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Motivation

e Consider two non-interacting bosons. Spin-statistics theorem says

[1th2) = |vh2tP1)

-'---------(---.-....'.
* ’
- e

@ Would the statistics be the same when we immerse these two bosons in a 2D
many-particle bath?

Conclusion

[e]e]e}
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@ Quantum Impurity Problems and Emergent Gauge Fields
@ Polaron and angulon
@ Emergence of gauge fields
@ Non-Abelian magnetic monopole

© Realization of Anyons
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Quantum Impurity Problems and Emergent Gauge Fields
°

@ Quantum Impurity Problems and Emergent Gauge Fields
@ Polaron and angulon
o Emergence of gauge fields
@ Non-Abelian magnetic monopole
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Polaron

o Consider an electron immersed in a lattice

@9 o @
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Figure: From Devreese

o Complicated many-body interaction
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Polaron

o Consider an electron immersed in a lattice
@9 0 9
@ @ @9
@@‘® @
@ @ 499
@ Q9 9 Q
Figure: From Devreese

o Complicated many-body interaction
e Can be simplified within the quasiparticle picture
q,m—q*,m"

@ Polaron: electron dressed by lattice excitation
Landau, Pekar, Frohlich, Bogoliubov, Feynman, Holstein, Devreese, Lieb, ..
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Quantum Impurity Problems and Emergent Gauge Fields
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Frohlich Hamiltonian : weakly interacting bath

@ The Hamiltonian

N P2 FUN N PR
Aot = 5— + > w(k)BL b + 3 V(k) (e *b] + ™y
k k

o Conservation of linear momentum

1T, Flo] =0, 1= B+ > kBlby
k

o Variational approach: |¥p) = vZ|p)|0) + 3, B(k)|p — k>5;2|0>
s V(K2
E=om™ ; (p — k)2/(2m) + w(k) — E — iO*

self-energy - summation of one-phonon diagrams

o Pekar ansatz: |¥) = |¢)[€)

clel = [@xIVel—a [ dxdiy [o(@)? o)

|z — yl
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Angulon

@ Angulon — a quantum rotor dressed by bosonic field excitations.
R. Schmidt and M. Lemeshko, PRL 114, 203001 (2015)
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Figure: From Lemeshko

o The angulon Hamiltonian

interaction
Ha"g - BL +Z k)bk)\ubk)\,u +Z Ux k) [YAH(G d))bk/\u + Y)x,u(éy (;)BIO\;L]
kxp kxp
@ Conservation of angular momentum
A

/—’\_\
[J?, Hang] = [Jz, Hang] =0, J =L+ Z ) Aubkku
kpv

@ The variational state

[Yim) = VZILM)[0) + D Brj(k)Ci . Lim) B, 10)

kApjm 8/62
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Emergence of gauge fields

@ The general Hamiltonian:

H=—uV?+ Hup(rip) ; Hr|¥e) = E(r|¥e)
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Quantum Impurity Problems and Emergent Gauge Fields
L Je]

Emergence of gauge fields

@ The general Hamiltonian:

H=—uV?+ Hup(rip) ; Hr|¥e) = E(r|¥e)

o Coordinate of the impurity, 7, is an external parameter in the many-body
Hamiltonian: Hup(7; ©)|en(r)) = en(r)|en(r)).

The state can be expanded as (r|¥g) = 3, DE(r)|pn(r))

@ The eigenvalue equation for the impurity:
Z HE® BF (r) = EDE(r)

with the effective impurity Hamiltonian

Helt = =1 " [0mV + (2l VIeN] - [6imV + (21| V|em)] + €nbm
!
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Emergence of gauge fields - restriction of the basis vectors

The

non-Abelian gauge field:

Amn("") = <<,0m(’l’)|l'V|30n('l°)>

(1)J

If App > Apmn, we can neglect off-diagonal terms:
(r|WEY = #E(r)|@n(r))  —  U(1) gauge field,

e.g., adiabatic approximation for a non-degenerate state.

(r|wE) ~ Z SE(r)|pn(r)) —  U(N) gauge field,

e.g., adiabatic approximation for a degenerate state.
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Quantum Impurity Problems and Emergent Gauge Fields
oe

Emergence of gauge fields - restriction of the basis vectors

The non-Abelian gauge field:
(1)J

Amn("") = <<,0m(’l’)|l'V|30n('l°)>

o If Anp > Amn, we can neglect off-diagonal terms:
(r|WEY = #E(r)|@n(r))  —  U(1) gauge field,

e.g., adiabatic approximation for a non-degenerate state.

o If
(r|wE) ~ Z SE(r)|pn(r)) —  U(N) gauge field,

e.g., adiabatic approximation for a degenerate state.
@ We truncate the number of basis vectors by a variational state.
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Non-Abelian magnetic monopole
EY, A. Deuchert, and M. Lemeshko, PRL 119, 235301 (2017)

o Go back to the angulon Hamiltonian

Ha"g =BL? + Z k)bk,\ubkku +Z Ux k) [YAM(Q d’)bk/\u + qu(éy é)BIO\M]
kX p kA p

@ In the co-rotating frame
§ = ¢ 04 —ibR4A, —id0A;

the Hamiltonian

Aing = 5 HangS = B(L' — A)* + Zw(k)f’zmi’k%# +>_Valk) [BZAO + B“)‘O]
kXp kX

o Observe that
[IA’Qv I:I;ng] = [LA27 ang] =0 bUt [L/ H:-/mg] 7£ 0

@ Variational state

L,
N
M

h} &
o>~ >

)10) + Z O‘)\n(k)lLM”> k)\,,|0>
kAn

|‘I’£M> = gol
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Quantum Impurity Problems and Emergent Gauge Fields
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Variational state

@ Truncated state
2Amax+1

(@) = Y M(D)len(2))
n=1

@ The basis vectors

lon(£2)) = 5(£2) (anogo|o> + Zaxn(k)f)zmo))

9N

@ The impurity wave function

SLM(2) = (2|LMn) : spin weighted spherical harmonics
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Quantum Impurity Problems and Emergent Gauge Fields
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Non-Abelian magnetic monopole

o Uy(k) =0 for A > 1, then U(3) gauge field:

—cotd £ 0 0 % 0
_ —r* —r* _ —ix* iw*
Al v 2 IRl (v fjﬁ V2
0 7 cotd 0 72 0

k = k(w, Uy, B)
o The curvature
-1

0 0
F¢9 = I[D(;/>7 Dg] = 8¢A9 - 89/44) - I[A¢,Ag] = (1 - ‘K/|2) 0 0 0
0 0 1

is the strength of a U(3) magnetic monopole with charge g = 1 — |x|%.
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Non-Abelian magnetic monopole

Angulon: an impurity interacting with the field of a non-Abelian magnetic monopole. J
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Topology: Abelianization

@ The Chern number

1
c= o d2 TrF =0 trivial topology?
T
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Topology: Abelianization

@ The Chern number
1

c= o d2 TrF =0 trivial topology?
m

o For k = 0, the monopole gauge field becomes ‘Abelianized,’ i.e.

-1 0 O
A¢:C0t9 0 0 0), Ag=0 = A=A_PA P A;+
0 0 1

o A is the Dirac monopole field with the charge

g+ =*1=c4 — topological restriction
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Topology: Abelianization

@ The Chern number
1

c= o d2 TrF =0 trivial topology?
m

o For k = 0, the monopole gauge field becomes ‘Abelianized,’ i.e.

-1 0 O
A¢,:C0t9 0 0 0), Ag=0 = A=A_QA)p A4
0 0 1

o A is the Dirac monopole field with the charge
g+ =*1=c4 — topological restriction

1.0/

0.8/

F
@ 0.6

04

0.05

m/(gz— )

0.10

0.2

000"

The transition from a non-Abelian vector potential to an Abelian vector potential is a
topological transition of the underlying vector bundle.
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Realization of Anyons
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© Realization of Anyons
@ Spin-statistics theorem and gauge fields
@ Two-impurity problem
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Realization of Anyons
@00

Spin-statistics theorem and gauge fields

@ Spin-statistics theorem

[h1ep2) = (—1)% [4honfn) .

o Two-body wave function in relative coordinates

P (rp+m) =ty (r,e),

=0 = bosons
§=m

= fermions

()
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Realization of Anyons
@00

Spin-statistics theorem and gauge fields

@ Spin-statistics theorem

[h1ep2) = (—1)% [4honfn) .

o Two-body wave function in relative coordinates

W(rp+m) =€y (re), )
=0 = bosons
(=m = fermions

o True only in 3+1 : Poincaré group — SO(3) — quantized spin
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2D

Realization of Anyons
(o] o}

@ In a 2-spatial dimensional world rotation is trivial:

Poincaré group — SO(2) — NO spin quantization — any statistics : 0 < ¢ <7
J.M. Leinaas and J. Myrheim, Nuovo Cimento B37, 1 (1977)
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2D

Realization of Anyons
(o] o}

@ In a 2-spatial dimensional world rotation is trivial:
Poincaré group — SO(2) — NO spin quantization — any statistics : 0 < ¢ <7
J.M. Leinaas and J. Myrheim, Nuovo Cimento B37, 1 (1977)

@ Unusual boundary conditions

P (o +2m) = e (r,0) # V' (r, )
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Realization of Anyons
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2D

@ In a 2-spatial dimensional world rotation is trivial:

Poincaré group — SO(2) — NO spin quantization — any statistics : 0 < ¢ <7
J.M. Leinaas and J. Myrheim, Nuovo Cimento B37, 1 (1977)

@ Unusual boundary conditions

P (o +2m) = e (r,0) # V' (r, )

@ Single-valued wave function, ¥(r, ) = exp[—2i€p/(27)]¢’(r, @), is governed by
the Hamiltonian

o200/ (2m) {;} 2o/ _ {3 n ,-E} 3)
©

2
o A= 2—5 is the statistical gauge field:

T
anyon = boson/fermion interacting with the statistical gauge field.
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Realization of anyon

@ A magnetic field can substitute the role of the statistical gauge field.
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Realization of Anyons
ooe

Realization of anyon

@ A magnetic field can substitute the role of the statistical gauge field.
o Wilczek picture: Flux-tube-charged-particle composites

@ Chern-Simons picture: Charged particle coupled to Chern-Simons gauge field

2

q

o
Wilczek Chern-Simons

Figure: Realization of anyon
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Two-impurity problem
EY and M. Lemeshko, Phys. Rev. B 98, 045402 (2018)

@ How to realize anyons in a more realistic problem?
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Two-impurity problem
EY and M. Lemeshko, Phys. Rev. B 98, 045402 (2018)

@ How to realize anyons in a more realistic problem?

Emergent gauge field
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Realization of Anyons
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Two-impurity problem
EY and M. Lemeshko, Phys. Rev. B 98, 045402 (2018)

o How to realize anyons in a more realistic problem?
Emergent gauge field

o Consider two non-interacting impurities immersed in a 2D bath
1

N 1 . A PUIDN PN 0 ~
Poimp = 5~ PP+ > PP+ w(k)B e+ > V(k) [e—"”l T e—"WZ] bl +H.c.
k k

@ In relative coordinates

0008, s+ S0 e B OB ] 1O (0

k ki

@ Observe that

[JZ7 ’:Irel] =0, J=L+4;, A\z = ZP‘BIMBku
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Statistics of impurities
EY and M. Lemeshko, Phys. Rev. B 98, 045402 (2018)

o In the rotating frame, 5= e_""5®AZ, the Hamiltonian

(Lo = A2)? + 3" (KB, bugu + 3 Via(k) [BL,, + big] + T
ki kp
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Realization of Anyons
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Statistics of impurities
EY and M. Lemeshko, Phys. Rev. B 98, 045402 (2018)

o In the rotating frame, S= e_i"a@/iz, the Hamiltonian
(L — A2+ 3 @(k)BL, b + D7 Viu(k) [Bl, + big| + I
ki kp
@ The angular part of the impurity decouples:
(o|¥) = (p|M)S|bos,) —  U(1) gauge field A = (bos,|A,|bos,),  (5)
where |bos,) is the eigenstate of

n 1 ~ . PN ~ ~ a
Heos = ;(M - AZ)2 + Zw(k)b}:ubk# + Z Y“(k) [bzu + bk#] + I
ki kp
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Realization of Anyons
0@00

Statistics of impurities
EY and M. Lemeshko, Phys. Rev. B 98, 045402 (2018)

o In the rotating frame, S= e_i"a@/iz, the Hamiltonian
(L — A2+ >0 a(K)bL, b + > Yuk) [Bf,, + b | + 1
kp ki
@ The angular part of the impurity decouples:
(o|¥) = (p|M)S|bos,) —  U(1) gauge field A = (bos,|A,|bos,),  (5)
where |bos,) is the eigenstate of
N 1 . e A N N .
Heos = ;(M - AZ)2 + Zw(k)b}:ubk# + Z Y“(k) [bzu + bk#] + I
ki kp
o By using OFpos/OM = 2B(M — A;) and the Hellmann-Feynman theorem, one
obtains
1 OE

A=M-— —— (6)
2B OM
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Realization of Anyons
[e]e] ]o)

Two-impurity problem

@ The energy can be approximated by a variational energy

var) = VZ|0) + > Biubf,[0),  5(var|Apos — Elvar) =0 (7
kp
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Two-impurity problem

@ The energy can be approximated by a variational energy

Realization of Anyons
00000080

N-anyon Problem

00000000

Symmetries of Quantum Impurities
00000

[var) = VZ|0) + ZBkMBIu|O> . &(var|Apes — E|var) =0
kp

M= 04
— M=0
& 03
=
02
N~ 01
00
00 05 10 15 20 25 30
«

Conclusion

[e]e]e}

@)
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Statistics of impurities

In the presence of a bath, each impurity turns into a tightly bound
flux-tube-charged-particle composite.

exchange of impurities
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© N-anyon Problem
o CS from bath
o CS from impurity: Spin-boson model
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N-anyon Problem
[¢] lele]e}

Chern-Simons
o A particle coupled with the Chern-Simons field:
1 N k
5= 5/‘“ Zii*/d3yAu(y)j“(y)+§/d3y6“”pAu3uAp7
q=1

where k is the level parameter.

@ The N-anyon Hamiltonian is given by

N

N 1 )

Hn-anyon = 5 Z [iVq — Aq(zq)]”
q=1

where the gauge field is
. R
ACOETEDS |w( — |2) . (®)

p(#a)=1 9 P

o o = 1/(2mk) which interpolates between 0 (boson) and 1 (fermion).

o In the Chern-Simons theory, the flux is given by & = 1/k — o = &/(27), whereas
in the flux-tube-charged-particle composite picture, i.e., in the Maxwell theory,
a = 2¢/(27) with £ being the flux of the each composite.
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N-anyon Problem
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Emergent Chern-Simons field

@ Our aim is to define the statistics gauge field as an emergent gauge field:

Aq(zq) = i(¥n(2q)|Vgltn(zq)) - (9)
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N-anyon Problem
00e00

Emergent Chern-Simons field

@ Our aim is to define the statistics gauge field as an emergent gauge field:
Ag(q) = i(Yn(2q)|Vglton(zq)) - (9)
o Consider a free N-boson system coupled to a light system

N

~ 1 N

Hiot = — ) g V2 +H|ight(mq)' (10)
q=

The corresponding eigenvalue equation can be written as

Z HEqujm(wQ) E@E(wQ) ’

m

where the effective Hamiltonian is
T
Him = =5 2 2 0w Va + (nlValvn)] - BmVa + (41| Valtim)] + €ndom
=1 |/

and |¢n(xq)) is the eigenstate of the light Hamiltonian.
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N-anyon Problem
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Emergent Chern-Simons field

o Assume that in the adiabatic limit (n|Vg|tVm) = Snm(¥n|Vq|tn):

N =

N
= Z —iVg — i{¥n|Valtn)]* D7 (q) = (E — En(@q)) PF (2q)

o For an eigenstate in the form of
[¥n(@q)) = exp [iaO(@q)] [$n) ,

where

O(xzq) = Zarctan [Xiyp} ,

q>p X

the emergent gauge field

N el (x) - x
i(n(2q)|Vqltn(zq)) = a Z |<qm|pz)
p(#q)=1 a P

o The statistics parameter emerges as o = (1b,|&|¢,) for some operator & acting

on the light system.

41/62



Quantum Impurity Problems and Emergent Gauge Fields  Realization of Anyons  N-anyon Problem  Symmetries of Quantum Impurities ~ Conclusion
00000000000 00000000 0000e000 00000 [e]e]e}

TWO APPROACHES }
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CS from bath

o Bath as a light system

43/62



N-anyon Problem

[ le]
CS from bath
o Bath as a light system
@ N-impurity problem at the Frohlich level
Pror = 2 ZV2 DI UED MY (e2wOE@B] 1) |
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N-anyon Problem
e0

CS from bath

o Bath as a light system
@ N-impurity problem at the Frohlich level

Fot = —*ZV2+Z<«1H bTbu+Z)‘ (ﬂB“ mq)BL—l—H.c.).

@ Adiabacity condition

A\ 2 Ay )
E Bu(— ] >PBu—" — Emergent CS field
v Wy Wy

Free N bosons become N anyons
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N-anyon Problem
oe

CS from bath

@ For instance, the N, — oo solution of the following impurity Hamiltonian gives

anyons

Noh Noh
Ao =3 D V34> M blbu + > va (e7O@0bf +He) (1)
p=1 p=1

q=1

o Does it bring new insights to the N-anyon problem, such as the upper and lower
bounds of the problem ?
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CS from impurity

o Impurity as a light system
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N-anyon Problem

[ ]
CS from impurity
@ Impurity as a light system
@ Quantum dissipation model
1 N n .
Fhot = 2> (-Vg+ag) +4 (£)"+h (e @@ +He)
q=1

@ Spin-Boson model

A u t N7 TT Bhy — by + Bay — by

Froo= > (80 80s+1)+A () +hd [ Jor—Spr = 0ar 2000y o

q=1,i=x,y p>q 9g,x — dp,x T dg,x — dp,x

(12)

@ Bosonic bath turns into anyonic bath in the presence of a single impurity
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© Symmetries of Quantum Impurities
@ Quantum groups
@ Renormalization of B
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Symmetries of quantum impurities

@ Rigid rotor is given by SO(3)

Hiotor = B J2

Casimir operator
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Symmetries of quantum impurities

o Rigid rotor is given by SO(3)

Hrotor = B J2

Casimir operator
o Angulon: a rotor dressed by the field excitations
e B — B*: a deformed rotor
in perturbative regime:

. ot 2
o VAR [ ]

g1y
B—B =B 2§W(j)Bj'(j/+1)+w(k)*3(2*1')(3*”

+O(UA(K)Y)
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Symmetries of quantum impurities
o Rigid rotor is given by SO(3)
Hiotor = B J2
Casimir operator
o Angulon: a rotor dressed by the field excitations
e B — B*: a deformed rotor
in perturbative regime:
. -
2 —1Y Vi (k)2 O
1 2 ( A 20,0
B8 =6--33 ()5 CY ] — 4+ O(U (k)"
2 5oy B 1) +wk) — B2 =) )
Can we find a symmetry group for angulon? )
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Symmetries of Quantum Impurities
L]

Quantum groups

let us deform the group SO(3) — SO4(3)

o deformation of the Lie algebra
[, J1] =+ [J2,J7] = [2/]a, (13)

where the square bracket implies

qA

[Aly = FEr=

; (14)

with the deformation parameter g such that Iimqﬁl[A]q =A

@ The Hamiltonian

Haeformed rotor = B <JA2JA1 + [fﬁ]q[fﬁ + 1]q>

Casimir of the quantum group
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00080

usion

Renormalization of B

o Within the quantum group
B — B* = Bcos(37) = B(1 — 972/2 + O(7%)),

where g = exp(iT).

o Match it with the perturbative result

. .t 2 1/2
1 Z (2) (71)1\/)\([()2 [Céfojo,ko]
T=| —
98 2= \J) B+ 1) + (k) - B~ )3 )
B* = Bcos(37) is valid in any coupling 777 J
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Quantum Impurity Problems and Emergent Gauge Fields
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Renormalization of B
1.00
@
0.95
2
T~ 0.90
Q
0.85; \ — Variational
A -
- .
4

1
"' — Variational
{ QG
T80 -70 -60 -50 0.0 1.0 20
Log[B]
1.00
0.99
Q 098
=
2 097
0.96
0.95 --QG
0 1 2 3 4 5
Log[7]
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© Quantum Impurity Problems and Emergent Gauge Fields
@ Polaron and angulon
o Emergence of gauge fields
@ Non-Abelian magnetic monopole

© Realization of Anyons
@ Spin-statistics theorem and gauge fields
@ Two-impurity problem

© N-anyon Problem
@ CS from bath
o CS from impurity: Spin-boson model

@ Symmetries of Quantum Impurities
@ Quantum groups
@ Renormalization of B

© Conclusion
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Conclusion

Quantum impurity problems can be considered as charged particle/s coupled to a

gauge field.
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Conclusion

Quantum impurity problems can be considered as charged particle/s coupled to a

gauge field.

In the angulon case, the emergent gauge field is a non-Abelian magnetic monopole J
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Conclusion

Quantum impurity problems can be considered as charged particle/s coupled to a

gauge field.

In the angulon case, the emergent gauge field is a non-Abelian magnetic monopole J

A 2D bath attaches a magnetic flux to impurities; fractional statistics J
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Conclusion

Quantum impurity problems can be considered as charged particle/s coupled to a

gauge field.

In the angulon case, the emergent gauge field is a non-Abelian magnetic monopole J

A 2D bath attaches a magnetic flux to impurities; fractional statistics J

N-anyon setup is possible: either N bosonic impurities turn into N anyons, or bosonic
bath into anyonic bath in the presence of an impurity
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