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Abstract—1In this paper, we show that under mild control-
lability assumptions a time-invariant Control Barrier Function
(CBF) can be constructed based on predictions with a finite
horizon. As a starting point, we require only a known subset
of a control-invariant set where the latter set does not need
to be explicitly known. We show that, based on ideas similar
to the Hamilton-Jacobi reachability analysis, the knowledge
on the subset of a control-invariant set allows us to obtain
a time-invariant CBF for the time-invariant dynamics under
consideration. We also provide a thorough analysis of the
properties of the constructed CBF, we characterize the impact
of the prediction horizon, and comment on the practical imple-
mentation. In the end, we relate our construction approach to
Model Predictive Control (MPC). With a relevant application
example, we demonstrate how our method is applied.

I. INTRODUCTION

Control Barrier Functions (CBF) have been introduced
in [1] as a control theoretic concept to render sets invariant
under given dynamics. Having their origin in the optimiza-
tion literature as barrier functions [2], [3], CBFs became
a successfully and widely applied approach to ensure con-
straint satisfaction; for a survey see [4]. Multiple approaches
to ensure constraint satisfaction via set-invariance have been
considered in the literature [5]. However with the concept
of CBFs, Control Lyapunov Functions (CLF) [6], [7] found
their control theoretic analogue for set-invariance. Both CBFs
and CLFs are generally difficult to find. However, once they
are found, a feedback control law is rather easily constructed.

The general task for finding a suitable CBF is as follows:
Consider a dynamical system

= f(x,u) (D
that is subject to the state constraint
xeH:={z|h(x)=0} (2)

where x e R", u e Y < R™, and h : R™ — R is a Lipschitz
continuous function. Then a Lipschitz continuous function
b: R™ — R shall be determined such that C := {z | b(z) =
0} < H is a control-invariant subset of H. We call such a
function b a CBE.

The task of finding a CBF is straightforward if f is locally
controllable on the boundary of H and sufficiently large in-
puts u are admitted. In this case, / already constitutes a CBE.
However, as soon as only weaker controllability properties

This work was supported by the ERC Consolidator Grant LEAFHOUND,
the Horizon Europe EIC project SymAware (101070802), the Swedish
Research Council, and the Knut and Alice Wallenberg Foundation.

The authors are with the Division of Decision and Control Systems,
KTH Royal Institute of Technology, SE-100 44 Stockholm, Sweden
{wiltz,xiaotan,dimos}@kth.se.

hold or U does not allow for sufficiently large control inputs,
a more sophisticated CBF construction is required.

To this end, several approaches have been proposed. In
[8]-[10], a sum-of-squares approach is taken that determines
a CBF over a basis of polynomial functions by solving
an optimization problem. Such approaches are limited to
polynomial dynamics and due to the complexity of the
optimization problem, it is not guaranteed that a CBF is
found even if it exists.

As CBF-based feedback control laws are gradient-based
[1], [4], they lead to a reactive behavior depending on the
gradient of a CBF at a particular point. However, it would
be advantageous if the controller already reacts before it
reaches the boundary of the set C that shall be rendered
invariant. In this way, peaks in the control signal could be
avoided. Therefore, several works consider a combination
of CBFs and predictive control schemes [11], [12]. These
approaches can alleviate the problem of overly high control
inputs due to their predictive nature, yet, they all assume
that CBFs are readily provided. In [13], a known control-
invariant set is extended by using finite horizon predictions
without constructing a CBF. The first approaches to construct
CBFs using a predictive strategy were proposed in [14],
[15]. Here, the system dynamics controlled by a nominal
feedback controller are simulated over an infinite horizon.
Based on a sensitivity analysis by varying a nominal control
law, [16] proposes a predictive CBF that only requires a finite
time-horizon in order to ensure set-invariance. However, the
time-horizon is not further specified. A different approach is
taken in [17]: there a combination between Hamilton-Jacobi
reachability analysis and CBFs can be found which does not
rely on a nominal control law. Despite the time-invariance
of the state constraints under consideration, it leads to a
time-dependent barrier function. This time-dependency only
vanishes when the prediction horizon tends to infinity.

In this paper, we show that under mild controllability
assumptions a time-invariant CBF can be derived using a
finite prediction horizon. In particular, we start from a subset
of an unknown control-invariant set, and then apply finite
horizon predictions to compute a CBF. Moreover, we provide
a thorough analysis of the constructed CBF, and we relate
the proposed CBF-based control strategy to MPC.

The sequel is structured as follows. In Sec. II, preliminar-
ies are reviewed. In Sec. III, we derive a CBF based on pre-
dictions with finite horizon and its properties are analyzed.
In Sec. IV, we relate the prediction-based CBF construction
to MPC. In Sec. V, we present some simulations, and a
conclusion is drawn in Sec. VL.



Notation: A continuous, strictly increasing function « :
R>¢ — R with a(0) = 0 is called a class K function. A
trajectory  : R — X is denoted with boldface, and X'[;, 1,
denotes the set of all such trajectories defined on [t1,to].
The complement of a set 4 < R™ is denoted by A°, the
Euclidean norm by || - ||. The right-sided time-derivative is
defined as -4-b(z(t)) := lim._,q+ M We say
that a property holds almost everywhere (a.e.) if it holds
everywhere except on a set of measure zero.

II. PRELIMINARIES

Throughout the paper, we consider system dynamics (1)
where f is locally Lipschitz-continuous in both of its ar-
guments to ensure the uniqueness of its solutions; forward
completeness is assumed. By (t; 2, u), we denote the
solution to (1) with initial state x(0) = z(, and input
trajectory v : R>9 — U; the first argument ¢ denotes the
time at which ¢ is evaluated. In the sequel, we review the
most important concepts for developing our main results.

A. Control Barrier Functions

Let b : H — R and define C as its zero-superlevel set
C :={x | b(xz) = 0}. We call b a differentiable CBF to (1)
if b is differentiable and there exists a class K function «
such that for all z € C it holds sup,¢, {2 (z) f(z,u)} >
—a(b(z)). However, confining ourselves to differentiable
CBFs is limiting. Hence, we relax the differentiability of
b and only require from now on that b is continuous and
piecewise differentiable. In this case, the derivative 4 b(x)

cannot be expressed as 4b(z) = 2(z) f(z,u) anymore

because the gradient S—z(x) may not exist for =z € H.
Therefore, we replace the derivative %b(m) by the right-sided
derivative d%b(:r). By following [18, p. 155], we can rewrite
the derivative d%b(x) as
d b _ 4 b 3
GO =L COREHCORTONI ST
and state it in terms of dynamics f. We can now define a
broader class of CBFs as follows.

Definition 1 (Generalized CBF). A locally Lipschitz con-
tinuous function b : H — R is a generalized CBF to (1) if
there exists a class K function « such that for all x € C

} > —a(b(x)). @)

sup {diLb(x +of(z,u))

ueld o=0

We call C control-invariant for system (1) if there exist u €
Uro,0) such that ¢(t;z0,u) € C for all ¢ > 0. Analogously
to the differentiable case, the generalized definition of CBFs
also implies the control invariance of set C.

Theorem 1. If b be is a generalized CBF to (1), then C is
control-invariant.

Proof. As b is a generalized CBF, there exist u € U due
to (4) such that

d d
oba(D) = e+ of ()| = —alb@). ©)

o=0

Fig. 1: Illustration of Ass. 1.

It follows directly from the Comparison Lemma [19,
Lem. 3.4] that b(z(t)) = 0 for all £ > 0 if b(z(0)) = 0
and control-invariance is established. ]

Remark 1. Note that differentiable CBFs are a subclass of
generalized CBFs in the sense of Def. 1. When we refer to
a CBF from now on, we refer to a generalized CBF.

Finally, we say that a point zq € R" is feasible if x¢ € H,
and that it is viable if there exist u € U|g ), such that
p(t; o, u) € H for all ¢t € [0, 0).

B. Controllability

A state x; is time T-reachable from xq for system (1)
if there exists a bounded measurable input trajectory u €
Uo,1), such that ¢(T;x0,u) = x1. The set of all such
points is defined as Ry(zo) := {z1 | Ju € U p
@(T;xg,u) = x1}. We call (1) controllable on M < R"
[20] if Ute[O,oo) Ri(xzo) = R™, Yag e M.

III. CBF CONSTRUCTION

In order to determine if a point zgy is viable under
dynamics (1), the trajectory ¢ (t; 2, u) needs to be generally
determined over an infinitely long time horizon, i.e., for all
t > 0. By taking the system’s controllability properties into
account, less conservative statements can be made.

A. Problem Setting

At first, we note that if a state is sufficiently far away
from the boundary of H, we can expect it to be viable for
many practically relevant systems. Therefore, it is reasonable
to assume the existence of a control-invariant super-level set
of h denoted by V as formalized in the following assumption.

Assumption 1. There exists a control-invariant subset V
H where H := {x | h(z) = 0} such that h(x) > § for
all z € V and some 6 > 0. While V is not required to be
explicitly known, we assume that a subset F < V is known.

Ass. 1 is illustrated in Fig. 1. Note that we do not require
set F to be control-invariant. In many applications, a subset
F < V can be more easily derived than a control-invariant
set V. Sometimes an intuitive understanding of the system
dynamics can be even taken as a starting point for the
derivation of F. We illustrate this in the following example.

Example 1. Consider the kinematic model of a vehicle
modeled as a bicycle [21] (see Fig. 2a) given as = =
veos(y + B(Q)). § = vsin(y + B(()), 9 = Lo tan()
where 3(¢) = arctan( tan(¢)). States x, y denote the posi-
tion of the center of mass C, and 1 the vehicle’s orientation;
inputs are velocity v and steering angle (. The stack vector



Fig. 2: Bicycle model: (a) Kinematic model; (b) construction
of a set with its viable points via turning radius r.

of the system’s states is denoted by x = [z,y,]". Let the
vehicle be subject to input constraints 0 < vpin < ¥ < Umax
and |¢| < (max- From the dynamics, we directly obtain the
minimal tu.rning radips T = o Cmaj) Tan(Con) Moreover,
let the vehicle move in a plane with a circular obstacle that
has radius R > 0 and is centered at ¢ € R?. Correspondingly,
we define h(x) = ||[z,y]T —¢|| — R.

Through geometric considerations as depicted in Fig. 2b,
the set F = {x|h(x) = § + 2r} is determined as a subset
of the control-invariant set V. Here we exploit the fact that
a bicycle can always return to its initial state by moving on
a circle with radius r and we conclude that h(x) > ¢ for
all x € V. Thereby, the knowledge on the system’s periodic
solutions gives rise to our construction of F. While it is
sufficient to take the vehicle’s position into account for the
construction of F, the construction of V requires to consider
orientation ¢ as well. Its determination would be thereby
more difficult. We highlight that 1, however, does not need
to be determined and its existence is sufficient.

Remark 2. Set F can be also chosen as an equilibrium
point or as some periodic solution of the system. However,
choosing a large F reduces the computational effort for
determining a CBF, which is discussed later.

Based on set F as defined in Ass. 1, a CBF to system (1)
shall be constructed using predictions with a finite time
horizon.

B. Time Horizon

Next, we specify the minimal time 7(zg) for each z( €
H\F that system (1) requires to reach some state x; € F.
More precisely, we define 7(xg) for each xg € H\F as

T(zg) = rn>i%17' (6a)
st () = f(x(t),u(t)) (ae), (6b)
x(0) =z, u(t)el, x=(r)eF. (6¢)

Note that here trajectory x does not need to stay in H
for all times. We are interested in 7(x() for the following
reasons: A trajectory that ends in x; € F can be feasibly
continued for all times since F is a subset of the control-
invariant set V < H. Thereby if h(p(t; 20, u)) = 0 for all
t € [0,7(zo)], we can conclude that z is viable.

In order to ensure that (6) is well-posed, that is for each
2o € H\F there exists a 7(xg) that solves (6), the following
assumption is introduced.

Assumption 2. Let either of the following statements hold:

A2.1 Dynamics (1) are controllable on F¢ where F¢ denotes
the complement of F; or

A2.2 For all g € H\F, there exist ¢ = 0 such that R;(xg) N
F#J.

Proposition 2. Let Ass. 2 hold. Then there exists for all
2o € H\F a time 7(xg) € R~( that minimizes (6).

Proof. Starting with Ass. 2, it follows from the definition
of controllability or time T-reachability (see Sec. II-B) that
there exists a trajectory (-;zo,u) which satisfies con-
straints (6b)-(6¢) for some finite 7. As 7 is lower-bounded by
zero, it follows that there exists a 7(x) that minimizes (6)
for each zg € H\F. O

Remark 3. Note that (A2.1) is stronger than (A2.2) and im-
plies the latter. (A2.1) can be verified using well-established
criteria as the full-rank criterion for linear systems, or the
Lie-rank condition for nonlinear systems [20], [22]. (A2.2) is
verifiable by the construction of the reachable set. Also
note that Ass. 2 does not necessitate local controllability or
even full actuation which would be strong assumptions and
trivially imply the control-invariance of .

For the sake of simplicity, we define 7 := sup ¢4 7 7()
and use it in the sequel instead of function 7(z). An upper
bound to 7 can often be also analytically found.

Example 2. Let us revisit Example 1. As it is well known, a
bicycle can reach any point in a plane by moving on circular
trajectories of radius r (by setting ( = +(nax) and straight
lines (¢ = 0). By moving with a constant velocity of at least
Umin, any position (z,y) € R? can be reached in finite time.
Thus (A2.2) is satisfied. Next, we construct an upper-bound 7
for time-horizon 7 in the case of the circular obstacle from
Example 1. At first, we observe that the vehicle can reach
F by moving on a straight line. Then the distance covered
until F is reached is at most 2(R + r + ) for any starting
point xg € H\F. Alternatively, the vehicle can also move
first on a semi-circle and continue thereafter on a straight
line until F is reached. Then, the distance is upper bounded

by mr + § + 2r. Altogether, we obtain an upper-bound for
2(R+r+9) . (24m)r+6 }

)

the time-horizon as 7 := min {

Vmax Vmax

C. Construction of a CBF

We construct a CBF based on a finite prediction horizon 7.
Therefore, we choose some T' > 7, where 7 is defined as in
Sec. III-B, and define a function Hy : H — R as

Hyp(xp) := rg%{ terﬁ},lil’] h(x(t)) (7a)
s.t. x(s) = f(x(s),u(s)) (a.e.), (7b)
z(0) = o, (7¢)

u(s) e U, Vs e [0,T] (7d)

z(¥) e F, for some ¥ € [0,T].  (7e)

We denote the input trajectory w and the times ¢ and ¢
that solve optimization problem (7) by w*, t* and 9%,
respectively. The computation of Hy is illustrated in Fig 3:



Fig. 3: Illustration of max-min-problem (7): A state trajectory
(black) over a time horizon T and gray contour lines denoting
the values of h. A control-invariant set } and its known
subset F are indicated.

The gray contour lines indicate the values of h which
increase in the direction of the arrow. A state trajectory
x(-) = ¢(;20,u) (black) starts in g, evolves according
to some input trajectory w over a time-horizon 7', and
satisfies (7e) at time ¥ € [0,7T]. The minimization yields
time ¢* where the trajectory x(-) takes the smallest value
on h. The maximization chooses the input trajectory u*
such that this “smallest value” is as large as possible.
Intuitively, Hr thereby provides a measure to assess how
close the system state gets to the boundary of the set of
allowed states H. Optimization problems similar to (7) are
known from Hamilton-Jacobi reachability analysis, however,
without constraint (7e), see e.g. [17] and references therein.
Thereby, our approach avoids the time-dependency of reach-
ability value functions Hr by adding constraint (7e).

Next, we define the zero-superlevel set of Hy as Sy :=
{z | Hr(z) > 0} and show that Hr indeed is a CBF.

Theorem 3. Let Ass. 1-2 hold, let i be Lipschitz-continuous,
and let T > 7. Moreover, let f be bounded on V in the
sense that for all z € V there exists a u € U such that
[|f(z,u)|| < M for some constant M > 0. Then Hr in (7)
is well-defined. If Hp is additionally Lipschitz-continuous,
then Hp constitutes a CBF to (1).

Proof. Consider a state g € H. As Ass. 1 and 2 hold, it
follows from Prop. 2 that there exists a finite 7 as defined in
Sec. III-B. This implies that for any 7" > 7 there also exists
an input trajectory u* € U and times t* and ¥* that
solve (7). Thereby, Hr is well-defined. The state trajectory
induced by w* is denoted by ¢(-;x0,u*) : [0,T] —
R™ and the corresponding value of Hp is Hrp(zg) =
h(p(t*; zo,u™)). In order to show that Hp is a CBF, we
need to show that there exists a class K function « such
that sup,,e; { 7% Hr(z0)} = —a(Hr(z0)) for all zo with
Hr(xo) = 0. We do this in two steps.

Step 1: We consider x¢ with Hp(zg) < 0. At first, we
extend the input trajectory u* by an input trajectory u. €
U [T, that renders set V invariant. In particular, we define
the extended input trajectory u¥ as

ut(t) = {“*(t)

U (t)

if t € [0, 9*]
8
if £ > ¥* ®

where u, € U(yx o) such that o(t; 20, u’) € V for all

t > ¥*. Such an input trajectory u* exists as V is control-

invariant. Moreover, we observe that

HT({L‘()) = h(cp(t*;xo,u*)) < )
Ass. 1 (9)
< hlp(tao,ul))  Vie[9* @),

and hence

Hr(xg) = h((t*; zg,u™)) = mi

) . *
= min h(p(t;zo,w
+€[0,77) (90( 0 e)

for any 7" > T. From this, it follows that

H = min A(p(t;zo,u*) 'Y min h(p(t 20, uk
7(20) Juin (p(t;z0,ug)) e ((t;z0,ug))
< i h(p(t; zg, u*
L CE)

< Hr(p(t; 20, u™)) (1)
where the latter inequality holds due to the suboptimality
of u¥*. Thus, by again using the suboptimality of u* in the
first inequality, we obtain

d d
21;5 {WHT(QCO)} = ilelg {dtJrHT(SD(O% zo, U))}

vt' € 0,T]

d
> ——Hr(¢(0;20,u™))

dt+t
 Fr(e(tee,ut)) = Hr(e(0; 00, u")
t—0+ t
. * _ . (11)
t—0

Hence, there exists a class K function « such that
SUP ey { 5 Hr(z0)} = —a(Hr(zo)) for all o with 0 <
Hrp(xg) < 6. Intuitively, (12) implies that in the neighbor-
hood of any point z¢ with Hp(xz¢) < § there exists a state
trajectory, namely ¢(+; xo, u*), along which the value of Hyp
is monotonously increasing.

Step 2: Next we consider z¢ with Hrp(zg) > J, which
implies o € V. Thus, ||f(z,u)|| < M for all  in some
e-neighborhood of zy and some u € U. Then, as z(t) =
o+ Sf) f(x(s),u(s))ds, it follows for a sufficiently small ¢’

o — (1) = H | " Fa(s) u(s))ds

¢ w (13)
< f £ (x(s), u(s)]ds < j Mds = MY,
0 0

Let u' € Uy be some input trajectory. Since Hr is
assumed to be Lipschitz-continuous — let L be its Lipschitz
constant —, we can lower-bound Hy(¢p(t'; 2o, u')) as

Hr(p(t';z0,u')) = Hr(wo)—L |lzo— @ (t'; 20, u')| "

(13)
= HT(JT()) — LMt/.
Now we can derive analogously to (12) that
d d ,
sup {WHT(I’O)} > CltﬁHT(SO(();Io,u )
H ; ) —
— lim 7(p(t; 20, u')) — Hr(zo)
t—0+ t
(14
> —LM = —a(Hr(xg)) (15)



for all 2y with Hy(z¢) > § where « is some class K function.

Altogether, we have shown that sup,,¢; { 75 Hr(z(t))} =
—a(Hr(x)) for all g with Hp(xo) = 0. Together with the
assumption on the local Lipschitz continuity of Hp, the proof
is completed. O

Remark 4. After the computation of Hrp, its Lipschitz-
continuity can be easily checked numerically. The bound-
edness of f naturally arises when considering compact sets.

The CBF Hr gives also rise to further CBFs.

Corollary 4. Let the same premises hold as in Thm. 3. Then
HS () := Hy(x) — &' is a CBF for any ¢’ € [0, 6).

Proof. This follows directly from the proof of Thm. 3 as (12)
and (15) stay unchanged. O

Next we show that the CBF Hy renders a subset of H,
namely S7, control-invariant.

Proposition 5. St is control-invariant for any 7" > 7 and

SrcH.

Proof. Since Hr is a CBF according to Thm. 3, control-
invariance of Sy follows directly from Thm. 1. Furthermore,

Hyp(xo) @ max min h(p(t; zo,u))
u(") te[0,T] (16)

< méiiih(w(o;ffmu)) = h(zo).
(-

If Hp(zo) = 0, then h(xo) > 0 and Sy < H follows. O

Generally by increasing 7T', Sy can be enlarged. This is
formally stated as follows.

Proposition 6. Let the same premises hold as in Thm. 3.
Then Sy, € S, for Ty < Tb. If additionally Hrp, (z) < 4,
then Hrp, () < Hp,(z).

Proof. Consider any o € S, and a trajectory ¢ (t; xo, uf, )
starting in o which is defined for ¢ € [0, 7%] and where w7, ,
t7, and U7 denote the input trajectory and the times
that solve (7) for time horizon 7). Furthermore, we de-
fine an extended input trajectory analogously to (8) as
u#l (t) if te[O,ﬁg‘il]
ue(t) if t>19§il
that ¢(t; o, uy, ) € V for all t > J7 . Based on this, it
follows with Hr, (z9) < 0 that

* -

uy, = where wu.(t) € Uw%’oo) such

. (10) .
Hr, (o) :ter[ré}%]h(cp(t; To,ur, ) :ter[ré}gz]h@p(t; To,uy )

< min h(p(t; o, w},)) = Hr,(20) (17)

te[0,T%]
where the last inequality follows from the suboptimality
of uf, ., and where u7, denotes the input trajectory that
solves (7) for time horizon T5. For x¢ with Hr, (z9) = 6,
we have that

Hr, (o) :ter[rg;lﬂh(w(t; Lo, w7, )) >t€r[%§g2]h(<ﬁ(t; To,uy, )

= min {HT1 (o), min h(cp(t;xo,u%,e))} =4

tE[Tl ,TQ]

Fig. 4: Construction of a control-invariant set F.

where the last inequality holds since ¢(t;zo,uy, ) € V
for all t € [T1,T>] and h(x) > 6 for all z € V. Thus,
(Hr, () 2 0) = (Hr,(z) = 0) which implies S, < Sr,
for T7 < T,. The second part of the proposition has been
shown in (17). L]

D. Construction of a CBF using a Terminal Constraint

By employing stronger assumptions on F, the optimiza-
tion problem (7) can be reformulated with a terminal con-
straint.

Assumption 3. F is control-invariant under dynamics (1).

Now, we can reformulate (7) with a terminal constraint
based on set F as

Hy(z0) := max téﬁ)if%] h(z(t)) (18a)
s.t. (7b)-(7d) hold, (18b)
x(T)e F. (18c)

Compared to (7), constraint (18c) is the only difference. Note
that Ass. 3 implies Ass. 2 which leads us to the following
result based on Thm. 3.

Corollary 7. Let Ass. 1 and 3 hold, let h be Lipschitz-
continuous, and let 7" > 7. Moreover, let f be bounded on
V in the sense that for all = € V there exists a u € U/ such that
[|f(z,u)|| < M for some constant M > 0. Then Hy in (18)
is well-defined. If Hp is additionally Lipschitz-continuous,
then Hr constitutes a CBF to (1).

Example 3. We reconsider Example 1 and construct a set F
that satisfies Ass. 3. Let us denote the vehicle’s position
as Xpos = [2,y]”. Then, a control-invariant set is given by
F = {x|h(x) = 0, Vh(x)Xpos = 0}, see Fig. 4. The scalar
product VA (x) Xpos is indicated by the red arrow. Intuitively,
set F contains those states where the vehicle is moving
into its interior. Clearly, the here constructed F is smaller

compared to that in Example 1. Similarly to Example 2, an
2(R+9). ﬂ'r+5}

Vmax 7 Umax

upper bound of 7 is obtained as 7 = min {

E. Practical Computation of a CBF

A CBF Hr can be computed by sampling the state space
and evaluating either of the optimization problems (7) or (18)
in each sampled state. For implementation, we rewrite the
optimization as a min-max problem and use a p-norm to
approximate the inner maximization problem. In this way, a
stacked optimization is avoided.

Based on the computed CBF, a gradient can be numerically
determined which we denote by V, Hr. Using interpolation,
Hyp(x) and V,Hr(x) can be approximated for any state .
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(a) CBF exemplarily for 1) = 0°. (b) Simulation results.

Fig. 5: Scenario with one circular obstacle.

Then, a safety filter for some given nominal control input
Unom 1S

u = argmin (u — unom)T(u — Unom) (19a)
uel
s.t. Vo Hr(z) f(z,u) = —a(Hr(z)) (19b)

The control input u is applied to the system and ensures
that the system state does not leave 7. We note that (19)
becomes a quadratic program if system (1) is input affine.
The curse of dimensionality is here alleviated by the fact
that the CBF only needs to be computed in some neighbor-
hood of the boundary of . In particular, if a(Hr(z)) is
chosen sufficiently large for Hy(z) > J, the optimization
problem (19) is minimized by wunom. In this way, it is
sufficient to compute the CBF Hr () only for those sampled
states © € H\F where Hp(z) < §. Based on the systems
local controllability properties, the region where Hp(z) < 6
can be determined as demonstrated in the example below.

Example 4. Let us revisit Example 1 and compute a CBF for
the circular obstacle and the vehicle with bicycle dynamics.
Therefore, let R =5, L = 1, Umin = 1, Umax = 9, Cnax = %w,
¢ = [0,0]T. Then, we obtain the minimal turning radius as
r = 2.79. For computing the CBF, we use (18) with set F as
constructed in Example 3, and by choosing § = r we obtain
7 = 4. By reconsidering Fig. 2b, we derive that Hy(z) > ¢
if h(z) = 2r + 9 = 3r. Thus, we only need to compute
Hyp(x) for all x € H with h(z) < 3r. The result for 7' = 6
is depicted in Fig. 5a. As it can be seen, the computed CBF
is Lipschitz-continuous. We use CasADi [23] to implement
the optimization problem (18).

In the light of this discussion, we briefly relate (18) to MPC.

IV. RELATION OF THE PREDICTION-BASED CBF
CONSTRUCTION AND MPC

In the previous section, we constructed a CBF on the
grounds of a finite prediction horizon T'. Therefore, it seems
natural to relate the CBF construction approach to a MPC
formulation for ensuring set-invariance. To this end, consider
the following MPC-problem at some time %y,

max min_ h(x(t;tg)) (202)
u(-;ty) te[0,T]
st x(s;tr) = flx(s;tr),u(s)) (ae.), (20b)
x(0;t) = x(t), (20c)
u(s;ty) €U, Vs e [0,T] (20d)
x(V;ty) € F, for some ¥ € [0,T]. (20e)

where x(-;tx), u(-; tx) denote the state and input trajectories
predicted at time ¢y, T' is some time horizon satisfying 7" >
7, and x(ty) is the state of system (1) at time .

The input trajectory w*(+;t;) that minimizes (20) is ap-
plied to system (1) on a time-interval of length At < T, i.e.,
u(t) = u*(t;t) for all ¢ € [0, At). At the next time-step
tk+1 1= tx + At, (20) is recomputed with the new system
state @ (tx1). If the system state is initialized as (0) € Sr,
then we can show that (¢) € Sy for all ¢ > 0.

Theorem 8. Let the same premises hold as in Thm. 3, and
let Sp = {x | Hy(z) = 0} where Hy is as defined in (7). If
x(0) € Sy, then an initially feasible solution to (20) exists
and (20) is recursively feasible for ¢; > 0. Moreover, x(t) €
Sy forallt>0.

Proof. The proof can be found in [24]. O

Remark 5. The MPC formulation (20) is in so far limiting
as the input maximizing (20a) is directly applied on a time
interval [0, At]. In contrast, (19) allows for any input that
satisfies its CBF-based gradient constraint (19b). On the
other hand, an MPC-formulation avoids the computation of
a CBF. For answering the question if a CBF or an MPC
approach is more suitable to ensure set-invariance, both the
dimensionality of the system under consideration and the
online control frequency are decisive. For lower dimesional
systems whose control inputs shall be computed at a high
frequency, a CBF-based approach is a good choice. In other
cases, also an MPC approach can be considered.

Remark 6. As before, if Ass. 3 holds, then constraint (20e)
can be replaced by the terminal constraint x(7';tx) € F.

Flexibility can be added to the MPC-formulation by allow-
ing for more general cost functions. Then, we can compute
a control input that renders Sy invariant as

m.in) F(x(;tg), u(5tk)) (21a)
s.t. (20b)-(20d) hold, 21b)
h(x(s;tr)) =0, Vs e [0,T] (21¢)
2(T;ty) € F, 21d)

where u(-;t;) : [0,7] — R™ is optimized over the time
horizon T'; F' is some cost function. In comparison to (20),
we added the state constraint (21c) as the invariance of S
is not anymore necessarily implied by the cost function.

Theorem 9. Let the same premises hold as in Cor. 7, and
let St = {x | Hr(z) = 0} where Hy is as defined in (18).
If (0) € St, then an initially feasible solution to (21) exists
and (21) is recursively feasible for ¢;, > 0. Moreover, x(t) €
Sy for all ¢ > 0.

Proof. The proof can be found in [24]. O

In contrast to (20), we require a terminal constraint
in (21) in order to construct candidate trajectories that satisfy
state constraint (21c) and to establish recursive feasibility.
Thereby, the additional flexibility in (21) comes at the cost
of the explicit knowledge on a control-invariant set.
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Fig. 7: Scenario with three circular obstacles.

Remark 7. The latter MPC formulation (21) includes the
predictive safety filter as proposed in [25] as a special
case. The idea of using predictions to extend a known
control-invariant set has also been explored in [12], [13].
Although the knowledge on a control-invariant set also leads
to simplifications in our case, it is not a requirement for our
main results stated in Thm. 3 and 8.

V. SIMULATION

We consider again the vehicle with bicycle dynamics from
Example 1. Now, the vehicle uses a line following controller
(nominal controller o) to follow a straight line. The safety
filter (19), which is based on the CBF as computed in
Example 4, ensures that the vehicle avoids a circular obstacle.
The simulation results are depicted in Fig. 5b. The vehicle
moves as closely as possible along the red line towards
the right and avoids the circular obstacle. Its orientation is
denoted by the triangles. The interior of the green circle
marks those states for which the CBF has been computed.
Similar results are obtained for a scenario with three circular
obstacles, see Fig. 6-7. However, if the computed CBF Hp
is replaced by h, the optimization problem (19) may become
infeasible and collision avoidance is not guaranteed anymore.
The resulting trajectory is marked in Fig. 7 in light gray.

VI. CONCLUSION

Based on mild controllability assumptions and a known
subset of a possibly unknown control-invariant set, we
showed how CBFs can be constructed by using predictions
with a finite horizon. In doing so, we connected the construc-
tion of CBFs with the controllability properties of the system
under consideration. With a relevant example, we outlined
how the made assumptions can be satisfied. In the end, we
related the prediction-based computation of CBFs to MPC.
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