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Off-diagonal long-range order (I)

One-body density matrix and its eigenvalues: 

ODLRO: largest eigenvalue scale with N, while the others are 
O(1) [Penrose-Onsager, PR (1956) – Stringari-Pitaevskii, Bose-Einstein Condensation and 
Superfluidity (2016)]



Off-diagonal long-range order (II)

For a 1D Lieb-Liniger Bose gas...

 

  Fermi-like
  Bose-Einstein 

Condensation/
ODLRO →  

 



Lieb-Liniger Hamiltonian (I)
N interacting bosons in 1D:

H=−
ℏ2

2m
∑
i=1

N
∂2

∂ x i
2
+ 2 λ ∑

i< j

δ ( x i− x j )

One non-trivial coupling constant:

γ =
2mλ

ℏ2n density

Temperature typically in units of the degeneracy temperature:

kB TD =
ℏ

2 n2

2m

Coupling controllable from the 3D setup:



Lieb-Liniger Hamiltonian (II)

H=−
ℏ2

2m
∑
i=1

N
∂2

∂ x i
2
+ 2 λ ∑

i< j

δ ( x i− x j )

γ =
2mλ

ℏ2n DT

T



[from I. Bouchole 

et al., 2009] 

Large  → Tonks-Girardeau limit  



Lieb-Liniger Hamiltonian (III)

 

 

 

Bethe ansatz solution
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Deviations from ODLRO

 

   

 

 

 

 
 

 

  



From =0 to infinite 

For a 1D Lieb-Liniger Bose gas: if the largest eigenvalue of the 
one-body density matrix scale with N to the power C   

[A. Colcelli, G. Mussardo and A. Trombettoni, Europhys. Lett. (2018)]

 



Hard-Core 
Anyons 

 

[R. Santachiara and P. Calabrese, JSTAT (2008)] 

 

 

 

 

 

   



Hard-Core Anyons 

 



Anyonic Lieb-Liniger 
Model

 

 

 

 

 

 

 

Bosons 

Fermions, 

 



[O.I. Pâţu, V.E. Korepin, D.V. Averin, JPA (2007); 
M.T. Batchelor, X.-W. Guan, N. Oelkers, PRL (2006)]

   

 

 

 

Twisted BC:    

Anyonic Lieb-Liniger 
Model 

Periodic BC



Predictions for the 
ODLRO scaling 

 

     

 
 

   

 



 Results for 1D 
Lieb-Liniger anyons →  

Statistical parameter
 1 → fermions
 0 → bosons
 



 
“Critical” 
coupling
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Tonks-Girardeau 
gas

  Bose – Fermi mapping:
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Universality of the scaling of 
the ODLRO

[Y. Brun and J. Dubail, 
SciPost Physics 
(2017)]

Semiclassical analysis:



→ for every potential

Universality of the scaling of 
the ODLRO

But what about the 
coefficient    ?



Universality of the scaling of 
the ODLRO



Comparison of semiclassical 
limit with numerical results

Fixing V and increasing the 
number (agreement with the 

CFT results for    )



Comparison with numerical 
results

Fixing instead the density at the 
center: same results!



Hard-wall with open BC: 
surprisingly different from the 
analytical results for 
periodic BC [1.54269..., see P.J. 
Forrester et al., PRA (2003)]

In other words: the 
thermodynamic limit 
“remembers” the boundary 
conditions 
(for    , but not for    )

[A. Colcelli, J. Viti, G. Mussardo, and A. 
Trombettoni, Phys. Rev. A (2018)]

Role of boundary conditions



→

Comparison with numerical 
results
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Floquet engineering

Adding a time-periodic extermal potential → Floquet Hamiltonian

Typically the Floquet Hamiltonian is not integrable, even though 
the periodically driven system it is. 

How to do it? For the Lieb-Liniger model → use a periodic tilting

Simple example: one-body case 

function periodic in time
with period T



One-body case (I)



One-body case (II)

E.g.:



Two-body: the same happens 



Two-body: the same happens
also in 3D, but the Floquet 

Hamiltonian is not integrable... 



For the 1D Bose gas with 
a periodic tilting:

which is integrable! [A. Colcelli, G. Mussardo, G. Sierra, 
and A. Trombettoni, arXiv:1902.07809] 



How to do it?

Shake back and forth an hard-wall or a ring:



Conclusions
→ Quantified deviations from ODLRO in 1D systems

→ Anyons interpolate between ODLRO of bosons and 
absence of it in fermions (non-monotonous behavior for 
small interactions)

→ Our results confirm the well know result that Gross-
Pitaevskii works for experiments at small interactions in 
1D

→ Universality of the scaling also in presence of external 
potential

→ An integrable Floquet Hamiltonian is found with a 
periodic tilting

→ Future work: 2D systems (and in particular 2D anyons)
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