powers. Thus, there can be con-
structed (m — 1) different product-terms consisting
of k fixed variables. Since the number of choices of
(k — 1) variable from (n — 1) is Z: % , the maxi-
mum number Ny ,, of k-variable product-terms which
include a given variable z; is:

):WAV 1)t

n—1 (Tl—

Nin = (m=1)* < E—1
O

For example, for m = 3, n = 3 and a variable z; we
have:

k=1: N1,3:21< 2) =2

product-terms: 1, z?

k=2 N2)3:22< 2 ) -8
product—tgrmzs: T2, 6173, 2irs, 2323,

T1T3, 2173, L1123, T123

k=3 N3,3:23<§ =8
product-terms:z1 2223, 212223, 212523,

2,2 .2 25 22 .22 27,22
T123L5, T{L2T3, T1T2T3, T1TLT3, T12373

Lemma 2 The fraction Xy, of GRM expansions of
m-valued n-variable functions not having a product-
term of k or less variables which include a given vari-
able x; 1s:

1
X = —e—
m(Z?:l N"")

where 1 <k <mnandie{l,2,...,n}.

Proof: Since m” is the maximum number of dif-
ferent product-terms in a GRM expansion of an m-
valued n-variable function, and Ny ,, is the maximum
number of k-variable product-terms which include a
given variable z;, the number of the GRM expansions
not having a product-term of k or less variables which
include a given variable z; is

n k

m(m TLlsim Nin)

So, the fraction of the GRM expansions of m-valued
n-variable functions not having a product-term of the
latter type is

m(mn—zrzx Ni) _ 1
a m(2?=1 N“")

mm”

(n—k)i(k— 1)1
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For example, for m =
i €{1,2,3}, we have:

3,n = 3 and a variable z;,

X13=1/32~0.11
X93=1/3"~1.69x 1075
X33=1/3%~2.89 x 107°

The result X533 =~ 1.69 x 10~° implies that for
m = 3,n = 3 and a given primary input z;, the per-
centage of GRM circuits not having a multiplication
mod m gate realizing 2F or wfﬂ:?, where ; is some
other primary input and k and p are some powers
of z; and x;, is extremely small. Since the fraction
) decreases as m and n increase, for larger

1
k

m(zle Nisn

values of m and n the value of X3, becomes even
smaller. So, for a random GRM circuit implementing
an m-valued n-variable function, the probability that
|H| < 2 is greater than 99,99 % for any z;, provided
n> 3 and m > 3.

In the next section we show that by adding to the
GRM circuit an extra multiplication mod m gate with
an observable output the number of tests sufficient to
detect all single stuck-at faults is reducible to four.

4 Testability by hardware redundancy.

It is proved in [2] that, by providing a two-valued
RM circuit with an extra AND gate having an observ-
able output, n + 4 tests for internal lines also detect
all single stuck-at faults on primary inputs. We show
that a similar technique can be used to ensure that the
four tests for internal lines given by Theorem 1 also
detect all single stuck-at faults on primary inputs of a
GRM circuit.

X
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Figure 5: GRM circuit with an extra multiplication
mod m gate G*.

Consider a GRM circuit realization of an m-valued
function f(z1,...,2,) having an extra multiplication
mod m gate G* depending on all input variables
zi,...,&, and with an output g (fig. 5). If ¢ is also
observable, then two input assignments (a1,...,a,)
and (aj,...,al), such that none of a;,a} is zero and
a; # a; for all ¢, detect all single stuck-at faults on
the inputs of G*. These two tests also detect single
stuck-at faults on primary inputs z1,...,, since a
single path is sensitized from each z; to the output g.
Observing the second and the fourth tests from the
test set 7' from Theorem 1:



X Zrq X9 ‘e ey
0 0 0 . 0
0 1 1 1
1 0 0 0
0 m—1 m-1 m—1
we see that the assignments for xq,...,z, satisfy

the requirements a;,a; # 0 and a; # a! for all
i € {1,2,...,n}. Thus, the test set 7" detects all sin-
gle stuck-at faults on primary inputs as well as on the
inputs of G*.

So, by adding to the GRM circuit an extra multi-
plication mod m gate with an observable output the
number of tests sufficient to detect all single stuck-at
faults is reducible to four.

5 Conclusion.

In this paper, we investigate the testability of gen-
eralized Reed-Muller circuits realizing m-valued func-
tions in modulo m sum-of-product form, with m being
a prime greater than two. We consider two aspects of
the problem - the number of tests required for fault
detection, and the generation of tests.

We prove that there exists a set of four tests de-
tecting all single stuck-at faults on internal lines in the
circuit. Furthermore, this set of tests is independent
of the function being realized and therefore universal.

We propose two alternative techniques for testing
primary inputs. The first one is to generate a test
set of maximum length 2n. We give a procedure for
finding this test set and analyze its effectiveness. It
is shown that the procedure effectively generates the
tests for a primary input z; when the circuit has a mul-
tiplication mod m gate depending on z; and a small
number k£ of other primary inputs. The smaller the
k, the easier it is to find the test for xz;. We prove
that for a random GRM circuit implementing an m-
valued n-variable function, the probability that &£ <1
is greater than 99,99 % for any x;, provided n > 3 and
m > 3. Since this probability is very high, it 1s most
likely that tests for primary inputs can be generated
effectively using the proposed procedure.

The second technique for testing of primary inputs
we propose is to modify the circuit in such a way that
the four tests for internal lines also detect all single
stuck-at faults on primary inputs. We show that this
can be accomplished by adding to the circuit an extra
multiplication mod m gate with an observable output.
The big advantage of this approach as compared to
the first one is that the set of tests detecting all single
stuck-at faults in the circuit is reduced to just four
tests and, moreover, this set is universal and therefore
no test generation procedure is required.

As a topic for further research we suggest the inves-
tigation of the testability of other types of m-valued
circuits based on a multi-level tree of sum mod m
gates. Two such architectures have been proposed so
far: one based on the operations of addition and multi-
plication modulo m and the literal operators ([3]), and
one based on addition modulo m, minimum and the
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literal operators ([10]). These m-valued circuits might
also possess the useful property of easy testability.
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