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Abstract— This paper treats the topic of periodic event-
triggered control (PETC) for Networked Control Systems in
a setup where the network provides a maximum sampling rate
and a maximum number of successive packet losses. The packet
loss is tackled with a non-monotonic approach, meaning that
the trigger rules are designed such that a Lyapunov function is
guaranteed to decrease only between two successful triggering
instants. The stability properties of the resulting continuous-
time sampled-data system are analyzed in two ways. The first
one uses different restricted dynamical systems and the second
one applies theory on non-monotonic Lyapunov functions.
Based on this theory an example for another trigger rule is
given that can be derived using this approach. The theoretical
results are demonstrated through a known numerical example.

I. INTRODUCTION

In Networked Control Systems (NCSs) one faces several
problems induced by the network, as described in [1]. One of
the interesting challenges is how to sample the measurements
before sending them to the controller. An approach to reduce
the amount of transmissions is the event-based sampling
approach, introduced in [2]. In [3] a Lyapunov based frame-
work for event-triggered control was presented that initiated
a huge amount of work in this area. Again when dealing with
NCSs it is of special interest to analyze how event-triggered
control behaves in combination with other network induced
imperfections such as packet loss. This interplay was first
studied in a stochastic framework. For instance in [4] the
behavior of systems with integrator dynamics is analyzed and
problems with the unstructured data traffic of event-triggered
control have been identified. To generate a more structured
data traffic is one of the main benefits of periodic event-
triggered control (PETC). In PETC, introduced in [5], the
state of the plant is sampled at periodic time instants and
the information is sent to the controller if a trigger condition
is violated at one of those instants.

An early work on the design of trigger rules for NCSs
is given in [6] in a distributed setup. Another distributed
approach is shown in [7], where losses are modeled as
additional delays. A stochastic formulation of packet loss
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due to random loss and jamming attacks is given in [§],
where a trigger rule is designed to guarantee almost sure
asymptotic stability for a deterministic discrete-time system.
A more recent approach in event-triggered control is to
allow thresholds to be dynamically generated. This method
is known as dynamic event-triggered control and it is used to
deal with packet loss in NCSs in [9]. To deal with network-
induced imperfections in a PETC framework is the goal of
[10] which focuses on communication delays as well as
packet loss. The main contribution therein is to come up
with a new Lyapunov-Krasovskii functional that significantly
improves the behavior under delay. The packet loss is then
covered by lowering the generated threshold such that the
condition that guarantees 77, stability in the delayed setup
is guaranteed to hold at every sampling instant albeit the
occurrence of packet loss.

In this paper we will show that one can deal with packet
loss in PETC by applying stability results that employ
Lyapunov functions that are non-monotonically decreasing
along solutions of the dynamical system. Such results are
given in [11] for nonlinear time-varying and in [12] for
various system classes, including discontinuous dynamical
systems. The benefits of non-monotonic Lyapunov functions
were used in [13] with the goal to simplify computation of
Lyapunov functions, and in [14] and [15] in the context of
optimization in NCSs.

In this work we focus on PETC with packet loss. The
first goal is to derive a trigger rule with easily verifiable
conditions, dependent on the system dynamics and amount
of packet loss, to guarantee stability of the closed-loop
continuous-time system. We will derive this trigger rule
by computing conditions such that the dynamical system,
restricted to successful triggering instants, is globally expo-
nentially stable. The second contribution lies in generalizing
these results as a non-monotonic approach. We show that
stability of the closed-loop system can be proven using a the-
orem for non-monotonic Lyapunov functions. Furthermore
we will show based on this theorem that the approach can
be used to synthesize other trigger rules for the given setup
than the one used in this paper.

The remainder is structured as follows. In Section II a
precise definition of the problem is given. Following this
we derive a trigger rule for stabilization in the presence of
packet loss based on different discretizations in Section III. In
Section IV we generalize our approach using non-monotonic
Lyapunov functions and give an example for a trigger rule
from literature that can be designed using this approach. The
paper closes with a numerical example in Section V and a
conclusion in Section VI.



II. PROBLEM SETUP

In this paper we consider the LTI System
xc(o_) = Xc,0 (D

with x.(r) € R", u.(t) € R? for all + > 0~ and matrices
A¢,B. with suitable dimensions, where r = 0~ stands for
lim; 0 r<0f. We assume (A,B.) to be stabilizable. We ob-
serve a scenario where the control loop is closed over a
communication network that provides a certain service guar-
antee. This guarantee tuple (h,m) consists of the maximum
sampling time 4 and the maximum number of successive
packet losses m. We assume h such that the discretized
system with sampling time /% is stabilizable as well (see e.g.
[16] for sufficient conditions on h, A., B.). To generate the
control input, we use a sampled-data controller whose update
sequences are determined through a periodic event-triggered
scheme. A new element of this sequence is added when a
certain trigger rule is violated at the periodic time instants,
with period £, it is being evaluated, i.e.,

Xc(l) :Acxc(t) +Bcuc’(t)7

J ={t>0:t=kh A trigger rule is violated at t} (2)

where k e N and 7 =: {%,%1,%,... }- Due to the possibility
of packet loss the actual resulting sequence of update times

T ={t>0:tc .7 A triggering successful}, 3)

with .7 =: {19 = %), 71, T2,... }, is a subset of .7 where
at most m successive elements of .7 are not contained in
. Without loss of generality, we assume 1y = 7, i.e., the
first instant when triggering is necessary is assumed to be
successful. Furthermore we define indices that represent the
same time instants in .7 and .7 . Starting with a nonnegative
integer k; that specifies due to (3) the k;" instant when
triggering is successful, there exists k¢|z € Ny such that the
k|z™ instant when triggering is necessary happens at the
same time as the kfth successful instant, ie., T, = ‘Z'kr‘%.
Using .7 we can define the last successfully transmitted state
£c(¢) that is initialized with £ ¢ and updated at all successful
triggering instants, i.e., £.(t) = %.o for 7 € [07,7) and for
all k; € Ny

4)

Using (4) the resulting periodic event-triggered controller is
then given as

uc(t) = Ki.(1). ®)

Note that for x.(¢) it holds, due to continuity of the solution,
that x.(0) = x.(07) = x.0.

To design the controller and trigger rules we will use the
discretized system with sampling time #, i.e.,

Xg+1 = Axg + Buy, k € Ny (6)

with A = e, B = [ eASB.ds, uy = uc(t = kh := 1) and
Xo = X0, thus x; = x.(f = 1). According to the definition of
kr and k¢|z above we define k¢|;, := T"Tf For analysis purposes
we define another discretization of the sampled-data system

(1) that is a restriction to the successful trigger times, i.e., it
is defined on 7 as

Fror1 = f(Re, ko), ke € Ny @)

with f(-,-) such that %, = x|, = xc(t = 7,) for all k; € No.

For the case 7 = , i.e. the case of no packet loss,
[5] states suitable trigger rules such that global exponen-
tial stability of the continuous-time sampled-data system is
guaranteed. In this work we want to derive trigger rules
and easily verifiable conditions, dependent on the system
dynamics, service guarantees and the chosen controller, to
check if there exist parameters for them such that global
exponential stability can still be guaranteed under the given
tuple (h,m) provided by the network. To derive these rules
we will at first use an approach using standard Lyapunov
techniques for the different discretizations introduced above.
Later in Section IV we will show, that this approach can
be generalized using non-monotonic Lyapunov functions as
described in [12].

IIT. APPROACH BASED ON DIFFERENT
DISCRETIZATIONS

The idea is to derive a controller and triggering setup
for system (6). This setup will be analyzed to compute
bounds on the parameters of the trigger rule using system
(7), to guarantee exponential stability of this restriction
despite packet loss. The last step is to draw conclusions from
stability properties of (7) for system (1).

A. Design controller and state trigger rule

First of all we define trigger errors e.(t) = £.(t) — x(¢t)
and their discrete counterpart e; = e () = £:(tx) — xc(tx) =
X —xi. Using this trigger error e; we can compute a closed-
loop representation of the discretized system (6) between two
successful triggering instants, i.e.,

=(A+BK BK
Xip1 = (A+BK) x + ek

Al By
exr1 = (I —BK)ep+ (I— (A+BK))x; ®)
—— ——_———
Ay B,

for all k € [ke|p, ke + 1];) with k; € Ny, where k|, and k¢ +
1], represent the discrete-time indices of the k. and (k; +
1) successful triggering instant as defined in Section II. We
use this representation now to derive an explicit formula for
the evolution of x; and e;.

Lemma 1: Observe the closed-loop representation from
equation (8). Then for natural numbers j, k € [k¢|pn, kr+ 1),
kr € Ng and j > k, it holds that

Xj=Aq|j_ Xk + B1|j—rek
ej =Agj ek + By j Xk 9
with Al‘l :A17Bl‘1 :B17A2|1 :A27Bz‘1 :B2 and for lZ 1

Ayjip1 =A1Ayi +B1Byi,  Byjip1 =A1Byi+BiAy);,

Agjit1 = A2Ayi +BoByji,  Bajiy) =A2Byi+BoAy);.

Proof: We prove Lemma 1 via induction. Using the ini-
tial matrices we see that (9) equals (8) for j —k = 1. Now we
assume (9) holds for some j > k. Thus we have to show that



under this assumption (9) holds for j+ 1 as well. Combining
(8) and (9) we compute x; 1 =Ax;+ Bje; :A]Al‘j_kxk—k
AlBl\jfkek + BlAz\jfkek + Ble\j—kxk and ej 1 = Aze; +
Byx; = A2A2|j_kek + AQBZU_kxk + 32A1|j_kxk + BBy ek
Thus, one observes that (9) holds for all natural numbers
Jrk € [keln ke +1n), j >k, ke € No. n
As mentioned in the beginning we assume stabilizability of
(A¢,B.) and h to be such that (A, B) is stabilizable. Thus, we
can compute a controller K and accordingly P > 0 such that
the condition

V(1) =V 0a) < =602l + flex (10)

where V (x;) = x/ Px; and 6 > 0 holds for all k € Ny. Thus
it also holds that

Aanin (P) x| <V (k) < Asnax (P) [l |- (1D

We start our derivations with a trigger rule where trigger-
ing is necessary when

llex||* > o2 xk]|*- (12)

In case of no packet loss the condition o < 6 is known to
be sufficient for global exponential stability, cf. [5], [17]. We
will compute a new bound on ¢ in the following for the case
of m successive packet losses. Our derivations will lead to
a trigger rule that does not guarantee that (12) with o < 6
holds despite packet loss. We will also add another condition
later that will be only active after packets have been lost and
will not change the behavior in the nominal case.

B. Compute bounds on inter-event intervals

It is clear that in a PETC setup the inter-event times are
lower bounded by the sampling time 4. In the next result
we will state and prove that the inter-event times are also
uniformly upper bounded, since this will be needed in the
stability proof.

Lemma 2: Assume system (1) is controlled with the pe-
riodic event-triggered controller (5) according to trigger rule
(12) where o < 6. Then the interval between two successful
triggering instants in case of at most m successive packet
losses is uniformly upper bounded, i.e.,

Thet1 — Thkp < M Vke € Np. (13)
Proof: The proof consists of three steps. In the first step
an upper bound on the time between a successful triggering
instant and the next necessary triggering instant will be given,
e., M will be computed such that n; > T .41 — T, =
Tielz+1 — Thy|; for all kz € No. In the second step it is shown
that an upper bound on the time between a necessary but
not successful instant and the next necessary instant can be
computed, i.e., M2 such that 0y > 7.1 — T, for all kz that
satisfy %, ¢ 7. The proof is concluded by the observation
that the overall bound is a finite sum of these bounds since
there are at most m unsuccessful triggering attempts, i.e.,
(13) holds with n = n; +mns,.

We will start with the computation of 77;. According to
trigger rule (12) we know |l¢;||* < 62|/x;||* until the next
triggering is necessary. Thus from ¢ < 0, the dissipation
inequality (10) and the bound (11) one can conclude, using
standard Lyapunov arguments, that an exponential decrease
holds until the next triggering is necessary, i.e., there exist

r>1 and 2 >0 such that [lx;|| < re”*U=*k|x, |,
for all j € TkTT :kr|h,% . By the definition of the
trigger error we know that [%] = [lx ), || = llej +x;] <
llej|| + [|xj|| until a new successful triggering instant re-
sets the trigger error to zero, thus |[e;]| > x|, | — [[x;]| =

(1—re*“1 —keln) ) l[xk, ), I, for all j € |kelp, AT"H . Due
to these calculations we notice that ||x;|| and llej|| are
strictly decreasing respectively increasing. Thus, if we can
compute kyn, € N such that o||x;|| > |lej|| for j = k¢|p+
kn, we know that for ny = (ky, +1)h trigger rule (12)
is violated in any case. It remains to compute ky, € N
such that ore x| || > (1 —re " n)|x, || . Thus
kn, =[x In(r(c+1))] and ny =h ([ In(r(c+1))] +1).

It remains to compute 71,. This bound can be computed
essentially using the same method as before but considering
the following aspects. Either the case Ty, +h = 7,1 holds,
i.e., the next necessary triggering instant is immediately after
one period (then 1, =h holds) or the trigger rule is not vio-
lated in the next step, i.e., || < GHer || Then we

h
M= e 1+ IIenZT <l |

know s, o, |
h

and therefore fok || <1 GkaT‘hH Using this inequality

we can compute 772 w1th the same methods as 71 and thus
the proof is complete. [ ]

Remark 3: Using the same calculation as in Lemma 2
together with the fact that the first instant when triggering
is necessary is assumed to be successful one can observe
To — o < 1 holds as well.

C. Stability analysis of the restricted system

To analyze stability of system (7) we use the general
derivative of the Lyapunov function along trajectories of (7)
as in [18], i.e

1 g g

DV i= —— [V (&,41) — V(%%
The+1 — Thy

As mentioned above to guarantee stability of this system we

introduce an additional trigger rule. This trigger rule forces

to trigger an event when
V() =V (xy,) > =015k, 17, Vk € [keln ke +1]5) . (15)

Notice that in the case of no packet loss nothing changes,
since the demanded decrease is guaranteed already after one
time instant due to the dissipation inequality (10) and the
fact that ¢; |, = 0 due to successful triggering. Furthermore
notice that the bound derived in Lemma 2 still holds since
an additional trigger rule cannot increase an upper bound on
the inter-event times in general.

Now we can establish a condition on the parameter ©
such that the origin of the restricted system (7) is globally
exponentially stable despite m successive packet losses.

Theorem 4: Assume one can find r >0 and 0 <6 < 0
such that for all / € {1,...,m}

1
r—62+Y ¢;(0)
j=1

i
—6? Z max {
j=1

)] Vk: €Np. (1)

Auin (P) —r = Xi_;
Lnax (P)

()}SO (16)



and

02 _ 52 !
r—6? (1+6)2—|—j;cj(6)
! Amin(P) —r = Yi_;ci(0)
2 J
] ]Z]max{o, o (P) }<o (17)

are satisfied with

1 z 2
6(0)= (125 ) (Ao +18211)7. e(0) = Byl

Then the equilibrium at ¥ = 0 of the restricted discrete
time system (7) with periodic event-triggered controller (5),
where triggering is attempted when either (12) or (15) with
threshold o is violated, and with at most m successive packet
losses is globally exponentially stable.

Proof: To prove the statement we use the Lyapunov
function V (%) = )?,CTTP)Z;{T and analyze the general derivative
DV defined in (14). To show global exponential stability of
the restricted dynamical system (7) we have to show that
there exists a positive constant 7 such that

1

—— [V(&s1) =V ()] < —F1 5 |
The+1 — Ty

(18)
for all k; € Ny since the Lyapunov function can be bounded
as in (11).

From Lemma 2 we know 7 1 — 7, < 7 for all k; € Ny.
Thus, if one can show existence of r > 0 such that V (% ;) —
V(%,) < —r||%.||>, one can immediately conclude that (18)
holds with 7 = L. Therefore we will now focus on the
term V (f.41) = V(%) = V(x41),) — V (k) )- At first we
observe which scenarios are possible to happen in between
two successful triggering instants. Without loss of generality
every successful triggering instant is followed by g € Ny
time instants where no triggering is necessary. In the notation
introduced above this translates to T |. 11 =fx |, +¢+1, 1.€., the
next instant when triggering is necessary is g+ 1 time instants
after #;_|,. Since we have to observe the cases when packets
are lost these ¢ instants are followed by / € {1,...,m} time
instants when triggering is necessary but not successful, i.e.,
Teeletp = telytgrps Where p€{1,...;I} and 1 € {1,...,m}.
These / time instants are then followed either by an instant
when no triggering is necessary or by a successful triggering
instant. In the case that no triggering is necessary we know
according to trigger rule (15) that V (x¢ |, +-g+14+1) =V (Xk,),) <
—02||xy, ), |I* and thus V (xey1),) =V (xr),) < =02, |2 +
[V (Xk,+1], — V (X¥kg|,+g+1+1)] Where the term in brackets once
again consists of ¢ € Ny instants where no triggering is
necessary and at most m — [ instants where triggering is
necessary but not successful. Thus, it suffices to analyze
the case where triggering is necessary and successful at the
time instant following the / (at most m) time instants when
packets are lost, i.e., T,+1 = Tipfpig1l = ligltgrirt- Still
this scenario provides two different cases that have to be
analyzed, depending on the question of g being positive or
zero, resulting in condition (17) and (16).

As stated above, to show (18) we have a closer look on
V (Xig|,+q+1+41) — V(Xk,|,)- Due to the fact that triggering is
only necessary at t =ty 44, for 1 < p <[, the fact that

e.|, = 0 and the dissipation inequality (10) one can compute

V(xk1|h+q+l+1> - V(xkf\h) < _92||xkf

2
kelptq+l ko100
o?)|x;|? +ZJ‘T:ZTIZ+q+1 lle;]|> — 6%|x;||*. At first we observe

the case where g > 0. We compute a bound on |le;| for
kelpn+q+1<j<k¢p+q+! in this case. Due to Lemma 1
we have

| ”2 _ Zkr\hw
h

€1l = 11A2)j— (ke ) €kel+a + Balj— (keli+a) ke -+l
<Az = ke +q) T €ke gl + 1By j— e lyt-g) 1%z 44 1
< (lA2)j-kelyr) 10+ 1Bagj— kel 1) X ]

</ €= thelira) (O) e,

where we used the fact that triggering is not necessary at
Ike|,+q and the definition of the trigger error for the last
inequality. Additionally using that the trigger rule holds at
fke,+1 combined with (19) leads to V(x| 4g+i41) —

02—c? !
Vi) < (-0 8+ Xl e(0) I, P -
Zi-:l quxkr\ﬁq—%juz where we focus now on the last
sum. If there exist j € {1,...,/} and r > 0 such that
k+q+1 .
V) — Vi) <~ P — T el i
holds that V(xkr|h+q+1+1) —V(Xkr‘h) < —r||xkr‘h||2. If not,

we know that for all j € {1,...,/} and r > 0 it holds that

k+q+1
V(xk1|h+11+j) - V(xkr\h) > _erkr\hHZ - Zi:qu\hH,ﬂ'Hei”z =
—(r+ Zf:jci(a))ﬂxkr‘h”z and thus, due to (11) and

nonnegativity of the norm

PV — vl
ninP) — 7~ 1=y () } e, I

19)

Amax (P)

Using this together with (17) one observes that
V(Xglyrgrin1) = Vg,) < —rllx, > holds in  this
case as well, and thus in general for g > 1. As stated before
we know due to Lemma 2 that 7 1 — T, < N, Vk; € Np
and thus (18) holds with 7 = % for g > 1.

It remains to show that the things shown for g > 1
using (17) also hold for ¢ = 0 using (16). We first recall
that in this case the difference of the Lyapunov function
simplifies 0V (x|, 4gr141) = V(Xie],) < =02, I +

Tt el — 6212 Due to the fact that fley,, || =

2
kar\/ﬂr(frj H > max {07

j=k
O]anrt‘ih Lemma 1 one observes that leig‘i +1 lej]? <
By Pk, P = o €i(0) [y, > and. thus
Vel rqrie1) = Vi) < (20240 ¢(0)) llg, I -
ZI;’:‘;’:‘Z L1 |IxjlI*. The same arguments that have been used

above can be used to show that as in the case g > 1 either
2 .

V (X +qi+1) — V(%)) < —7llxk, |7 holds directly or the

bound

Amin(P) —r — ¥i_; ¢i(0)
||‘xkr‘h+jH2 > max {07 — ||xk1|h||2

Amax (P)
can be derived. Thus with (16), (18) holds for all k; € Ny with
7= £ and the equilibrium X = 0 of the discretized system,

restricted to successful triggering instants is shown to be
globally exponentially stable under the given assumptions.
|



Remark 5: Although conditions (16) and (17) look quite
complicated, verification of given ¢ or finding a suitable &
is not too elaborate. One starts with fixing a value for r that
corresponds to a desired convergence rate. Afterwards (16)
is an inequality independent of ¢ that needs to be fulfilled.
Regarding (17) one proceeds with a line search to find the
maximal value o such that the inequality is not violated.

D. Consequences for continuous-time sampled-data system

To analyze the continuous-time system, one can use an
approach similar to [19]. It uses the uniform upper and
lower boundedness of the time intervals between successful
triggering from Lemma 2 to compute a uniform upper bound
on the increase in between them. Together with exponential
stability of the restricted system as shown in Theorem 4
global exponential stability of the sampled-data system can
be shown. The details of the proof are omitted here due to
space limitations. The result that can be derived is summa-
rized in the following Corollary.

Corollary 6: Assume the continuous-time sampled-data
system controlled in the same setup as in Theorem 4.
Then there exist k. > 1 and A, > 0 such that ||x.(7)|| <
kee <! ||x.(0)|| for all x.q,%.0 € R" and ¢ > 0.

IV. STABILITY RESULT USING NON-MONOTONIC
LYAPUNOV FUNCTIONS

The approach given in this paper was described to be a
non-monotonic approach, since one demands the evolution
of V to decrease only between successful triggering instants.
Indeed, one can derive the results in a second way using
theory on non-monotonic Lyapunov functions as described
in [12]. It is shown by an example that this is a general
approach to PETC with packet loss.

A. Proof based on non-monotonic Lyapunov functions

The particular result that we use from [12] is Theo-
rem 6.4.7. The Theorem uses a Lyapunov function that is
non-monotonically decreasing along solutions of the sys-
tem to show global exponential stability of the origin of
a continuous-time sampled-data system that needs to be
formulated as a discontinuous dynamical system (DDS).
With Theorem 6.4.7 from [12] we can give a second proof
for the main result of the paper.

Theorem 7: Assume 0 < o < 0 fulfills the assumptions of

Theorem 4. Then the equilibrium at the origin [x/ e/] T=
[OT OT] " of the continuous-time sampled-data system (1),
(5), where triggering is attempted when either (12) or (15)
with threshold o is violated, with at most m successive
packet losses is globally exponentially stable.

Proof: As stated above we need to model the sampled-
data system as a discontinuous dynamical system. We use

T . .
&= [xCT eﬂ and the sequence of successful triggering
instants to rewrite the closed-loop sampled-data system as

A+BK BK
_BK:| é(t)7 Te1 ST T

&) = [—(A+BK)

Ag

o ol&),

&)= t=1, keNy (20)

with £(07) =[x/, )?IO—xQo}T and T_1:=0" =1ty. As a

Lyapunov function we use v(&,¢) =& T [g (I)] & with P as

in Section III. We observe that we can now use Theorem
6.4.7 to analyze the stability of (20) where the unbounded
discrete subset from [12] with E = {p;,p2,...} equals the
set of successful triggering instants 7 = {1y,7;,...} and
po =19 =7_1 = 07. It remains now to show that equations
(6.59), (6.60), and (6.62) from [12] hold. At first one can
see that (6.59) holds with r; = min{Ayin(P),1} and r, =
max{Amax (P), 1} due to positive definiteness of P (r; replaces
¢; in the notation of [12]).

We will now start with checking (6.62) for pi

with k& € N, or equivalently 7, with k € Np, ie.,
w0 (Te1,10,80), Test) = v(0(T10,80), 7)) <
—Flxe(m)||? = —F||E(w)||?>, where we used the fact that

ec(1) =0 for all k € Ny and the knowledge from the proof
of Theorem 4 that (18) holds for all k; € Ny under the
assumptions of Theorem 4. Furthermore we have to analyze

L (0 (00, E0). 70) — v(O(T1.10,E0). 71)].

To— T—1
We note that if triggering is necessary immediately after
initialization, i.e., 7o = 0 we know |le.(07)[|* > &2||x.(07)|)?
and x.(%) = x.(7—1). Thus one can compute

2
Q) = -t [Elecr )P+ s llec(z-0)I?] <

2
—i1ver eI +lIx(z-n)IP] = —Fl&(z-1)I*
If no triggering is necessary after initialization we
know by assumption that |[le.(7-1)|> < o?|x.(7-1)|
thus 2D < —5 [(67 =07 [lxe(T-1)|]* + flec(z-1)[*] <
—7|€(1-1)||. Thus we showed that (6.62) holds under
the given assumptions with r3 = min{# #,7’}. It remains
to show that (6.60) holds for all p; with k € Ny. We
know that v(&,r) < r||€(z)||>. Furthermore we know
that (1) = Ag€(r) for ¢ € (n1,%),k € No. Thus
we can use [(Ag) = lmax(%(Ag—i—Ag)) to derive
IO = e’ E(@)P < [t UOUH g ()
Using Lemma 2 and the subsequently given Remark
we know T, — Ty < 1 for all k € Nyp. Thus,
RlE@)|2 < rfletPOM|2)E ()| Due to the fact that
IE(w)|)? < %v(é(rk),rk) it follows that v(&(z),7) <

2| 2p(E (), %) for all £ € (t1, %),k € No. Thus,
(6.60) holds with f(r) = 2||e*)1|2r. n
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B. Remarks on general non-monotonic framework

If this approach is to be used to generate trigger rules that
guarantee stability despite packet loss, the main challenges
are as follows. One needs to design a trigger rule that
guarantees uniform upper and lower boundedness of the
inter-event intervals. Additionally the trigger rule needs to
guarantee a limited increase of a Lyapunov function in the
sense of (6.60) and a decrease between successful triggering
instants in the sense of (6.62).

Example 8: In [8] the instants when triggering is neces-
sary are given, according to our notation, as ;| = min{z €
{%+h,T+2h,...} : t > T+ v or V(Ax(r) + Bu(%)) >
BV (x(%))}. Thus the inter-event times are explicitly uni-
formly upper bounded by mv in the case of at most m



TABLE I
DERIVED BOUNDS ON ¢ > 0 FOR /1 = 0.02 AND DIFFERENT VALUES OF m

m 0 1 2 3 4 5
Omax || 0.1683 | 0.1450 | 0.1060 | 0.0770 | 0.0520 | 0.0300
1
S 05| |
=< 0
\ \ ! !
0 2 4 6 8 10
t [s]
Fig. 1. Evolution of the state x under PETC with packet loss.

successive packet losses. In the setup of that paper control
input zero is applied when a packet loss occurs. Thus the con-
ditions BP— (A+BK) ' P(A+BK) >0 and P —A"PA >0
demand a desired decrease when no triggering is necessary or
triggering is successful as well as a maximum increase, that
satisfies (6.60) when packets are lost. Thus, if additionally
the requirement ¢™f < 1 is fulfilled, the Lyapunov function
decreases between successful triggering instants and global
exponential stability can be shown using Theorem 6.4.7.

V. NUMERICAL EXAMPLE
In this section we consider the numerical example used

in [5] with A, = _02 ; , Be= m and K = [1—4]. We

consider a network that provides a maximum sampling time
h = 0.02s. According to the rules in Theorem 4 we can
now compute bounds on ¢ for different values of m such
that the continuous-time sampled-data system is globally
exponentially stable despite the possibility of at most m
successive packets being lost. The bounds on ¢ > 0 that
can be derived are given in Table I.

In the following we assume a network that guarantees
a maximal sampling rate of 7 = 0.02s and at most m =3
successive packet losses. According to Table I we select
o = 0.077 and simulate the system with initial conditions
Xe0 = [—0.309,0.951]" and £.0 = [-0.306,0.942]". The
evolution of the sates is shown in Figure 1, where one can
observe that the origin is indeed stabilized. Additionally
it is of interest to observe how the trigger error evolves.
In Figure 2 the evolution of HZE;;}‘ is shown. Furthermore
the value chosen for ¢ due to Tab*e I as well as the value
for o known to be sufficient in absence of packet losses is
shown. The red asterisks mark time instants where the trigger
rules are evaluated and the trigger rule with ¢ = 0.1683,
known to be sufficient for 0 packet loss, is violated. The
existence of these instants shows the conceptual difference of
our approach to deal with packet loss in PETC. As mentioned
before, in other works, e.g. [10], a bound for ¢ in the case of

0.3 T
02| 4 i ﬁgHsH Ai SN
. i INTTTITTY
o kst e
0 2 4 6 8 10
time [s]

Fig. 2. Evolution of the trigger error and different thresholds.

no packet loss is computed. Afterwards this bound is lowered
such that the original trigger rule is never violated despite
the fact that packet loss is considered. Thus a behavior as in
Fig. 2 implies that we investigate a different approach here
that can be used to stabilize the continuous-time system.

VI. CONCLUSIONS

In this paper we presented a new approach to deal with
packet loss in PETC. First a detailed derivation for a specific
trigger rule was presented. Building up on this analysis the
procedure was generalized as a non-monotonic approach.
An example was given to show that other trigger rules can
be generated within this framework. This observation gives
rise to possible further work including more general network
specifications and system dynamics in the setup. Furthermore
a constructive development of the framework should focus
on including other network-induced imperfections as well.
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