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Motivation

Consider two non-interacting bosons. Spin-statistics theorem says

|ψ1ψ2〉 = |ψ2ψ1〉

Would the statistics be the same when we immerse these two bosons in a 2D
many-particle bath?

?
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Polaron

Consider an electron immersed in a lattice

Figure: From Devreese

Complicated many-body interaction

Can be simplified within the quasiparticle picture

q,m→ q∗,m∗

Polaron: electron dressed by lattice excitation
Landau, Pekar, Fröhlich, Bogoliubov, Feynman, Holstein, Devreese, Lieb, ..
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Fröhlich Hamiltonian : weakly interacting bath

The Hamiltonian

Ĥpol =
P 2

2m
+
∑
k

ω(k)b̂†kb̂k +
∑
k

V (k)
(
e−ik·x̂b̂†k + e ik·x̂b̂k

)

Conservation of linear momentum

[Π̂, Ĥpol] = 0 , Π̂ = P̂ +
∑
k

kb̂†kb̂k

Variational approach: |Ψp〉 =
√
Z |p〉|0〉+

∑
k β(k)|p− k〉b̂†k|0〉

E =
p2

2m
−
∑
k

V (k)2

(p− k)2/(2m) + ω(k)− E − i0+︸ ︷︷ ︸
self-energy - summation of one-phonon diagrams

Pekar ansatz: |Ψ〉 = |ϕ〉|ξ〉

ε[ϕ] =

∫
d3x |∇ϕ|2 − α

∫
d3x d3y |ϕ(x)|2

1

|x− y|
|ϕ(y)|2
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Angulon

Angulon – a quantum rotor dressed by bosonic field excitations.
R. Schmidt and M. Lemeshko, PRL 114, 203001 (2015)

Figure: From Lemeshko

The angulon Hamiltonian

Ĥang = BL̂2 +
∑
kλµ

ω(k)b̂†kλµb̂kλµ +

interaction︷ ︸︸ ︷∑
kλµ

Uλ(k)
[
Y ∗λµ(θ̂, φ̂)b̂†kλµ + Yλµ(θ̂, φ̂)b̂kλµ

]
Conservation of angular momentum

[Ĵ2, Ĥang] = [Ĵz , Ĥang] = 0 , Ĵ = L̂+

Λ̂︷ ︸︸ ︷∑
kλµν

σλµν b̂
†
kλµb̂kλν

The variational state

|ψLM〉 =
√
Z |LM〉|0〉+

∑
kλµjm

βλj (k)CLMjmλµ|jm〉b̂
†
kλµ|0〉
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Emergence of gauge fields

The general Hamiltonian:

Ĥ = −µ∇2 + Ĥmb(r;ϕ) ; Ĥ〈r|ΨE 〉 = E〈r|ΨE 〉

Coordinate of the impurity, r, is an external parameter in the many-body
Hamiltonian: Ĥmb(r;ϕ)|ϕn(r)〉 = εn(r)|ϕn(r)〉.

The state can be expanded as 〈r|ΨE 〉 =
∑

n Φ
E
n (r)|ϕn(r)〉

The eigenvalue equation for the impurity:∑
n

Heff
nmΦ

E
m(r) = EΦE

n (r)

with the effective impurity Hamiltonian

Heff
nm = −µ

∑
l

[δnl∇+ 〈ϕn|∇|ϕl 〉] · [δlm∇+ 〈ϕl |∇|ϕm〉] + εnδnm
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Emergence of gauge fields - restriction of the basis vectors

The non-Abelian gauge field:

Amn(r) = 〈ϕm(r)|i∇|ϕn(r)〉 (1)

If Ann � Amn, we can neglect off-diagonal terms:

〈r|ΨE 〉 ≈ ΦE
n (r)|ϕn(r)〉 → U(1) gauge field,

e.g., adiabatic approximation for a non-degenerate state.

If

〈r|ΨE 〉 ≈
N∑
n

ΦE
n (r)|ϕn(r)〉 → U(N) gauge field,

e.g., adiabatic approximation for a degenerate state.

We truncate the number of basis vectors by a variational state.
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Non-Abelian magnetic monopole
EY, A. Deuchert, and M. Lemeshko, PRL 119, 235301 (2017)

Go back to the angulon Hamiltonian

Ĥang = BL̂2 +
∑
kλµ

ω(k)b̂†kλµb̂kλµ +
∑
kλµ

Uλ(k)
[
Y ∗λµ(θ̂, φ̂)b̂†kλµ + Yλµ(θ̂, φ̂)b̂kλµ

]

In the co-rotating frame

Ŝ = e−iφ̂⊗Λ̂z e−i θ̂⊗Λ̂y e−iφ̂⊗Λ̂z

the Hamiltonian

Ĥ′ang = Ŝ−1ĤangŜ = B(L̂′ −Λ)2 +
∑
kλµ

ω(k)b̂†kλµb̂kλµ +
∑
kλ

Vλ(k)
[
b̂†kλ0 + b̂kλ0

]

Observe that

[L̂2, Ĥ′ang] = [L̂z , Ĥ
′
ang] = 0 but [L̂′z , Ĥ

′
ang] 6= 0

Variational state

|Ψ ′LM〉 = g0|
L̂2︷︸︸︷
L

L̂z︷︸︸︷
M

L̂′z︷︸︸︷
0 〉|0〉+

∑
kλn

αλn(k)|LMn〉b̂†kλn|0〉
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Variational state

Truncated state

〈Ω|ΨLM〉 =

2λmax+1∑
n=1

ΦLM
n (Ω)|ϕn(Ω)〉

The basis vectors

|ϕn(Ω)〉 = Ŝ(Ω)

(
δn0g0|0〉+

∑
kλ

αλn(k)b̂†kλn|0〉
)

The impurity wave function

ΦLM
n (Ω) = 〈Ω|LMn〉 : spin weighted spherical harmonics

14 / 62



Quantum Impurity Problems and Emergent Gauge Fields Realization of Anyons N-anyon Problem Symmetries of Quantum Impurities Conclusion

Non-Abelian magnetic monopole

Uλ(k) = 0 for λ > 1, then U(3) gauge field:

Aφ =

− cot θ −κ√
2

0
−κ∗√

2
0 −κ∗√

2

0 −κ√
2

cot θ

 , Aθ =


0 iκ√

2
0

−iκ∗√
2

0 iκ∗√
2

0 −iκ√
2

0


κ ≡ κ(ω,Uλ,B)

The curvature

Fφθ = i [Dφ,Dθ] = ∂φAθ − ∂θAφ − i [Aφ,Aθ] = (1− |κ|2)

−1 0 0
0 0 0
0 0 1


is the strength of a U(3) magnetic monopole with charge g = 1− |κ|2.
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Non-Abelian magnetic monopole

Angulon: an impurity interacting with the field of a non-Abelian magnetic monopole.
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Topology: Abelianization

The Chern number

c =
1

2π

∮
dΩ Tr F = 0 trivial topology?

For κ = 0, the monopole gauge field becomes ‘Abelianized,’ i.e.

Aφ = cot θ

−1 0 0
0 0 0
0 0 1

 , Aθ = 0 ⇒ A = A− ⊕A0 ⊕A+

A± is the Dirac monopole field with the charge

g± = ±1 = c± → topological restriction

The transition from a non-Abelian vector potential to an Abelian vector potential is a
topological transition of the underlying vector bundle.
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Spin-statistics theorem and gauge fields

Spin-statistics theorem
|ψ1ψ2〉 = (−1)2s |ψ2ψ1〉 .

Two-body wave function in relative coordinates

ψ′(r , ϕ+ π) = e iξ ψ′(r , ϕ) , (2)

ξ = 0 ⇒ bosons

ξ = π ⇒ fermions

True only in 3+1 : Poincaré group → SO(3) → quantized spin
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2D

In a 2-spatial dimensional world rotation is trivial:

Poincaré group → SO(2) → NO spin quantization → any statistics : 0 ≤ ξ ≤ π
J.M. Leinaas and J. Myrheim, Nuovo Cimento B37, 1 (1977)

Unusual boundary conditions

ψ′(r , ϕ+ 2π) = e i2ξ ψ′(r , ϕ) 6= ψ′(r , ϕ)

Single-valued wave function, ψ(r , ϕ) = exp[−2iξϕ/(2π)]ψ′(r , ϕ), is governed by
the Hamiltonian

e−2iξϕ/(2π) Ĥ′
{
∂

∂ϕ

}
e2iξϕ/(2π) = Ĥ

{
∂

∂ϕ
+ i

2ξ

2π

}
(3)

A =
2ξ

2π
is the statistical gauge field:

anyon = boson/fermion interacting with the statistical gauge field.
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Realization of anyon

A magnetic field can substitute the role of the statistical gauge field.

Wilczek picture: Flux-tube-charged-particle composites

Chern-Simons picture: Charged particle coupled to Chern-Simons gauge field

Figure: Realization of anyon
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Two-impurity problem
EY and M. Lemeshko, Phys. Rev. B 98, 045402 (2018)

How to realize anyons in a more realistic problem?

Emergent gauge field

Consider two non-interacting impurities immersed in a 2D bath

Ĥ2imp =
1

2m
P̂ 2

1 +
1

2m
P̂ 2

2 +
∑
k

ω(k)b̂†kb̂k+
∑
k

V (k)
[
e−ik·x̂1 + e−ik·x̂2

]
b̂†k+H.c.

In relative coordinates

Ĥrel =
1

m
L̂2
z +

∑
kµ

ω̃(k)b̂†kµb̂kµ +
∑
kµ

Yµ(k)
[
e−iµϕ̂b̂†kµ + e iµϕ̂b̂kµ

]
+ Γ̂ (O(b̂2)) (4)

Observe that

[Ĵz , Ĥrel] = 0 , Ĵz = L̂z + Λ̂z , Λ̂z =
∑
kµ

µb̂†kµb̂kµ
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Statistics of impurities
EY and M. Lemeshko, Phys. Rev. B 98, 045402 (2018)

In the rotating frame, Ŝ = e−iϕ̂⊗Λ̂z , the Hamiltonian

Ĥ′rel = Ŝ−1ĤrelŜ =
1

m
(L̂z − Λ̂z )2 +

∑
kµ

ω̃(k)b̂†kµb̂kµ +
∑
kµ

Yµ(k)
[
b̂†kµ + b̂kµ

]
+ Γ̂

The angular part of the impurity decouples:

〈ϕ|Ψ〉 = 〈ϕ|M〉Ŝ |bosn〉 → U(1) gauge field A = 〈bosn|Λ̂z |bosn〉 , (5)

where |bosn〉 is the eigenstate of

Ĥbos =
1

m
(M − Λ̂z )2 +

∑
kµ

ω̃(k)b̂†kµb̂kµ +
∑
kµ

Yµ(k)
[
b̂†kµ + b̂kµ

]
+ Γ̂

By using ∂Ĥbos/∂M = 2B(M − Λ̂z ) and the Hellmann-Feynman theorem, one
obtains

A = M −
1

2B

∂E

∂M
. (6)
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By using ∂Ĥbos/∂M = 2B(M − Λ̂z ) and the Hellmann-Feynman theorem, one
obtains

A = M −
1

2B

∂E

∂M
. (6)

33 / 62



Quantum Impurity Problems and Emergent Gauge Fields Realization of Anyons N-anyon Problem Symmetries of Quantum Impurities Conclusion

Two-impurity problem

The energy can be approximated by a variational energy

|var〉 =
√
Z |0〉+

∑
kµ

βkµb̂
†
kµ|0〉 , δ〈var|Ĥbos − E |var〉 = 0 (7)

M=2

M =0

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.1

0.2

0.3

0.4

0.5

34 / 62



Quantum Impurity Problems and Emergent Gauge Fields Realization of Anyons N-anyon Problem Symmetries of Quantum Impurities Conclusion

Two-impurity problem

The energy can be approximated by a variational energy

|var〉 =
√
Z |0〉+

∑
kµ

βkµb̂
†
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Statistics of impurities

In the presence of a bath, each impurity turns into a tightly bound
flux-tube-charged-particle composite.
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Chern-Simons

A particle coupled with the Chern-Simons field:

S =
1

2

∫
dt

N∑
q=1

ẋ2
q −

∫
d3y Aµ(y)jµ(y) +

k

2

∫
d3y εµνρAµ∂νAρ ,

where k is the level parameter.

The N-anyon Hamiltonian is given by

ĤN-anyon =
1

2

N∑
q=1

[−i∇q −Aq(xq)]2 ,

where the gauge field is

Ai
q(xq) = α

N∑
p( 6=q)=1

εij
(
x jq − x jp

)
|xq − xp |2

. (8)

α = 1/(2πk) which interpolates between 0 (boson) and 1 (fermion).

In the Chern-Simons theory, the flux is given by Φ = 1/k → α = Φ/(2π), whereas
in the flux-tube-charged-particle composite picture, i.e., in the Maxwell theory,
α = 2ξ/(2π) with ξ being the flux of the each composite.
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Emergent Chern-Simons field

Our aim is to define the statistics gauge field as an emergent gauge field:

Aq(xq) = i〈ψn(xq)|∇q |ψn(xq)〉 . (9)

Consider a free N-boson system coupled to a light system

Ĥtot = −
1

2

N∑
q=1

∇2
q + Ĥlight(xq) . (10)

The corresponding eigenvalue equation can be written as∑
m

Heff
nmΦ

E
m(xq) = E ΦE

n (xq) ,

where the effective Hamiltonian is

Heff
nm = −

1

2

N∑
q=1

∑
l

[δnl∇q + 〈ψn|∇q |ψl 〉] · [δlm∇q + 〈ψl |∇q |ψm〉] + εnδnm ,

and |ψn(xq)〉 is the eigenstate of the light Hamiltonian.
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Emergent Chern-Simons field

Assume that in the adiabatic limit 〈ψn|∇q |ψm〉 ≈ δnm〈ψn|∇q |ψn〉:

1

2

N∑
q=1

[−i∇q − i〈ψn|∇q |ψn〉]2 ΦE
n (xq) = (E − ε̃n(xq))ΦE

n (xq) ,

For an eigenstate in the form of

|ψn(xq)〉 = exp [−iα̂Θ(xq)] |ψ̃n〉 ,

where

Θ(xq) =
∑
q>p

arctan

[
yq − yp

xq − xp

]
,

the emergent gauge field

i〈ψn(xq)|∇q |ψn(xq)〉 = α
N∑

p( 6=q)=1

εij
(
x jq − x jp

)
|xq − xp |2

.

The statistics parameter emerges as α = 〈ψ̃n|α̂|ψ̃n〉 for some operator α̂ acting
on the light system.
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TWO APPROACHES
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CS from bath

Bath as a light system

N-impurity problem at the Fröhlich level

Ĥtot = −
1

2

N∑
q=1

∇2
q +

∑
µ

ωµ b̂†µb̂µ +
∑
µ

λµ
(
e−iβµΘ(xq)b̂†µ + H.c.

)
.

Adiabacity condition

∑
ν

βν

(
λν

ων

)2

� βµ
λµ

ωµ
→ Emergent CS field

Free N bosons become N anyons
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CS from bath

For instance, the Nph →∞ solution of the following impurity Hamiltonian gives
anyons

Ĥtot = −
1

2

N∑
q=1

∇2
q +

Nph∑
µ=1

√
Nph b̂

†
µb̂µ +

Nph∑
µ=1

√
α
(
e−iΘ(xq)b̂†µ + H.c.

)
(11)

Does it bring new insights to the N-anyon problem, such as the upper and lower
bounds of the problem ?

46 / 62



Quantum Impurity Problems and Emergent Gauge Fields Realization of Anyons N-anyon Problem Symmetries of Quantum Impurities Conclusion

CS from impurity

Impurity as a light system

Quantum dissipation model

Ĥtot =
1

2

N∑
q=1

(
−∇2

q + x2
q

)
+∆

(
Ĵz
)n

+ h
(
e−iΘ(xq)Ĵ+ + H.c.

)

Spin-Boson model

Ĥtot =
N∑

q=1,i=x,y

(
â†q,i âq,i + 1

)
+∆

(
Ĵz
)n

+hĴ+

N∏
p>q

â†q,y − â†p,y + âq,y − âp,y

â†q,x − â†p,x + âq,x − âp,x
+H.c.

(12)

Bosonic bath turns into anyonic bath in the presence of a single impurity
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+hĴ+

N∏
p>q
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Symmetries of quantum impurities

Rigid rotor is given by SO(3)

Hrotor = B J2︸︷︷︸
Casimir operator

Angulon: a rotor dressed by the field excitations

B → B∗: a deformed rotor

in perturbative regime:

B → B∗ = B −
1

2

2∑
j=0

∑
kλj′

(2

j

) (−1)jVλ(k)2
[
C j′0

2−j0,λ0

]2

Bj ′(j ′ + 1) + ω(k)− B(2− j)(3− j)
+O(Uλ(k)4)

Can we find a symmetry group for angulon?
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Quantum groups

Conjuncture
EY, M. Shkolnikov, and M. Lemeshko, PRL 121, 255302 (2018)

let us deform the group SO(3) → SOq(3)

deformation of the Lie algebra

[Ĵqz , Ĵ
q
±] = ±Ĵq± [Ĵq+, Ĵ

q
−] = [2Ĵqz ]q , (13)

where the square bracket implies

[Â]q =
qÂ − q−Â

q − q−1
, (14)

with the deformation parameter q such that limq→1[Â]q = Â.

The Hamiltonian

Hdeformed rotor = B
(
Ĵq−Ĵ

q
+ + [Ĵqz ]q [Ĵqz + 1]q

)
︸ ︷︷ ︸

Casimir of the quantum group
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Renormalization of B

Within the quantum group

B → B∗ = B cos(3τ) = B(1− 9τ2/2 +O(τ4)) ,

where q = exp(iτ).

Match it with the perturbative result

τ =

 1

9B

∑
kλj′j

(2

j

) (−1)jVλ(k)2
[
C j′0

2−j0,λ0

]2

Bj ′(j ′ + 1) + ω(k)− B(2− j)(3− j)


1/2

B∗ = B cos(3τ) is valid in any coupling ???
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Renormalization of B
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Conclusion

Quantum impurity problems can be considered as charged particle/s coupled to a
gauge field.

In the angulon case, the emergent gauge field is a non-Abelian magnetic monopole

A 2D bath attaches a magnetic flux to impurities; fractional statistics

N-anyon setup is possible: either N bosonic impurities turn into N anyons, or bosonic
bath into anyonic bath in the presence of an impurity

Non-Abelian anyons ???
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