Michele Correggi

UNIVERSITA DI ROMA
12/3/2019

NORDITA

joint work with R. Duboscq (Toulouse),
D. Lundholm (Stockholm) and N. Rougerie (Grenoble)

«O>» <« Fr «=)r «E» = Q>
M. Correcal (Roma 1)  Averace-FieLp FuncrioNnaL  Norpita 12/3/2019 0 / 31

£ 3 SAPIENZA
Mathoratial Dhiysis o Sgons andd Topotegisat Sotatis o Meatter



@ Introduction:

o Almost-bosonic limit and the Average-Field (AF) functional [LR];
o Minimization of the AF functional.

@ Main results [CLR,CLR*]:

@ Vortex structure (numerical simulations) [CDLR].

[LR] D. LunpHoLM, N. ROUGERIE, J. Stat. Phys. 161 (2015);
[CLR] MC, D. LunpuorM, N. ROUGERIE, Anal. PDE 10 (2017), 1169-1200;
[CLR*] MC, D. LunpHOLM, N. ROUGERIE, in Contemp. Math., 717 (2018);

[CDLR] MC, R. DuBoscq, D. LunpHOLM, N. ROUGERIE, preprint arXiv:
1901.10739 [cond-mat.quant-gas].

© 0 0 ©




OUTLINE SARIENZ

@ Introduction:
o Almost-bosonic limit and the Average-Field (AF) functional [LR];
o Minimization of the AF functional.

@ Main results [CLR,CLR*]:

o Existence of the Thermodynamic Limit (TL) for homogeneous anyons;

MAIN REFERENCES
o [LR] D. LunpaOLM, N. ROUGERIE, J. Stat. Phys. 161 (2015);
o [CLR] MC, D. LunpHorLMm, N. ROUGERIE, Anal. PDE 10 (2017), 1169-1200;
o [CLR*] MC, D. LunpaoLM, N. ROUGERIE, in Contemp. Math., 717 (2018);

v

M. Correccl (Roma 1) AVERAGE-FIELD FUNCTIONAL NorpiTa 12/3/2019 1/ 31



OUTLINE SARIENZ

@ Introduction:
o Almost-bosonic limit and the Average-Field (AF) functional [LR];
o Minimization of the AF functional.
@ Main results [CLR,CLR*]:
o Existence of the Thermodynamic Limit (TL) for homogeneous anyons;

o Local density approximation of the AF functional for trapped anyons in
terms of a Thomas-Fermi (TF) effective energy;

MAIN REFERENCES
o [LR] D. LunpaOLM, N. ROUGERIE, J. Stat. Phys. 161 (2015);
o [CLR] MC, D. LunpHorLMm, N. ROUGERIE, Anal. PDE 10 (2017), 1169-1200;
o [CLR*] MC, D. LunpaoLM, N. ROUGERIE, in Contemp. Math., 717 (2018);

v

M. Correccl (Roma 1) AVERAGE-FIELD FUNCTIONAL NorpiTa 12/3/2019 1/ 31



OUTLINE AT

@ Introduction:

o Almost-bosonic limit and the Average-Field (AF) functional [LR];
o Minimization of the AF functional.

@ Main results [CLR,CLR*]:
o Existence of the Thermodynamic Limit (TL) for homogeneous anyons;

o Local density approximation of the AF functional for trapped anyons in
terms of a Thomas-Fermi (TF) effective energy;

@ Vortex structure (numerical simulations) [CDLR].

MAIN REFERENCES

o [LR] D. LunpHOLM, N. ROUGERIE, J. Stat. Phys. 161 (2015);
[CLR] MC, D. LunpHOoLM, N. ROUGERIE, Anal. PDE 10 (2017), 1169-1200;
[CLR*] MC, D. LunpaoLM, N. ROUGERIE, in Contemp. Math., 717 (2018);

o [CDLR] MC, R. DuBoscq, D. LunpHOLM, N. ROUGERIE, preprint arXiv:
1901.10739 [cond-mat.quant-gas].

©

©

v

M. Correccl (Roma 1) AVERAGE-FIELD FUNCTIONAL NorpiTa 12/3/2019 1/ 31



Vel

o Any anyonic wave function W can be mapped onto a bosonic one
(R2M) via the bosonization map
\I/(Xl,

Lo X
XN) = H Pk (X, ..., XN), ¢ = arg | J
Jj<k
MAGNETIC GAUGE
2
On Ly,

Xj

(R2V) the Schradinger operator > (—A; + V/(x;)) is mapped to

N
Hy = Z [(—Nj aF OéAj)2 aF V(Xj)}
j=1

with Aharonov-Bohm magnetic potentials A; = A(x;) :

=> (% — xp) "
7 =l
«O> «Fr «=>r < 3 Q>
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INTRODUCTION

ANYONS SAPIENZA

o Any anyonic wave function ¥ can be mapped onto a bosonic one

U e L2, (R*N) via the bosonization map
N~ X — Xk
U(x1,...,XN) = H e (x1,. .., XN), G = arg —L——.
‘X]‘ — Xk

J<k
MAGNETIC GAUGE
On L2, (R?M) the Schrodinger operator > (—A; + V/(x;)) is mapped to

sym

N
Hy =Y |(=iV; + aA;) +V(x;)]
j=1

)L
with Aharonov-Bohm magnetic potentials A; = A(x;) := g (‘X]Xk)‘z
X — Xk
ki
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INTRODUCTION
0 )
AF APPROXIMATION SARIENZ

o If the number of anyons is larger, i.e., N — oo but at the same time
a ~ BN~ then one expects a mean-field behavior, i.e.,
1 (x; — xz)+
aA; = (Na) — TR ,
k#j
with p the one-particle density associated to ® € L2

sym

(RQN);
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AF APPROXIMATION

o If the number of anyons is larger, i.e., N — oo but at the same time
a ~ BN~ then one expects a mean-field behavior, i.e.,
1 (xj — xz)* / (x —y)*
alA; = (Na) — T~ dy —=p(y),
1= N0 T2 Tl =P f W ey )
with p the one-particle density associated to ® € L2

sym

(RQN);
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INTRODUCTION
AF APPROXIMATION SARIENZ

o If the number of anyons is larger, i.e., N — oo but at the same time

a ~ BN~ then one expects a mean-field behavior, i.e.,
1o (x5 —xi)t (x—y)*
aAj:(Na)—Z_izﬁ dy ~—5»r
N~ Jr2 T x—yl
k#j
with p the one-particle density associated to ® € Lfym
o We should then expect that
1 :
(@] Hy|®) =~ &3],
for some u € L?(R?) such that |u|?(x) = p(x) (self-consistency).

(¥),

(RQN);

AF FUNCTIONAL

Sﬁf[u} = /]R2 dx {‘(—iv + BA[|ul?]) u’2 + V\u|2}

with A[p] = V* (wg * p) and wp(x) := log |x]|.
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e5ful = [ ax {|(=iV -+ BALuP]) uf* + VIup}.

Alp] =V (w * p)
o Thanks to the symmetry u, 5 — u*, —[3, we can assume (3 > 0;
inequality

o The domain of 3" is 7[€] = H'(R?), since by 3-body Hardy
2112 ,,12 4 2
[ ax 1AL [0 < C lellague) 17 lullEa e

PROPOSITION (MINIMIZATION [LUNDHOLM, ROUGERIE '15])

For any B > 0, there exists a minimizer u%f € @[ng] of the functional ng:
Ey = inf E8'[u] = £ [uf].
l[ull,=1 )
40> «4Fr «=»r «=)» = J)Cgr(\«
M. Correcal (Roma 1)  Averace-FieLD FuncTioNnaL ~ Norpita 12/3/2019 4 / 31



INTRODUCTION
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MINIMIZATION OF &3 (1)

ng[u]:42dx {|( iV + BA[|ul? )u| +V\u|2} Alp] = V= (wp * p)

o Thanks to the symmetry u, 3 — u*, —/3, we can assume 3 > 0
o The domain of ng is 7[€¥] = H'(R?), since by 3-body Hardy
inequality

2
/R2 dx |Afjul]|" Jul* < C HUHiz(ﬂp) HV’uH’iQ(RQ)'

PROPOSITION (MINIMIZATION [LUNDHOLM ROUGERIE '15])

For any 3 > 0, there exists a minimizer u; fecg (€5 ! of the functional SEf

Eg = inf &3[u] = 5 [uY].

l[ull,=1
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INTRODUCTION
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MINIMIZATION OF &3' (II)

Eg‘f[u]:‘/w dx {|( iV + BA[|ul? )u| + Vul| } Alp] = V* (wp * p)

PROPOSITION (MINIMIZATION [LUNDHOLM, ROUGERIE '15])

For any 8 > 0, u%f solves the variational equation (semilinear with quintic
nonlinearity in u and cubic nonlinearity in u? and Vu,)

2
{(—N n ﬁAgf) +V —28V-Lwg * (ﬁA%f\ugf 2 +j?f)} usf = st

where A% = A[|u3f 2], = u%fVuaf + c.c. is the current

v
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MINIMIZATION OF &3' (II)

Eg‘f[u]:/W dx {|( iV + BA[|ul? )u| + Vul| } Alp] = V* (wp * p)

PROPOSITION (MINIMIZATION [LUNDHOLM, ROUGERIE '15])

For any 8 > 0, u%f solves the variational equation (semilinear with quintic
nonlinearity in u and cubic nonlinearity in u? and Vu,)

{(—N n 5A7;)2 +V —28V-Lwg * (ﬁAgf\ung +j;;f)} usf =

where A% = A[|u3f 2], H=s Vuaf + c.c. is the current and

_ af |2 af |2 . af 2
A_/der{mwﬁ +V]ud|?) +2-28A% - 53 + 382 A% |ud }

v
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INTRODUCTION

ALMOST-BOSONIC LIMIT D SAPIENZA

o Consider N — oo non-interacting anyons with statistics parameter

o= NL for some 3 € R, i.e., in the almost-bosonic limit;

o Assume that the anyons are extended, i.e., the fluxes are smeared over
a disc of radius R = N 7.
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INTRODUCTION

.
ALMOST-BOSONIC LIMIT & SAPIENZA

o Consider N — oo non-interacting anyons with statistics parameter
o= N_1 for some 3 € R, i.e., in the almost-bosonic limit;

o Assume that the anyons are extended, i.e., the fluxes are smeared over
a disc of radius R = N 7.

THEOREM (AF APPROXIMATION |[LUNDHOLM, ROUGERIE ’15])
Under the above hypothesis and assuming that V' is trapping and v < 7o,

inf o(Hpy [
lim EOENR) e gatry
N—oo N llull,=1 "

and the one-particle reduced density matrix of any sequence of ground
states of H r converges to a convex combination of projectors onto AF
minimizers.
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o The AF approximation is used heavily in physics literature, but

typically the nonlinearity is resolved by picking a given p (usually the
constant density);

o As expected, when 8 — 0, the anyonic gas behaves like a Bose gas.
o More interesting is the regime 5 — o0, i.e., “less-bosonic” anyons:

o The AF functional is not the usual mean-field-type energy (e.g.,

Hartree or Gross-Pitaevskii), since the nonlinearity depends on the
density but acts on the phase of u via a magnetic field.

«O> «Fr «=>r < 3 Q>
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MOTIVATIONS SARIENZ
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INTRODUCTION

MOTIVATIONS SARIENZ

o The AF approximation is used heavily in physics literature, but
typically the nonlinearity is resolved by picking a given p (usually the
constant density);

o As expected, when 8 — 0, the anyonic gas behaves like a Bose gas.
o More interesting is the regime 3 — oo, i.e., “less-bosonic” anyons:

o what is the energy asymptotics of E‘}f'?

o is |u?f|? almost constant in the homogeneous case, i.e., for V =0 and

confinement to a bounded region?

o how does the inhomogeneity of V' modify the density \u?;f 2?7

o what is u?d‘f like? in particular how does its phase behave?

o The AF functional is not the usual mean-field-type energy (e.g.,
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inf

o Q C R? bounded and simply connected with Lipschitz boundary;
o We consider the following two minimization problems
EN/D(Qa /87 M) =

2
dx [(=iV + BA|ul?]) u
ueHg (Q),[lull;=M Jo I )
o We want to study the limit 3 — oo of Ex/p(S2, 8, M)/B;
o The above limit is equivalent to the TD limit (3, p € R fixed)

L—oo

Ex/p(LS, 3, pL*|9)

L0
LEMMA (SCALING LAWS)

For any A, i € RY, Exyn(Q, 8, M) = 35 Bxyp (182, 587, X212M ).
«O>» «Fr «=» «E)» A
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MaiN ResuLts — HoMmoGENEOUS GaAs

HOMOGENEOUS GAS SARIENZ

o Q C R? bounded and simply connected with Lipschitz boundary;

o We consider the following two minimization problems
Exmp(Q,68,M) = inf / dx ’(—iV + ﬁA[|1L|2]) u’2.
weHL(Q),||ull,=M Jo

o We want to study the limit 3 — oo of Ex/p (92,8, M)/8;

M. Correccl (Roma 1) AVERAGE-FIELD FUNCTIONAL NorpiTa 12/3/2019 8 / 31



MaiN ResuLts — HoMmoGENEOUS GaAs

) SAPIENZA
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HOMOGENEOUS GAS

o Q C R? bounded and simply connected with Lipschitz boundary;

o We consider the following two minimization problems

Ex/p(Q,8,M) := inf / dx |(—iV + BAul?]) u’2.
weHL(Q),||ull,=M Jo
o We want to study the limit 3 — oo of Ex/p (92, 8, M)/B;
o The above limit is equivalent to the TD limit (3, p € R fixed)
- Ex/p(LS, B, pL*|9))
L—oo L2|Q|

LEMMA (SCALING LAWS)

For any A, € R*, Ex/p(Q, 8, M) = 5 Ex p (,LQ, . )\QMQM).
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MaIN REsuLTs — HoMOGENEOUs GAs

HEURISTICS (3 > 1) ST

o4 g o4 - 04 -
02 02 » 02
01 o - 01
o 13 B o
o o os 01
02 - 02 o6 02
04 o 04 oz 04 o2

Numerical simulations: [u%|> (square trap with Dirichlet b.c.) for 5 = 10, 30, 120.

o In the homogeneous case, ]u%f 2 can be constant only in a very weak
sense (say in LP, p < oo not too large);

o The phase of u%f contains vortices (with # ~ /3) almost uniformly
distributed with average distance ~ ﬁ (Abrikosov lattice?), in order

to compensate the huge magnetic field.
=] (=) = E £ A
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MaiN ResuLts — HoMmoGENEOUS GaAs

TD LIMIT SAPIENZA

UNIVERSITA DI ROMA

THEOREM (3 TD LimiT [MC, LUNDHOLM, ROUGERIE ‘16])
Under the above hypothesis on € and for any 3,p € R™, the limits

. Ex/p(L, 8, pL?|9Q]) .
e(B,p) = lim / 2] = B|Q| lim

B—r00

Ex/p (9, 8, p)

exist, coincide and are independent of ().
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MaiN ResuLts — HoMmoGENEOUS GaAs

TD LIMIT € SAPIENZA

UNIVERSITA DI ROMA

THEOREM (3 TD LimiT [MC, LUNDHOLM, ROUGERIE ‘16])
Under the above hypothesis on Q) and for any 3, p € RT, the limits

Ex/p(LS, B, pL?|Q
e(3.p) = lim N/D (L, B, pL=|$2])

: _ 50| lim N/D(~ B,p)

exist, coincide and are independent of (). Moreover

e(B,p) = Bp’e(1,1)

o The scaling property of e(f3, p) is a direct consequence of the scaling
law mentioned before. Moreover ¢(1,1) is a finite quantity such that

e(1,1) = 2.
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MaiN ResuLts — HoMmoGENEOUS GaAs
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SKETCH OF THE PROOF (I)

@ T of TD limit when Q is a unit square with Dirichlet b.c.;
@ Ep(LQ,B,pL?) — Ex(LQ, 3, pL?) = o(L?) for any domain € (IMS);
@ d of TD for general domains € with Dirichlet b.c..

@® 4 TD LIMIT FOR DIRICHLET B.C.

4
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (I) & SATINZ

@ dof TD limit when Q is a unit square with Dirichlet b.c.;
@ Ep(LQ,B,pL?) — Ex(LQ, 3, pL?) = o(L?) for any domain € (IMS);
@ d of TD for general domains €2 with Dirichlet b.c..

@® 4 TD LIMIT FOR DIRICHLET B.C.

o Key observation: the magnetic field generated by a bounded region
can be gauged away outside (Newton's theorem);
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (I) & SATINZ

@ dof TD limit when Q is a unit square with Dirichlet b.c.;
@ Ep(LQ,B,pL?) — Ex(LQ, 3, pL?) = o(L?) for any domain € (IMS);
@ d of TD for general domains €2 with Dirichlet b.c..

@® 4 TD LIMIT FOR DIRICHLET B.C.

o Key observation: the magnetic field generated by a bounded region
can be gauged away outside (Newton's theorem);

o Pick a smooth and radial f with supp(f) C Bs(0) and N ~ L? points
so that |x; — x;| > 20: consider then the trial state
N

=Zf(X—Xj)€_i¢-’7 lully = N II£13;

o In {|x —x;| <4} the magnetic field generated by the other discs is
ZVL wo * | f(x — x5)[?) ~ HfHQVZarg z — zi) =: V.
k#j k#j
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (II) & SATIENZA

E‘gf[u] = / dx |(77V + BA[[ul?]) 71| Alp] = V* (wo * p), Hu||§ = pL?
LQ

® 4 TD LIMIT FOR SQUARES WITH DIRICHLET B.C.

o By testing ng on yial, one gets the sum of the energies in each
Bs(x;), which yields the upper bound Ey/p < CL>.

v
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (II) & SATINZ

5‘;}[‘[11,] = / dx |( iV + BA[|ul? )71| Alp] = V* (wo * p), Hu||§ = pL?
JLo

® 4 TD LIMIT FOR SQUARES WITH DIRICHLET B.C.

o By testing Eaf on yial, one gets the sum of the energies in each
Bs(x;), WhICh yields the upper bound Ey/p < CL>.
o A trivial lower bound is given via the inequality (for any u € H}(12))

/ dx [(—iV 4 BA) u|2 > 5/ dx curlA |u\2
Q Q
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (II) & SATINZ

5‘;}[‘[11,] = / dx |( iV + BA[|ul? )71| Alp] = V* (wo * p), Hu||§ = pL?
JLo

® 4 TD LIMIT FOR SQUARES WITH DIRICHLET B.C.

o By testing ng on yial, one gets the sum of the energies in each
Bs(x;), which yields the upper bound Eyp < CL?.
o A trivial lower bound is given via the inequality (for any u € HL(Q))

/dx |(—iV + BA Uu| 27r6/ dx |u)?

which leads to the lower bound Ep > QWBpQLQ, since
curlA [[ul?] = 27|ul?
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (II) & SATINZ

Edlu] = / dx |(=iV + BA[lul? )71| Alp] = V* (wo * p), Hu||§ = pL?
‘ JrLo

® 4 TD LIMIT FOR SQUARES WITH DIRICHLET B.C.

o By testing Eaf on yial, one gets the sum of the energies in each
Bs(x;), WhICh yields the upper bound Ey/p < CL>.
o A trivial lower bound is given via the inequality (for any u € H}(12))

/ dx |(—iV + A Uu|2]) 11,‘2 > 27BL 72 ||ul)3
which leads to the lower bound Ep > 273p%L?, since
curlA [[ul?] = 27|ul?

o Decompose the square into small squares and use a trial state obtained
by gluing together the Dirichlet minimizers in each smaller square.
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (II1) ST
5t = [ ax |(-iv+ SAIP) o, A= Grop)s [l = oL

@ DIRICHLET VS. NEUMANN IN SQUARES
o Use a refined version of the IMS formula to estimate the mass well
inside the square and the contribution of the boundary layer, to get a
bound matching the obvious EN < Ep.
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (II1) ST
gl = [ ax (94 BALP) af’ Al =V o), Jul = 22

@ DIRICHLET VS. NEUMANN IN SQUARES

o Use a refined version of the IMS formula to estimate the mass well
inside the square and the contribution of the boundary layer, to get a
bound matching the obvious EN < Ep.

o Error of order L'?/7+¢ < L? but > L (not optimal).
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MaiN ResuLts — HoMmoGENEOUS GaAs

SKETCH OF THE PROOF (III) D SAPIENZA
el = [ ax |(i + BAIE) o Al =V (o ep), ul} = oI

@ DIRICHLET VS. NEUMANN IN SQUARES

o Use a refined version of the IMS formula to estimate the mass well
inside the square and the contribution of the boundary layer, to get a
bound matching the obvious EN < Ep.

o Error of order L'?/7+¢ < L? but > L (not optimal).

® GENERAL DOMAINS
o Tile the domain with squares and use the Dirichlet minimizers in the
upper bound (gauging away the magnetic field as before) and the
Neumann minimizer in the lower bound.
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o It is easy to see that e(1, 1) is bounded.

o The inequality || (—iV + A [|ul?]) u||; > 27 implies that e(1,1) > 2.
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o It is easy to see that e(1, 1) is bounded.

o The inequality || (—iV + A [|ul*]) u||§ > 27 implies that e(1,1) > 27.
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MaiN ResuLts — HoMmoGENEOUS GaAs

UNIVERSITA DI ROMA

e(l, 1) SAPIENZA

BOUNDS ON e(1, 1)
o It is easy to see that e(1, 1) is bounded.
o The inequality H(—iV + A [[ul?]) uHi > 27 implies that e(1,1) > 2.

1.24 |
—Fiu/?ﬂ‘

123} - -2/7/3]

1.22¢

L] Numerical computation
‘ of e(1,1)/(27) using har-
L2p monically trapped anyons
1.19 for increasing values of .
1.18
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MaIN REsuLTs — TRAPPED GAs

(D SAPIENZA

UNIVERSITA DI ROMA

TRAPPED ANYONS

ng[u] = ./]12{2 dx {|( iV + BA[ul? )71| + V]ul? } Alp] = V= (wo * p)

o Let V(x) be a smooth homogenous potential of degree s > 1, i.e.,
V(Ax) = MV (x), V € O*®(R?),
and such that minjy - p V' (x) = +oo (trapping potential).
—00

o We consider the minimization problem for 5 > 1

B3 = inf Etu),
ueZ[EM] ||ull,=1 A

with 2[€%] = HY(R?) N {V|ul?> € LY(R?)} and uﬂ any minimizer.

M. Correccl (Roma 1) AVERAGE-FIELD FUNCTIONAL NorpiTa 12/3/2019 15 / 31



MaIN REsuLTs — TRAPPED GAs

€Y SAPIENZA

UNIVERSITA DI ROMA

TRAPPED ANYONS

ng[u] = ./]12{2 dx {|( iV + BA[ul? )71| + V]ul? } Alp] = V= (wo * p)

o Let V(x) be a smooth homogenous potential of degree s > 1, i.e.,
V(Ax) = ¥V (x), V € O*®(R?),
and such that minjy - p V' (x) R—> +oo (trapping potential).
— 00
o We consider the minimization problem for 5 > 1

F2 af = inf gégf [u],
BT weaiet) full,=1 "

with 2[€%] = HY(R?) N {V|ul?> € LY(R?)} and uﬁ any minimizer.
o Since B(x) = feurlAlp] = 27fp(x), if one could minimize the
magnetic energy alone, the effective functional for 8 > 1 should be

/ dx [B(x) + V(x)]p = / dx [278p* + V (x)p] .
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MaIN REsuLTs — TRAPPED GAs

TEF APPROXIMATION ) SAPIENZA

UNIVERSITA DI ROMA

TF FUNCTIONAL
The limiting functional for ng is

1) i= [ | dx[e(1, 187200 + V()]

with ground state energy F;" := inf, _; €57 [p] and minimizer p3" (x).

v
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MaIN REsuLTs — TRAPPED GAs

TF APPROXIMATION SAPIENZA

UNIVERSITA DI ROMA

TF FUNCTIONAL
The limiting functional for ng is

e¥lp] = [ ax[e(1,08r%(x) + V(x)o()]

with ground state energy F3" := inf|, _; £5"[p] and minimizer p3" (x).

v

o Under the hypothesis we made on V', we have
BIF = g2 BT, pIF(x) = g5 pfT (57x)
o Given the chemical potential ui" := ET" 4 ¢(1,1) leTFHz we have

it (x) = m P V(X)L :
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MaIN REsuLTs — TRAPPED GAs

LOCAL DENSITY APPROXIMATION (I) SAPIENZA

UNIVERSITA DI ROMA

THEOREM (TF ApproOX. [MC, LUNDHOLM, ROUGERIE ‘16])
Under the hypothesis on V' and for any R > 0

Eaf C’O‘l B *
fm =1, gebsfu]? (gme) SO0

in the dual space of Lipschitz functions Cg’l(BR) vanishing on OBp.
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MaIN REsuLTs — TRAPPED GAs

LOCAL DENSITY APPROXIMATION (I) ) SAPIENZA

UNIVERSITA DI ROMA

THEOREM (TF ApproOX. [MC, LUNDHOLM, ROUGERIE ‘16])
Under the hypothesis on V' and for any R > 0

Eaf C’O‘l B *
lim 7[5 =1, Bﬁ’u%ff <B$X> (Co*(Br)) plTF(X)
B0 55+2 ETF 3 —

in the dual space of Lipschitz functions Cg’l(BR) vanishing on 0Bp.

o The result applies to more general potentials, e.g., asymptotically
homogeneous potentials;

o The homogeneous case (confinement to Q, V = 0) is included: we
recover the asymptotics Fy/p(€2,8,1)/8 — e(1,1)/]] and

af 12 (cy ‘(sz)) B
|71/5f’ (x) ———— pI¥(x) = |Q| 712

B—o0
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Theoretical (red) and numerical (blue) density profiles for V (x) = |x|°, 3 = 90 (left)

and V(x) = [x|*, # = 140 (right).
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£5'lu] = /Q dx |(~iV + BA[ul2)) uf*, Al = V* (woxp), [ulli=1

In the homogeneous case, for any xq € §2° and any R > 0,

i (Xo+B877+)

0,1 &3
B—+o00

for any 0 < n < ﬁ.

o We conjecture that pgf is well approximated in weak sense by a

constant on any scale smaller than 1 up to 1/+/5;
o Analogous result for trapped anyons...
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MaIN REsuLTs — TRAPPED GAs

LOCAL DENSITY APPROXIMATION (II) eI

£37lu] = / dx | (—iV + BAfuP]) ul® . Al = V* (woxp), Jul2=1

THEOREM (LDA [MC, LUNDHOLM, ROUGERIE ‘16])

In the homogeneous case, for any x, € €)° and any R > 0,

‘ (Co*(Br))
-

‘u%f,N/D (xo+877) 6—>+<>§ |Q|~1/2, for any 0 < n < 4.

o We conjecture that pgf is well approximated in weak sense by a
constant on any scale smaller than 1 up to 1/+/f;
o Analogous result for trapped anyons...
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I R el isisl
VORTEX STRUCTURE OF uf (I) SNz

£3flu] = /Q ax |(~iV + BA[u]) ul® . Al = V* (wo*p), Jul2=1

WHY VORTICES?

o In presence of a large magnetic field of order 3 > 1, vortices can
compensate for it: where |u| # 0, we can set u = |u|e'® and

|(—iV 4+ BA) ul? = |V |u||> + |[u]* Vo + BA|*.

Hence several point singularities of ¢ can “reconstruct” SA;

1

Since [u3!| is approx. constant (on the scale 1), vortices must be
uniformly distributed (on a smaller scale) in the homogeneous case.

The number of vortices is ~ 3 and their average distance is ~ 1/+/13.

In presence of a trapping potential some inhomogeneity in the vortex
distribution should appear.

o F = E DA

_ AVERAGE-FIELD FUNCTIONAL NorprTa 12/3/2019 20 / 31



IN PROGRESS — VORTEX STRUCTURE

SAPIENZA

UNIVERSITA DI ROMA

o

VORTEX STRUCTURE OF v (1)

Edlu] = / dx |(=iV + BA[|ul?]) u|2, Alp] =V (wo *p), HuHi =1
Q

WHY VORTICES?

o In presence of a large magnetic field of order 5 > 1, vortices can
compensate for it: where |u| # 0, we can set u = |u|e’” and

(=¥ + BA) ul” = |V [ull* + [uf® Vo + BAJ.
Hence several point singularities of ¢ can “reconstruct” SA;
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VORTEX STRUCTURE OF v (1) SoEN

Edlu] = / dx |(=iV + BA[|ul?]) ’11,‘2, Alp] = V* (wo * p), HuHi =1
Ja

WHY VORTICES?

o In presence of a large magnetic field of order 5 > 1, vortices can
compensate for it: where |u| # 0, we can set u = |u|e’” and

(=¥ + BA) ul” = |V [ull* + [uf® [Vo + BAJ.
Hence several point singularities of ¢ can “reconstruct” SA;

o Since \ugf\ is approx. constant (on the scale 1), vortices must be
uniformly distributed (on a smaller scale) in the homogeneous case.

o The number of vortices is ~ 3 and their average distance is ~ 1/1/.
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| SAPIENZA
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VORTEX STRUCTURE OF v (1)

Edlu] = / dx |(=iV + BA[|ul?]) ’11,{2, Alp] = V* (wo * p), Hqu =1
Ja

WHY VORTICES?

o In presence of a large magnetic field of order 5 > 1, vortices can
compensate for it: where |u| # 0, we can set u = |u|e’” and

[(=iV + BA) ul® = |V |u|* + |[uf® Vo + BA|?.
Hence several point singularities of ¢ can “reconstruct” SA;

o Since \ugf\ is approx. constant (on the scale 1), vortices must be
uniformly distributed (on a smaller scale) in the homogeneous case.

o The number of vortices is ~ 3 and their average distance is ~ 1/1//3.

o In presence of a trapping potential some inhomogeneity in the vortex
distribution should appear.
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SIMULATIONS: HOMOGENEOUS GAS (I)

SAPIENZA

UNIVERSITA DI ROMA
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Modulus and phase of u%f in a square trap with Dirichlet boundary conditions for

B = 130.
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N
SIMULATIONS: HOMOGENEOUS GAS (II) AT
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-05
05 -04 -03 02 01 0 01 02 03 04

Modulus and phase of u%f in a square trap with Dirichlet boundary conditions for
B = 230.

o F = E DA
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IN PROGRESS — VORTEX STRUCTURE

SIMULATIONS: TRAPPED GAs (1) ST

3

6

0.05

i 2
5 0.04 1
0 0.02 0
2 0.02 -1

-4
0.01 -2

-6
-3

-b 0 a
Modulus and phase of uﬁf in a harmonic trap for 8 = 25.
o «F - = T 9ace

M. Correccl (Roma 1) AVERAGE-FIELD FUNCTIONAL NorprTa 12/3/2019 23 / 31



SIMULATIONS: TRAPPED GAs (II)
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Modulus and phase of u'?;f in a harmonic trap for 3

12/3/2019 24 / 31

NoRDITA

AVERAGE-FIELD FUNCTIONAL

(Roma 1)

CORREGGI



IN PROGRESS — VORTEX STRUCTURE

SIMULATIONS: TRAPPED GAS (III) eI

3
0.07
0.06 =
0.05 1
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|
0.02
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0.01
-3
Modulus and phase of u%f in a quartic trap for 8 = 90.
or <& = z T 9ace
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IN PROGRESS — VORTEX STRUCTURE

SIMULATIONS: TRAPPED GAS (IV) eI

R\ —
0.04 NN 2|
P . 0
i =1
- -2

-3

Modulus and phase of uf;f in a quartic trap for 8 = 195.

o =] = = Dac
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o It is clear from these numerical experiments that u%' is expected to
carry a large number of vortices.

o Vortices are expected to be distributed according to the density !u%f :
and therefore their distribution is inhomogeneous in presence of a
trapping potential.

o To check whether our expectations fit with the numerical data we can
compare the number of vortices N)"™(r) in a disc of radius r
(counting the zeros of the wave function) with the expected value...

o Minimizing the kinetic term p |V + BA[p]|? yields a vorticity density
Ly = curlVe ~ —27Tﬁ‘u%f :

)

«O>» «Fr «=>r « =

[
S
o
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IN PROGRESS — VORTEX STRUCTURE

€Y SAPIENZA

UNIVERSITA DI ROMA

VORTEX STRUCTURE OF v (1)

o It is clear from these numerical experiments that u},f is expected to

carry a large number of vortices. ‘
: . . : 2
o Vortices are expected to be distributed according to the density ’u%f
and therefore their distribution is inhomogeneous in presence of a
trapping potential.
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VORTEX STRUCTURE OF v (1) SoEN

af

o It is clear from these numerical experiments that uj is expected to

carry a large number of vortices.

o Vortices are expected to be distributed according to the density ’u%f
and therefore their distribution is inhomogeneous in presence of a
trapping potential.

o To check whether our expectations fit with the numerical data we can
compare the number of vortices NJ"™(r) in a disc of radius r
(counting the zeros of the wave function) with the expected value...
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o To check whether our expectations fit with the numerical data we can
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IN PROGRESS — VORTEX STRUCTURE

VORTEX STRUCTURE OF v (1) SoEN

af

o It is clear from these numerical experiments that uj is expected to

carry a large number of vortices.

o Vortices are expected to be distributed according to the density ’u%f
and therefore their distribution is inhomogeneous in presence of a
trapping potential.

o To check whether our expectations fit with the numerical data we can
compare the number of vortices N)"™(r) in a disc of radius r
(counting the zeros of the wave function) with the expected value...

o Minimizing the kinetic term p |V + SA[p ]\2 yields a vorticity density

ey = curlVe ~ —27r/3‘ af |2

which implies

Nib(r) = 471'25/ drr pEF(T).
0
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Theoretical (red) and numerical (blue) vortex density for V(x) = [x|*, 8 = 140 (left)

and V(x) = [x|*, B = 195 (right).
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IN PROGRESS — VORTEX STRUCTURE

VORTEX STRUCTURE OF v (III) SoEN

ABRIKOSOV-LIKE PROBLEM?

o Typically in BECs or superconductors the vortex core is much smaller
than the vortex mean distance
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ABRIKOSOV-LIKE PROBLEM?

o Typically in BECs or superconductors the vortex core is much smaller
than the vortex mean distance = the density is approx. constant
with isolated zeros (scale separation).

o There is a regime in BECs and superconductors where the core and
mean distance are of the same order (no scale separation) —-
Abrikosov problem: minimize the energy of a periodic distribution of
vortices = triangular lattice with energy ex [AFTALION, BLANC
‘07; FOURNAIS, KACHMAR ‘11; SANDIER, SERFATY ‘12].
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VORTEX STRUCTURE OF v (III)

ABRIKOSOV-LIKE PROBLEM?

o Typically in BECs or superconductors the vortex core is much smaller
than the vortex mean distance = the density is approx. constant
with isolated zeros (scale separation).

o There is a regime in BECs and superconductors where the core and
mean distance are of the same order (no scale separation) —-
Abrikosov problem: minimize the energy of a periodic distribution of
vortices = triangular lattice with energy ex [AFTALION, BLANC
‘07; FOURNAIS, KACHMAR ‘11; SANDIER, SERFATY ‘12].

o In S/i;f there is only one asymptotic parameter =—> no scale separation
and core ~ mean distance.
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IN PROGRESS — VORTEX STRUCTURE

SAPIENZA

UNIVERSITA DI ROMA

VORTEX STRUCTURE OF v (III)

ABRIKOSOV-LIKE PROBLEM?

o Typically in BECs or superconductors the vortex core is much smaller
than the vortex mean distance = the density is approx. constant
with isolated zeros (scale separation).

o There is a regime in BECs and superconductors where the core and
mean distance are of the same order (no scale separation) —-
Abrikosov problem: minimize the energy of a periodic distribution of
vortices = triangular lattice with energy ex [AFTALION, BLANC
‘07; FOURNAIS, KACHMAR ‘11; SANDIER, SERFATY ‘12].

o In 5‘1f there is only one asymptotic parameter =—> no scale separation
and core ~ mean distance.

o It seems natural to compare e(1,1) with ex ~ 1.1596, but not only
e(1,1) > 2m, apparently also e(1,1) > ea...

M. Correccl (Roma 1) AVERAGE-FIELD FUNCTIONAL NorpiTA 12/3/2019 29 / 31



1.24

—
2712 ke fhi
- — rikosov coefficient
1.22 ¢ e 2\/7?/3
1.2+
1.18

1.16 |

1.14

20 40 60 80 100
«O>» «Fr «=)r «=)» A
M. Correcal (Roma 1)  Averace-FieLp FuncTioNnaL  Norpita 12/3/2019 30 / 31




o AF functional:

o Obtain more information about ¢(1,1);

o Investigate the vortex structure of ugf, at least with numerical
simulations;

o Find an estimate of the critical value of /3 for the occurrence of vortices;
o Prove that the vorticity is uniformly distributed for 3 large in the
homogenous case.
o Anyon gas:

it
v
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PERSPECTIVES SARIENZ

o AF functional:

o Obtain more information about e(1,1);

o Investigate the vortex structure of uf}f, at least with numerical
simulations; ‘

o Find an estimate of the critical value of /3 for the occurrence of vortices;

o Prove that the vorticity is uniformly distributed for 3 large in the
homogenous case.
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o Obtain more information about e(1,1);

o Investigate the vortex structure of uf}f, at least with numerical
simulations; ‘

o Find an estimate of the critical value of /3 for the occurrence of vortices;

o Prove that the vorticity is uniformly distributed for /3 large in the
homogenous case.

o Anyon gas:

o Recover the behavior 5 — oo at the many-body level, in a limit
N — o0, a = a(N);
o Prove the existence of the thermodynamic limit in the same setting.
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PERSPECTIVES D SAPIENZA

o AF functional:

o Obtain more information about e(1, 1)

o Investigate the vortex structure of uq , at least with numerical
simulations;

o Find an estimate of the critical value of /3 for the occurrence of vortices;

o Prove that the vorticity is uniformly distributed for /3 large in the
homogenous case.

o Anyon gas:

o Recover the behavior 5 — oo at the many-body level, in a limit
N — o0, a = a(N);
o Prove the existence of the thermodynamic limit in the same setting.
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