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Abstract—In this work, we propose a continuous-time dis-
tributed optimization algorithm with guaranteed zero coupling
constraint violation and apply it to safe distributed control in
the presence of multiple control barrier functions (CBF). The
optimization problem is defined over a network that collec-
tively minimizes a separable cost function with coupled linear
constraints. An equivalent optimization problem with auxiliary
decision variables and a decoupling structure is proposed. A sen-
sitivity analysis demonstrates that the subgradient information
can be computed using local information. This then leads to a
subgradient algorithm for updating the auxiliary variables. A
case with sparse coupling constraints is further considered, and
it is shown to have better memory and communication efficiency.
For the specific case of a CBF-induced time-varying quadratic
program (QP), an update law is proposed that achieves finite-
time convergence. Numerical results involving a static resource
allocation problem and a safe coordination problem for a multi-
agent system demonstrate the efficiency and effectiveness of our
proposed algorithms.

I. INTRODUCTION

Distributed optimization has received increasing attention in
the last few decades thanks to increasing computational power
availability. Depending on how the problem is formulated,
distributed optimization can be categorized into the cost-
coupled and constraint-coupled optimization [1]. In the former
case, the cost function to be minimized is a summation of local
cost functions, each of which depends on a common decision
variable x subject to a common constraint, that is,

min
x∈X

∑
i∈{1,2,...N}

fi(x), (1)

where the local cost function fi and global constraint set X are
known to agent i. One such example is the training process
of learning algorithms, where the decision variables are the
parameters in the learning model and the local cost function
is associated with data accessible only to local computational
units. Much attention has been focused on this case in the
distributed optimization community; see [2], [3] for overviews.

In the constraint-coupled case, each node has its own local
decision variable, and the cost function is a summation of local
cost functions that depend on the local decision variables only.
The constraints in this case are coupled and involve all or parts
of the local variables. The problem setup is then given by

min
(x1,...,xN )∈X

∑
i∈{1,2,...N}

fi(xi), (2)
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where the local cost function fi and parts of the constraint
set X are known to agent i. Conceptually, we can refer to the
stack of all local variables as the global variable. One example
of this setup is the economic dispatch problem in power
systems, where the local decision variables are constrained by
the shared resource limit, and the size of the global decision
variable increases with the size of the power grid.

Albeit its wide outreach in real-time decision-making and
profound practical implications, the constraint-coupled opti-
mization problem (2) was less attended to compared to the
vast literature on cost-coupled optimization problem (1). One
viable approach to (2) involves solving its dual problem.
Assuming that the optimization problem (2) has zero duality
gap and the constraint functions are separable, then the dual
problem of (2) has a separable objective function with a com-
mon decision variable (the dual variable), aligning the problem
with the formulation of (1). Thanks to this observation, many
distributed optimization algorithms for (1) can be readily
applied to solve (2) by tackling its dual problem [4]–[7].
One major drawback of these duality-based approaches is that,
primal convergence is not easily retrieved from dual solutions,
known as the primal recovery problem [8]. The remedy usually
involves a running average scheme, which leads to a slow
convergence rate. Recent works in [9], [10] have proposed
various methods to avoid the recovery procedure. Another
issue is that, in order to solve for the local primal variable,
each node has to solve for a consensus on the dual variable,
causing efficiency concerns.

In order to avoid the primal recovery problem as well as en-
hance efficiency, recently, primal decomposition approach has
been pursued as a general distributed solution to the constraint-
coupled problem [1]. Instead of looking at the dual problem,
primal decomposition approach splits the coupling but sepa-
rable constraints into local ones using auxiliary variables. The
algorithm usually comprises two parts: 1) solving/updating the
local primal variables based on local problems, and 2) updating
the auxiliary variables. This approach has its roots in large-
scale optimization, where the global variable is too large for
one computational node to process and a central coordinating
node is required for updating the auxiliary variables. See,
for example, [11] for more details. It is until recently that
[1] proposes a distributed auxiliary update and provides an
asymptotic convergence guarantee. [12] further extends this
approach and provides a convergence rate analysis.

One issue that has been largely overlooked in the existing
distributed optimization literature is primal feasibility through-
out solution iterations. Most algorithms mentioned above or
surveyed in [2], [3] at best provide an asymptotic convergence
guarantee and asymptotic primal feasibility guarantee. This
might not be desirable when applying optimization-based algo-
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rithms in real-time safe-critical scenarios, i.e., when transient
behavior becomes a crucial safety concern and constraint vio-
lation could lead to catastrophic consequences. Conceptually,
the problem is challenging since the feasible set is defined
over the global decision variable and cannot be evaluated for
satisfaction using only local information, which voids the usual
practice of projecting the solution onto the feasible set [13].

There are only a few distributed violation-free algorithms
for constraint-coupled optimization problems. Recently, [14]
proposes a right-hand primal decomposition scheme, yet it
only achieves an approximate optimal solution. [15] considers
primal feasibility in dual decomposition methods, where the
solution still only converges to a neighborhood of optimal so-
lution. [16] proposes a violation-free algorithm with optimality
guarantee, but only for a single constraint. A highly relevant
work [17] adopts a similar primal decomposition scheme as
in this paper, and uses a cascaded law based on projected
saddle-point dynamics and safe gradient flow for updating
the auxiliary and primal variables. However, only practical
convergence can be established due to a regularization step.
The violation-free Laplacian-based gradient algorithm in [18]
instead focuses on the special case of economic dispatch
problem. In summary, the existing violation-free results either
give inexact solutions or are tailored to specific problems.
One exception is our recent work [19] where the focus is
on designing a discrete-time, violation-free, distributed and
accelerated optimization algorithm. We note that technicality
concerns differ significantly depending on whether the dynam-
ics is continuous-time or discrete-time.

In this work, we propose a distributed, continuous-time
optimization algorithm for problem (2) with coupling linear
constraints. Our contributions are summarized as follows.

1) The coupling constraints hold during the solution evolu-
tion, and the iterated variable is shown to converge to the
optimal solution under a few mild assumptions;

2) The proposed algorithm is more efficient in memory and
communication compared to existing results. Each node
only needs to store a variable of size di+M and transmit
a variable of size 2M to its neighbors, where di is the
size of the local primal variable and M the number of
coupling constraints. This is notably smaller compared
to, e.g., primal decomposition algorithms [1] and dual
decomposition algorithms [4];

3) We apply the distributed optimization algorithm to the
CBF-induced QP as feedback in safe distributed control.
To accommodate the slowly time-varying parameters in
QP, we further strengthen our proposed algorithm such
that finite-time convergence is achieved.

The organization of the paper goes as follows. We first
present problem formulation in Section II as well as some
leading assumptions. The proposed primal decomposition
scheme and the corresponding updates of auxiliary variables
are detailed in Section III and Section IV, respectively. The
overall algorithm and the convergence analysis are discussed
in Section V. Two special cases are further considered in the
following sections, focusing on the sparely coupled case and
the CBF-induced QP case. Numerical results are shown in

Section VIII to demonstrate the effectiveness and the favorable
properties of our proposed algorithms.

II. PRELIMINARIES AND PROBLEM SETUP

Notations: R is the set of real numbers, and R = R ∪
{−∞,∞}. Rn denotes the n dimensional Euclidean vector
space. Each vector a = (a1, a2, ..., an) ∈ Rn is interpreted
as a column vector if not stated otherwise. diag(·) is a
function that only keeps the diagonal entries and sets the off-
diagonal entries zero. blkdiag(g1, g2, ..., gn) denotes a block
diagonal matrix with diagonal blocks g1, g2, ..., gn, where
gi, i = 1, .., n, can be either a vector or a matrix. For x ∈ R,

sign(x) :=

{
1, x>0;
0, x=0;
−1, x<0.

For any x = (x1, ..., xn) ∈ Rn,

sign(x) := (sign(x1), sign(x2), ..., sign(xn)). Vector inequali-
ties are to be interpreted element-wise. 0 and 1 refer to vectors
of proper dimensions with all entries to be 0 or 1, respectively.
Given a function f : Rn → R, ∂f(x), the subdifferential
of f at x, is defined as the set of vectors s such that
f(x′) ≥ f(x) + s⊤(x′ −x) for all x′ ∈ Rn. Such a vector s
is called a subgradient of f at x. When f(x) is differentiable,
the gradient of f is denoted ∇f and the partial derivative ∂f

∂xi
.

For two matrices A and B of proper dimensions, we use the
convention that

[
A,B

]
denotes the horizontal stacking, and[

A;B
]

the vertical stacking. Let A ∈ Rm×n be a matrix and
I ⊆ {1, 2, ...,m} be an index set. Then, AI denotes a matrix
composed by the rows indexed in I. Note that AI = IIA
where I is an identity matrix of proper dimension.

A. Problem setup

Consider the following multi-agent optimization problem

min
x1,...,xN

∑
i∈I

fi(xi)

s.t.



∑
i∈I a1⊤

i xi + b1i ≤ 0,
...∑

i∈I am⊤
i xi + bmi ≤ 0,

...∑
i∈I aM⊤

i xi + bMi ≤ 0,

(3)

where I = {1, 2, ..., N}, and there are M linear coupling
constraints indexed by M = {1, 2, ...,M}. Here am

i ,xi ∈
Rdi , di ∈ N, bmi ∈ R, ∀i ∈ I,m ∈ M. For brevity,
denote x = [x1;x2; ...;xN ], am = [am

1 ;am
2 ; ...;am

N ],
bm = (bm1 , ..., bmN ), m ∈ M, ai = [a1

i ;a
2
i ; ...;a

M
i ], bi =

(b1i , ..., b
M
i ), i ∈ I. Only ai, bi, fi are known to agent i.

The N computational nodes communicate over a connected
and undirected graph G = (I, E). (i, j) ∈ E represents
that the agents i, j can communicate with each other. The
associated Laplacian matrix [20] is denoted L, and li is its
i-th row. We make the following assumptions.

Assumption 1. For all i ∈ I, each function fi(xi) is convex.

Assumption 2. The optimal value of (3) is finite.

Stacking {am
i }i∈I,m∈M and {bmi }i∈I,m∈M by the or-

der of the agents, we obtain aA = [a1;a2; ...;aN ],
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bA = [b1; b2; ...; bN ]. Similarly, stacking {am
i }i∈I,m∈M and

{bmi }i∈I,m∈M by the order of the constraints, we obtain
aC = [a1;a2; ...;aM ], bC = [b1; b2; ...; bM ]. There exists
a constant permutation matrix1 J such that bC = JbA. Note
that J only depends on N and M and is independent of the
communication graph G.

In this work, we aim to find a continuous-time distributed al-
gorithm that solves (3) while satisfying all coupling constraints
for all time. In [16], a special case of (3) with quadratic cost
and a single coupling constraint is investigated. However, the
approach in [16] is difficult to generalize to convex programs
with multiple coupling constraints, as studied in this work.

Our proposed approach is based on two key observations.
1) By introducing a set of auxiliary variables as decision vari-
ables, an equivalent optimization problem can be constructed
with separable costs and constraints. 2) When viewing these
auxiliary variables as independent variables, the subgradient
of the optimal value with respect to these variables can be
computed using local information. The first fact motivates
the primal decomposition scheme. The second fact motivates
the distributed updated law for these variables leveraging
subgradient algorithms. The convergence and optimality of
this approach are later shown using tools from nonsmooth
analysis. Two special cases with sparse coupling constraints
or quadratic cost functions are also discussed in the sequel.

III. EQUIVALENT PROBLEM

In this section we present a new optimization problem
that is equivalent to (3) but with a separable structure.
Similar decomposition schemes were also discussed in [16,
Proposition 1] and [17, Proposition 4.1]. Introduce auxiliary
decision variables {ymi }i∈I,m∈M where ymi ∈ R. Denote
ym = (ym1 , ..., ymN ) ∈ RN ,m ∈ M, and y = [y1;y2; ...;yM ].
Consider

min
x,y1,...,yM

∑
i∈I

fi(xi)

s.t.


A1⊤x+ Ly1 + b1 ≤ 0

...
AM⊤

x+ LyM + bM ≤ 0

(4)

where recall that L is the graph Laplacian matrix, Am =
blkdiag(am

1 , . . . ,am
N ) ∈ R(

∑
i di)×N .

When organizing the constraints by the order of agents, the
problem can be rewritten as

min
x,y1,...,yM

∑
i∈I

fi(xi)

s.t.



A⊤
1 x1 + (IM ⊗ l1)y + b1 ≤ 0

...
A⊤

i xi + (IM ⊗ li)y + bi ≤ 0
...

A⊤
NxN + (IM ⊗ lN )y + bN ≤ 0

(5)

1A permutation matrix J is a square binary matrix that has exactly one
entry of 1 in each row and each column and zeros elsewhere. A permutation
matrix is orthogonal, i.e., JJ⊤ = J⊤J = I .

Decoupled local constraints

≤ 0 ≤ 0

a⊤1 x1 + b1 + . . . +

Coupling constraint

a⊤1 x1 + b1 a⊤NxN + bN

Decomposition for a given y = (y1, y2, ...., yN )

+
∑

j∈N1
(y1 − yj) +

∑
j∈NN

(yN − yj)

a⊤1 x1 + b1
+
∑

j∈N1
(y1 − yj)

a⊤NxN + bN
+
∑

j∈NN
(yN − yj)

. . .

a⊤NxN + bN ≤ 0

≤ 0

Decomposition
process

+ . . . +

Fig. 1: Illustration of the constraint decomposition scheme.
Here only one coupling constraint is considered and the
superscript is neglected for simplicity. By introducing an
auxiliary variable y, one coupling constraint becomes N local
constraints. Proposition 1 shows that when y is a decision
variable, the two class of constraints represent the same
feasible region in x. Our proposed algorithm locally updates
yi to obtain an “optimal” constraint decomposition in the sense
that a⊤

i x
⋆
i + bi+

∑
j∈Ni

(yi−yj) ≤ 0 for all i ∈ I, where x⋆
i

is the optimal solution to the original optimization problem.

where recall that li is the ith row of the graph Laplacian,
Ai =

[
a1
i ,a

2
i , ...,a

M
i

]
∈ Rdi×M . One verifies that the opti-

mization problems in (4), (5) are the same up to a permutation
of constraints. An illustration of the decomposition approach
in shown in Fig. 1.

Proposition 1 (Equivalence). The two optimization problems
in (3) and (4) are equivalent, in the sense that

1) for any feasible solution (x′,y′) to (4), x′ is a feasible
solution to (3);

2) for any feasible solution x′ to (3), there exists a y′ ∈
RNM such that (x′,y′) is a feasible solution to (4);

3) the two problems have the same cost function.

Proof. See Appendix.

If ym,m ∈ M, are viewed as independent variables
instead of decision variables, then the problem (5) has a
natural separable structure for a given y. In the following, we
consider a distributed solution to (3), composed of the local
optimization problems for agent i ∈ I

min
xi

fi(xi)

s.t.


a1
i
⊤
xi +

∑
j∈Ni

(y1i − y1j ) + b1i ≤ 0
...

aM
i

⊤
xi +

∑
j∈Ni

(yMi − yMj ) + bMi ≤ 0

(6)

and some local update law for the variable ymi , i ∈ I,m ∈
M, that will be detailed in the next section. We note that
this local optimization problem will give an optimal xi if and
only if ym,m ∈ M is optimal to the problem in (4) in view
of Proposition 1. Nevertheless, for any given y, we have the
following result.

Proposition 2 (Constraint satisfaction). For a given y, if xi,
i ∈ I, is feasible to the local optimization problem in (6), then
the stacked vector [x1;x2; ...;xN ] is a feasible solution to (3).
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Proof. Consider the m-th constraint in (3). By summing up the
m-th constraint of (6) for each agent, we have

∑
i∈I am⊤

i xi+∑
i∈I liy

m+
∑

i∈I bmi =
∑

i∈I am⊤
i xi+bmi ≤ 0, considering

that
∑

i∈I liy
m = 1⊤Lym = 0.

IV. SENSITIVITY ANALYSIS OF LOCAL AND GLOBAL
OPTIMIZATION PROBLEMS

In this section, we will investigate how y affects the optimal
value of the local optimization problems. We will propose
an updating scheme for y such that the sum of the optimal
values of the local problems always decreases until reaching
the optimal value of the centralized problem.

Assumption 3. For any y ∈ RNM , Slater’s conditions hold
for all local optimization problems, i.e., there exists xi that is
strictly feasible to (6).

One sufficient condition for this assumption to hold is
that Rank(Ai) = M, ∀i ∈ I. In the following we assume
Assumption 3 holds. For a given y, consider the local problem
(6)

ϕi(y) := min fi(xi)

s.t. A⊤
i xi + (IM ⊗ li)y + bi ≤ 0.

(7)

Under Assumption 3, ϕi(y) is well-defined for all y ∈
RNM . Given y ∈ RNM , define

ϕ(y) =
∑
i∈I

ϕi(y) (8)

In general, ϕ(y) is not differentiable. In the following, we use
tools from nonsmooth analysis [21]. Let the subdifferential,
i.e., the set of all subgradients, of ϕ(y) be ∂ϕ(y). We have
the following results characterizing the subdifferential of ϕ(y).

Proposition 3 (Subdifferential). Let Assumptions 1, 2, and 3
hold. Denote by ci = (c1i , ..., c

M
i ) ∈ RM a Lagrange

multiplier to (6) for i ∈ I. Define ζmi =
∑

j∈Ni
(cmi − cmj ),

ζm = (ζm1 , ζm2 , ..., ζmN ), ζ =
[
ζ1; ζ2; ...; ζM

]
. Then

1) ci ∈ RM , not necessarily unique, always exists,
2) ϕ(·) is convex, but not strongly convex,
3) ζ ∈ ∂ϕ(y).

Proof. From Assumptions 1, 2, and 3, the strong duality
theorem for convex inequality constraints [22, Proposition
3.5.1] applies, and thus, the strong duality holds and at least
one Lagrange multiplier exists. This proves Point 1).

We show the convexity of ϕi(y) by definition. For any
y′,y′′, denote x′,x′′ the corresponding optimal solution of
(7). It is clear that ϕi(λy

′+(1−λ)y′′) ≤ fi(λx
′+(1−λ)x′′) ≤

λfi(x
′) + (1 − λ)fi(x

′′) = λϕi(y
′) + (1 − λ)ϕi(y

′′), where
the inequalities hold thanks to the linearity of the constraints
and the convexity of fi(·), respectively. Thus, ϕ(y) is also
convex. ϕ(y) not being strongly convex is evident since
ϕ(y + s1) = ϕ(y) for any s ∈ R.

Now consider a perturbed version of (7) with y′ and
denote its optimal value ϕi(y

′). From sensitivity analysis [23,
Equation 5.57], we know

ϕi(y
′) ≥ ϕi(y) + c⊤i (IM ⊗ li)(y

′ − y) (9)

for all y′. This means (IM ⊗ l⊤i )ci is a subgradient of ϕi(y).
Since ϕ(y) is convex, ∂ϕ is non-empty and takes compact and
convex values [24, Proposition 9]. Based on the calculus of
subdifferentials: ∂(f1 + f2)(x) ⊇ ∂f1(x)+ ∂f2(x), we know∑

i∈I
(IM ⊗ l⊤i )ci ∈ ∂ϕ(y). (10)

Note that

(IM ⊗ l⊤i )ci =


l⊤i 0 0
0 l⊤i 0

0 0
. . . 0

0 0 l⊤i



c1i
c2i
...
cMi

 =


c1i l

⊤
i

c2i l
⊤
i

...
cMi l⊤i


and that∑

i∈I
cmi l⊤i =

[
l⊤1 l⊤2 ... l⊤N

]
cm = L⊤cm = Lcm

with cm = (cm1 , cm2 , ..., cmN ). We thus obtain∑
i∈I

(IM ⊗ l⊤i )ci = [Lc1;Lc2; ...;LcM ]

= (IM ⊗ L)cC ∈ ∂ϕ(y), (11)

where cC = [c1; c2; ...; cM ] (ordered by constraints). Equiva-
lently, we have ζ ∈ ∂ϕ(y). This proves Point 3).

Remark 1. Recall that ci can be calculated solely based
on the local problem at node i. Proposition 3 reveals that
although each computational node does not have the full in-
formation about the subgradient of ϕ(y), each computational
node has access to the subgradient of ϕ(y) with respect to the
local auxiliary variable yi by communicating local Lagrange
multipliers to its neighbors. Specifically, we have that

∂ϕ(y)

∂ymi
= ζmi =

∑
j∈Ni

(cmi − cmj ),∀m ∈ M (12)

whenever ϕ(y) is differentiable.

V. PROPOSED ALGORITHM

In this section, we give details about the proposed
continuous-time distributed optimization algorithm. A pseudo-
code for computational node i is given in Algorithm 1. Note
that since the analysis is done in continuous time, we are
assuming that the four steps in the loop block are executed
at the same time instant, i.e., yi,yj , ci, cj in Steps 4 and
6 are computed and transmitted simultaneously. For digital
implementation, all agents synchronously communicate yi and
ci in Steps 4 and 6. We also choose a small sampling time to
approximate the continuous-time update of yi in Step 7.

Theorem 1. Let Assumptions 1, 2 and 3 hold. Denote by
ci(y) the Lagrange multiplier of (6) given y. If yi is updated
according to

ẏi = −k0
∑
j∈Ni

(ci(y)− cj(y)) for almost all t, (13)

where k0 > 0 is a constant gain and a Caratheodory solution2

2A Caratheodory solution of a differential equation ẋ(t) = X(x(t)) or a
differential inclusion ẋ(t) ∈ X(x(t)) is an absolutely continuous function
x(t) : [0,∞) → Rn that satisfies the differential equation or the differential
inclusion for almost all t, respectively [24].

4



Algorithm 1 Distributed Optimization Algorithm

1: Locally stored state: xi,yi

2: Initialization: choose arbitrary yi.
3: loop
4: Send yi to and gather yj from neighbors j ∈ Ni

5: Compute (xi, ci) as the primal-dual optimizer of (6)
6: Send ci to and gather cj from neighbors j ∈ Ni

7: Update yi according to (13)
8: end loop

exists, then
1) the Caratheodory solution is unique and converges to the

set of optimal y of the equivalent problem (4),
2) the solution to the local problem (6) asymptotically

converges to (one of) the optimal solution(s) of the
centralized problem in (3),

3) and the coupling constraints in (3) hold during the
solution evolution.

Proof. From Proposition 3, ci is well-defined for all y, but
it is not necessarily unique. From the right-hand side of (13),
one derives

ẏi = −k0


∑

j∈Ni
(c1i − c1j )∑

j∈Ni
(c2i − c2j )

...∑
j∈Ni

(cMi − cMj )

 = −k0


lic

1

lic
2

...
lic

M

 (14)

for almost all t. Re-order {−k0lic
m}i∈I,m∈M by the order of

constraints, we obtain ẏ =
[
ẏ1; ẏ2; ...; ẏM

]
where

ẏm = −k0[l1c
m; l2c

m; ...; lNcm] = −k0Lc
m.

Thus, ẏ = −k0(IM ⊗ L)cC for almost all t, where we recall
cC = [c1; c2; ...; cM ] (ordered by constraints). Denote the
Caratheodory solution of this differential equation to be y(t).

Now consider Caratheodory solutions of the differential in-
clusion ẏ ∈ −k0∂ϕ(y) = −∂k0ϕ(y) in view of Proposition 3,
where ϕ(y) is defined in (8). From [24, Gradient Differential
Inclusion of a Convex Function], we know such a solution
exists and is unique. Recall that ẏ(t) ∈ −∂k0ϕ(y(t)) for
almost all t, thus y(t) is also unique.

In order to investigate how ϕ(y(t)) evolves with respect to
time, we check the set-valued lower Lie derivative along the
differential inclusion

L−∂k0ϕ(y)
ϕ(y) = {a ∈ R : there exists ξ ∈ ∂ϕ(y)

such that a = min
v∈−∂k0ϕ(y)

ξ⊤v} (15)

For any ξ ∈ ∂ϕ(y), there exists v = −k0ξ ∈ −∂k0ϕ(y)
such that ξ⊤v = −k0∥ξ∥2≤ 0. Hence supL−∂k0ϕ(y)

ϕ(y) ≤
0 for all y, and the equality holds if and only if 0 ∈ ∂ϕ(y).
Following [24, Propositions 13] and the uniqueness of the
solutions, we know ϕ(y(t)) is nonincreasing. In particular,
when 0 /∈ ∂ϕ(y), supL−∂k0ϕ(y)

ϕ(y) < 0, and thus ϕ(y(t))
is strictly decreasing.

Denote h(t) = supL−∂k0ϕ(y(t))
ϕ(y(t)), α =

lim supt→∞ h(t). Such a limit exists and is bounded

since h(t) is upper bounded by 0. Assume α < 0, then,
∃T > 0 and ϵ = −α/2 such that h(t) < α+ ϵ = α/2 < 0 for
all t ≥ T . This implies that ϕ(y(t)) < ϕ(y(T ))+α(t−T )/2
for all t ≥ T , which contradicts with Assumption 2. Thus, we
have lim supt→∞ h(t) = 0. This means that a subsequence
of h(t) converges to 0 asymptotically, which leads to the
conclusion that a subsequence of y(t) converges to the set
{y : 0 ∈ ∂ϕ(y)}. This proves Point 1).

Since y(t) converges to the optimal set {y : 0 ∈ ∂ϕ(y)}
asymptotically, and in view of the equivalence between (3)
and (4) from Proposition 1, we know the optimal solution to
(3) is obtained asymptotically. This shows Point 2). Point 3)
follows from Assumption 3 and Proposition 2.

Remark 2. Convergence of the subgradient differential inclu-
sion of a convex function was investigated in [21] and [24,
Gradient Differential Inclusion of a Convex Function], where
the convergence property has been established. However, we
note that here ϕ(y) has infinitely many local minima and
they may not be bounded. Proofs in [21] and [24] rely on
nonsmooth Lyapunov function analysis (with an assumption
on the uniqueness of the local minima) or LaSalle’s principle
(with an assumption on the boundedness of the local minima),
both of which are not applicable here. Instead, we did not
prove the convergence of y(t) to a particular optimal point,
but to an optimal set {y : 0 ∈ ∂ϕ(y)}.

Remark 3 (Caratheodory solution). One may wonder why a
Caratheodory solution is considered in Theorem 1 and how
to guarantee/verify its existence. In Proposition 3, we have
established that, for a given y, the Lagrange multiplier ci
always exists but may not be unique under Assumptions 1, 2,
and 3. If ci(y), as a function of y, is continuous, then
classic solutions to the ODE in (13) exist, and of course a
Caratheodory solution exists. We introduce the Caratheodory
solution so that we can neglect discontinuities of ci(y(t))
for a duration of measure zero. Theoretically, for the local
optimization problem (7) parameterized by y, when the cost
function is smooth and the Strong Second Order Sufficient
Condition (SSOSC) holds at y′, there exists a neighborhood
of y′ such that a unique primal-dual optimizer (xi(y), ci(y)),
when viewed as a function of y, exists and is locally Lipschitz
continuous in y [25]. Other conditions exist for ensuring con-
tinuous primal-dual pairs of perturbed optimization problems.
See a recent survey [26] and references therein. Numerically, if
there are multiple eligible local Lagrange multipliers, one can
choose ci that is close to c−i , where c−i denotes the variable
ci calculated one step before.

Remark 4 (Differentiability). [27, Corollary 7.3.1] states that
the perturbed optimal value function is locally differentiable if
and only if the Lagrange multiplier is unique. Thus, one suf-
ficient condition for local differentiability of ϕi(y) is that the
optimization problem in (7) fulfills the Linearly Independent
Constraint Qualification (LICQ), which ensures the existence
and uniqueness of the Lagrange multiplier [28]. When ϕi(y)’s
are differentiable, the subgradient then becomes the usual
gradient, i.e., ∂ϕi(y) = {∇ϕi(y)}. In this case, the adaptive
law in (13) becomes the well-established gradient flow. This
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will be discussed in detail for one special case, namely
the control barrier function-induced quadratic programs, in
Section VII.

Remark 5 (Memory, computation, and communication effi-
ciency). In Algorithm 1, each computational node i stores
variables xi and yi of dimension di+M , while broadcasting
yi and ci of dimension 2M to neighbors. Compared to the
primal decomposition scheme in [1], our approach requires
smaller storage (di+M versus di+DiM ) and communication
(2M versus 2DiM ) variables, where Di is the degree of
the communication graph at node i [20]. [17] adopts the
same decomposition scheme as in this work, but requires
each local node to store 2di + 2M variables. Additionally,
the proposed algorithm requires less computation for local
nodes at each iteration, as they only need to solve a single
optimization problem with the size of decision variable di,
unlike the dual decomposition scheme in [4], which involves
solving two optimizations with sizes di and M .

VI. A SPARSE CASE

What has been discussed so far deals with the most general
case, and is applicable in a densely coupled scenario, i.e., every
computational node is involved in every coupling constraint.
In many cases, the constraint coupling is sparse and, usually,
is consistent with the communication topology. For example,
in multi-robot applications [29]–[31], collision avoidance is
a pair-wise constraint between two robots, and they need to
have some information exchange between them in order to
work out a safe path. Exploiting the sparsity of the constraint
coupling would help us relax conservative conditions, reduce
the size of optimization problems on each computational node,
and improve communication efficiency with the neighbors. To
formally characterize sparsity, we first define the following
notations.

Define Im ⊆ I as the index set of the computational nodes
involved in the m-th constraint, i.e., i ∈ Im if and only if
am
i ̸= 0 or bmi ̸= 0. Similarly, define Mi ⊆ M as the

index set of the coupling constraints involving node i, i.e.,
m ∈ Mi if and only if am

i ̸= 0 or bmi ̸= 0. Define the set of
neighboring nodes of node i involved in the m-th constraint
as Nm

i = {j ∈ I : j ∈ Ni and j ∈ Im}. In the sparse
setting, we assume that each agent knows which neighbors are
involved in which relevant constraints, i.e., Nm

i ,∀m ∈ Mi is
known to agent i.

We call the communication graph G = (I, E) is consistent
with the m-th constraint if the induced subgraph [20] Gm :=
(Im, Em) is connected, where (i, j) ∈ Em if and only if i, j ∈
Im and (i, j) ∈ E. Define G′

m := (I, Em).

Assumption 4. The communication graph G is consistent with
all constraints.

Figure 2 illustrates a scenario where there are 4 computa-
tional nodes and 2 coupling constraints. Note that both G1 (the
subgraph in pink) and G2 (the subgraph in blue) are connected,
then G is consistent with these two constraints.

1

2

3 4

I1 I2

Fig. 2: An illustration of a communication graph satisfying
Assumption 4. In this scenario, the agent index sets for
each constraint are I1 = {1, 2, 3}, I2 = {1, 2, 4}, the con-
straint index sets for each agent are M1 = M2 = {1, 2},
M3 = {1},M4 = {2}, and the sets of neighboring nodes
with relevant constraint involvement are N1

1 = {2, 3}, N2
1 =

{2}, N1
2 = {1, 3}, N2

2 = {1, 4}, N1
3 = {1, 2}, N2

4 = {2},
respectively.

Under Assumption 4, we know at most |Mi| columns of Ai

are nonzero. One sufficient condition that fulfills Assumption 3
in this case is thus Rank(Ai) = |Mi| for all i.

A. Equivalent optimization problems

Now we show that the original problem in (3) is equivalent
to the following optimization problems in a sparse setting.

min
xi,yi,i∈I

∑
i∈I

fi(xi)

s.t. am⊤
i xi +

∑
j∈Nm

i

(ymi − ymj ) + bmi ≤ 0,

∀i ∈ I,m ∈ Mi.

(16)

Proposition 4 (Equivalence in a sparse setting). Under As-
sumptions 3 and 4, the two problems in (3) and (16) are
equivalent, in the sense that

1) for any feasible solution (x′,y′) to (16), x′ is a feasible
solution to (3);

2) for any feasible solution x′ to (3), there exists a variable
y′ such that (x′,y′) is a feasible solution to (16);

3) the two problems have the same cost function.

The proof follows similar steps as in that of Proposition 1
except that now we need to use the Laplacian matrices of
the induced subgraphs Gm,m ∈ M, which are assumed to
be connected under Assumption 4. Details are omitted here
for brevity. Similar to Section III, the reformulated problem
in (16) has a separable structure, and only local information
ymj , j ∈ Nm

i is needed to determine the constraints concerning
each node.

It is obvious from (16) that ymi ,m ∈ M\Mi is not involved
in the local optimization problem. Thus, we can pre-set those
components in y to be constant zero. The sparse formulation
in (16) also accounts for local constraints that involve only
one node. Denoting the node by i, we have amj , bmj = 0 for
any j ̸= i and we pre-set ymk = 0 for any k ∈ I.
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ϕi(y
′) ≥ ϕi(y) +

∑
m∈Mi

cmi
∑

j∈Nm
i

(
(y′,mi − y′,mj )− (ymi − ymj )

)
= ϕi(y) +

∑
m∈Mi

cmi l̃i,Gm
(y′,m − ym)

+
∑

m/∈Mi
cmi l̃i,Gm

(y′,m − ym)

= ϕi(y) + c⊤i L̃i(y
′ − y)

, where L̃i :=


l̃i,G1 0 ... 0

0 l̃i,G2
... 0

0 0 ... 0

0 0 ... l̃i,GM

 (17)

B. local optimization problems
Following a similar analysis procedure, in the following we

will treat yi as an independent variable and design a distributed
updating law so that yi converges to the optimal y⋆

i to (16).
For node i and a given y, a local optimization problem is
given by

ϕi(y) := min
xi

fi(xi)

s.t. am⊤
i xi +

∑
j∈Nm

i

(ymi − ymj ) + bmi ≤ 0,∀m ∈ Mi.
(18)

Define ci = (c1i , ..., c
m
i , ..., cMi ), where cmi is the Lagrange

multiplier of (18) if m ∈ Mi, and is equal to 0 otherwise.
Similar to previous discussions, we have the constraint

satisfaction property as follows. The proof is omitted for
brevity.

Proposition 5 (Constraint satisfaction). For any given y, if
xi, i ∈ I is feasible to the local optimization problem in (18),
then [x1;x2; ...;xN ] is a feasible solution to (3).

Define the summation of the optimal values of the local
optimization problems as

ϕ(y) =
∑
i∈I

ϕi(y). (19)

Proposition 6 (Subdifferential). Let Assumptions 1, 2 , 3 and 4
hold. Let ci = (c1i , ..., c

M
i ) ∈ Rm be defined below (18).

Define ζmi =
∑

j∈Nm
i
(cmi − cmj ) if m ∈ Mi and ζmi = 0 if

m /∈ Mi. Let ζm = (ζm1 , ζm2 , ..., ζmN ), ζ =
[
ζ1; ζ2; ...; ζM

]
.

Then
1) ci ∈ Rm, not necessarily unique, always exists,
2) ϕ(y) is convex,
3) ζ ∈ ∂ϕ(y).

Proof. The first two claims follow from a similar argument
of that of Proposition 3 and are omitted here. We will show
Point 3) in the following. From sensitivity analysis, for any
y,y′, we know (17) holds, where l̃i,Gm

is the i-th row of the
Laplacian matrix of G′

m = (I, Em). The first inequality in
(17) is from [23, Equation 5.57], and the last two equalities
follow from the definition of graph Laplacian matrices and
noting that when m /∈ Mi, l̃i,Gm

= 0. (17) implies that L̃⊤
i ci

is a subgradient of ϕi(y).
Following the calculus rule for subdifferential,

∑
i L̃

⊤
i ci is

a subgradient of ϕ(y). With a few linear algebraic operations,
we know

L̃⊤
i ci =


l̃⊤i,G1

0 ... 0

0 l̃⊤i,G2
... 0

0 0 ... 0

0 0 ... l̃⊤i,GM



c1i
c2i
...
cMi

 =


c1i l̃

⊤
i,G1

c2i l̃
⊤
i,G2

...

cMi l̃⊤i,GM



Thus, the entry in
∑

i L̃
⊤
i ci that corresponds to ymi is∑

k∈I

cmk l̃⊤k,Gm


i

=
∑
k∈I

[̃
l⊤k,Gm

]
i
cmk

=

{∑
j∈Nm

i
(cmi − cmj ) if m ∈ Mi

0 if m /∈ Mi

. (20)

The second equality comes from the fact that [l′,⊤k,Gm
]i =

[LG′
m
]k,i, the (k, i)-th element of the Laplacian of the graph

G′
m = (I, Em). Thus

[
l′,⊤k,Gm

]
i

is equal to 0 if m /∈ Mi, or
k ̸= i ∧ k /∈ Nm

i ; −1 if k ∈ Nm
i ; and |Nm

i | if k = i. Thus
we conclude ζ is a subgradient of ϕ(y).

The distributed optimization algorithm for node i in the
sparse case is given as follows.

Algorithm 2 Sparse Distributed Optimization Algorithm

1: Local stored state: xi,yi

2: Initialization: Choose arbitrary yi, and let ymi = 0 if
m /∈ Mi.

3: loop
4: Send ymi to and gather ymj from j ∈ Nm

i ,∀m ∈ Mi

5: Compute (xi, ci) from (18)
6: Send cmi to and gather cmj from j ∈ Nm

i ,∀m ∈ Mi

7: Update yi according to (21)
8: end loop

The main difference compared to Algorithm 1 is that 1)
now node i receives yj , cj from and send yi, ci to neighboring
nodes that are relevant, as in set Nm

i in Steps 4 and 7; and 2)
only relevant components in yj and cj are taken into account,
as in (18) and (21) in Steps 5 and 6. This leads to fewer
variables to communicate among the network and smaller size
local optimization problems to solve.

The following theorem states the convergence property.

Theorem 2. Let Assumptions 1, 2, 3, 4 hold and ci as defined
below (18). If yi(t) is updated according to

ẏmi =

{
−k0

∑
j∈Nm

i
(cmi − cmj ), if m ∈ Mi

0 if m /∈ Mi

, (21)

for almost all t, where k0 > 0 is a constant gain and a
Caratheodory solution exists, then the properties in Theorem 1
hold.

Proof. In view of (20), we observe that ẏmi (t) given in (21) is
exactly the product of (20) together with a constant negative
gain. Stacking ẏmi by the order of constraints, we obtain that
ẏ ∈ −∂k0ϕ(y) for almost all t from Proposition 6. Thus, the
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analyses in the proof of Theorem 1 are also applicable here
and are neglected.

VII. A SPECIAL CASE: CONTROL BARRIER
FUNCTIONS-INDUCED QUADRATIC PROGRAMS

A. Control barrier functions and safe distributed control

In this section, we consider the application of our pro-
posed algorithms in the context of control barrier function-
induced safe distributed control. CBF approaches [29]–[31]
have already been applied to multi-robot safe coordination
with pair-wise constraints, for example, collision avoidance
and connectivity maintenance. In the following we introduce
a more general formulation that further includes collective
constraints.

Consider a multi-agent system with pi the state vector of
agent i, i ∈ I. The dynamics of each agent is given by

ṗi = fi(pi) + gi(pi)xi,

where fi, gi are locally Lipschitz vector fields, xi is the control
input to agent i that is yet to be designed. Suppose that this
multi-agent system is subject to M coupling state constraints,
that is, along the system trajectory, it has to maintain

hm(p1, ...,pN ) ≥ 0,m ∈ M,

and hm is a smooth function. The constraint hm is a collective
constraint since it restricts the states of all agents. We call the
following inequality a CBF condition associated with the m-th
constraint ∑

i∈I
am⊤
i xi + bmi ≤ 0, (22)

where am⊤
i = −∇pi

hm⊤g(pi), bmi , i ∈ I are such that∑
i∈I bmi = −khm(p1, ...,pN ) −

∑
i∈I ∇pi

hm⊤fi(pi), and
constant k > 0. Here we use linear functions instead of the
extended class K functions for simplicity. Results from CBF
literature [32] state that, if a locally Lipschitz control input
xi, i ∈ I, is chosen such that (22) holds for all time, then the
set {(p1,p2, ...,pN ) : hm(p1, ...,pN ) ≥ 0} is forward invari-
ant and the m-th state constraint is always satisfied, provided
that it is initially satisfied. In the following analysis we will
neglect the explicit state constraints hm(p1,p2, ...,pN ) ≥ 0
and instead focus on enforcing the CBF conditions for all time.

In CBF literature [16], [32], a commonly used formulation
to enforce the CBF conditions is expressed as a quadratic
program as follows

min
x1,...,xN

∑
i∈I

1

2
∥xi − xnom,i∥2

s.t.


∑

i∈I a1⊤
i xi + b1i ≤ 0,

...∑
i∈I aM⊤

i xi + bMi ≤ 0,

(23)

The quadratic program in (23) aims at minimally modifying
nominal local controllers xnom,i, which relate to the underly-
ing system tasks, while always respecting M CBF conditions,
hereafter referred to as coupling constraints, which relate to
system safety.

One challenging problem that naturally arises from this
formulation is, for multi-agent systems where agents only have
local information, how to solve this optimization problem in
a distributed way with guaranteed safety assurance.

We assume that ai, bi,xnom,i only depend on locally ob-
tainable information from the neighbors of the i-th agent,
and that the quadratic program is always feasible. These are
referred to as the local obtainability and compatibility prop-
erties of the CBF conditions as discussed in [16], [33]. One
illustrative application of coordinating a multi-agent system
with multiple state constraints is shown later in the simulation
section.

What sets apart the CBF-induced QP in (23) from the
previously discussed distributed optimization formulation is
that, since the solution to (23) is applied as feedback to a
dynamical system and xnom,i,a

m
i , bmi are state-dependent,

they are time-varying in nature rather than static and evolve
along the closed-loop system trajectory. In the following, we
will first take a look at a time-invariant instance of (23),
i.e., when xnom,i,a

m
i and bmi are constant, and then analyze

the performance of our proposed algorithm in a time-varying
setting. We note that the results in this section are also
applicable to the sparsely coupled case. This extension is
straightforward and neglected for notation simplicity.

Following the previous analysis, with the help of an auxil-
iary variable y ∈ RNM , we have ϕ(y) =

∑
i∈I ϕi(y) with

ϕi(y) given by the local optimization problems

ϕi(y) =min
xi

1

2
∥xi − xnom,i∥2

s.t. A⊤
i xi + (IM ⊗ li)y + bi ≤ 0.

(24)

Proposition 7. Consider the local QP in (24) with constant
xnom,i, Ai,y, bi. Assume that Assumption 3 holds. Then the
Lagrange multiplier ci = (c1i , c

2
i , ..., c

M
i ) exists and satisfies

the algebraic equation

Λici = max
(
A⊤

i xnom,i + (IM ⊗ li)y

+ bi +(Λi −A⊤
i Ai)ci,0

)
, (25)

where Λi = diag(A⊤
i Ai), and the primal-dual optimizer to

(24) is (xnom,i −Aici, ci). The optimal cost is 1
2∥Aici∥2.

The proof follows from analyzing the Karush–Kuhn–Tucker
(KKT) condition of the Lagrangian and is given in Appendix
for the sake of completeness. A similar result was reported
in [34, Theorem 5]. There however Ai,Λi are assumed to be
non-singular.

For the time-invariant optimization problem, if the local
optimization problem in (24) always fulfills the Linearly
Independent Constraint Qualification3 (LICQ) by, for example,
Ai being full column rank, then [27, Corollary 7.3.1] states
that ϕi(y) in (24) is differentiable as discussed in Remark 4.
In this case, the subgradient reduces to the gradient in the
normal sense, and the adaptive law in (13) becomes a gradient
flow. Under Assumptions 2, 3 and the convexity of ϕ(y), the

3We say that the Linearly Independent Constraint Qualification is satisfied
at x⋆ for an optimization problem, if the gradients of all active constraints
are linearly independent.
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convergence guarantee of ϕ(y(t)) is well-established in view
that it is lower bounded and monotonically decreasing.

B. Finite-time convergence for time-varying optimizations

In this subsection, we will strengthen our proposed algo-
rithms of the previous sections to compensate for the time-
varying parameters in the QP. Under LICQ, since the update
law in (13) is a gradient flow, one could modify it to a scaled
normalized gradient flow as in [35, (6b)], that is,

ẏi = −k0sign
∂

∂yi
ϕ(y) = −k0sign

∑
j∈Ni

(ci − cj). (26)

[35] shows that the normalized gradient flow achieves finite-
time convergence for static strongly convex functions. How-
ever, this result is not directly applicable here since ϕ(y) is not
strongly convex. Moreover, for the CBF-induced QP in (23),
xnom,i,a

m
i , bmi depend on the states of the multi-agent system

and are time-varying. Before presenting the main result, we
introduce the following Lemma that will simplify the analysis
later on.

Lemma 1. Let wC be the vector of {wm
i }i∈I,m∈M, wm

i ∈ R
ordered by constraints. Define vC := IM⊗LwC ,vA := [IM⊗
l1; IM ⊗ l2; ...; IM ⊗ lN ]wC , where li is the i-th row of the
Laplacian L. Then, vC = JvA, where J is the permutation
matrix defined in Section II.A.

Proof. Define wm = (wm
1 , ..., wm

N ). Let vmi = [Lwm]i. Then
it is clear that vC is the vector of {vmi }i∈I,m∈M ordered by
constraints, and vA is the vector of {vmi }i∈I,m∈M ordered by
agents. Thus vC = JvA.

The main result is summarized in the theorem below with
slowly time-varying xnom,i(t),a

m
i (t), bmi (t). Here we note

that LICQ is imposed as an easy-to-check sufficient condition
for guaranteeing the differentiability of ϕi(y). Depending on
the problem at hand, other conditions may also be applicable.

Theorem 3. Consider the centralized QP in (23). Assume the
LICQ holds for every local optimization problem in (24) at ev-
ery time instant. Let ci be the Lagrange multiplier of the local
QP for agent i. Assume further that xnom,i(t),a

m
i (t), bmi (t)

are slowly time-varying in the sense that there exists a constant
D > 0 such that ∥dIi

i (t)∥≤ D for all i ∈ I and all index sets
Ii ⊆ M with

dIi
i (t) = −dA⊤,Ii

i A⊤,Ii,⊤
i

dt
cIii +

d

dt
(A⊤,Ii

i xnom,i+bIii ). (27)

Denote λ = minIi,i∈I λmin((A
⊤,Ii
i A⊤,Ii,⊤

i )−1), λ̄ =

maxIi,i∈I λmax((A
⊤,Ii
i A⊤,Ii,⊤

i )−1). If k0 is chosen such that

k0λ−ND
√
Mλ̄∥L∥−ϵ ≥ 0 (28)

for some ϵ > 0, then the Filippov solution of the scaled
normalized gradient flow in (26) converges to a critical point
of ϕ(y) in finite time tr ≤

∑
m∈M∥Lcm(0)∥1/ϵ. Moreover,

the coupling constraints in (23) are always satisfied.

Proof. Consider the nonsmooth Lyapunov function

V (y) =

∥∥∥∥∂ϕ(t,y)∂y

∥∥∥∥
1

= ∥(IM ⊗ L)cC∥1=
∑

m∈M
∥Lcm∥1.

Denote at the time t the index set of strictly active constraints
of agent i to be Ii(t) and its complement Īi(t) = M\ Ii(t).

In the following, we will show that for any constant
Ii(t), i ∈ I, V (y) decreases monotonically for a system
ΣIi,i∈I given by (26) together with the algebraic equation

A⊤,Ii
i A⊤,Ii,⊤

i cIii = A⊤,Ii
i xnom,i + (IIi ⊗ li)y + bIii ,

cĪii = 0.
(29)

for all i ∈ I. This equation is obtained by considering only
the constraints indexed in Ii in (25) and noting cIii > 0. When
viewing Ii, i ∈ I as the index of such systems, since V (y)
decreases monotonically for all ΣIi,i∈I as will be shown later,
V (y) effectively acts as a common Lyapunov function [36].
Thus it suffices to consider a system ΣIi,i∈I , and the time
index is dropped to ease the notation.

For arbitrary constant Ii, i ∈ I, from (29), we know

dcIii /dt = (A⊤,Ii
i A⊤,Ii,⊤

i )−1(IIi ⊗ lidy/dt+ dIii )

dcĪii /dt = 0

Here dIii is defined in (27). A⊤,Ii
i A⊤,Ii,⊤

i is invertible since

LICQ is assumed. Denote by Γ′
i =

(
(A⊤,Ii

i A⊤,Ii,⊤
i )−1 0
0 0

)
and JIi the permutation matrix such that [cIii ; c

Īi
i ] = JIici.

Thus [IIi ; I Īi ] = JIiIM . We can write the time derivative of
ci in a compact form as

ċi = J⊤
Ii [dc

Ii
i /dt; dc

Īi
i /dt]

= J⊤
Ii (Γ

′
i)JIi(IM ⊗ liẏ + J⊤

Ii [d
Ii
i ;0])

= Γi(IM ⊗ liẏ + dIi,′
i )

(30)

where Γi = J⊤
Ii
Γ′
iJIi ,d

Ii,′
i := J⊤

Ii
[dIi

i ;0].
Let z = IM ⊗ LcC . Then V (y) = ∥z∥1. The generalized

time derivative is given by

d

dt
V (y) ∈

∑
i∈I ̸=

sign(zi)żi +
∑
i∈I=

SIGN(zi)żi (31)

where I= = {i ∈ I : zi = 0}, I ̸= = {i ∈ I : zi ̸= 0},

SIGN(z) :=

{
1, z>0;

[−1,1], z=0;
−1, z<0.

Since we are dealing with Fil-

ippov solutions, we can disregard the case which zi = 0
holds for isolated time instants of measure zero. If zi = 0
holds along an interval of time of positive measure, then,
in the sense of Filippov, żi exists at those time instants and
żi = 0. Based on this fact, we have that for almost all t,
d
dtV (z) =

∑
i∈I ̸= sign(zi)żi +

∑
i∈I= sign(zi)żi, that is,

d

dt
V (y) = signz⊤ż = signz⊤(IM ⊗ L)J ċA (32)

Define σ = (IM ⊗ L)signz. After some calculations, one
finds σ = [LsignLc1;LsignLc2; ...;LsignLcM ]. Denote by
σm
i = [LsignLcm]i. Then σ can be seen as {σm

i }i∈I,m∈M
ordered by constraints. Let σi = (σ1

i , σ
2
i , ..., σ

M
i ), and σA =

J⊤σ = [σ1;σ2; ...;σN ] be the vector of {σm
i }i∈I,m∈M

ordered by agents. From Lemma 1, we have

σA = [IM ⊗ l1; IM ⊗ l2; ...; IM ⊗ lN ]signz. (33)
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Furthermore, from (26), ẏA = −k0sign([IM ⊗ l1; IM ⊗
l2; ...; IM ⊗ lN ]cC), thus ẏ = −k0sign(IM ⊗ LcC) =
−k0sign(z) in view of Lemma 1 and the definition of z.
Further considering (33), we have [IM ⊗ l1; IM ⊗ l2; ...; IM ⊗
lN ]ẏ = −k0σA. Following (30), we thus obtain

ċA = [ċ1; ċ2; ...; ċN ]

= blkdiag(Γ1, ...,ΓN )(−k0σA + [dI1,′
1 ; ...;dIN ,′

N ]) (34)

From (32), the generalized time derivative is

d

dt
V (y) = σ⊤

A ċA

=
∑
i∈I

σ⊤
i Γi(−k0σi + dIi,′

i )
(35)

Consider the following two cases:
1) Lcm = 0 for all m ∈ M. In this case, V (y) = 0, and

thus from the first-order optimality condition one critical
point of ϕ(y) has been reached.

2) Lcm ̸= 0 for some m ∈ M. This implies that
∥LsignLcm∥≥ 1 [37, Proposition 2.1]. Without loss of
generality, assume that |σ1

1 |≥ 1 and I1 = {1, 2, ..,M ′}.
These assumptions are not restrictive as they can be
fulfilled by permuting the numbering of the agents and
constraints. This leads to

Γ1 =

(
(A⊤,I1

1 A⊤,I1,⊤
1 )−1 0
0 0

)
(36)

and ∥σIi
1 ∥≥ 1. The generalized time derivative becomes

d

dt
V (y) ≤ −k0σ

⊤
1 Γ1σ1 +

∑
i∈I

σ⊤
i Γid

Ii,′
i

≤ −k0λmin((A
⊤,I1
1 A⊤,I1,⊤

1 )−1)

+
∑
i∈I

∥σi∥∥Γi∥∥dIi,′
i ∥

(37)

for almost all t. The first inequality comes from the posi-
tive semi-definiteness of Γi, and the second inequality fol-
lows from the positive definiteness of (A⊤,I1

1 A⊤,I1,⊤
1 )−1

and ∥σI1
1 ∥≥ 1. Note that σi ∈ RM , [σi]m =

[LsignLcm]i, then ∥σi∥≤
√
M∥L∥, ∥dIi,′

i ∥= ∥dIii ∥≤ D.
Thus, from (28),

d

dt
V (y) ≤ −k0λ+ND

√
Mλ̄∥L∥≤ −ϵ (38)

Based on these discussions, we know d
dtV ≤ −ϵ for almost

all t as long as Lcm ̸= 0 for some m ∈ M for arbitrary
systems ΣIi,i∈I . Hence, leveraging the theory of common
Lyapunov functions, it gives a trivial upper estimate of the con-
vergence time as

∑
m∈M∥Lcm(0)∥1/ϵ. From Proposition 2,

we further conclude that the coupling constraints are fulfilled
for all time.

Theorem 3 shows that the solution optimal to the slowly
time-varying quadratic program (23) is obtained in a violation-
free, finite-time, and distributed manner. These properties are
favorable for implementing the CBF-induced quadratic pro-
grams as in (23) in a safe, (point-wise) optimal, and distributed
way.

One could easily recognize that the update law in (26) and
the analysis in Theorem 3 are similar to those in [16], where
a simple case with a single coupling constraint is considered.
We note that this extension is not trivial due to the nonlinear
relations between ci and y in (25). Compared to [16], here
we distinguish active constraints from inactive ones in order to
obtain an analytical relation between changes in ci and y, and
show that the Lyapunov function monotonically decreases for
any active constraints, i.e., it is a common Lyapunov function.

VIII. SIMULATIONS

In this section, we demonstrate the effectiveness of the
proposed algorithms in a static optimization problem and a
multi-agent safe coordination application. All the simulations
are conducted in Matlab R2022b on an Intel Core i7-1365U
Windows laptop, and the primal-dual pairs are solved by
the built-in quadprog function with default parameters. We
apply forward Euler integration for simulating the continuous-
time dynamics with a sampling time 0.01s.

A. A static online optimization problem

In this subsection, we consider an optimization problem that
involves N = 9 agents indexed in I = {1, 2, .., 9} with the
communication graph shown in Fig. 3. Here each agent i has 6
decision variables xi = (xi,1, ..., xi,6), where (xi,1, xi,2, xi,3)
represents the demands of 3 products, and (xi,4, xi,5, xi,6) the
supplies of 3 resources. The optimization problem is given by

min
x1,...,x9

∑
i∈I

(x⊤
i Qxi +

∑
j=4,5,6 hi,jxi,j)

s.t.


∑

i∈I 2xi,2 + xi,3 − xi,4 ≤ 0,∑
i∈I 2xi,1 + xi,3 − xi,5 ≤ 0,∑
i∈I xi,1 + xi,2 − xi,6 ≤ 0,

xi,1 ≥ hi,1, xi,2 ≥ hi,2, xi,1 ≥ hi,3,∀i ∈ I

(39)

where hi,j = ceil(10 sin(ij) + 20), i ∈ I, j = 1, 2, ..., 6, Q is
symmetric and x⊤

i Qxi = (2xi,2 + xi,3 − xi,4)
2 + (2xi,1 +

xi,3 − xi,5)
2 + (xi,1 + xi,2 − xi,6)

2. The first three inequality
constraints represent that the total supply for the resources
needs to exceed the total demand of producing 3 different
products; the last three inequality constraints represent the
local production output requirements. In the cost function,
we penalize the derivation between the local supply and local
demand, which can be interpreted as the cost of transporting or
storing the deficient or surplus resources, and take into account
the local cost of obtaining those resources. We assume that the
local production output requirement hi,j , j = 1, 2, 3 and the
local cost coefficient hi,j , j = 4, 5, 6 are only known to agent
i.

It is clear that the local cost function fi(xi) = x⊤
i Qxi +∑

j=4,5,6 hi,jxi,j is convex but not strongly convex, and the
local coefficient matrix per the definition in (6)

A⊤
i =


0 2 1 −1 0 0
2 0 1 0 −1 0
1 1 0 0 0 −1
−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0


is of full rank. This fulfills Assumption 3 on Slater’s condition.
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Fig. 3: Communication graph

From the structure of the problem, since the last three
constraints only involve its own decision variable, the algo-
rithms for the sparse case apply here and that the related ym

equals zero. Our proposed approach introduces 27 auxiliary
scalar variables, with each node needing to communicate 6
scalar variables with its neighbors. In comparison, the primal
decomposition approach in [1] requires 48 auxiliary scalar
variables and 24 scalar variables to be communicated by
node 3. By choosing ymi (0) = 0,∀i ∈ I,m ∈ M, k0 = 1 with
sampling-time 0.01s, we obtain the results shown in Fig. 4.
One observes that 1) the total cost error is monotonically
decreasing; 2) the local Lagrange multipliers corresponding
to each coupling constraint converge to a common value;
and 3) the three coupling constraints are always fulfilled
during the solution iterations. This violation-free behavior
could be desirable in this scenario because one does not need
to wait for the convergence of the optimization algorithm
before applying the solutions, and the intermediate solution,
though suboptimal, still guarantees that the supply-demand
requirement is respected.

B. An application to safe distributed control for MAS

In the second example, we show one application of
the proposed algorithm for safe distributed control of a
multi-agent system. Denote by pi = (pi,1, pi,2) ∈ R2 the
state and pi,d ∈ R2 the desired state of agent i. We assume
that the dynamics of each agent is given by ṗi = xi, where
xi is the velocity command to agent i. The coordination
task is to transform the formation of the multi-agent system
from the initial formation pinitial = [p1(0);p2(0); ...;p9(0)] =
(4, 6, 2, 8, 0, 10,−2, 8,−4, 6, 2, 12,−2, 12, 4, 14,−4, 14)
(shown in red in Fig. 5) to the target formation
pfinal = [p1,d;p2,d; ...;p9,d] = (60, 16, 60, 13, 60, 10, 60, 7,
60, 4, 63, 13, 63, 7, 66, 16, 66, 4). The communication graph is
in Fig. 3. Assume that agent i, i ∈ I has access to the desired
relative position pij,d = pj,d − pi,d, j ∈ Ni and its absolute
position pi, and agent 3, referred to as the leader, knows
its target position p3,d. An intuitive distributed protocol for
fulfilling this task is given by

xnom,i(pi, {pj}j∈Ni
) =

∑
j∈Ni

pij,d − pij + δi(pi,d − pi),

where pij = pj−pi, δi = 1 if agent i is the leader and δi = 0
otherwise.

Suppose that the multi-agent team needs to satisfy 2 cou-
pling state constraints during the formation transition, given

by

h1(t,p1, ...,p9) = 30 + t− 0.1
∑
i∈I

(pi,1 + pi,2) ≥ 0, (40a)

h2(t,p1, ...,p9) = 10 + t− 0.1
∑
i∈I

(pi,1 − pi,2) ≥ 0. (40b)

These two inequalities impose time-varying upper bounds on
the collective summation of all coordinates as in (40a) and
the collective difference between the first and the second
coordinates as in (40b), respectively. When viewing the two
coordinates of pi as two different local sources and the
overall task as transitioning from one resource allocation
scheme to another, one may interpret the first constraint as
a gradual relaxation on the source limit, and the second one
as the gradual relaxation on the difference limit between the
resources.

Following the control barrier function-induced control de-
sign procedures [38], the centralized safety-assuring controller
is given by

min
x1,x2,...,x9

∑
i∈I

1

2
∥xi − xnom,i∥2

s. t.
∑
i∈I

[0.1 0.1]xi − h1(t,p1, ...,p9)− 1 ≤ 0,∑
i∈I

[0.1 − 0.1]xi − h2(t,p1, ...,p9)− 1 ≤ 0.

(41)

Here we choose the extended class K function to be an identity
function for simplicity. It is clear that (41) is a special case
of (23) with 2 coupling inequality constraints. Denote the
corresponding auxiliary variables by y1,y2. Based on previous
analysis, the local quadratic program-based controller is given
by

min
xi

1

2
∥xi − xnom,i∥2

s. t. [0.1 0.1]xi + pi,1 + pi,2 + liy
1 − 31/9 ≤ 0,

[0.1 − 0.1]xi + pi,1 − pi,2 + liy
2 − 11/9 ≤ 0.

(42)

where li is the i-th row of the Laplacian matrix. These
auxiliary variables are updated locally according to (26). In
this case we know A⊤

i = 0.1
(
1 1
1 −1

)
is of full column rank and

the LICQ of the local optimization problem is always fulfilled.
Moreover, recall that xnom,i(p(t)) and ym(t),m = 1, 2 are
locally Lipschitz in time, we know the control input from this
local optimization problem is also locally Lipschitz in time
[39, Theorem 3.1]. Together with the violation-free property
from Theorem 3, our proposed algorithm guarantees system
safety.

In Fig. 5 we present the trajectories of four different cases:
1) the nominal case, where the controller xnom,i is applied,
2) the centralized case, where we assume a central node exists
that computes the safe controller from (41) and sends the
control signal to each agent; 3) the distributed case, where
our proposed safe controller in (42) is implemented; 4) the
naive distributed case, where the controller from (42) is used
with all y1,y2 zero. The last case is often used in CBF
literature when system designers focus on guaranteeing safety
and would sacrifice point-wise optimality.
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Fig. 4: Numerical results involving 9 agents solving a static optimization problem.
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(d) Naive distributed case

Fig. 5: Safe distributed control for coordinating 9 agents.
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Fig. 6: Time evolution of the CBF values when coordinating 9 agents.

In the simulation, we choose k0 = 1 and replace sign(·) with
a saturation function sat(v) = 1, if v > 0.1; 10v, if − 0.1 ≤
v ≤ 0.1;−1, if v < −0.1 for eliminating the numerical
chattering. One observes that the formation task is fulfilled
by all four control schemes. In Fig. 6, it becomes clear that
the two coupling state constraints are violated in the nominal
case, and respected in the other three cases. Moreover, the
distributed case with the proposed algorithm shows to be less
conservative compared to the naive distributed scheme as the
trajectory approaches closer to the safety boundary. To better
quantify the performance of the proposed algorithm, we further
compare the point-wise cost

∑
i∈I

1
2∥xi −xnom,i∥2 in Fig. 7

along the state trajectory when our proposed algorithm is
applied, i.e., the trajectory in Fig. 5(c). At any time t, one
could view the curves corresponding to the naive distributed
case and the centralized case in Fig. 7 as the initial cost
and the optimal cost of the frozen-time optimization problem,
respectively. Compared to the naive implementation, our pro-
posed algorithm achieves safe distributed control with much
less point-wise cost.

One key prerequisite that can restrict applicability of the
proposed approach is Assumption 3. Even though we provide
sufficient conditions for it to hold in dense and sparse cases, it
can still be limiting. We will explore how to online monitor lo-
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Fig. 7: Time evolution of the cost
∑

i∈I
1
2∥xi−xnom,i∥2 along

the state trajectory when the proposed algorithm is applied.

cal feasibility and adapt the local parameter yi with feasibility
guarantees in our future work.

IX. CONCLUSION

In this work, we propose a continuous-time violation-
free, distributed algorithm for constraint-coupled optimization
problems and demonstrate its applicability for control barrier
function (CBF)-induced safe distributed control design. To
decompose the global constraint coupled optimization problem
into equivalent local ones, auxiliary variables are introduced,
whose differences indicate the allocation of the constraints
among all agents. Moreover, the subgradient information
with respect to the auxiliary variables can be obtained using
local information, which leads to a subgradient algorithm-
like update law design with asymptotic optimality and all-
time constraint satisfaction guarantee. For safe distributed
control design, we further strengthen our algorithms to achieve
finite-time convergence to cope with slowly time-varying
parameters, leading to a safety-assured and point-wise optimal
controller. Two numerical examples are provided to illustrate
the favorable properties of the proposed algorithms: a static
resource allocation optimization example and a multi-agent
coordination example with two coupling state constraints.

APPENDIX

Proof of Proposition 1. To prove Point 1), given any feasible
solution (x′,y′) to (4), for an arbitrary m-th constraint in (3),
we know 1⊤(Am⊤x′+Ly′m+bm) =

∑
i∈I am⊤

i x′
i+bmi ≤ 0

thanks to the fact that 1⊤L = 0 for L being the Laplacian
matrix of any connected and undirected graph G [20]. Thus
x′ also satisfies the m-th constraint in (3).

For Point 2), given any feasible solution x′ to (3), for an
arbitrary m-th constraint in (3), define vm = Am⊤x′ + bm,
wm =

1⊤
Nvm

N 1N . Thus, wm ≤ 0 is obtained from the fact that
wm has the same value in each entry and 1⊤

Nwm = 1⊤
Nvm =∑

i∈I am⊤
i x′

i + bmi ≤ 0. We further know that there exists a
ym ∈ RN such that Lym + vm = wm thanks to the fact that
Range(L) = {z ∈ RN : 1⊤

Nz = 0} for a connected undirected
graph [20]. Thus, such a (x′,y1, ...,yM ) is also feasible to the
problem in (4).

Point 3) is obvious in view of the two problems. Based on
the previous analysis, (3) and (4) share the same set of feasible
solutions with respect to x. Noting that they also share the
same cost function, we conclude that the two problems are
equivalent.

Proof of Proposition 7. For problem (24), we consider its
Lagrangian

L(xi, ci) =
1

2
∥xi−xnom,i∥2+c⊤i

(
A⊤

i xi + (IM ⊗ li)y + bi

)
where ci = (c1i , c

2
i , ..., c

M
i ) ∈ RM is the Lagrange multiplier.

Since Slater’s condition holds and the problem (24) is a
linearly constrained convex optimization problem, xi is an
optimal solution if and only if ci exists and satisfies the fol-
lowing Karush–Kuhn–Tucker (KKT) conditions [40, Theorem
10.6]

xi − xnom,i +Aici = 0 (43a)

A⊤
i xi + (IM ⊗ li)y + bi ≤ 0 (43b)

ci ≥ 0 (43c)

ci ◦
(
A⊤

i xi + (IM ⊗ li)y + bi

)
= 0 (43d)

where ◦ denotes Hadamard Product, i.e., pointwise multipli-
cation. To solve the KKT system, we obtain from (43a) that

xi = xnom,i −Aici = xnom,i −
M∑

m=1

cmi am
i (44)

Substituting it to (43b) and (43d), we know

A⊤
i xnom,i −A⊤

i Aici + (IM ⊗ li)y + bi ≤ 0 (45a)

ci ◦ (A⊤
i xnom,i −A⊤

i Aici + (IM ⊗ li)y + bi) = 0 (45b)

Next, we consider two disjoint cases for the m-th coupled
inequality. Before proceeding, we denote Cm := {1, . . . ,m−
1,m + 1, . . . ,M}. We assume that the Lagrangian variables
corresponding to the index set Cm are known, i.e., cpi , p ∈ Cm
are known. Define xm′

nom,i = xnom,i −
∑

p∈Cm
cpia

p
i , b

′
i =

(IM ⊗li)y+bi. Then xi = xm′
nom,i−cmi am

i from (44). Define
Λi = Diag(A⊤

i Ai) ∈ RM×M . Consider the following cases:
1) [Am

i
⊤xm′

nom,i + b′i]m ≤ 0. It is clear from (43d) that

cmi = 0. (46)

Then cmi = 0 together with cpi , p ∈ Cm is the Lagrange
multiplier.

2) [Am
i

⊤xm′
nom,i + b′i]m > 0. Suppose cmi = 0 in this case,

then xi = xm′
nom,i yet it fails the constraint Am

i
⊤xi +

b′i ≤ 0. By contradiction, we have cmi > 0. Therefore, to
satisfy (43d), there must hold

[Ai
⊤xm′

nom,i + b′i − cmi A⊤
i a

m
i ]m = 0. (47)

Thus,
am⊤
i am

i cmi = [Am
i

⊤xm′
nom,i + b′i]m (48)

Recall [Λi]m,m = am⊤
i am

i , xm′
nom,i = unom,i − Aici +

cmi am
i . Thus

[Λi]m,mcmi = [A⊤
i (unom,i −Aici) + b′i + Λici]m (49)

Summarizing the two cases in (46) and (49), we obtain
cmi ,m ∈ M satisfies

[Λi]m,mcmi = max
(
[A⊤

i (xnom,i −Aici) + b′i + Λici]m, 0
)
.
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Stacking it together, we conclude that

Λici = max
(
A⊤

i xnom,i + b′i + (Λi −A⊤
i Ai)ci,0

)
(50)

Up to now we have shown that if (xi, ci) satisfies the
KKT condition, then ci satisfies (50). In the following we
show that whenever ci solves (50), the pair (xi, ci) with
xi = xnom,i −Aici fulfills the KKT conditions. One verifies
that (43a) and (43c) are trivially satisfied. What remains to
show is (43b) and (43d). Denote by cpi , p ∈ Cm as part of
the solution to (50). Now cpi , p ∈ Cm are not assumed to
be the correct multipliers but will be proved so later. Recall
xm′
nom,i = xnom,i −

∑
p∈Cm

cpia
p
i . If [Ai

⊤xm′
nom,i + b′i]m ≤ 0,

we know (50) dictates cmi = 0. If [A⊤
i x

m′
nom,i + b′i]m > 0,

then (50) dictates am⊤
i am

i cmi = [A⊤
i x

m′
nom,i + b′i]m. In both

cases, the parts in (43b) and (43d) corresponding to the m-th
constraint are fulfilled. This analysis holds for all m ∈ M.
This concludes the proof.
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