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Quantum statistics in 3D

Cold bosons Cold fermions
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Quantum statistics in 2D

Different in 2D! (and in 1D)

←
→ strong pot.

quasiparticles

Ψ(x2,x1) = e±iθΨ(x1,x2) θ = απ any phase ⇒ “anyons”

+1−1 eiαπ

ei2pαπ ei(2p+1)απ

p p
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Quantum statistics in 2D (exchange a/symmetry)

Different in 2D! (and in 1D)
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quasiparticles
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The braid group

BN is the braid group on N strands:

BN =
〈
σ1, . . . , σN−1 : σjσj+1σj = σj+1σjσj+1, σjσk = σkσj

〉
|j−k|>1

σj :
1 2 . . . j . . . N

σ−1
j :

1 2 . . . j . . . N

Examples in B4:

= =

σ1σ2σ1 = σ2σ1σ2 σ1σ3 = σ3σ1

If we add the relations σ2
j = 1 we obtain the permutation group SN
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Quantum statistics in Rd (exchange
?⇒ exclusion)

Ψ wave function for N distinct particles in Rd (diagonals 44N ):

|Ψ(x)|2, x = (x1,x2, . . . ,xN ) ∈ RdN \ 44N

identical: Rd ⊃ {x1,x2, . . . ,xN} ∈ CN := (RdN \ 44N )/SN

Ψ(σ.x) = ρ(σ)Ψ(x), σ ∈ π1(CN ) = 1, BN or SN

ρ(σ) exchange phase (or operator):

bosons ρ(σ) = +1, symm., ex. independent identically distributed
Ψ0 = ⊗Nu0 ∈ L2

sym

fermions ρ(σ) = sign(σ), determinantal correlations & Pauli principle
Ψ0 = u0 ∧ u1 ∧ . . . ∧ uN−1 ∈ L2

asym

anyons ρ unitary rep. of BN ... intermediate/fractional statistics?

Leinaas, Myrheim 1977; Goldin, Menikoff, Sharp 1981; Wilczek 1982
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Abelian vs. non-abelian representations

An N-anyon wave function is locally a map Ψ: CN → F ,

F Hilbert space of ‘internal degrees of freedom’ on which BN acts:

ρ : BN → U(F)

Irreducible abelian anyons: F = C,

ρ(σj) = eiαπ

Reducible abelian anyons: F = CD, D > 1,

ρ(σj) ∼ diag(eiβ1π, . . . , eiβDπ) ∀j

Non-abelian anyons: F = CD, D > N − 3 (if N > 6),

ρ(σj)ρ(σk) 6= ρ(σk)ρ(σj) for some j 6= k.
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Anyon (/plekton/nonabelion) models

algebraic geometric magnetic

ρ : BN → U(FN )

most general most practicalmost computational

statistics transmutation

Goldin, Menikoff, Sharp ’81,’85

Moore, Seiberg, Witten ’89

Fröhlich et al. ’88-’90

Kitaev ’97-’06-

+Freedman, Wang ’02-

Bonderson ’07

+Gurarie, Nayak ’11

...

DL, Qvarfordt ’17-’20-

Leinaas, Myrheim ’77

Dowker ’85

Mueller, Doebner, ’93

Mund, Schrader ’95

Dell’Antonio, Figari, Teta ’97

Goldin, Majid, ’04

Maciazek, Sawicki ’19

...

Review: DL, Qvarfordt ’20

Wilczek ’82; Wu ’84

+Arovas, Schrieffer ’84, +Zee ’85

Moore, Read ’91, +Rezayi ’99

Verlinde ’91, Lee, Oh ’94 (NACS)

Mancarella, Trombettoni, Mussardo ’13

...

DL, Solovej ’13,’14

+Rougerie, Larson, Seiringer,

Correggi, Duboscq ’15-

+Yakaboylu et al ’19-

+Lambert 22’
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Statistics transmutation in 2D: bosons↔fermions

Convenient: x = (x1, . . . ,xN ) ↔ z = (z1, z2, . . . , zN ) ∈ CN \44N

Ψ = U Ψ̃, U(z) :=
∏
j<k

zj − zk
|zj − zk|

= exp

i∑
j<k

arg(zj − zk)


transmutes L2

sym ↔ L2
asym at the cost of a gauge potential:

−i∇Ψ = U (−i∇+A)Ψ̃, Aj(x) = U−1∇xjU =
∑
k 6=j

(xj − xk)
⊥

|xj − xk|2

T̂0 =

N∑
j=1

p̂2
j ↔ T̂1 =

N∑
j=1

(
−i∇xj + Aj

)2
where curlxj Aj = 2π

∑
k 6=j δ(xj − xk) Aharonov-Bohm fluxes.
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Statistics transmutation in 2D: abelian anyons eiαπ

Convenient: x = (x1, . . . ,xN ) ↔ z = (z1, z2, . . . , zN ) ∈ CN \44N

Ψ = UαΨ̃, U(z) :=
∏
j<k

zj − zk
|zj − zk|

= exp

i∑
j<k

arg(zj − zk)


transmutes L2

sym ↔ L2
α at the cost of a gauge potential:

−i∇Ψ = Uα(−i∇+αA)Ψ̃, Aj(x) = U−1∇xjU =
∑
k 6=j

(xj − xk)
⊥

|xj − xk|2

T̂0 =

N∑
j=1

p̂2
j ↔ T̂α =

N∑
j=1

(
−i∇xj + αAj

)2
where curlxj αAj = 2πα

∑
k 6=j δ(xj −xk) Aharonov-Bohm fluxes.
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Recent experiments

• Nakamura et al. 2020: fractional exchange statistics:
interferometry in ν = 1/3 FQHE, indicating α = 2/3?

• Bartolomei et al. 2020: fractional exclusion statistics:
bunching in collisions in ν = 1/3 FQHE, indicating α = 1/3?

• Google Quantum AI & co. 2022: non-abelian (Ising) reps on
qubit lattice

• Fan et al. 2022: non-abelian (Fibonacci) reps on edge states
of a lattice

Issues/obstacles:

1 fragile phases (eiαπ)n vs. robust density distributions %Ψ(x)

2 Berry phases, adiabaticity and other phase ambiguities
Forte ’91; Kjønsberg, Myrheim ’99; Jain ’07; DL, Rougerie ’16

3 representations ρ : BN → U(FN ) vs. actual anyons T̂ρ
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Exchange vs. exclusion

How do anyons actually behave?
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N = 2 N = 3

Leinaas, Myrheim ’77; Wilczek et al. ’82,’85
Murthy, Law, Brack, Bhaduri, ’91; Sporre, Verbaarschot, Zahed, ’91,’92

Canright, Johnson ’94: “Fractional statistics: α to β”
Yakaboylu et al. 2019

Exactly solvable for N = 2, numerics for N = 3, 4, . . .
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Exchange vs. exclusion

Potentially interesting dependence on α for N →∞:

Chitra, Sen, 1992: Schematic N →∞ spectrum (θ = απ, harmonic trap ω2|x|2)
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Local exclusion principle

A rigorous and local approach to exchange and exclusion.

Statistical repulsion manifests in three ways (at least):

1 effective scalar pairwise repulsion ⇒ Ψ→ 0 at 44N

T̂α ≥
2αN

2

N

∑
j 6=k

1

|xj − xk|2

αN := dist
(
{(2p+ 1)α}N−2

p=0 , 2Z
)

2 local exclusion principle: EN & N − 1

3 degeneracy pressure, ex. Thomas-Fermi or Lieb-Thirring
(uncertainty ↔ exclusion)

DL, Solovej ’13; DL ’17
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The odd-numerator Thomae/‘popcorn’ function

α

αN→∞ = infp,q∈Z |(2p+ 1)α− 2q|
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Degeneracy pressure for the ideal anyon gas

The Thomas-Fermi approximation for fermions in 2D:

EN = inf
Ψ∈L2

asym

〈T̂+V̂ 〉Ψ ≈ inf
%≥0:

∫
R2 %=N

∫
R2

[
2π%(x)2 + V (x)%(x)

]
dx,

Theorem (Lieb-Thirring inequality): For any α ∈ R and Ψ 7→ %Ψ

〈T̂α〉Ψ & c(α)

∫
R2

%Ψ(x)2 dx, c(α) ∼ dist(α, 2Z) = α2.

For non-abelian anyons: ρ(σj) ∼ (eiβkπ), dep. on dist({βk}, 2Z).

Hence, to first order, the degeneracy pressure for the ideal anyon
gas is governed by the 2-anyon simple exchange phase eiαπ.

DL, Solovej ’13,’14; Larson, DL 18’; DL, Seiringer ’18; DL, Qvarfordt ’20
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The homogeneous ideal anyon gas

α

EN/N
2 & e(αN )

Numerical lower bounds for e(α) = 4πα+O(α4/3),
at α = αN→∞, versus c(α2) = 1

4 min{e(α2), 0.147}
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A “wild guess” for the exact ground-state energy
Condens. Matter 2018, 3, 19 7 of 11

In Figure 6 the lowest energy states of the frustrated XY model are compared to the lowest energy
branch of the Hofstadter butterfly which is proportional to the Tc for superconducting networks as
predicted by the linearized GL network equations [18–21]. The general shape of the curve is very
similar and both show fractal behavior with apparent singularities at rational values of f . However,
these singularities seem of different type. In the frustrated XY model these singularities appear
logarithmic, while in the Hofstadter butterfly the singularity is approached linearly from both sides.
The similarity of these curves suggests there might be a connection between the ground state energy of
JJAs and the Tc for superconducting networks.

Figure 6. Left: Lowest energy states found for a 100 by 100 square Josephson junction array using the
frustrated XY model. Right: Lowest energy branch of the Hofstadter butterfly, which is proportional to
the Tc of a superconducting square network.

4. Conclusions

Low energy states of large finite square Josephson junction arrays have been computed with an
annealing algorithm. The resulting curve looks continuous which is in agreement with a proof of
continuity. It gives further evidence that the staircase state hypothesis is incorrect. The curve shows
logarithmic discontinuities in the derivative dE/d f at rational frustration factors f = p/q with small q.
This is consistent with the picture of independent vortex excitations on top of the base vortex pattern
when f is close to a simple fraction. These ground state vortex patterns of finite arrays seem the same
as the ground state for infinite arrays, except for a thin region at the edge of the array where vortices
are accumulated or depleted, depending on the frustration factor. However, the width of this region is
array size independent.

Author Contributions: M.L. Conceived and designed the experiment, performed the simulations and analyzed
the data. A.B., H.H., N.P. and A.G. helped interpret the results. M.L., N.P. and A.G. wrote the paper.

Acknowledgments: This work was supported by the Dutch FOM and NWO foundations.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

The goal of this section is to precisely state the system of differential equations describing a square
array of Josephson junctions. In the next section an algorithm to solve this system is described.

The current on a single junction after applying a finite difference scheme in time is given by
Equation (A1).

Lankhorst et al. ’18
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Towards precise density functionals for anyons

Ground state approximation: EN/N
N→∞−−−−→ minimum of E [u]:

The Gross–Pitaevskii functional for interacting bosons: (g ∈ R)

EGP[u] :=

∫
R2

(∣∣(−i∇+ Aext)u
∣∣2 + V |u|2 + g|u|4

)
The Thomas–Fermi functional for fermions:

ETF[u] :=

∫
R2

(
2πN |u|4 + V |u|2

)
An “average-field” approximation for anyons?

Eaf [u] ≈
∫
R2

(
2παN |u|4 + V |u|2

)
Mean-field ansatz: Ψ(x) = u(x1)u(x2) . . . u(xN )
⇒ Single particle u ∈ L2(R2) in magnetic field 2παN |u(x)|2
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Almost-bosonic anyons (regularized)

Can be made rigorous in the limit α = β/N → 0, fixed β, if anyons
are also smeared out to a finite size R > 0 −→ extended anyons.

The idea is then to take R ∼ N−η → 0 and β = αN (flux) large.

⇒ Correct average-field functional for any fixed β ∈ R:

Eaf
β [u] =

∫
R2

(∣∣(−i∇+ βA[|u|2])u
∣∣2 + V |u|2

)
, curlA[%] = 2π%

⇒ Effective Thomas-Fermi-type functional as β →∞:

ETF
β [%] :=

∫
R2

(
C β%2 + V %

)
Numerics: g.s. uaf

β has a vortex lattice distribution with scale set

by the TF profile (minimizer) %TF
β , and C ≈ 4π3/2/3 > 2π (!)

DL, Rougerie ’15; +Correggi ’17; +Duboscq ’19
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Almost-bosonic anyons: numerics

x
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β = 90, V (x) = |x|2

Averaged |uaf
β |2 and comparison with %TF

β

Correggi, Duboscq, DL, Rougerie ’19
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Almost-fermionic anyons

Similar approach close to fermions: α = 1− β/N → 1, ~ ∼ N−1/2.
Also “virtually” extended anyons, 0 < R ∼ N−η → 0.
⇒ Actual Thomas–Fermi functional for fermions remains relevant:

ETF[%] :=

∫
R2

(
2π%2 + V %

)
More precisely, a semi-classical Vlasov functional:

EVla[µ] := (2π)−2

∫
R4

∣∣p + βA[%]
∣∣2µ(x,p)dxdp +

∫
R2

V % dx

for 0 ≤ µ(x,p) ≤ 1 a measure on phase space R4,
∫
R4 µ = (2π)2.

Minimizer:
µ(x,p) = 1

(
|p + βA[%](x)|2 ≤ 4π%(x)

)
with spatial density independent of β:

%(x) = (2π)−2

∫
R2

µ(x,p)dp = (4π)−1(λTF − V (x))+

but momentum density dep. on β. Chitra, Sen ’92; Girardot, Rougerie ’21
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Intermediate anyons? Try magnetic TF theory

Fermi sea of the Landau Hamiltonian in LDA with a self-generated
field B(x) = 2πβ%(x), % =

∑
n %n, 0 ≤ %n ≤ |B|/(2π):

EmTF[%] :=

∫
R2

∞∑
n=0

(
|B|(2n+1)%n+V %n

)
≥
∫
R2

(
2π(1+M(β))%2+V %

)
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M(β) := β2(1− {β−1}){β−1} ∈ [0, β2/4)
Girardot, Levitt, Rougerie ’21; DL ’23, cf. Chen et al.’89, Hu et al.’21
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Emergence: QHE model for statistics transmutation

Tracers in a bath:

1 large 2D bath of non-interacting fermions, N � 1

2 n tracers/impurities, 2 ≤ n� N

3 strong external transverse magnetic field, b→∞
4 strong short-range repulsive bath-tracer interaction, g →∞

←
→ strong pot.

DL, Rougerie ’16; +Lambert ’22
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Model Hamiltonian

Hn⊕N :=
1

2

N∑
k=1

(
−i∇xk − bx

⊥
k

)2
+

1

2m

n∑
j=1

(
−i∇yj − qby⊥j

)2
+ g

N∑
k=1

n∑
j=1

δ(xk − yj) + W (y1, . . . ,yn)

acting on Ψ(y1, . . . ,yn;x1, . . . ,xN ) ∈ L2(R2n)⊗ L2
asym(R2N ).

b ∼ N and N � n ⇒ assume bath entirely in LLL:

Hn⊕Nsym/asym := L2
sym/asym(R2n)⊗

∧N
LLL

Ground-state energy En⊕N := infΨ∈Hn⊕N
sym/asym

〈Hn⊕N 〉Ψ

Mathematical physics of the 2D anyon gas D. Lundholm 24/37



Model Hamiltonian

Hn⊕N :=
1

2

N∑
k=1

(
−i∇xk − bx

⊥
k

)2
+

1

2m

n∑
j=1

(
−i∇yj − qby⊥j

)2
+ g

N∑
k=1

n∑
j=1

δ(xk − yj) + W (y1, . . . ,yn)

acting on Ψ(y1, . . . ,yn;x1, . . . ,xN ) ∈ L2(R2n)⊗ L2
asym(R2N ).

b ∼ N and N � n ⇒ assume bath entirely in LLL:

Hn⊕Nsym/asym := L2
sym/asym(R2n)⊗

∧N
LLL

Ground-state energy En⊕N := infΨ∈Hn⊕N
sym/asym

〈Hn⊕N 〉Ψ

Mathematical physics of the 2D anyon gas D. Lundholm 24/37



Lowest Landau Level (LLL) & Laughlin states

Hamiltonian for a charged particle in a constant magnetic field:

H1 =
1

2m

(
−i∇− bx⊥

)2
= ωc(a

†a+ 1/2)

LLL := ker a =
{
ψ ∈ L2(R2) : ψ(x) = f(z)e−

b
2
|z|2 , f analytic

}
ON basis: uk(z) = ckz

ke−
b
2
|z|2 , k = 0, 1, 2, . . .

Ψ(z) = (u0 ∧ u1 ∧ . . . ∧ uN−1)(z1, . . . , zN )

∝ det


1 1 . . . 1

z1 z2 . . . zN
...

zN−1
1 zN−1

2 . . . zN−1
N



µ

e−
b
2
|z|2 =

∏
j>k

(zj − zk)

µ

e−
b
2
|z|2

IQHE: “filled LLL” (Fermi sea) in a radial trap
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Lowest Landau Level (LLL) & Laughlin states

Hamiltonian for a charged particle in a constant magnetic field:

H1 =
1

2m

(
−i∇− bx⊥

)2
= ωc(a

†a+ 1/2)

LLL := ker a =
{
ψ ∈ L2(R2) : ψ(x) = f(z)e−

b
2
|z|2 , f analytic

}
ON basis: uk(z) = ckz

ke−
b
2
|z|2 , k = 0, 1, 2, . . .

Ψ(z) =

(u0 ∧ u1 ∧ . . . ∧ uN−1)(z1, . . . , zN )

∝

det


1 1 . . . 1

z1 z2 . . . zN
...

zN−1
1 zN−1

2 . . . zN−1
N


µ

e−
b
2
|z|2 =

∏
j>k

(zj − zk)µe−
b
2
|z|2

FQHE: “fractionally filled LLL”, µ = 3, 5, 7, . . . Laughlin states
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Quasi-hole ansatz

For g →∞ we take as our ansatz for the ground state (ker δ):

ΨΦ(y; x) := Φ(y)cqh(w)Ψqh(w; z), cqh > 0,∫
Cn
|Φ|2 = 1, cqh(w)−2 :=

∫
CN
|Ψqh(w; z)|2dz ⇒

∫
Cn+N

|ΨΦ|2 = 1

Ψqh(w1, . . . , wn; z1, . . . , zN ) =

n∏
j=1

N∏
k=1

(wj−zk)

p

∏
1≤k<l≤N

(zk−zl)

µ

e−
b
2
|z|2

Aim:
〈Hn⊕N 〉ΨΦ

= bN + 〈Heff
n 〉Φ + error?

Heff
n =

bn

m
+

1

2m

n∑
j=1

(
−i∇yj − (q − 1)by⊥j −Aj

)2
+W (y)
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Quasi-hole ansatz (integer case)

For g →∞ we take as our ansatz for the ground state (ker δ):

ΨΦ(y; x) := Φ(y)cqh(w)Ψqh(w; z), cqh > 0,∫
Cn
|Φ|2 = 1, cqh(w)−2 :=

∫
CN
|Ψqh(w; z)|2dz ⇒

∫
Cn+N

|ΨΦ|2 = 1

Ψqh(w1, . . . , wn; z1, . . . , zN ) =

n∏
j=1

N∏
k=1

(wj−zk)

p

∏
1≤k<l≤N

(zk−zl)

µ

e−
b
2
|z|2

Aim:
〈Hn⊕N 〉ΨΦ

= bN + 〈H̃eff
n 〉Φ̃ + error?

H̃eff
n =

bn

m
+

1

2m

n∑
j=1

(
−i∇yj − (q − 1)by⊥j

)2
+W (y)
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Quasi-hole ansatz (fractional case)

For g →∞ we take as our ansatz for the ground state (ker δ):

ΨΦ(y; x) := Φ(y)cqh(w)Ψqh(w; z), cqh > 0,∫
Cn
|Φ|2 = 1, cqh(w)−2 :=

∫
CN
|Ψqh(w; z)|2dz ⇒

∫
Cn+N

|ΨΦ|2 = 1

Ψqh(w1, . . . , wn; z1, . . . , zN ) =

n∏
j=1

N∏
k=1

(wj−zk)p
∏

1≤k<l≤N
(zk−zl)µe−

b
2
|z|2

Conjecture: (Theorem for p = µ = 1) [Lambert, DL, Rougerie, ’22]

〈Hn⊕N 〉ΨΦ
= bN + 〈Heff

n 〉Φ + error(
n

N
)

Heff
n =

bn

m

p

µ
+

1

2m

n∑
j=1

(
−i∇yj − (q − p

µ)by⊥j −
p2

µ Aj

)2
+W (y)
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Another illustrative model for statistics transmutation

Hamiltonian H0 on Hilbert space H0 of N bosons/fermions.
Add a collective degree of freedom: [a, a†] = 1, N = a†a, |n〉

Hω := H0 + ωa†a+ γω(Fa† + F−1a) + γ2ω

Two parameters: ω > 0, γ ∈ R

Two model choices:

1 F = (Z/|Z|)2 = U2 flux attachment

2 F = Z2 vortex attachment

⇒ Hilbert spaces of composite bosons/fermions:Hn = FnH0|n〉
α = 2n, n = 0, 1, 2, . . .

Now take the ‘adiabatic’ limit ω →∞ with γ fixed.
Claim: in the bottom of the spectrum of Hω we obtain anyons
(interacting resp. free) with α = 2γ2 + 2n
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Composite bosons/fermions: ladder of integer bundles

H0

FH0

F 2H0

F 3H0

|0〉

|1〉

|2〉

|3〉

α = 0

α = 2

α = 4

α = 6

...
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Emergent anyons: ladder of fractional bundles

H0

FH0

F 2H0

F 3H0

|0〉

|1〉

|2〉

|3〉

α = 2γ2

α = 2γ2 + 2

α = 2γ2 + 4

α = 2γ2 + 6

...

ω →∞
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Computation of spectrum: free vs. interacting (harm. osc.)
QUANTUM IMPURITY MODEL FOR ANYONS PHYSICAL REVIEW B 102, 144109 (2020)

FIG. 2. Calculations of the two-anyon (top) and three-anyon
(bottom) spectra for the original harmonic-oscillator anyon problem
without the scalar potential W (32). The energies are given in units
of the harmonic frequency. The spectra are here calculated from the
bosonic end by using Eq. (41). The applied parameters are lmax = 10,
mmax = 20 for the two-anyon case. For the three-anyon case we
consider all the symmetric impurity wave functions (30) restricted
by the condition Enmaxmmax � 26.

statistics transmutation of impurities in terms of vector
bundles. Note that in general we may consider the N-
anyon Hamiltonian (5) [respectively (10)] and its domain of
functions as defining a complex line bundle (i.e., a rank-one
Hermitian vector bundle) over the configuration space of N
identical particles in the plane. In the cases considered here
there are no further magnetic interactions than the statistical
one, and this then defines a locally flat line bundle which is
characterized solely by the statistics parameter α ∈ R. Using
the trivial bosonic bundle α = 0 as reference, the other possi-
ble bundles are geometrically defined by the holonomy of the
connection along loops in the configuration space, i.e., the ex-
change phase which comes in units of eiπα . We note that α and
α + 2 are unitarily equivalent by a gauge transformation when
the free Hamiltonian is considered, however, upon introducing
interactions or further regularity conditions into the domain of
the kinetic energy operator it makes sense to consider these as
different bundles. A family of such bundles α = 2n, n ∈ Z,
may be characterized geometrically by the minimal winding
number n of the phase as two particles are simply exchanged,

or the winding number 2n as one particle continuously en-
circles another one. This is the same as the number of unit
fluxes attached to each particle, and the permutation symmetry
enforces the same number to each particle. We may thus talk
about an even-integer family of bosonic bundles having the
physical interpretation as composite bosons with 2n quanta of
flux attached to each boson [cf. Eq. (36)]. Note that multiplica-
tion by F of Eq. (19) (respectively F ∗) changes these winding
numbers, and indeed these are the gauge transformations that
unitarily transform one such bundle into the other.2

Thus, our starting point in the statistics transmutation was
the geometrically trivial bundle H of regular bosonic states
on the plane R2 on which the free Hamiltonian −∑q ∇2

q/2
is acting (i.e., our considered states are all exchange sym-
metric and have finite expectation values with respect to
this Hamiltonian). However, by coupling this Hamiltonian to
the phonon Fock space in the form (32), we are effectively
considering a semi-infinite ladder {HF̃ n|n〉}, n = 0, 1, 2, . . .,
of even-integer bundles of composite bosons. The factor F̃ n

ensures that the winding number of the phase under simple
exchange increases by n, and equivalently that the vorticity
attached to each particle is 2n. In Eq. (32) we have introduced
the possibility of hopping from one such bundle, winding
number, or vorticity, to the next higher one by means of the
interaction term F̃ â† and hence the symmetric (thus staying
within the family of bosonic bundles) attachment of a minimal
number of vortices to each particle [cf. the arguments leading
to Eq. (17)], as well as the corresponding hopping to the next
lower bundle using the term F̃−1â and thus the detachment
of a minimal number of vortices. We then have the interpre-
tation of Eq. (32) that we are introducing an energy gap ω

between each level of the bundles [which in this context may
be interpreted or defined as the energy cost of creating the
corresponding number N (N − 1) of vortices], and enabling
the hopping between consecutive bundles on the ladder by a
nonzero amplitude λω. In the simultaneous limit of both large
energy gap ω and large hopping amplitude, while keeping
their ratio λ fixed, what then emerges according to Eq. (34)
is the fractional bundle labeled by the fraction of vorticity per
particle α = 2λ2. The phonon state (25) attaches a Poisson-
distributed sequence of weights on each integer bundle on
the ladder, resulting in the superposition (35) of bundles.
Furthermore, according to the alternative form (39), it may
be equivalently understood as a linear (modulo weights) de-
formation between the two lowest bosonic bundles at α = 0,

2In order to uniquely label the bundles and identify them as com-
posite bosons, one needs to select some subbundle where the exact
winding comes out algebraically (and not just via the phase which
is periodic over the even integers), such as some subspace of holo-
morphic functions or some finite range of allowed angular momenta.
Note in particular that the spaceHF̃ n contains also functions on the
form |F̃ |2n for which the winding is zero, however, by further restrict-
ing H it is possible to ensure zero overlap between such function
spaces and thus the one-to-one labeling by n via the holomorphic
factor F̃ n. This happens, for example, when one switches on a strong
external magnetic field, and indeed the bosonic Laughlin factor F̃
represents the smallest symmetric attachment of an integer number
of vortices to every particle.
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potential α(1 + 2n)
∑

q A2
q. See Appendix A 3 for more de-

tails concerning the diagonalization of Eq. (22).
Below we focus only on the vacuum state and present two

simple examples. For an easier comparison with the results
existing in the literature, we investigate impurities confined
additionally in a harmonic-oscillator potential and allow for
fermionic impurities with the coupling α − 1 = sλ2 in order
to deal with the singular interaction. Furthermore, since the in-
teraction term depends only on relative coordinates, we factor
out the center-of-mass problem, and make a transformation
to relative coordinates. In general, the relative coordinates
for an N-body problem are given by Jacobi coordinates:
R = ∑N

i=1 zi/
√

N and um = (
∑m

i=1 zi − mzm+1)/
√

m(m + 1),
where m runs from 1 to N − 1.

1. Two anyons

As a first example, we consider the simplest case: the
two-impurity problem. The Hamiltonian in Jacobi coordinates
with the notation u1 = r exp(iϕ), which is simply usual rela-
tive coordinates for a two-body problem, becomes

Ĥ2-imp = −∇2

2
+ r2

2
+ ω

(
â†â + α − 1

2

)

+ω

√
α − 1

2
[e2iϕ â† + e−2iϕ â], (26)

where α � 1. This two-impurity problem can be solved
numerically by diagonalizing the Hamiltonian with the eigen-
states of the free Hamiltonian, the first line of Eq. (26). These
eigenstates are the phonon states |n〉 times the antisymmetric
impurity states. The latter are the usual harmonic-oscillator
wave functions:

�lm =
√

2(l!)

(l + |m| + 1)!
e−r2/2rmLm

l (r2) exp(imϕ)/
√

2π,

(27)
where Lm

l (r2) are associated Laguerre polynomials. The
corresponding eigenvalues are given by 2l + |m| + 1. The an-
tisymmetric impurity states in Jacobi coordinates follow from
the parity of the angular quantum number of the impurities
m: while even m refers to bosons, the odd ones correspond
to fermions. Due to the finite number of impurity states con-
sidered in numerics, there is an intricate relation between
the number of impurity wave functions, maximum number
of phonons, and actual value of ω in order to achieve con-
vergence. The converged result of the anyonic spectra for the
Hamiltonian (26) is obtained with ω � 20, up to 5 number of
phonons, and several hundred impurity states in the fermionic
basis, which is shown in Fig. 1 (top). In fact, this result can
also be found analytically. Namely, it follows from Eq. (24)
that the lowest levels are described by the Hamiltonian

〈0|Ĥ ′
2-imp|0〉 = − 1

2r2

[( ∂

∂ϕ
+ i(α − 1)

)2

− 2(α − 1)

]

− 1

2r

∂

∂r

(
r

∂

∂r

)
+ r2

2
. (28)

Then, the corresponding eigenvalues directly fol-
low from the harmonic-oscillator ones by replacing
|m| with

√
[m + (α − 1)]2 + 2(α − 1) to yield 2l +

FIG. 1. Calculations of the two-anyon (top) and three-anyon
(bottom) spectra for the interacting anyon model in an external
harmonic-oscillator potential (18). The energies are given in units
of the harmonic frequency. The spectra have been calculated from
the fermionic end, i.e., the coupling is chosen as α − 1 = sλ2 such
that α = 1 corresponds to free fermions. The applied parameters are
lmax = 10, mmax = 21, and ω = 23 with up to five phonons for the
two-anyon case. For the three-anyon case we consider all the anti-
symmetric impurity wave functions (30) restricted by the condition
Enmaxmmax � 26 and limit the maximum number of phonons to 10 with
ω = 54. For clarity, we do not display all the curves in the second
plot.

√
[m + (α − 1)]2 + 2(α − 1) + 1, which agrees with the

numerical result shown in Fig. 1 (top).

2. Three anyons

As a next example, we study the three-impurity problem. In
Jacobi coordinates, with the notation u1 = η = ηx + iηy and
u2 = ξ = ξx + iξy, the Hamiltonian is given by

ˆ̃H3-imp = −1

2

(∇2
η + ∇2

ξ

)+ 1

2
(η2 + ξ2) + ω

(
â†â + α − 1

2

)

+ω

√
α − 1

2

(
η3 − 3ηξ 2

|η3 − 3ηξ 2|
)2

â† + H.c. (29)

with α � 1, η2 = η2
x + η2

y , and ξ2 = ξ 2
x + ξ 2

y . In contrast
to the two-impurity problem, the implementation of the
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Application: Polarons (R2)
QUANTUM IMPURITY MODEL FOR ANYONS PHYSICAL REVIEW B 102, 144109 (2020)

FIG. 3. Experimental proposal where the Fröhlich polarons turn
into anyons. Heavy electrons with mass M immersed in a 2D material
are subjected to the magnetic field B. If the electron-bath system
is rotated at the cyclotron frequency � = B/(2M ), the polarons
become anyons. The setup can also be extended to a 2D Bose gas.

(LLP) transformation [96] T̂LLP = exp [−iR̂ ·∑k k b̂†
kb̂k/

√
2].

We decompose the creation and annihilation operators in polar
coordinates, where the angular momentum operator simply
reads as �̂z = ∑

k,μ μ b̂†
kμ

b̂kμ. The transformed Hamiltonian
can be rewritten as

Ĥ ′
FR = − 1

2M
∇2

r + 1

2
M�2r2 +

∑
k,μ

ωμb̂†
kμ

b̂kμ

+
∑
k,μ

λμ(k, r)[e−iμϕ b̂†
kμ

+ eiμϕ b̂kμ] + ĥR. (53)

Here, ωμ = ω0 + μ� is the effective phonon dispersion re-
lation, where the second term arises as a consequence of the
rotation. The impurity-bath coupling strength is given by

λμ(k, r) =
√

k/(2π )V (k)Jμ(kr/
√

2)[1 + (−1)μ], (54)

which follows from the Jacobi-Anger expansion exp[ik · x] =∑
μ iμJμ(kr) exp[iμ(ϕ − ϕk )], with Jμ(kr) being the Bessel

function of the first kind. The last term in Eq. (53),

ĥR = 1

2M

(
∇R − i

∑
k

k b̂†
kb̂k/

√
2

)2

+ 1

2
M�2R2, (55)

is the Hamiltonian for the center-of-mass motion that couples
to the many-particle bath. We note that the coupling term∑

k ∇R · k b̂†
kb̂k/M is negligible in the limit of M → ∞, as the

momentum operator scales as
√

M. Therefore, the center-of-
mass coordinate decouples in the transformed Hamiltonian. In
a similar way, the contribution of the term (

∑
k k b̂†

kb̂k)2/M to
the fast Hamiltonian is also negligible in the limit of M → ∞.
Consequently, ĥR will be omitted hereafter.

In realistic situations the maximum number of phonons
nmax interacting with impurities is finite. Furthermore, because
of the finite size of the first Brillouin zone, we consider a
natural cutoff for the phonon wave vector kmax. This puts an
upper limit for the μ summation as well as for the k integral.
The limitation on the k integral can affect the small-distance
behavior of the impurities. Nevertheless, as the repulsive
Coulomb interaction between two electrons prevents us from
considering small distances, we will ignore this cutoff. The

cutoff for the μ summation, on the other hand, is essential in
order to have a spectrum bounded from below. Namely, the
ground-state energy of the fast Hamiltonian can be written as

εgs = min{0, nmax(ω0 − �μmax)}

−
∫ ∞

0
dk

μmax∑
μ=−μmax

λμ(k, r)2

ωμ

, (56)

and we consider the case (ω0 − �μmax) > 0, where the
ground state is given by the vacuum state ŜÛ |0〉.

It follows from Eq. (49) that the corresponding emergent
gauge field for the ground state of the Hamiltonian (53) is
given by

G = α(r)

r
eϕ (57)

with

α(r) = −
μmax∑

μ=−μmax

[1 + (−1)μ]2μ

(ω0 + μ�)2

×
∫ ∞

0

dk k

2π
(V (k)Jμ(kr/

√
2))2. (58)

In general, the emergent gauge field does not necessarily
correspond to a statistics gauge field, as the r dependence of
α(r) relies on the form of V (k). Now we will have a closer
look at the derivation of the Fröhlich Hamiltonian, where V (k)
emerges as the Fourier component of the interaction between
the impurity and surrounding many-particle bath in real space.

In the regular Fröhlich polaron, impurities are considered
to be confined to two dimensions, but interact with a three-
dimensional bath, and V (k) emerges as a consequence of the
interaction between the electron and the polarization field
[97], which leads to V (k) = √√

2πγF /k with γF being the
Fröhlich coupling constant for the electron confined in two
dimensions. This form of the coupling describes surface po-
larons [97–100]. In this case, the statistics parameter (58)
scales as 1/r. Nevertheless, if we apply a strong magnetic
field, of the order of � ∼ ω0, the relative wave function of
the impurities is localized in r space, and hence the relative
motion of two impurities is described by only the relative an-
gle. In this case, we can omit the r dependency of the statistics
parameter, or consider a limited range, where α(r) is approx-
imately constant. We note, however, that for such a strong
magnetic field (ω0 − �μmax) < 0, and hence the ground state
will not be the vacuum state after the corresponding Ŝ and Û
transformations. The emergence of anyons in such a scenario
is similar to the model investigated in Ref. [29], where the rel-
ative distance between impurities was assumed to be constant.

1. 2D phonon bath

Instead of a three-dimensional (3D) bath, we now consider
a quasi-2D bath. Namely, we consider impurities confined to
two dimensions, and also interacting with a 2D bath. The latter
can be achieved by assuming that the confinement of a 3D
bath in the z direction is so strong that we can ignore the
excitations in that direction, or we can consider a bath in the
form of a single layer of atoms in a two-dimensional lattice,
such as graphene. In this case, the polarization field behaves
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B = 2mΩ

Hω =
1

2m

N∑
j=1

p2
j+W (x)+

∑
k

ωkb
†
kbk+

∑
k

λk(x)
(
e−iβk(x)b†k + h.c.

)
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Application: Polarons (R2)

For N = 2 with relative coordinates (r, ϕ) and radial interaction:

Jz = Lz + Λz, Lz = −i∂ϕ, Λz =
∑
k,µ

µb†kµbkµ

Ψ = ψA(r, ϕ)S(ϕ)U(r)|0〉

S(ϕ) = exp [−iϕΛz] , U(r) = exp

−∑
k,µ

λkµ(r)

ωkµ
(b†kµ − bkµ)


Fixed total angular momentum but shift in relative:

Z 3 j = 〈Jz〉Ψ = 〈Lz〉Ψ + 〈Λz〉Ψ ⇒ 〈Lz〉Ψ = j − 〈Λz〉Ψ

A(r, ϕ) = −〈0|U−1ΛzU |0〉
1

r
eϕ i.e. α(r) = −〈Λz〉coherent state γ(r)

Can be computed for suitable interaction, α ∼ const.(Ω)
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Application: Angulons (S2)

Molecular orientation

on the sphere, which is given by the Laplacian
−ðDzj − z̄jÞDz̄j , can be realized as the angular momentum
operator L2

j. The latter can be considered as the
Hamiltonian of linear molecules, which enables us to
map rotation of molecules to motion of point particles
on the sphere. Consequently, instead of pointlike impu-
rities, which have been considered for the planar case in
Ref. [20], we consider here linear molecules and explore
the angular momentum exchange with the bath. Such a
realization exposes a novel correlation between molecular
impurities. Specifically, the exchange of the particles on the
sphere corresponds to a change in the alignment of the
molecules but not the exchange of the molecules them-
selves; see Fig. 2 (top). Therefore, the emerging statistical
interaction manifests itself in the alignment of molecules.
To illustrate this in a transparent way, we consider

the simple impurity Hamiltonian (6) in the absence
of the Dirac monopole. We investigate the alignment
hðcos θ1 − cos θ2Þ2i as a function of the statistics parameter
for two molecules. In Fig. 2 (bottom), we present the
alignment for the ground state, which is obtained from

Eq. (8) for the case of B ¼ 0. We note that the Hamiltonian
is still well defined for the values of α which do not satisfy
the DQC as we discussed before. Thus, the alignment of the
molecules could be used as an experimental measure of the
statistics parameter. Such a measurement can be performed,
for instance, within the technique of laser-induced molecu-
lar alignment [42,43]. Further discussion of the alignment
of molecules as a consequence of the statistical interaction
will be the subject of future work.
A physical realization of the interaction between the

molecules and a bath is also natural in the physics of
impurities. Indeed, it was shown that the molecular
impurities rotating in superfluid helium can be described
within an impurity problem [44–46]. The resulting quasi-
particle, which is called the angulon, represents a quantum
impurity exchanging orbital angular momentum with a bath
of quantum oscillators and serves as a reliable model for the
rotation of molecules in superfluids [47]. Therefore, we
consider the following angulon Hamiltonian [48,49]:

Hangulon ¼
X2

j¼1

L2
j þ Vðq1; q2Þ þ

X

k;l;m

ωk;l;mb
†
k;l;mbk;l;m

þ
X

k;l;m

λk;l;mðq1; q2Þðe−iβk;l;mðq1;q2Þb†k;l;m þ H:c:Þ;

ð9Þ

where b̂†k;l;m and b̂k;l;m are the bosonic creation and
annihilation operators, respectively, written in the spherical
basis [44], qi ¼ ðθi;φiÞ are the angular coordinates
representing the molecular rotation of the ith mole-
cule, V is a confining potential, and H.c. stands for
Hermitian conjugate. Note that the coupling terms might
depend on the intermolecular distance, as well. For heavy
molecules, the BO approximation can be justified with a
gapped dispersion ωk;l;m. Furthermore, following our pre-
vious reasoning and Eq. (5), if the impurity-bath coupling
satisfies the relation i

P
k;l;m ðλk;l;m=ωk;l;mÞ2Dzjβk;l;m ¼ Azj ,

the lowest-energy spectrum of the two linear molecules
immersed in the bath coincides with the spectrum of two
anyons on the sphere. In principle, such an interaction is
feasible with the state-of-art techniques in the physics of
superfluid helium as well as ultracold molecules.
In order to present a simple and intuitive realization, we first

neglect the intermolecular distance. This enables us to define
the interaction term simply as λk;l;mðq1; q2Þe−iβk;l;mðq1;q2Þ ¼
uk;l

P
2
j¼1 Yl;mðqjÞwith the impurity-bath coupling uk;l. For a

physical configuration, we consider molecular impurities in
superfluid helium nanodroplets. The corresponding coupling
captures the details of the molecule-helium interaction. For the
form of the coupling and the relevant parameters, we refer the
reader to Supplemental Material [41] and Refs. [50,51], where
the model has been used in order to describe angulon
instabilities and oscillations observed in the experiment.
Furthermore, the dispersion relation of superfluid helium

FIG. 2. Top: realization of anyons on the sphere in terms of
linear molecules immersed in a quantum many-particle environ-
ment. A change in the alignment of the molecules (dumbbells),
which is depicted by the white arrows, corresponds to the
exchange of the particles on the sphere (dots), shown by the
curvy black arrows. Bottom: the alignment hðcos θ1 − cos θ2Þ2i
as a function of the absolute statistics parameter for the ground
state. The curve follows the bosonic state jY0;0 ⊗S Y0;0i at α ¼ 0
to the fermionic state jY1;0 ⊗A Y0;0i at α ¼ 1. We consider
spherical harmonics with the angular momentum up to lmax ¼
8 for the numerics.

PHYSICAL REVIEW LETTERS 126, 015301 (2021)
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Hω =

N∑
j=1

L2
j +W (x) +

∑
k

ωkb
†
kbk +

∑
k

λk(x)
(
e−iβk(x)b†k + h.c.

)
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Application: Angulons (S2)

Spectrum of N = 2 anyons on S2 with monopole field 2B = (N−1)α

Aimp
zj ¼½αð1þ jzjj2Þ=2&

P
k≠j ðzj−zkÞ−1 with αðz1;…;zNÞ¼P

vpvðλv=ωvÞ2. We thus see thatAimp
z̄j is the sought CS gauge

field and obeys the DQC if αðz1;…; zNÞ is a constant and
satisfies ðN − 1Þα ∈ Z. We emphasize, however, that, for the
values of α which do not satisfy the DQC, the impurity
Hamiltonian (4) is still well defined. The only difference for
these values is that the theory is no longer fully rotational
invariant, but, instead, it is invariant under rotation around the
z axis. In other words, the Dirac lines, which emerge together
with the statistical gauge field, are not invisible [40], and they
puncture the sphere. These features have drastic effects on the
physical realization of anyons on the sphere in terms of
quantum impurities, in comparison to emergent anyons on the
plane studied in Ref. [20].
In general, the impurity Hamiltonian (4) corresponds

to interacting anyons due the presence of the scalar potential
Φ. An impurity Hamiltonian whose lowest-energy spectrum
is governed by the anyon Hamiltonian in the pseudo-
gauge (3), however, describes free anyons, as the scalar
potential vanishes with Az̄ ¼ 0. Although such an impurity
Hamiltonian is not Hermitian and may be harder to
realize experimentally, considered as a toy model its non-
Hermiticity is harmless for our purposes, and it opens up
simple numerical approaches to calculate the spectra of
anyons on the sphere.
Our numerical tools work for an arbitrary number of

particles. Nevertheless, we will here study only the two-
anyon case, since the computational effort strongly scales
with the number of particles. Furthermore, we investigate
impurities interacting with a Dirac monopole field B.
This allows us to investigate the spectrum for all values
of α, as the DQC in the presence of a Dirac monopole field
is 2B − ðN − 1Þα ∈ Z [25,28]. Accordingly, we consider
the following simple model:

H0
imp ¼ HB þ ω

!
b†bþ α

p

"

þ
ffiffiffiffi
α
p

r
ωðe−p log ðz1−z2Þb† þ ep log ðz1−z2ÞbÞ; ð6Þ

where HB ¼ H0 þ
P

2
j¼1 A

B
zjDz̄j describes the bosonic or

fermionic particles interacting with the Dirac monopole
field B generated by the gauge field AB

zj ¼ 2Bz̄j, p is an
integer, and we subtracted the vacuum energy −ωα=p of
the pure Fock space part of the Hamiltonian.
One could calculate the lowest spectrum of H0

imp by
diagonalizing the matrix hSðAÞ;njH0

impjS0ðA0Þ;n0i, where
jSðAÞi ¼ jYl1;m1

⊗SðAÞ Yl2;m2
i are the impurity basis with

Yl;m being the spherical harmonics, ⊗SðAÞ the (anti)sym-
metric tensor product, and jni the n-particle state in the
Fock space. Instead of this direct diagonalization technique,
we first diagonalize the Fock space part of the Hamiltonian
with the displacement operator. The anyon Hamiltonian (3)
in the presence of a Dirac monopole field, which emerges
in the limit of ω → ∞, is, then, given by

H0B
anyon ¼ HB þ α

p
ðep log ðz1−z2ÞH0e−p log ðz1−z2Þ −H0Þ; ð7Þ

see Supplemental Material [41] for the derivation. We
underline that a similar form of the Hamiltonian (7) for
anyons on the plane has been previously introduced in
Ref. [20], where the second term of the right-hand side was
written in terms of composite bosons or fermions for an
even integer p. Extending this approach, we use here Bose-
Fermi mixtures which enable us to set p ¼ 1. Within such a
simple choice, Eq. (7) can be written as the following
matrix equation:

EB
anyon ¼ Ebos þ 2BWSþ αðZ−1EferZ − EbosÞ; ð8Þ

where the elements of the matrices are given by Ebos ¼
hSjH0jS0i, Efer ¼ hAjH0jA0i, WS¼ hSj

P
2
j¼1 z̄jDz̄j jS

0i,
and Z−1 ¼ hSjz1 − z2jAi. As the latter two terms are
straightforward to calculate numerically, and the matrix
Z can be obtained by taking the (pseudo)inverse of Z−1,
Eq. (8) opens up a powerful route to calculate the anyonic
spectrum. The spectrum from the fermionic end in terms
of the relative statistics parameter can be calculated simply
with the replacement of the basis jSðAÞi → jAðSÞi in
Eq. (8).
As an example, we compute the eigenvalues for α

ranging from 0 to 1. For an easier comparison with the
result existing in Ref. [28], we calculate the spectrum from
the fermionic end. The result presented in Fig. 1 is
consistent with the one shown in Ref. [28], where the
spectrumwas calculated only for the subset of energy levels
with unit total angular momentum.
The general form of the impurity Hamiltonian (4) allow

us also to physically realize anyons on the sphere in terms
of quantum impurities. The kinetic energy of the particles

FIG. 1. Numerical computations of the energy of two anyons on
the sphere in the presence of a Dirac monopole in terms of the
relative statistics parameter; i.e., α ¼ 0 corresponds to fermions
and α ¼ 1 to bosons. We set 2B ¼ α and consider spherical
harmonics with the angular momentum up to lmax ¼ 8 for the
numerics. Compare Fig. 1 in Ref. [28].
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Quantum gravity: anyons on the event horizon...

knotting of the spin network at least in the vicinity of the
horizon as in Fig. 3, which cannot be unraveled through a
(small) bulk diffeomorphism. In the following we want to
investigate whether such a different knotting of the spin
network in the neighborhood of the horizon has any
observable consequences. The area operator would not
be of great help here, since Â is a function of the suð2 Þ-
Casimir operator and thus commutes with all the generators
of this Lie algebra. For a representation ρ̂ of a generic
element of the braid group one has

hρ̂ψjÂjρ̂ψi ¼ hψjρ̂−1Â ρ̂ jψi ¼ hψjÂjψi: ð61Þ

The area operator Â is thus also invariant under large
diffeomorphisms. In contrast to this, we will see that the
field strength F̂i is an observable which could in principle
be used to distinguish between different knottings since it
transforms under the action of large diffeomorphisms/braid
group of the punctured surface as

F̂i → F̂0i ¼ ρ̂−1F̂iρ̂: ð62Þ

To this aim, we take the difference of the expectation values

hρ̂nψjF̂ijρ̂nψi − hψjF̂ijψi; ð63Þ

where ρ̂n¼ ðqĴ
j
ρ1
⊗Ĵjρ2 Ppp0Þnwith n¼ 1, 2. Without loss of

generality we set N ¼ 2 and when using the Baker-
Campbell-Hausdorff formula and its Hadamard lemma
one yields

hψj
X∞

m¼0

ðni
2 π
kþ2 Þ

m

m!
½̂Jjρ1 ⊗ Ĵjρ2 ; ðP−1

12 ÞnF̂iðP12 Þn&m − F̂ijψi

ð64Þ

where ½̂Jjρ1 ⊗ Ĵjρ2 ; ðP−1
12 ÞnF̂iðP12 Þn&0 ≡ ðP−1

12 ÞnF̂iðP12 Þn

and ½̂Jjρ1 ⊗ Ĵjρ2 ; ðP−1
12 ÞnF̂iðP12 Þn&m ≡ ½̂Jjρ1 ⊗ Ĵjρ2 ; ½̂J

j
ρ1 ⊗ Ĵjρ2 ;

ðP−1
12 ÞnF̂iðP12 Þn&m−1&. Multiplying from the left with ρ̂n

gives

½̂Fi; ρ̂n& ≠0 ; ð65Þ

unless n¼ 2 and k → ∞. For n¼ 1 and k → ∞ (65)
reduces to expression (43). For example, when n¼ 2 the
commutator yields

½̂Fi; M̂& ¼ i
4 π

kþ 2

4 π
k

× iϵijkðδ2 ðx; x1ÞĴkρ1 ⊗ Ĵjρ2 þ Ĵjρ1 ⊗ Ĵkρ2 δ
2 ðx; x2 ÞÞ

þOðk−3 Þ: ð66Þ

A local stationary observer who resides on the node in
Fig. 3 at proper distance l to the horizon will be able to
discern braided from unbraided states e.g. by measuring
differences in the expectation values of the field strength
operator. When considering large black holes the effect of
the braiding onto the field strength would be negligible but
it would become relevant for smaller (and smaller getting)
black holes.
The physical picture behind the statistical phase is very

similar to what happens in electromagnetism when dealing
with the Aharonov-Bohm effect. To see this we use the
ideas presented in [49] and consider a locally flat con-
nection on S2 − fpg

AiaðxÞ ¼
ϕi

2 π
αaðxÞ ð67Þ

with αaðxÞ ∈H1ðΓ;ZÞ given by

αaðxÞ ¼ ϵab
xb− xbp

∥ð~x − ~xpÞ2 ∥
: ð68Þ

Ignoring the back of the sphere, its holonomy along a loop
γ is just given by

hγðAÞ ¼ Pei
H
γ
αadxa

ϕi
2 πĴ

i

¼ einγϕiĴi ð69Þ

providing a homomorphism from π1ðS2 − fpgÞ to SUð2 Þ.
For the physical interpretation of the parameters ϕi one
introduces the (pseudoscalar) non-Abelian magnetic field

Bi ¼ 1

2
ϵabFi

ab¼ δ2 ðx; xpÞϕi ð70Þ

and ϕi is just 4 πk Ĵ
i
ρp up to a sign when using (16). The flux

of this gravitomagnetic field through the patch S of the
surface of the sphere is given by

Φi½B; S& ¼
Z

S
Biϵabdxadxb¼ ϕi: ð71Þ

Hence, the parameters ϕi describe the flux of the grav-
itomagnetic field through the puncture p. Though it
vanishes outside of p, one has nonlocal observable effects
on S2 − fpg which are captured by (69). If we figure the

FIG. 3 (color online). Two incident bulk edges piercing the
horizon: unbraided vs upon the application of M̂ and B̂,
respectively.
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