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Zero modes of Pauli hamiltonian in 2d

HP =
1

2m

(
(~P − ~A) · ~σ

)2
=

1

2m
(~P − ~A)2 − 1

2
~B · ~σ

or Equivalently of Dirac hamiltonian

HD = σx(Px − Ax) + σy(Py − Ay)±σzm

up to identifying ψ ↔
(
ψ
0

)
or ψ ↔

(
0
ψ

)
we get(

(P − A)x ± i(P − A)y
)
ψ = 0



Using complex notation z = x + iy

∂z =
1

2
(∂x − i∂y), ∂̄z = 1

2(∂x + i∂y)

A =
1

2
(Ax − iAy), Ā = 1

2(Ax + iAy)

we get
(∂̄z − iĀ)ψ = 0























∂̄z logψ = iĀ implies

• Superposition principle: A =
∑
Aa⇒ ψ =
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ψa.

• ψ solution ⇒ P (z)ψ solution ∀ holomorphic P (z).
(Provided Pψ ∈ L2.)



∂̄z logψ = iĀ implies

• Superposition principle: A =
∑
Aa⇒ ψ =

∏
ψa.

• ψ solution ⇒ P (z)ψ solution ∀ holomorphic P (z).
(Provided Pψ ∈ L2.)

Hence in our problem

ψ = P (z, t)
∏

ψa(z − ζa(t))

We know {ζa(t)}. Need to find P (z, t).
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.Main example: pointlike fluxons 1
2πB =

∑
φaδ

(2)(z−ζa)

ψ = P (z, t)
∏

(z−ζa(t))−φa =
∑

pk(t)zk
∏

(z−ζa(t))−φa

Pointlike limit makes sense if φa < 1.

Phase or cut of (z − ζa)−φa depends on gauge.

(E.g in Coulomb gauge just replace it by absolute value.)
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Adiabatic evolution:
Ḃ 6= 0⇒ E 6= 0.
E ∼ Ȧ is gauge dependent and hence clearly wrong.
⇒ need also A0 6= 0.
A0 = −

∑
~va · ~Aa gives the correct ~E = −

∑
~va× ~Aa

A0 also obtainable from ~A by Lorentz Boost.
In complex notations A0 = −

∑
(vaAa + v̄aĀa)
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Adiabatic evolution:
Usual equation: ker(H) ⊥ ∂

∂tψ.

Our equation: ker(H) ⊥
(
∂
∂t − iA0

)
ψ.

Explicitly: ∀Q

〈Q(z)
∏

ψa|
∂

∂t
+ i(vaAa + v̄aĀa)|P (z, t)

∏
ψa〉 = 0
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〈Q(z)
∏

ψa|
∂

∂t
+ i(vaAa + v̄aĀa)|P (z, t)

∏
ψa〉 = 0

Using ∂
∂tψa = (va∂ζa + v̄a∂̄ζa)ψa

and v̄aĀaψ = v̄a(−i∂̄zψa) = iv̄a∂̄ζaψa.
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ψa|
∂

∂t
+ i(vaAa + v̄aĀa)|P (z, t)

∏
ψa〉 = 0

Using ∂
∂tψa = (va∂ζa + v̄a∂̄ζa)ψa

and v̄aĀaψ = v̄a(−i∂̄zψa) = iv̄a∂̄ζaψa.
We simplify the equation into:
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∏

ψa|dP
∏

ψa〉+ dζa∂a︸ ︷︷ ︸
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∏

ψa|
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∏
ψa〉 = 0

Using ∂
∂tψa = (va∂ζa + v̄a∂̄ζa)ψa

and v̄aĀaψ = v̄a(−i∂̄zψa) = iv̄a∂̄ζaψa.
We simplify the equation into:

〈Q
∏

ψa|dP
∏

ψa〉+ dζa∂a︸ ︷︷ ︸
Dolbeault

〈Q
∏

ψa|P
∏

ψa〉 = 0

operator

Only holomorphic derivatives ! (no ∂̄ ≡ dζ̄a∂̄a part).
Connection 1-form ω is a (1,0)-form.



〈Q
∏

ψa|dP
∏

ψa〉 + ∂〈Q
∏

ψa|P
∏

ψa〉 = 0

∂ = dζa∂a
Connection 1-form ω is a (1,0)-form.



〈Q
∏

ψa|dP
∏

ψa〉 + ∂〈Q
∏

ψa|P
∏

ψa〉 = 0

∂ = dζa∂a
Connection 1-form ω is a (1,0)-form.

Suggests that the zero-modes have a holomorphic struc-
ture preserved by the connection. (As a vector bundle
over {(ζ1, ..., ζN ) ∈ CN |∀a 6= b ζa 6= ζb})
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both structures.



A holomorphic hermitian vector bundle has a unique
connection (called Chern connection) which preserves
both structures.
Indeed preserving the hermitian metric g requires

dg − gω︸︷︷︸
∂g

− ω†g︸︷︷︸
∂̄g

= 0

hence D = d + ω, ω = g−1∂g.



.Want holonomy to be topological, i.e. to have a flat
connection.
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Want holonomy to be topological, i.e. to have a flat con-
nection.
In general R = dω + ω ∧ ω = ∂̄(g−1∂g) 6= 0.
Curvature vanish iff g = Υ†Υ where Υ = Υ(ζ) is a
(locally) holomorphic invertible matrix.
Indeed g = Υ†(ζ̄)Υ(ζ) ⇒ ω = g−1∂g = Υ−1dΥ is
pure gauge.
The holonomy along a path is given by how Υ(ζ) changes
along it.
holonomy = Υ−1(ζf )Υ(ζi).













.
∫ (

(Ψiψj)− − (Ψiψj)+
)
dz =

∫
Ψi(ζa)

(
ψj(z−)− ψj(z+)

)
dz =

Ψi(ζa)
(
Ψj(∞−)− Ψj(∞+)

)
=

Ψi(ζa; ζ1, ...ζN )︸ ︷︷ ︸
antiholomorphic

(
Ψj(∞a−; ζ1, ...ζN )− Ψj(∞a+; ζ1, ...ζN )

)︸ ︷︷ ︸
holomorphic

More symmetric form ∼ ΥaiΥaj.

Summing
∑
a leads to g = Υ†Υ with Υ(ζ) holomorphic.
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∃Υ−1 ? Requires Υ a square matrix.
Holds ⇔#(Zero-modes)=#(Cuts)-1
Both determined by the fluxes {φa}.
⇒Condition

∑
(1− φa) < 1.

≡ Condition for unitarity of the Gassner representation
(with parameters ta = eiφa) of the braid group.
(Identical flxons ⇒ Gassner≡ Burau representation.)
One may check that the holonomy(=multivaluedness
of Υaj(ζ) ∼ Ψi(ζa; ζ1, ..., ζN )) satisfies this represen-
tation.
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