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Outline

@ Quantum statistics in 2D vs. 3D

® Anyon models: algebraic - geometric - magnetic
© Exchange vs. exclusion (“statistical repulsion™)
O Examples: Abel, Fibonacci and Ising

@ (Algebraic anyon models)
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Quantum statistics (in 3D)
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Quantum statistics (in 3D)
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Quantum statistics done ‘wrong’
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Condenstate
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Sea
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Observable:  [W(x1,...,Xj,. ., Xk, ..., XN)|?, x; € R
Exchange symmetry: representation p: Sy — U(1)
+l:p=1 = bosons (Bose—Einstein statistics)
—1: p=sign = fermions (Fermi-Dirac statistics)
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Quantum statistics done ‘right’

The configuration space of N distinguishable particles: (R%)™
The configuration space of N identical particles in R%:  (cibbs]

cN = ((Rd)N \ AN> /SN > { N-point subsets of R}
Distinct points by removal of the diagonals:
AN = {(x1,...,xn) € RYN 1T j £k st xj = xp}

Exchanges of particles are continuous loops in C:

1, d=1,
{loops in CY modulo homotopy} = 71 (CY) = { By, d=2,
SNa d e

[Leinaas, Myrheim '77; Goldin, Menikoff, Sharp '81; Wilczek '82]
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The braid group

By is the braid group on N strands:

By = <01,. ..y ON—1:04054105 = 04100541, 00k = O’kUj>

Nall

12...5 ...N I 12...5 ...N

l7—k[>1

gj

Examples in By:

-k W=l

If we add the relations 0J2- = 1 we obtain the permutation group Sy
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Quantum statistics in 2D

Different in 2D!

quasiparticles )
I strong pot.
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Quantum statistics in 2D

< '

Exchange symmetry p: By — U(1)  any phase = “anyons”
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Abelian vs. non-abelian representations

An N-anyon wave function is /ocally a map ¥: Q C CVN — F,
F Hilbert space of ‘internal degrees of freedom' on which By acts:

p: BN — U(.F)

@)= [ (@00 W(X)rdx, 0P = [ |ep =1

cN cN

Irreducible abelian anyons: F = C,
ploy) = et

Reducible abelian anyons: 7 = CP”, D > 1,

p(c;) = S~ diag(e™'™, ..., e *P™)S
Non-abelian anyons: 7 =CP, D > N — 3,

p(oj)p(or) # plow)p(o;)  for some j # k.
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Application: Fractional quantum Hall effect at v = 5/2
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Application: Topological quantum computing

PRL 103, 160501 (2009) PHYSICAL REVIEW LETI
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FIG. 2 (color online). “Effective qubit” gate construction for
311(2); anyons. Part (a) shows a braid in which a pair of anyons
from the control qubit (blue) weaves around pairs of anyons in
the target qubit (green). When either qubit is in the state |0), this
braid produces the identity operation. When both control and
target qubits are in the state |1), the braid consists of weaving a

.

[Hormozi, Bonesteel, Simon]

follows this b
around pairs «
Fig. 2(a)], the
resulting two-
equivalent to :

We now tur
rule for combi
2. This implie
qubits shown i
The unitary of
shown in Fig.
While it is in

Exchange and exclusion for non-abelian anyons D. Lundholm 10/30(45)



Anyon (/plekton/nonabelion) models

algebraic geometric magnetic

Exchange and exclusion for non-abelian anyons D. Lundholm 11/30(45)



Anyon (/plekton/nonabelion) models

most general

!

algebraic —— geometric magnetic

-

p: By — U(D)
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Anyon (/plekton/nonabelion) models

most computational most general most realistic
. . — -
algebraic —— geometric _, Mmagnetic

statistics transmutation
p: BN — U(D)

Wilczek '82, Wu '84

Moore, Seiberg, Witten '89 Leinaas, Myrheim '77 +Arovas, Schrieffer '84
Frohlich et al. '90 Goldin, Menikoff, Sharp '81 Moore, Read '91, +Rezayi '99
Kitaev '97-'06- Verlinde '91, Lee, Oh '94 (NACS)
+Freedman, Wang '02- Dowker '85
Bonderson '07 Mueller, Doebner, '93 Mancarella, Trombettoni, Mussardo '13
+Gurarie, Nayak '11 Mund, Schrader '95 DL, Solovej '13,'14
Dell’Antonio, Figari, Teta '97 +Rougerie, Larson, Seiringer,
DL, Qvarfordt '17- Harrison, Keating, Robbins '11 Correggi, Duboscq '15-
Maciazek, Sawicki '19 Yakaboylu et al '19-
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Geometric vs. magnetic anyon models

Lengthy discussion on mathematical definitions...

N
T=2p
j=1

= Tp quantization of kinetic energy, labeled by p: By — U(D)

For abelian anyons, Tp is equivalent to the magnetic operator
2

N
- X
To = Z —iVx; + az k E—
— |XJ — Xg|
Jj=1 k#j
R2N).

acting on the bosonic Hilbert space Lsym(
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Geometric anyon models: definition

Free anyons: demand that locally, i.e. on any topologically trivial
open subset @ C CV, the particles behave like usual free
non-relativistic distinguishable particles (Schrodinger rep.)

N
To =) (-iVy)? on  UeCX(F) C LYY F),
j=1
with some fiber (local/internal) Hilbert space F =2 CP.

Fiber bundles: globally on CV we should consider a hermitian
vector bundle E — C" with fiber F, endowed with a (locally) flat
connection .A. Wave functions ¥ are L2-sections of this bundle.

Theorem: There is a 1-to-1 correspondence between such flat
bundles and representations p: 71 (CY) = By — U(F).

Definition: A geometric N-anyon model is such a rep. p = Tp
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Geometric anyon models: alt. definition

Consider the covering space, i.e. the space of paths from a fixed
base point modulo homotopy equivalences,

¢N —cN  with fiber By.
An N-anyon wave function ¥ € Lg is a p-equivariant function
U:CN = F, U(y.X) = p(W)¥(X), -~ loopinCY,
(D, W) 2 = /CN(CD(X),\IJ(X))]:dX.

The Sobolev space le is the closure of smooth p-equivariant

functions W: CV — F, with the projection of supp ¥ to CV
compact, w.r.t.

(D, W)y = /CN ((@(}Z),\IJ(X)>;+ <vq>()2),vqf()2))f2w) dx.

The associated operator is T}, > 0 (Friedrichs extension)
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Magnetic anyon models & transmutability

Sections ¥ are p-equivariant functions ¥,: CV — F,
U,(7.X) = p([A])¥,(X), = loopinCV.
Local gauge transformation ¥ — uWU where u: Q — U(F):
To=—(V4+A?  AX) = u(X) ' Vu(X)

If u,: CN — U(F) is a global section of the associated principal
bundle, . .
up(7.X) = p([(M)up(X), v loop in CV,

then we have a tranformation to trivial bundle ¥; € L2, (R*; F):

U,=u,¥ & Uy =u'V,
Definition: A transmutable N-anyon model is an N-anyon

model p: By — U(F) such that its corresponding flat principal
bundle P — C¥ is topologically trivial.
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Magnetic anyon models & transmutability

So, transmutable models p may equivalently be described using
bosons (or fermions) with gauge potentials A: R?N \ AN — y(F).

Obstacle: Only some of rep. theory of By and topology known.
Theorem: Any abelian model is transmutable. [powker ‘85, Mund, Schrader '95]

Theorem: Any rep p: By — U(D), N > 6, is abelian if
D < N — 2. [Formanek '96]
e In the non-abelian case typically D ~ ¢V for some ¢ > 0.
o NACS: p ~ pP% is transmutable.
e Transmutability of a bundle £ — C” improves with E @ E...
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Exchange vs. exclusion

energy

How do anyons actually behave?
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[Leinaas, Myrheim '77; Wilczek et al '82,'85;
Murthy, Law, Brack, Bhaduri, '91; Sporre, Verbaarschot, Zahed, '91,'92;
Correggi et al '19; Yakaboylu et al '19]
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Exchange vs. exclusion

Bosons, p(o;) = +1,
V(X1 Xy Xy oo, XN) = V(X100 Xy 0, X, -0, XN, JFK,

may be independent identically distributed in a single state ;:
N
U(x1,...,xy) = [ [ r(x).
j=1

Fermions, p(o;) = —1,
VXt Xy Xy oo, XN) = = V(X100 Xpy 0, X, -0, XN), JFR,
obey Pauli’s exclusion principle:

U(X1,. 03Xy, Xpy -, XN) =0 if x5 =%, j#k,

or, generally, & € A"V L2(R?), spanned by “Slater determinants”

(Y1 A AN (X, - - XN) =
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Exchange vs. exclusion

Consider T = —A = — Z;V:1 A, on the unit cube [0, 1]2V.
Ground-state energy En = infspec T’ for bosons:

Ex=MN= 0 alt. 27°N

Ground-state energy for fermions (Weyl’s law):

N
Ex =) \j~2rN>+0o(N?)
j=1

= Thomas-Fermi approximation:

Eny = inf \I!,T\If = inf / 2mo(x)? dx,
lI/elyz}sym:f]R2N |‘IJ|2:1< > QZO:fRQ g:N R2 ( )

What about anyons?

[Canright, Johnson '94 “Fractional statistics: o to 8"]
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Exchange vs. exclusion: anyons

Take a local approach to exchange and exclusion. [pL, solovej '13]

Statistical repulsion manifests in three ways (at least):
@ effective scalar pairwise repulsion = ¥ — 0 at AN
@ local exclusion principle: Ex > 72(N — 1)
© degeneracy pressure, ex. Thomas-Fermi or Lieb-Thirring
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Exchange vs. exclusion: anyons

Take a local approach to exchange and exclusion. [pL, solovej '13]

Statistical repulsion manifests in three ways (at least):
@ effective scalar pairwise repulsion = ¥ — 0 at AN
® local exclusion principle: Ex > m2(N —1)4
© degeneracy pressure, ex. Thomas-Fermi or Lieb-Thirring
Given p = py, consider ‘exchange operator’ (2p + 1 braidings):
Uy = p(0102...0p0p410p...0201), pe{0,1,...,N—2}
and ‘exchange parameters’ for p enclosed or n involved particles
By :=min{B € [0,1] : €™ or 7™ is an eigenvalue of U, }

= i . ne{0,1,...,N}.
n pe{o,f%f?,n_z}ﬁ” ned }
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The odd-numerator Thomae/‘popcorn’ function

QAN—oo = infp 4ez [(2p + 1) — 2q| (abelian)

1.0

0.6 -

0.2 . .

0.0 0.2 0.4 0.6 0.8 10 O
D. Lundholm 21/30(45)



The homogeneous ideal anyon gas

Theorem (D.L., Solovej, Larson, Seiringer, Qvarfordt)

For any sequence of N-anyon models py: By — U(Fn) with
n-anyon exchange parameters a,, = a,(N) € [0,1], 2 <n < N,
we have the uniform bounds

L0(ow)(1 = ON1) < By /N? <2071+ O(N-12),

where
C(pn) = max {c(az2), e(an)}

1
c(ag) :== 1 min{e(as),0.147},
and e(«) is a 2-particle energy, o € [0, 1]

a/3 < e(a) < 4ra(l+a), e(a)=4ra+ O(a*?).
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The homogeneous ideal anyon gas

Numerical lower bounds for e(a) = 4ma + O(a*/?),

at @ = AN o0 Versus c(ag) = }lmin{e(ag),o.l47}
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Statistical repulsion <= Poincaré inequality

Hardy inequality for fermions in RY: [Hofmann-Ostenhof?, Laptev, Tidblom ‘0]

bt Y 1
p=s1gn — N ' |>(‘7 _ Xk|2
1<j<k<N
Poincaré for fermions: u(—w) = —u(w), w € S¥! relative angles

/ Voul|? dw > (d—l)/ |u|? dw
Sd—1 gd—1

Poincaré for 2D fermions: u(p + m) = —u(yp)

2 27
| wrde = [T ura
0 0
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Statistical repulsion <= Poincaré inequality [2 anyons]

Poincaré for 2D fermions: u(p + m) = —u(yp)

s s
/ W 2dp > / ul? di
0 0

Poincaré for abelian anyons: u(p + ) = ™ u(yp), a € (—1,1]

s s
/ WPdp > o / ful? do
0 0

Poincaré for non-abelian anyons: u(p + ) = Upu(p), Uy € U(F)

/0 W2de > 82 /O ul? dp

Bo :=min{B € [0,1] : €™ or e~ is an eigenvalue of Uy}

= statistical repulsion for a pair of anyons if 5y > 0
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Statistical repulsion <= Poincaré inequality [2 + p anyons]

Poincaré for 2D fermions: u(p + m) = —u(yp)
s s
[ Wk = [ ke
0 0
Poincaré for abelian anyons: u(p + 7) = /™27ty (),
™ ™
/ W) dp > min|(2p+ 1)a — 2q|2/ lu|? dip
0 9€L 0

Poincaré for non-abelian anyons: u(¢+ ) = Uyu(y), U, € U(F)

tAsz@AWw

By :=min{B € [0,1] : ¢”’™ or 7™ is an eigenvalue of U, }

= statistical repulsion (Hardy, extensivity, LT) for anyons if 5, > 0
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Abelian anyons, ex. « = 3/5

_ ,(2p+l)ira
Up—e(p )

et3m/5 (p=0) Im
/5 (p=3)
e (p=2)
Re
197r/5 ( = 1)
e1'771'/5 (p = 4)

3/5, p=0,4,5,...
= Poincaré inequality with 8, = ¢ 1/5, p=1,3,...
1, p=27,..
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Fibonacci anyons: Exchange eigenvalues

@ Fib(p—1 @ Fib(p
Up ~ T,l,T (p ) @ UTyT’T ( )'

SPGC(UT,LT) _ {e4m'/576—3m‘/5}' SpeC(Uq—,T,-r) _ {e4m‘/57€wi/57e—ni/5}

et4m/5 (p>0)

Im

/o (p > 1)

e (p £ 1)

Re

e 5 (p= 1)

= Poincaré inequality with 8y = 3/5 and f,>1 =1/5
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Ising anyons: Exchange eigenvalues

on—1 on—1

Up:2n+1 ~ U Up 2n ™~ U@ U@

0,0,0 o,l,0 o, !
SpeC(Ua,a,a) _ {8_7”/8 71rz/8} spec Uala _ {e—m/S 31\'1/8} SpeC(Ugwg _ {6—57”'/87677”'/8}

Im .
€3m/8 (even p > 0)

em/8 (all p > 1)

Re
e~/8 (all p)

e7/8 (even p > 2)

= Poincaré inequality with §,>9 = 1/8

Exchange and exclusion for non-abelian anyons D. Lundholm 29/30(45)



Further references on the math-phys of anyons

Introduction and reviews of some recent (abelian) results:

D. L., Methods of modern mathematical physics: Uncertainty and
exclusion principles in quantum mechanics, lecture notes for a
master-level course given at KTH in 2017 and LMU Munich in 2019,
arXiv:1805.03063 (revision underway)

N. Rougerie, Some contributions to many-body quantum mathematics,
habilitation thesis, 2016, arXiv:1607.03833

D.L., Many-anyon trial states, Phys. Rev. A 96 (2017) 012116,
arXiv:1608.05067

M. Correggi, R. Duboscq, D. L., N. Rougerie, Vortex patterns in the
almost-bosonic anyon gas, EPL 126 (2019) 20005, arXiv:1901.10739
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Thanks!
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Algebraic anyon models

Bonus Part
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Algebraic anyon models

Braided fusion categories... Idea: zoom out

Labels / topological charges / particle types:
L =1{a,b,c,...} ={1,a,a,bb,...}
Fusion / splitting diagrams:

c a b b

resp. \Q%f 1
a c
a C

Span spaces V§ = Vc“b of dimension N, = number of ways
fusion /splitting can occur.
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Algebraic anyon models: Fusion

Fusion algebra: a,b € L,
axb= Z Ny c
ceL

The model turns out to be abelian if there is a unique result of
fusion,
axb=c

Typically, NS, € {0,1}, i.e. multiplicity-free models.

We write ¢ € a x b if NS # 0. Sums only over allowed indices.
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Algebraic anyon models: Fusion

Associativity of fusion: (a X b) x ¢ =a x (b X ¢)

= F operator (isomorphism on 2-split diagrams):

b c bc b bec
. _ aoc
F'aedHaj/%_de;feafd
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Algebraic anyon models: Braiding

Commmutativity of fusion: a x b=10 x a

= R operator (isomorphism on 1-split diagrams): R € U(V,2)

a b akb bab
%H?;@h%.

= B operator (isomorphism on 2-split diagrams): B := FRF~!

acb acb be
—é— Z dfe % fe _\lji

aed o d

abc bc ach b
_ZZ dng )d;fe agd
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Algebraic anyon models: Consistency conditions

XyzZw
FPZW nyl
Xxyzw Xyzw
FXyz yzw
u q
Xy zw Xyzw
r FXv r
q N
u u

Pentagon equation:

Faby Fucd Z Fabc Fawd Fbcd

e;zut e;yv viwut e;zv T riywr
weL
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Algebraic anyon models: Consistency conditions

y z X y z X
F
—_—
u u Y
p q
u
Hexagon equations: 6 \</
YT YTz PIT TYZ PrT YT
R FquRq - FurpRu Fuqr?
rel
Yy yrz zm TYz rm yzx
(Rp ) FUQP R ZFUTP R F“QT’
rel
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Algebraic anyon models

: Exchange operators
Standard splitting spaces:

n t t t t
V& = Span [ | |

: for all possible b;
a b1 b2 bn_z bn—l C

: for all possible b;
bi b2 b3 bn—1  bn

- tot tt
V.o = Span [ 1 - | |

EN AL a,t™
e @ v

acl
ceaxt™

Defines a representation p,: B, — U(V**’t");

t...t t...¢

t
o) || 2]

b1 be ...bj+1

Exchange and exclusion for non-abelian anyons
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Algebraic anyon models: Exchange operators

t ct
tct k\ R . t ct
. — ac atc
Ut,C,t * abde = - Z Bd,fb Be;gd Bg7hf_|_|_|_
f’g:h a h g €
a b de
bttty t
N
t t \\
t 11 t2
Uty oty — L [ ... i | —
ai a2 az a4 Ap+1 Ap+2 Ap43
al az ... ap+3
If the anyon type t =1 = ... =1, is understood: U, := Uy v ;

Up = pn(o102...0p0p410p...0201)
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Exchange in algebraic anyon models

t1 ty, t

— o

Theorem ([DL, Qvarfordt])

The exchange operator of two t's around t1, ... ,t, is given by

U ft1,. o)t ™ @ Utct

cEty X...Xtp

where c is a possible result of the fusion t; x t3 X ... x t,, counted

with multiplicity.

y

Exchange and exclusion for non-abelian anyons D. Lundholm
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Fibonacci anyons

Model: £ ={1,7},
TXT=14T

N-particle basis states:

T T T T T TTT TTT TTT
[ [ L1 L1 L1

17’ 171’177’ 17711717’ 17771’

™ = Fib(N — 1)1 4 Fib(N),
where Fib(0) = 0, Fib(1) = 1, Fib(n) = Fib(n — 2) + Fib(n — 1).

¢—1 ¢—1/2 B 1+\/5
¢—1/2 _¢_1 » Y 9 )

Rﬂl'T — 6471'1'/57 R:T — e—37ri/5'

F'"=1 and F" = [

An N-anyon Fibonacci model: F = vl =P, D= Fib(N +1)
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Fibonacci anyons: Exchange eigenvalues

UT,TP,T - UEB Fib(p—1) o U@ Fib(p)

1,7 T,T,T '
SpeC(Ur,l,r) — {e4m'/576—3m‘/5}' SpeC(Uq—,T,-r) _ {e4m‘/57€wi/57e—7ri/5}

D=0 Im

oidm /5

Re

e—3im/5
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Fibonacci anyons: Exchange eigenvalues

UT,TP,T - UEB Fib(p—1) o U@ Fib(p)

1,7 T,T,T '
SpeC(Ur,l,r) — {e4m'/576—3m‘/5}' SpeC(Uq—,T,-r) _ {e4m‘/57€wi/57e—7ri/5}

Im

i /5 eim/5

Re

—im/5
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Fibonacci anyons: Exchange eigenvalues

Urzpr o~ U@ Fib(p—1) S

71,7

U@ Fib(p)

T,T,T

SPGC(UT,LT) — {e4m'/576—3m‘/5}' SpeC(Uq—,T,-r) _ {e4m‘/57€wi/57e—ni/5}

Im
p=>2:
i /5 eim/5
Re
e—iw/S
e—3im/5

= Poincaré inequality with 8y = 3/5 and ,>1 =1/5
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Ising anyons

Model: £ ={1,¢,0},

oxo=1+1, o X =o, Yxyp=1
o oo oo coo coo cooo cooo
R A TR S A A A
1o’ 101’ 1oy’ 1ocl1loc’ loypo’ 1olol’ loypol’

a2n+1 — 2n0_, O_Qn —_ 2n—1(1 + ¢)

1 |11
_ Yo _ _
= L _1]’ Fye = Fioy =1,

Rzlfa _ e—ﬂ"i/S, pra _ e37ri/8, Rgd) _ Rga _ —1:, R'lllﬂl) - 1.

An N-anyon Ising model: TpN with F = V*LUN ~ D p =22
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Ising anyons: Exchange eigenvalues

@2" @211 1 @Qn 1
Ua,02"+1, Ua 0,0 UO' o2",0 Ua 1,0 o, oo !
SpeC(Ua,a,a) _ {8_7”/8 71rz/8} spec Uala _ {e—m/S 31\'1/8} SpeC(ang _ {6—57”'/87677”'/8}
0: Im .
p=0U: e3im/8
Re
e—im/8
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Ising anyons: Exchange eigenvalues

@2" @211 1 @Qn 1
Ua,02"+1, Ua 0,0 UO' o2",0 Ua 1,0 o, oo !
SpeC(Ua,a,a) _ {8_7”/8 71rz/8} spec Uala _ {e—m/S 31\'1/8} SpeC(ang _ {6—57”'/87677”'/8}
Im
p=1
Tim/8

Re

e—im/8
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Ising anyons: Exchange eigenvalues

2™
UO' g,0)
—m/8 71rz/8}

@2~ 1 @2~ 1
Ua 1,0 ®U, o, !
—m/s 3m/8} spec(anu _ {e

U0,02"+1, UO' 0’2" Nes

SpeC(Ua,a,a) = {e spec( Ual o) = {e —57ri/87 e7m’/8}

Im

p > 2 (even): e3im/8
o Tim/8
Re
o—in/8
o—5im/8

= Poincaré inequality with 8,>0 = 1/8
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