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Abstract
In this report for the course “Lie algebras and quantum groups” at
KTH I discuss the origin of the Virasoro algebra, give the physical motivation for studying its unitary irreducible highest weight representations,
and examine the necessary and sufficient conditions for such representations to exist.

Contents
1 Introduction

2

2 The Virasoro algebra as a central extension

2

3 Representations of the Virasoro algebra
3.1 Conditions for representations in physics . . . . . . . . . . . . . .
3.2 Restrictions on h and c . . . . . . . . . . . . . . . . . . . . . . .
3.3 Existence of allowed representations . . . . . . . . . . . . . . . .

3
3
4
5

4 Summary

6

∗ Corrected

January 30, 2005

1

1

Introduction

The Virasoro algebra, defined by the basis elements {Ln , ĉ}n∈Z with commutation relations
[Lm , Ln ] = (m − n)Lm+n +

ĉ
m(m2 − 1)δm+n,0 ,
12

[Lm , ĉ] = 0,

(1)

is an infinite-dimensional Lie algebra with many applications in physics. It often
appears in problems with conformal symmetry and where the essential spacetime is one- or two-dimensional and space is periodic, i.e. compactified to a
circle. An example of such a setting is string theory where the string worldsheet
is two-dimensional and cylindrical in the case of closed strings.
In the following sections we will see how the Virasoro algebra appears as
a central extension of the Witt algebra and study the conditions for highest
weight representations to be unitary and irreducible. When such conditions are
satisfied the representations are seen to give rise to physically acceptable states.

2

The Virasoro algebra as a central extension

The Virasoro algebra is actually the unique central extension of the Lie algebra
of the group Diff(S 1 ) of diffeomorphisms (smooth 1-to-1 maps) of the circle S 1 .
This can be observed as follows. Since Lie(Diff(S 1 )) = X (S 1 ), the algebra of
smooth vector fields on the circle, we can write an arbitrary element X ∈ X (S 1 )
as
X
d
d
=
an einφ i ,
(2)
X = f (z)
dz
dφ
n∈Z

1

using the representation S = {z ∈ C : |z| = 1} and a Fourier expansion of f . A
d
basis in X (S 1 ) is then {Ln }n∈Z , where Ln := ieinφ dφ
. These satisfy the algebra
[Lm , Ln ] = (m − n)Lm+n ,

(3)

which is also called the Witt algebra.
To obtain the central extensions of the Witt algebra (3), we add a number
of central basis elements {ĉk } to the algebra and postulate the relations
k
[Lm , Ln ] = (m − n)Lm+n + Cmn
ĉk ,

(4)
[Lm , ĉk ] = [ĉj , ĉk ] = 0.
Using the properties of the Lie bracket and the freedom to absorb terms in the
k
structure constants Cmn
by a change of basis, one finds (see [1] or [2]) that we
can take
k
Cmn
ĉk = ĉ(m)δm+n,0 ,
(5)
1
ĉ(m) = 12
m(m2 − 1)ĉ.
Thus, we are left with only one central element ĉ, and with the standard normalization chosen in (5) we end up with the Virasoro algebra (1). In [1] it is
also shown that this central extension is nontrivial, i.e. it cannot be transformed
back into the Witt algebra by a change of basis. The Virasoro algebra is thus
the unique central extension of the Witt algebra.
2

3
3.1

Representations of the Virasoro algebra
Conditions for representations in physics

We now turn our attention to the representation theory of the Virasoro algebra.
As can be seen from physical applications (important examples are found in e.g.
[2]), the eigenvalues of the operator L0 often correspond to energies or masses
of a physical system. Thus, we would like the eigenvalues of L0 to be nonnegative, or at least bounded from below, in a physically relevant representation.
Motivated by this we consider highest weight representations of the Virasoro
algebra, i.e. we assume we have a representation in a vector space V containing
a highest weight vector v 6= 0, satisfying
L0 v = hv,

(6)

Ln v = 0 ∀ n > 0,

for some h ∈ C. Assuming the representation is also irreducible we have that,
since ĉ is a central element (Casimir operator),
∀ w ∈ V,

ĉw = cw

(7)

where c ∈ C is called the central or conformal charge.
In the highest weight representation the operators Ln and L−n for n > 0 act
as annihilation and creation operators respectively. They lower resp. raise the
eigenvalue of L0 as can be seen by
[L0 , Ln ] = −nLn

⇒

L0 Ln v = (h − n)Ln v.

(8)

Using the irreducibility of the representation and the Poincaré-Birkhoff-Witt
theorem (see e.g. [3]) we have that every state vector w ∈ V is on the form
n

2
1
w = L−jj . . . Ln−2
Ln−1
v,

ni > 0

L0 w = (h + N )w,

(9)

where N = n1 + 2n2 + . . . + jnj is called the level of the state w. Since the level
is always non-negative, we indeed have the physically plausible situation that
eigenvalues of L0 are bounded from below.
In physical applications we would like the representation space V to have an
inner product h·, ·i. We restrict our attention to unitary representations, i.e.
L†n = L−n

∀ n ∈ Z.

(10)

This condition allows us to calculate all the inner products between the states
in V in terms of h, c and |v|2 := hv, vi. E.g. for n > 0,
hL−n v, L−n vi = hv, Ln L−n vi − hv, L−n Ln vi = hv, [Ln , L−n ]vi


c
n(n2 − 1) |v|2 .
= 2nh + 12

(11)

Also included in the condition of unitarity is the requirement that the inner
product is positive definite (i.e. that it really is an inner product in the mathematical sense). A state with negative norm is called a ghost state and the
existence of such a state in V means the representation is not unitary. The
existence of a state with zero norm still violates the unitarity, but in this case
it is not quite as bad since we can quote out the subspace of such states to get
a positive definite space.
3

3.2

Restrictions on h and c

The numbers h and c actually characterize the unitary highest weight representations uniquely, as is shown in [4]. Our main task now is to determine which
values of h and c that allow the corresponding irreducible highest weight representation to be unitary. First, we note that (10) implies that L0 is Hermitian,
so h ∈ R. Furthermore, considering n = 1 and then n  0 in (11), we have that
|L−n v|2 > 0 ∀ n > 0

(12)

h > 0 and c > 0.

(13)

implies
One can proceed with restrictions on h and c by considering all states (9) on a
specific level N ∈ N. Since states on different levels have different eigenvalues of
L0 they are orthogonal. Hence, for the inner product to be positive semidefinite
it is necessary to require that all the matrices
h
i
MN (c, h) := hΨi , Ψj i
, N = 0, 1, 2, . . .
(14)
16i,j6π(N )

N
2
1
are positive semidefinite, where Ψi = Ln−N
. . . Ln−2
Ln−1
v are the states on the
PN
level N = k=1 knk and π(N ) is the number of states on that level. π is given
as the partition function

∞
X
N =0

∞
Y

π(N )q N =

(1 − q n )−1 .

(15)

n=1

The first few levels can be calculated explicitly to give further restrictions on
the allowed values of c and h. As an example (see [2]) the requirements
det MN (c, h) > 0 for

N = 0, 1, 2,

(16)

with Ψ1 = L2−1 v, Ψ2 = L−2 v for the level N = 2, adds the restriction
1
c + (c − 5)h + 8h2 > 0.
2

(17)

Before giving more drastic restrictions, we consider the special case c = 0.
For this case there is a simple argument (first given in [5]) which shows that the
representation must be trivial. For an arbitrary level N , the matrix
"
#
hL−2N v, L−2N vi hL2−N v, L−2N vi
M :=
(18)
hL−2N v, L2−N vi hL2−N v, L2−N vi
must be positive semidefinite. Some straightforward calculations show that
det M = 4N 2 h2 (8h − 5N ),

(19)

where we from now on choose the normalization |v|2 = 1. For large N this
expression becomes negative unless h = 0. Unitarity thus requires h = c = 0
and by (11) and (6) we find that Ln v = 0 ∀ n ∈ Z, i.e. we end up with the
trivial one-dimensional representation. Since ĉ = c = 0 corresponds to the Witt
4

algebra (3) we also conclude that the only irreducible unitary highest weight
representation of the Witt algebra is the trivial representation.1
Continuing our analysis of which values on c and h that are allowed for the
representation to be unitary, we now state a theorem given by Friedan, Qiu and
Shenker ([6]):
Theorem 1 In order for there to be a unitary highest weight representation of
the Virasoro algebra corresponding to given values of c and h, it is necessary
that either
c > 1 and h > 0,
(20)
or
c=1−
and
h = hp,q (c) :=
where m = 0, 1, 2, . . . ,

6
(m + 2)(m + 3)

2
(m + 3)p − (m + 2)q − 1
,
4(m + 2)(m + 3)

p = 1, 2, . . . , m + 1,

(21)

(22)

q = 1, 2, . . . , p.

The proof of this theorem relies on a general formula for the determinant of
the matrices (14) called the Kac determinant formula:
N
Y

det MN (c, h) = CN

ηk (c, h)π(N −k) ,

(23)

k=1

where
ηk (c, h) :=

Y


h − hp,q (c)

(24)

+

p,q∈Z
pq=k

and CN is some positive constant for each level N . Here, the m in (22) is
regarded as a function of c using (21). The determinant formula was given in a
slightly different form by Kac in [7] and was proved by Feigin and Fuchs in [8].
An almost complete proof is also given in [4].
The restriction on the values of h and c stated in Theorem 1 can be found by
considering the curves hp,q (c), 0 < c < 1, p, q ∈ Z+ . Using the Kac determinant
formula it is found that det MN (c, h) < 0 for some N whenever (c, h) is outside
hp,q and c < 1. This corresponds to an odd number of ghosts and thus cannot
yield a unitary representation. Further analysis, involving the study of subrepresentations, shows that only the points listed in the theorem can be completely
ghost-free. This proof was first given in [6], with details added in [9]. A similar
proof can be found in [10].

3.3

Existence of allowed representations

So far we have only considered the conditions necessary for a representation
of the Virasoro algebra to be unitary. It remains to be discussed whether the
restrictions on h and c given in Theorem 1 are sufficient to yield unitary representations.
1 This is not in conflict with the defining representation (2) of the Witt algebra, since that
is not a highest weight representation.

5

It is rather straightforward to show that the first possibility in Theorem 1,
i.e. h > 0, c > 1, does indeed yield a positive semidefinite inner product. Since,
for a fixed N , the matrices MN (c, h) depend continuously on h and c, we only
need to consider the case of a fixed c > 1 and varying h > 0. For such values of
c, hp,q (c) is either non-real or negative, so that det MN (c, h) 6= 0 in the entire
region. For h sufficiently large the matrix MN (c, h) is positive definite, as is
explicitly shown in [10]. Hence, by continuity we have that MN (c, h) is positive
semidefinite for all h > 0, c > 1.
The remaining unitary representations allowed by Theorem 1 can all be
constructed using the fact that to each affine Kac-Moody algebra (see [2]) there
is an associated Virasoro algebra. This is called Sugawara’s construction and
we only give a quick outline of it here.
In short, an affine Kac-Moody algebra ĝ associated with a finite-dimensional
simple Lie algebra g is an algebra spanned by {Tam , k̂}a=1,...,dim g, m∈Z , where k̂
is central and
[Tam , Tbn ] = λcab Tcm+n + k̂mδa,b δ m+n,0 .
(25)
The structure constants λcab are those of the subalgebra g ∼
= SpanC {Ta0 }. From
ĝ one constructs an associated Virasoro algebra as
Lgn

X dim
Xg
1
n+m −m ◦
◦
T a ◦,
:=
◦ Ta
2k + Qψ
a=1

(26)

m∈Z

where ◦◦ · ◦◦ denotes a normal ordering employed to handle the infinite sum,
k is the value of k̂ in an irreducible representation, and Qψ is the value of
the quadratic Casimir operator in the adjoint representation of g (see [2], [11],
[12] or [13]). A given unitary representation of the Kac-Moody algebra ĝ then
naturally transforms into a unitary representation of the Virasoro algebra. The
value of c in such a representation can be shown to be2
cg =

2k dim g
.
2k + Qψ

(27)

The conditions for a representation of a Kac-Moody algebra to be unitary are
stated in e.g. [12]. By considering a subalgebra h ⊂ g and forming a new
Virasoro algebra Km := Lgm − Lhm one finds that for certain algebras g the
resulting central charge cK = cg − ch attains all the values (21) and the values
of h in (22) give rise to unitary representations. Thus, the conditions given
in Theorem 1 are sufficient to allow unitary representations. Details of this
construction are given in [2], [11] and [12].

4

Summary

We have seen that the Virasoro algebra has a rather geometric origin as the
unique central extension of the Witt algebra, i.e. the smooth vector fields on a
circle. Motivated by physical considerations, we found that the representations
of the Virasoro algebra of interest in most physical applications are the unitary
2 In the case that g is semi-simple one instead gets a sum of of the c-numbers c
gi corresponding to each simple factor gi .

6

irreducible highest weight representations. These are completely characterized
by the central charge c and the L0 -eigenvalue h for the highest weight vector.
We concluded that a necessary and sufficient condition for an irreducible
highest weight representation of the Virasoro algebra to be unitary is that the
values c and h satisfy
c > 1 and h > 0,
or
c=1−

6
(m+2)(m+3)

for m = 0, 1, 2, . . . ,

and h =

((m+3)p−(m+2)q)2 −1
4(m+2)(m+3)

p = 1, 2, . . . , m + 1,

q = 1, 2, . . . , p.

This includes the case c = h = 0, for which the representation is trivial.
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[1] J. Azcárraga and J. Izquierdo. Lie groups, Lie algebras, cohomology and
some applications in physics. Cambridge University Press, 1995.
[2] P. Goddard and D. Olive. Kac-Moody and Virasoro algebras in relation to
quantum physics. Int. Journ. of Mod. Phys. A 1, 303-414, 1986.
[3] J. Mickelsson. Lecture notes from the course “Lie algebras and quantum
groups”. KTH, 2004.
[4] J.T. Hartwig. Highest weight representations of the Virasoro algebra. Master Thesis, Lund University, 2003.
[5] J.F. Gomes. The triviality of representations of the Virasoro algebra with
vanishing central element and L0 positive. Phys. Lett. B 171, 75-76, 1986.
[6] D. Friedan, Z. Qiu and S. Shenker. Conformal Invariance, Unitarity, and
Critical Exponents in Two Dimensions. Phys. Rev. Lett. 52, 1575-1578,
1984.
[7] V.G. Kac. Contravariant form for infinite-dimensional Lie algebras and superalgebras. Lecture Notes in Physics 94, Proceedings of Group Theoretical
Methods in Physics (Austin 1978), 441-445, Springer, 1979.
[8] B.L. Feigin and D.B. Fuchs. Functs. Anal. Prilozhen. 16, 47, 1982 [Funct.
Anal. App. 16, 114, 1982].
[9] D. Friedan, Z. Qiu and S. Shenker. Details of the Non-Unitarity Proof for
Highest Weight Representations of the Virasoro Algebra. Commun. Math.
Phys. 107, 535-542, 1986.
[10] R.P. Langlands. On unitary representations of the Virasoro algebra. Infinite-dimensional Lie algebras and their applications, World Scientific,
1988.
[11] P. Goddard, A. Kent and D. Olive. Virasoro algebras and coset space models. Phys. Lett. 152, 88-92, 1985.

7

[12] P. Goddard, A. Kent and D. Olive. Unitary Representations of the Virasoro
and Super-Virasoro Algebras. Commun. Math. Phys. 103, 105-119, 1986.
[13] J. Mickelsson. Current Algebras and Groups. Plenum Press, 1989.

8

