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Abstract

This paper studies the construction of symbolic abstractions for nonlinear control systems via feedback refinement relation. Both
the delay-free and time-delay cases are addressed. For the delay-free case, to reduce the computational complexity, we propose a
new approximation approach for the state and input sets based on a static quantizer, and then a novel symbolic model is constructed
such that the original system and the symbolic model satisfy the feedback refinement relation. For the time-delay case, both static
and dynamic quantizers are combined to approximate the state and input sets. This leads to a novel dynamic symbolic model for
time-delay control systems, and a feedback refinement relation is established between the original system and the symbolic model.
Finally, a numerical example is presented to illustrate the obtained results.
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1. Introduction

To deal with controller synthesis problems efficiently and to
guarantee the correct-by-design controller synthesis, symbolic
models have attracted considerable attention in recent years; see
[1, 2]. A symbolic model is a discrete approximation of a con-
tinuous system such that the controller designed for the discrete
approximation can be refined to the controller for the original
system [3]. Because of symbolic models, when complex speci-
fications are considered, algorithmic machineries for controller
synthesis of discrete systems can be used to synthesize con-
trollers for continuous systems automatically [4]. As a result,
the symbolic model based approach provides an alternative for
controller synthesis of control systems.

The essence to this approach is to find an equivalence rela-
tion on the state space of dynamic systems. Such equivalence
relation leads to a new system, which is on the quotient space
and shares the properties of interest with the original system.
In the literature, several abstraction techniques have been de-
veloped; see [5, 6]. The commonly-used equivalence relation is
the (bi)simulation relation and its approximate variants [4, 5, 7],
which capture equivalences of dynamic systems in the exact
or approximate settings. However, these equivalence relations
require a preassumption: the original system is incrementally
stable or incrementally forward complete, which constrains the
class of control systems that can be studied via the symbolic
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model based approach. In addition, the exact information of
the original system is needed to obtain the refined controller,
which results in a huge computational complexity for the ab-
stract controller due to its abstraction refinement. As a result, a
feedback refinement relation was proposed in [6] as an alterna-
tive equivalence relation, which connects the abstract controller
to the original system via a static quantizer [8]. Some results
can be found on these equivalence relations; see [4, 5, 7] for the
approximate (bi)simulation relations and [8, 9] for the feedback
refinement relation. In previous works, these equivalence rela-
tions are based on uniform quantization, which partitions the
space with a uniform distance [10].

In this paper, we focus on symbolic abstractions of nonlin-
ear control systems via the feedback refinement relation. Using
both static and dynamic quantization, symbolic models are con-
structed for nonlinear control systems in both the delay-free and
time-delay cases. Furthermore, the feedback refinement rela-
tion is ensured between the original system and the constructed
symbolic model. Our results improve the existing techniques
in two directions: i) by introducing a different static quanti-
zation and combining both static and dynamic quantization in
the construction of symbolic abstractions, and ii) by extending
the feedback refinement relation from the delay-free case to the
time-delay case. In the first direction, our technique improves
upon the results of [7, 8] by applying a non-uniform quantizer in
the construction of symbolic models for delay-free systems, and
the results of [11] by combining static and dynamic quantizers
in the construction of symbolic models for time-delay systems.
For the delay-free case, a logarithmic quantizer [12, 13], which
is static but partitions the space with different distances, is ap-
plied in the construction of symbolic models. For the time-
delay case, the combination of the logarithmic and zoom quan-
tizers, in which the zoom quantizer is a dynamic quantizer as in
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[14, 15], is implemented in the approximation of the state and
input sets. In that sense, we propose an alternative approxima-
tion approach for the state and input sets. Due to the combina-
tion of the logarithmic and zoom quantizers, the computational
complexity is reduced for the construction of symbolic models.
In the second direction, our technique improves the results in
[8] by extending the feedback refinement relation from delay-
free systems to time-delay systems. Besides the combination of
the logarithmic and zoom quantizers, the spline functions are
also involved in the construction of the symbolic model, and
the feedback refinement relation is guaranteed from the origi-
nal system to the symbolic model.

A preliminary version of this work has been presented in [16]
where only the delay-free case is considered. The current paper
refines and extends the approach to consider the time-delay case
by combining static and dynamic quantization. Thus, the results
in [16] are special cases of this paper.

The remainder of this paper is organized as follows. In Sec-
tion 2, both nonlinear control systems and time-delay control
systems are introduced. Both static and dynamic quantizers are
given in Section 3. Symbolic models are constructed for non-
linear control systems in Section 4, and for time-delay control
systems in Section 5. Finally, a numerical example is presented
in Section 6 to illustrate the developed results. Conclusions and
future works are presented in Section 7.

2. Nonlinear Control Systems

In this section, basic definitions of nonlinear control systems
and time-delay control systems are introduced. To begin with,
some necessary notations are introduced.

2.1. Notations

R := (−∞,+∞); R+
0 := [0,+∞); R+ := (0,+∞); N :=

{0, 1, . . .}; N+ := {1, 2, . . .}. Given a vector x ∈ Rn, xi de-
notes the i-th element of x; |xi| is the absolute value of xi;
|x| := (|x1|, . . . , |xn|) ∈ Rn; ‖x‖ := max{|x1|, . . . , |xn|} denotes the
infinity norm of x ∈ Rn. Given a, b ∈ (R ∪ {±∞})n, we define
the relations <, >,≤,≥ on a, b component-wise; a cell ~a, b� is
the closed set {x ∈ Rn|ai ≤ xi ≤ bi}. E ∈ Rn is the vector whose
components are 1. Given a measurable and essentially bounded
function f : R+

0 → Rn, the (essential) supremum norm of f is
‖ f ‖∞ := ess. sup{‖ f (t)‖, t ≥ 0}. For a given τ ∈ R+, define fτ
such that fτ(t) := f (t) for any t ∈ [0, τ], and f (t) = 0 elsewhere;
f is locally essentially bounded if fτ is essentially bounded.

Given a, b ∈ R with a < b, C([a, b],Rn) denotes the space of
the continuous functions f : [a, b] → Rn. For any continuous
function x(s) defined on −Θ ≤ s < a with Θ, a > 0, and given
any fixed t with 0 ≤ t < a, the symbol xt denotes the element
of C([a, b],Rn) defined by xt(θ) := x(t + θ) with θ ∈ [−Θ, 0].
Given two sets A and B, if A is a subset of B, then we denote by
IdA : A ↪→ B or simply by Id the natural inclusion map taking
any a ∈ A to Id(a) ∈ B. A relation R ⊂ A × B is the map
R : A→ 2B defined by b ∈ R(a) if and only if (a, b) ∈ R. Given
a relation R ⊂ A× B, R−1 denotes the inverse relation of R, i.e.,
R−1 := {(b, a) ∈ B × A : (a, b) ∈ R}.

2.2. Nonlinear Control Systems

In this paper, we consider nonlinear control systems in both
the delay-free and time-delay cases. For the delay-free case, the
class of nonlinear control systems is formalized below.

Definition 1 ([5]). A control system is a quadruple Σ =

(X,U,U, f ), where, (i) X ⊆ Rn is the state set; (ii) U ⊆ Rm

is the input set; (iii) U is a subset of all piecewise continu-
ous functions of time from the interval (a, b) ⊂ R to U with
a < 0 < b; (iv) f : X × U → X is a continuous map satis-
fying the following Lipschitz assumption: given a bounded set
K ⊆ X × U, there exists a constant L1 ∈ R+ (which may be
related to the set K), such that ‖ f (x, u) − f (y, u)‖ ≤ L1‖x − y‖
for all (x, u), (y, u) ∈ K.

A curve ξ : (a, b) → X is said to be a trajectory of Σ, if
there exists u ∈ U such that ξ̇(t) = f (ξ(t),u(t)) for almost all
t ∈ (a, b). Different from the trajectory defined over the open
domain, we refer to the trajectory x : [0, τ] → X defined on a
closed interval [0, τ] with τ ∈ R+ such that x = ξ|[0,τ]. Denote
by x(t, x,u) the point reached at time t ∈ (a, b) under the input
u ∈ U from the initial condition x ∈ X. Such a point is uniquely
determined, since the assumptions on f ensure the existence
and uniqueness of the state trajectory; see also [17, Appendix
C.3]. In addition, if f (0, 0) = 0, then x(t) = 0 is the trivial
solution for the unforced system ẋ(t) = f (x, 0). A system Σ

is said to be forward complete, if every trajectory is defined
on an interval of the form (a,+∞). Sufficient and necessary
conditions can be found in [18] for the forward completeness
of control systems.

2.3. Time-delay Control Systems

Consider the following nonlinear time-delay control systemẋ(t) = f (xt, u(t − r)), t ∈ R+,

x(t) = ξ0(t), t ∈ [−Θ, 0],
(1)

where Θ ∈ R+
0 is the upper bound of the time delay that the

system state involves, r ∈ R+
0 is the constant time delay that

the input involves, x(t) ∈ X ⊆ Rn is the system state, ξ0 ∈

C0([−Θ, 0], X) is the initial condition, xt ∈ X ⊆ C
0([−Θ, 0], X)

is the time-delay state, and u(t) ∈ U ⊆ Rm is the control input
with the domain [−r,+∞). In the following, we formalize the
definition for time-delay control systems.

Definition 2. A time-delay control system is a sextuple Σ̄ =

(X,X, ξ0,U,U, f ), where, (i) X ⊆ Rn is the state set; (ii)
X ⊆ C0([−Θ, 0], X) is the set of the time-delay states; (iii)
ξ0 ∈ X is the initial condition; (iv) U ⊆ Rm is the input set; (v)
U is a subset of all measurable and locally essentially bounded
functions of time from [−r,+∞) to U; (vi) f : X × U → X is
a continuous map satisfying the following Lipschitz assump-
tion: given a bounded set K̄ ⊆ X × U, there exists a con-
stant L2 ∈ R+ (which may be related to the set K̄), such that
‖ f (x, u) − f (y, u)‖ ≤ L2‖x − y‖ for all (x, u), (y, u) ∈ K̄.
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Without loss of generality, we assume f (0, 0) = 0, thus en-
suring that x(t) = 0 is the trivial solution for the unforced
system ẋ(t) = f (xt, 0). Note that multiple discrete non-
commensurate delays and distributed delays are allowed but
bounded in (1); see also [11, 19]. The assumptions on f en-
sure the existence and uniqueness of the solution of (1). Due
to the time delays in (1), both X and U are functional spaces,
which is the main difficulty in the approximation of the state
and input sets; see Section 5.

2.4. Feedback Refinement Relation
The objective of this paper is to construct symbolic models

for nonlinear control systems in both the delay-free and time-
delay cases. To this end, we next present a feedback refinement
relation, which is a criterion to verify the relation between two
transition systems. To begin with, the class of transition sys-
tems that will be used to denote symbolic models for control
systems is introduced.

Definition 3 ([2]). A transition system is a sextuple T =

(X, X0,U,∆,Y,H), where, (i) X is the set of states; (ii) X0 is the
set of initial states; (iii) U is the set of inputs; (iv) ∆ ⊆ X×U×X
is the transition relation; (v) Y is the output set; (vi) H : X → Y
is the output map.

Definition 4 ([8]). Let T1 and T2 be two transition systems
with Ti = (Xi, X0

i ,Ui,∆i,Yi,Hi) for i ∈ {1, 2}, and assume
that U2 ⊆ U1. A relation F ⊆ X1 × X2 is a feedback re-
finement relation from T1 to T2, if for all (x1, x2) ∈ F , (i)
U2(x2) ⊆ U1(x1); (ii) u ∈ U2(x2) ⇒ F (∆1(x1, u)) ⊆ ∆2(x2, u),
where Ui(x) := {u ∈ Ui : ∆i(x, u) , ∅} and i ∈ {1, 2}. We
denote by T1 �F T2 if F ⊆ X1 × X2 is a feedback refinement
relation from T1 to T2.

3. Static and Dynamic Quantizers

To approximate the state and input sets, a general approach is
based on quantization, which divides the state and input sets via
a sequence of embedded lattices, whose intersection points are
used to denote the abstract states and inputs in the local regions.
In terms of quantization mechanisms, there are generally two
types of quantizers: static quantizers and dynamic quantizers,
which are introduced in the following subsections.

3.1. Static Quantizer
A static quantizer is a memoryless and time-invariant

piecewise-constant function q : Rn → Q, where Q is a fi-
nite subset of Rn; see also [14]. That is, the quantizer q di-
vides Rn into a finite number of quantization regions of the
form {z ∈ Rn : q(z) =  ∈ Q}. Since the quantization regions
of static quantizers are time-invariant, static quantizers provide
simple structures for the approximation of the state and input
sets [15]. A commonly-used static quantizer is the uniform
quantizer, which partitions the state and input sets uniformly
[5]. However, to reduce the computational complexity, we in-
troduce the following logarithmic quantizer, which provides an
alternative for the approximation of the state and input sets.

Definition 5 ([13]). A quantizer is called a logarithmic quan-
tizer, if it has the following form

Q1(z) :=


zi, (1 + η)−1zi < z ≤ (1 − η)−1zi;

0, 0 ≤ z ≤ (1 + η)−1d;
− Q1(−z), z < 0,

(2)

where zi = ρ(1−i)d, ρ =
1−η
1+η

, η ∈ (0, 1), d > 0, and i ∈ N+.

In Definition 5, the constant ρ ∈ (0, 1) is called the quanti-
zation density; the constant zmin := (1 + η)−1d determines the
size of the deadzone. From (2), zi+1 = ρ−1zi for all i ∈ N+. The
quantization error, which is defined as z − Q1(z), can be written
as z − Q1(z) = Λ(z)z with Λ(z) ∈ [−η, η]; see [12, 13]. The
quantizer Q1(z) takes values from the set Q := {0,±zi : i ∈ N+}.
For each q ∈ Q, its quantization region is denoted by

q̂ :=
 [α1q, α2q], if q , 0,

[−zmin, zmin], if q = 0,
(3)

where α1 := max{0, sgn(q)}(1+η)−1+max{0,− sgn(q)}(1−η)−1},
and α2 := max{0, sgn(q)}(1− η)−1 + max{0,− sgn(q)}(1 + η)−1}.
The closed quantization regions in (3) imply that the signal
z ∈ ẑi∩ẑi+1 can be quantized as either zi or zi+1, i ∈ N+. Different
from the uniform quantizer applied in [5, 8, 11], the logarithmic
quantizer partitions the state set non-uniformly, and the quanti-
zation becomes coarser as the distance between the origin and
the signal gets larger.

3.2. Dynamic Quantizer
A dynamic quantizer is based on the static quantizer and has

a time-varying parameter, which adjusts quantization levels dy-
namically; see [14, 15]. Therefore, the quantization regions
are dynamic, which provides more flexibility for control design.
Next, the zoom quantizer, which is a commonly-used dynamic
quantizer [14], is introduced.

For a static quantizer q, assume that there exist constants
M > Λ > 0 and Λ0 > 0 such that the following conditions
are satisfied; see also [14, 15].

‖z‖ ≤ M ⇒ ‖q(z) − z‖ ≤ Λ, (4)
‖z‖ > M ⇒ ‖q(z)‖ > M − Λ, (5)
‖z‖ ≤ Λ0 ⇒ q(z) ≡ 0. (6)

In (4)-(5), M is called the range of the quantizer, and Λ is called
the upper bound of the quantization error q(z) − z. Condition
(4) implies that the quantization error is bounded by Λ if the
signal does not saturate. Condition (5) provides an approach to
detecting whether the signal saturates or not. Λ0 > 0 in (6) is
called the size of the deadzone, which implies that the signal is
quantized to zero directly if the signal is small enough.

Following the above assumption, the zoom quantizer is given
as follows. For any signal z ∈ R to be quantized,

Q2(z, δ) := δq(z/δ)

=


MΛδ, z ≥ (M + 0.5)Λδ;
kΛδ, (k − 0.5)Λδ ≤ z < (k + 0.5)Λδ;
− MΛδ, z < −(M + 0.5)Λδ,

(7)
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where δ ∈ R+ is the time-varying quantization parameter, and
k ∈ M := {−M, . . . ,M}. For the zoom quantizer (7), the quanti-
zation range is MΛδ; the upper bound of the quantization error
is Λδ; and the size of the deadzone is Λδ, all of which are time-
varying due to the dependence on δ. For each quantized mea-
surement q ∈ {kΛδ : k ∈ M}, the corresponding quantization
region is given by q̂ := [(k − 0.5)Λδ, (k + 0.5)Λδ].

From geometrical considerations, we have that for all z ∈
R, ‖z − Q2(z, δ)‖ ≤ Λδ if ‖z‖ ≤ (M + 1)Λδ; otherwise, ‖z −
Q2(z, δ)‖ > Λδ. The quantization error is bounded in the region
{z ∈ R : ‖z‖ ≤ (M + 1)Λδ}. As a result, the zoom quantizer (7)
is only available for bounded regions; see [14, 15].

4. Symbolic Model for Delay-free Case

In this section, we focus on the construction of the symbolic
abstraction for nonlinear control systems in the delay-free case.
To this end, we work with the time-discretization of the system
Σ. Assume the sampling period is τ > 0, which is a design
parameter. We define the time-discretization of the system Σ as
the transition system Tτ(Σ) := (X1, X0

1 ,U1,∆1,Y1,H1), where,

• the state set is X1 := X;

• the set of initial states is X0
1 := X;

• the input set is U1 := {u ∈ U :
x(τ, x, u) is defined for all x ∈ X};

• the transition relation is given as follows: for x ∈ X1 and
u ∈ U1, x′ = ∆1(x, u) if and only if x′ = x(τ, x, u);

• the output set is Y1 := X;

• the output map is H : X1 ↪→ X1.

4.1. Approximation of State and Input Sets
Using the quantizer (2), we approximate the state and in-

put sets in this subsection. The states set X is approximated
by the sequence of embedded lattices [X]η := {q ∈ X : qi ∈

{0,±ρ(1−ki)d}, ki ∈ N+, i ∈ {1, . . . , n}}, where ρ = (1+η)−1(1−η),
η ∈ (0, 1) is treated as a state space parameter, and d > 0 is a
fixed constant. For each q ∈ [X]η, its quantization region is
given by q̂ as in (3). We associate a quantizer Qη : X → [X]η
such that Qη(x) = Q1(x) = q if and only if for x = (x1, . . . , xn) ∈
X and i ∈ {1, . . . , n},

|qi|

1 + η
≤ |xi| ≤

|qi|

1 − η
or
−d

1 + η
≤ xi ≤

d
1 + η

.

As a result, we obtain from (2) and simple geometrical con-
siderations that for all x ∈ X, ‖x − Qη(x)‖ ≤ Λ(x)‖x‖, where
Λ(x) ∈ [−η, η]. With the quantizer Qη, the state set X is parti-
tioned as X̂ with

X̂ :=
⋃

q∈[Rn]η

q̂ ∩ X, (8)

where q̂ is the quantization region corresponding to the quan-
tized measurement q ∈ [Rn]η. Note that the set X̂ includes the
set X\(

⋃
q∈[X]η q̂). If X = Rn, we can define X̂ :=

⋃
q∈[Rn]η q̂.

In the following, the approximation of the input set U1 is
presented. We approximate U1 by means of the set

U2 :=
⋃
q̃∈X̂

U2(q̃), (9)

where U2(q̃) captures the set of inputs applied at the state q̃ ∈ X̂.
Here, q̃ plays the same role as the quantization region q̂. If
q̂ ∈ X̂, then q̃ = q̂; otherwise, q̃ = q̂

⋂
X. In addition, the

quantized measurement q ∈ [Rn]η corresponding to q̂ is treated
as the quantized measurement corresponding to q̃.

4.2. Symbolic Model
With the approximation of the state and input sets, the sym-

bolic abstraction of the system Tτ(Σ) is developed in this sub-
section. The developed symbolic abstraction is a transition sys-
tem Tτ,η(Σ) = (X2, X0

2 ,U2,∆2,Y2,H2), where

• the set of states is X2 = X̂, which is given in (8);

• the set of initial states is X0
2 = X̂;

• the set of inputs is U2 =
⋃

q̃∈X̂ U2(q̃);

• the transition relation is given as follows: for q̃1, q̃2 ∈ X2
and u ∈ U2, q̃2 ∈ ∆2(q̃1, u) if and only if

q̃2

⋂(
x(τ, q1, u) +

�
−θ1eL1τq̄1, θ1eL1τq̄1

�)
, ∅, (10)

where q1 is the quantized measurement corresponds to q̃1;
θ1 := η(1 − η)−1; q̄1 := |q1| + Eq1 ; Eq1 ∈ Rn is a vector
whose components are 1 if the corresponding components
of q1 are 0, and 0 otherwise; and L1 > 0 is the Lipschitz
constant of f in q̃1 ∈ X2;

• the set of outputs is Y2 = X;

• the output map is H2 = IdX2 .

In the construction of the symbolic abstraction Tτ,η(Σ), the
technique applied in (10) is similar to those in [8, 9, 20], where
the overapproximation of successors of states is applied. In
(10), L1 is the Lipschitz constant for the current abstract state
q̃1 ∈ X̂ and can be computed accordingly, and further used to
determine the next abstract state q̃2. In addition, θ1eL1τq̄1 plays
the same role as the growth bound in [8], and the transition re-
lation (10) is similar to that for the sparse abstraction in [20].
Since the logarithmic quantizer is implemented here, θ1eL1τq̄1 is
related to the quantized measurements, which is different from
[8]. In particular, the quantized measurements are not the cen-
ters of the corresponding quantization regions; see Section 6.
Hence, the developed symbolic abstraction provides an alterna-
tive for the construction of symbolic abstractions with respect
to earlier works [5, 8].

For the transition systems Tτ(Σ) and Tτ,η(Σ), the next theorem
establishes the feedback refinement relation between them.

Theorem 1. Consider the system Σ with the time and state
space sampling parameters τ, η ∈ R+. Let the map F :
X1 → X2 be given by F (x) = q̃ if and only if x ∈ q̃. Then
Tτ(Σ) �F Tτ,η(Σ).
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Proof. Following from the definitions of the systems Tτ(Σ) and
Tτ,η(Σ), we have that U2 ⊆ U1. Let (x1, q̃1) ∈ F with x1 ∈ X1
and q̃1 ∈ X2, then x1 ∈ q̃1 holds from the feedback refinement
relation. For each u ∈ U2(q̃1), we obtain that u ∈ U2(q̃1) ⊆
U2 ⊆ U1. Moreover, ∆2(q̃1, u) , ∅ holds from the definition
of U2(q̃1). If ∆1(x1, u) = ∅, then we have that u < U1, which
is a contradiction. Hence, ∆1(x1, u) , ∅, which implies that
u ∈ U1(x1). We thus conclude that U2(q̃1) ⊆ U1(x1).

Given q̃1, q̃2 ∈ X2 and u ∈ U2(q̃1), define x2 := ∆1(x1, u).
Since (x1, q̃1) ∈ F holds, we have that x1 ∈ q̃1, which im-
plies from the logarithmic quantizer (2) that ‖x1 − q1‖ ≤ θ1‖q1‖.
If ∆1(x1, u) ∩ q̃2 , ∅, then there exists x(τ, x1, u) ∈ q̃2.
Since f in Σ satisfies the Lipschitz condition, one has that
‖x(τ, x1, u)−x(τ, q1, u)‖ ≤ eL1τ‖x1−q1‖ ≤ θ1eL1τ‖q1‖, which fur-
ther implies that q̃2

⋂
(x(τ, q1, u) + ~−θ1eL1τq̄1, θ1eL1τq̄1�) , ∅.

We thus obtain from the construction of the abstraction Tτ,η(Σ)
that q̃2 ∈ X2, which in turn implies that (x2, q̃2) ∈ F . �

In the proof of Theorem 1, the intersection ∆1(x1, u)∩ q̃2 , ∅
holds if the state set X is unbounded. If X is bounded as in prac-
tical systems, we have that ∆1(x1, u) ∩ q̃2 = ∅ holds in Rn\X.
In this case, we can impose an additional requirement such that
∆2(q̃1, u) = ∅ if q̃1 < X2. Therefore, the feedback refinement
relation is still valid in this case; see also [8, 9, 16]. In addition,
since the approximation error has great effects on the accuracy
of the developed symbolic model, we can reduce the approxi-
mation error by implementing static or dynamic quantization on
the components of X2, which will be discussed in the next sec-
tion. For instance, using another static quantization on q̃ ∈ X2,
smaller quantization regions are obtained and then the approx-
imation accuracy is improved. Note that such setting does not
need to rediscretize the state and input sets, and can be treated
as an abstraction refinement strategy.

5. Symbolic Model for Time-delay Case

In this section, we study the construction of the symbolic
model for time-delay control systems. In this case, assume that
the controller is digital, i.e., the control inputs are piecewise-
constant. In many practical applications, the controllers are
implemented through digital devices, which results in digital
control inputs; see [3]. In the following, we refer to the time-
delay systems with digital controllers as digital time-delay con-
trol systems. Suppose that the input set U contains the origin,
and that the control inputs belong to the setUτ := {u ∈ U : u :
[−r,−r + τ] → U and u(t) = u(−r),∀t ∈ [−r,−r + τ]}, where
τ ∈ R+ is the sampling period. Given the system Σ̄, define the
transition system Tτ(Σ̄) := (X̄1, X̄0

1 , Ū1, ∆̄1, Ȳ1, H̄1) with

• the state set X̄1 := X;

• the set of initial states X̄0
1 := ξ0, which is given in (1);

• the input set Ū1 := {u ∈ Uτ : x(τ, x, u) is defined for x ∈
X};

• the transition relation given as follows: for x ∈ X̄1 and
u ∈ Ū1, x′ = ∆̄1(x, u) if and only if x′ = x(τ, x, u);

Figure 1: Illustration of the spline-based approximation scheme for a func-
tional space. The black lines are obtained from logarithmic quantization. The
time-delay initial condition (i.e., the black curve) is covered by 3 quantization
regions. For each quantization region, a zoom quantizer is applied for further
partition. The smaller quantization regions are thus used to approximate the
time-delay initial condition; see the shadow regions.

• the output set Ȳ1 := X;

• the output map H̄1 : X̄1 ↪→ X̄1.

Similar to the delay-free case, the system Tτ(Σ̄) can be treated
as a time discretization of the system Σ̄. Note that Tτ(Σ̄) is not
symbolic, since both X̄1 andUτ are functional spaces.

5.1. Dynamic Spline-based Approximation

To approximate the functional spaces X and Uτ, both loga-
rithmic and zoom quantizers are applied in this subsection. The
detailed approximation is explained below.

To begin with, we consider the delay-free version of the sys-
tem Σ̄, that is,

ẋ(t) = f (x(t), u(t)), t ∈ R+, x(0) = ξ0(0), (11)

where x(t) ∈ X ⊆ Rn is the system state, u(t) ∈ Ūτ ⊆ Rm is
the control input, and Ūτ denotes the set Uτ with r ≡ 0. From
Subsection 4.1, we can obtain the approximation of the state
set X and the input set Ūτ. That is, there exists η ∈ R+ such
that the state set X is partitioned by the sequence of embedded
lattices [X]η. As a result, the state set X and the input set Ūτ

are partitioned as X̂ in (8) and U2 in (9), respectively.
Next, based on the defined partition in (8)-(9), we consider

the system Σ̄. For the time-delay initial state ξ0(t) with t ∈
[−Θ, 0], there exists a union of finite regions

⋃
1≤i≤N0

q̃i ⊆ X̂
with q̃i ∈ X̂ and finite N0 ∈ N+ such that ξ0(t) ∈

⋃
1≤i≤N0

q̃i

for all t ∈ [−Θ, 0]; see Figure 1. To see this, assume that there
exists a t1 ∈ (−Θ, 0] such that

ξ0(t) ∈ q̃1 ∈ X̂, t ∈ [−Θ, t1]. (12)

Now, for the bounded region q̃1 ∈ X̂, the zoom quantizer (7)
is applied to obtain the approximation of q̃1. Assume that the
quantization parameter δ = δ1 ∈ R+

0 in the region q̃1. Therefore,
the region q̃1 is approximated via the following lattices

[q̃1]δ1 := {q ∈ q̃1 : qi = kiΛδ1, ki ∈ M, i ∈ {1, . . . , n}} . (13)

That is, the region q̃1 ∈ X̂ is partitioned into smaller regions,
i.e.,

⋃
q∈[q̃1]δ1

q̂∩ X, where q̂ is given in Subsection 3.2. In addi-
tion, we can find a finite number of smaller regions to cover the
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trajectory of ξ0(t) in the interval [−Θ, t1]. Note that δ1 here is
allowed to be zero, which is used to indicate that some regions
do not need the zoom quantization. That is, given a q̃ ∈ X̂,
[q̃]0 = q̃, which implies that we do not need to approximate q̃.

Similarly, we can find a t2 ∈ (t1, 0] such that ξ0(t) ∈ q̃2 ∈ X̂
for all t ∈ [t1, t2]. For the region q̃2 ∈ X̂, the zoom quantizer
(7) is applied with the quantization parameter δ = δ2 ∈ R+

0 , and
thus we approximate the region q̃2 ∈ X̂ via the lattices [q̃2]δ2

with a similar form as in (13). Note that δ1 and δ2 are not nec-
essarily the same, and the choice of the quantization parame-
ter in each region depends on the requirements of the desired
approximation accuracy and the state set. For instance, if the
approximation error is getting larger in the region q̃1, then we
can contract δ2 to improve the approximation accuracy in q̃2; in
case that obstacle avoidance is required, δ can be contracted to
generate more admissible symbolic states. The approximation
accuracy increases with the decrease of δ.

Using the above technique iteratively, we approximate
these components in X̂ covering the initial functional ξ0 ∈

C0([−Θ, 0], X) by the lattices
⋃

1≤i≤N0
[q̃i]δi . Since the initial

functional is known a priori and the approximation X̂ is ob-
tained via the logarithmic quantizer, a finite N0 ∈ N+ exists,
and thus the above procedure ends after N0 iterations.

For the evolution of the system state, we can use a similar
mechanism and approximate the corresponding region in X̂. As
a result, combining both the logarithmic quantizer (2) and the
zoom quantizer (7), we define the set X̄ :=

⋃
q̃i∈X̂[q̃i]δi , and

further partition the state set X as

X̌ :=
⋃
q̃i∈X̂

⋃
q∈[q̃i]δi

q̂ ∩ X, (14)

where q̃i ∈ X̂ is given in (8) and is determined by the logarith-
mic quantizer; δi ∈ R+

0 is the quantization parameter for the
zoom quantizer applied in the region q̃i ∈ X̂. Similarly, we can
define the partition of the input set Ū1 as

Ū2 :=
⋃
q̃∈X̌

Ū2(q̃), i ∈ N+, (15)

where Ū2(q̂) captures the set of inputs that can be applied at the
state q̃ ∈ X̌ of the symbolic model.

Remark 1. This step is a combination of logarithmic and zoom
quantization, and thus a finer approximation is obtained for the
state and input sets than the delay-free case. In terms of the
delay-free case, this step can be treated as a refinement for the
approximation obtained in Subsection 4.1, and thus the approxi-
mation accuracy is improved via the combination of logarithmic
and zoom quantization. To be specific, if the symbolic abstrac-
tion proposed in Subsection 4.1 is coarse, then the combination
of logarithmic and zoom quantization can be applied to refine
the state set further to improve the approximation accuracy; see
also [21]. In terms of the time-delay case, this setup lays a solid
foundation for the following approximation of the functional
spaces. In particular, the refined approximation of the state and
input sets will be used to determine both the abstract state and

the transition relation in the construction of symbolic abstrac-
tions for the time-delay case. �

Finally, we use the partition X̌ to approximate the functional
set X. Given a constant N ∈ N+, consider the following spline
functions (see also [22, 23]):

s0(t) :=
1 − (t − a)/h, t ∈ [a, a + h];

0, otherwise,

s j(t) :=


1 − j + (t − a)/h, t ∈ [a + ( j − 1)/h, a + jh];
1 + j − (t − a)/h, t ∈ [a + jh, a + ( j + 1)/h];
0, otherwise,

sN+1(t) :=
1 − (t − b)/h, t ∈ [b − h, b];

0, otherwise,

where h := (b − a)/(N + 1). With these spline functions s j,
j ∈ {0, . . . ,N + 1}, the set X can be approximated below.

Consider a set X ⊆ C0([a, b], X) with X ⊆ Rn and [a, b] ⊆
R. Given a function x ∈ X, we approximate x ∈ X by means
of the union of the regions in X̌ covering x ∈ X. Such union
is obtained by the combination of N + 2 spline functions s j

centered at time t = a + ih with the regions q̃ j ∈ X̌, which are
defined as q̃ j = arg{q̃ ∈ X̌ : x(a + jh) ∈ q̃}. Define an operator
ψ2 : X → C0([a, b], X) as follows:

ψ2(x)(t) :=
⋃

s j(t),0

q̃ j, t ∈ [a, b], (16)

where q̃ j ∈ X̌, x(a + jh) ∈ q̃ j and j ∈ {0, 1, . . . ,N + 1}. Note that
the operator ψ2 is not uniquely defined. Let a = −Θ and b = 0,
and then the approximation of X is defined as X̄2 := ψ2(X).

In the final step, the spline functions are used to indicate all
the regions in X̌ covering the function x ∈ X. The number
N+2 ∈ N+ of the spline functions is based on the approximation
accuracy and the applied zoom quantization. If the quantization
parameter of the zoom quantizer is getting smaller, the number
of the components in X̌ increases and thus a large N leads to the
improvement of the approximation accuracy due to the imple-
mentation of more components in X̌. Thus, we can write N as
N(δ) with δ := (δ1, δ2, . . .). Once N exceeds the threshold M2

with M given in (7), the approximation accuracy is not affected
because the following may occur: q̃ j and q̃k are the same for
some j, k ∈ {0, . . . ,N + 1} and j , k, which does not affect (16)
and thus does not affect the approximation accuracy.

5.2. Symbolic Model
With the approximation of the state and input sets, we are

ready to construct the symbolic model for the system Tτ(Σ̄) in
this subsection. Given the parameters τ, η, δ as in Subsection
5.1, the constructed symbolic abstraction is a transition system
Tτ,η,δ(Σ̄) = (X̄2, X̄0

2 , Ū2, ∆̄2, Ȳ2, H̄2), where,

• the set of states is X̄2 = ψ2(X) with ψ2 given in (16);

• the set of initial states is X̄0
2 = ψ2(ξ0) with ξ0 given in (1);

• the set of inputs is Ū2 given in (15);
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• the transition relation is given as follows: for q̃1, q̃2 ∈ X̄2
and u ∈ Ū2, q̃2 ∈ ∆̄2(q̃1, u) if and only if

q̃2 ∩
(
x(τ, q1, u) + 2θ2eL2τ~−E, E�

)
, ∅, (17)

where q1 := ΣN+1
j=0 q1 js j with spline functions s j and quan-

tized measurements q1 j ∈ X̄ corresponding to q̃1 j ∈ q̃1,
θ2 := maxs j,0{Λδ j} with Λ in (7) and the quantization pa-
rameters δ j involved in q̃1, and L2 > 0 is the Lipschitz
constant of f in q̃1 ∈ X̄2;

• the set of outputs is Ȳ2 = X;

• the output map is H̄2 = IdX̄2
.

In the construction of the symbolic model, both the spline
functions s j and the regions q̃1 j ∈ X̌ covering the time-delay
state are used in (17) to determine the transition relation. That
is, for q̃1 =

⋃
s j(t),0 q̃1 j with t ∈ [−Θ, 0] and q̃1 j ∈ X̌, q1 :=

ΣN+1
j=0 q1 js j is the quantized measurement corresponding to q̃1

and used to approximate the time-delay state and to determine
the next abstract state. Due to the combination of logarithmic
and zoom quantizers, the growth bound 2θ2eL2τE in (17) is not
related to the q1, which is different from (10). Similar to the
delay-free case in Section 4, the following theorem establishes
the feedback refinement relation from Tτ(Σ̄) to Tτ,η,δ(Σ̄).

Theorem 2. Consider the system Σ̄ with the time and state
space sampling parameters τ, η ∈ R+, δi ∈ R+

0 , i ∈ N+. Let
the map F : X1 → X2 be given by F (x) = q̃ if and only if x ∈ q̃.
Then Tτ(Σ̄) �F Tτ,η,δ(Σ̄).

Proof. It follows from the definitions of Tτ(Σ̄) and Tτ,η,δ(Σ̄) that
Ū2 ⊆ Ū1. Let (x1, q̃1) ∈ F with x1 ∈ X̄1 and q̃1 ∈ X̄2, then
we have that x1 ∈ q̃1. For each u ∈ Ū2(q̃1), we obtain that
u ∈ Ū2(q̃1) ⊆ Ū2 ⊆ Ū1. From the definition of Ū2(q̃1), it
follows that ∆̄2(q̃1, u) , ∅. If ∆̄1(x1, u) = ∅, then we have that
u < Ū1, which is a contradiction. As a result, ∆̄1(x1, u) , ∅ and
u ∈ Ū1(x1), which in turn implies that Ū2(q̃1) ⊆ Ū1(x1).

Given q̃1, q̃2 ∈ X̄2 and u ∈ Ū2(q̃1), define x2 := ∆̄1(x1, u).
It follows from (x1, q̃1) ∈ F that x1 ∈ q̃1. In addition, it fol-
lows from (16) that q̃1 = ψ2(x1) with q1 = ΣN

j=0q1 js j. From the
zoom quantization, we have that x1 ∈ ~q1 − 2θ2E, q1 + 2θ2E�,
which implies that ‖x1 − q1‖ ≤ 2θ2. If ∆̄1(x1, u) ∩ q̃2 , ∅,
then there exists x(τ, x1, u) ∈ q̃2. Since f in Σ̄ satisfies the
Lipschitz condition, one has that ‖x(τ, x1, u) − x(τ, q1, u)‖ ≤
eL2τ‖x1 − q1‖ ≤ 2θ2eL2τ, which further indicates that q̃2 ∩

(x(τ, q1, u) + 2θ2eL2τ~−E, E�) , ∅. It follows from the defi-
nition of the symbolic model Tτ,η,δ(Σ̄) that q̃2 ∈ X̄2, which in
turn implies that (x2, q̃2) ∈ F . �

Note that the overapproximation technique is applied in the
transition relation (17). Since the value q1 = ΣN+1

j=0 q1 js j is used
to approximate the time-delay state, a possible case is that q1
does no belong to the region q̃1. In this case, in order to measure
the distance between x1 and q1, we overapproximate the growth
bound in (17), which thus provides more transitions in Tτ,η,δ(Σ̄).

Remark 2. In Theorems 1 and 2, the feedback refinement rela-
tion is established for both the delay-free and time-delay cases.
However, the techniques applied in the delay-free and time-
delay cases are different. In the delay-free case, only loga-
rithmic quantization is implemented to approximate the state
set and to determine the transition relation in the symbolic
model. In the time-delay case, the combination of logarithmic
and zoom quantization is applied, which cannot determine the
abstract sets and just lays the foundation for the approximation
of the functional spaces. Besides the combination of logarith-
mic and zoom quantization, the spline functions are involved to
determine the abstract states and the transition relation in the
time-delay case. As a result, the techniques applied in the time-
delay case are more complex, and lead to a refinement for the
approximation in the delay-free case; see Remark 1. �

6. Numerical Example

In this section, a numerical example is presented to illustrate
the obtained results. Consider a robotic arm that follows the
Lagrange dynamics [24]:

M(p) p̈ + C(p, ṗ) ṗ + g(p) = W. (18)

Let M(p) = 1, C(p, ṗ) = l, g(p) = m sin(p), W = u and define
x1 = p, x2 = ṗ, then we have (see [5])

Σ : ẋ1 = x2, ẋ2 = −m sin(x1) − lx2 + u, (19)

where x1 and x2 are respectively the angular position and rota-
tional velocity, and u is the torque which is treated as the control
variable. Let m = 1.96 and l = 1.5. Assume that the state set is
X = [−1, 1] × [−1, 1], and the input set is U = [−2.5, 2.5]. The
applied logarithmic quantizer is given by

Q1(z) :=


(1 + η)k+1a

(1 − η)k ,
(1 + η)ka
(1 − η)k < z ≤

(1 + η)k+1a
(1 − η)k+1 ;

0, 0 ≤ z ≤ a;
− Q(−z), z < 0.

(20)

To compare with the existing work [5], we choose η = 0.2,
a = 0.4 and τ = 0.2. By computation, we have that L1 = 6.

According to the approximation approach in Section 4.2, the
resulting transition system is T0.2,0.2(Σ) = (X2, X0

2 ,U2,∆2,Y2)
with: (i) X2 = {q̂ : q = (q1, q2), q1, q2 ∈

{−0.72,−0.48, 0, 0.48, 0.72}}; (ii) X0
2 = X2; (iii) U2 = [U]0.2;

(iv) the transition relation ∆2 is depicted in Figure 2; (v) Y2 =

X2; (vi) H2 = IdX2 . Comparing with the uniform quantiza-
tion based abstraction in [5], there are more (loop) transitions
in T0.2,0.2(Σ) emanating from the abstract states, which further
implies that some complexity issues can be avoided; see [6].
For instance, if the state 21 in Figure 2 is an equilibrium and is
in the target set, then using the abstraction in [5], no loop tran-
sition emanating from the equilibrium leads back to the equilib-
rium, which may result in complexity issues in terms of the re-
finement of abstract controllers. However, there are many loop
transitions in Figure 2 such that the transition starting from the
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Figure 2: Symbolic model T0.2,0.2(Σ) for the system Σ, where the abstract state
q̂ in T0.2,0.2(Σ) with q = (−0.72,−0.72) corresponds to the state 1 in this figure.
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Figure 3: Trajectory of the control system Σ with initial condition (−0.48, 0)
and control strategy synthesized on T0.2,0.2(Σ).
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Figure 4: The synthesized control strategy for the system Σ based on the con-
structed symbolic model T0.2,0.2(Σ).

equilibrium will go back to the equilibrium, thereby resolving
the above refinement complexity issue. Obviously, the shortest
loop transition is the transition from the state 21 to the state 21.

In the following, the controller synthesis is illustrated for the
symbolic model T0.2,0.2(Σ). Assume that the objective is to de-
sign a controller to enforce an alternation between two different
periodic motions: the first periodic motion S1 requires the state
of Σ to cycle between (−φ, 0) and (0, 0), whereas the second
periodic motion S2 requires the state to cycle between (−φ, 0)
and (φ, 0), where φ is set as 0.48. To achieve this objective,
our control aim is to design a controller such that the system
Σ satisfies a specification S, which requires the execution of
the sequence of periodic motions S1,S1,S2,S1,S1. For this
specification, a control strategy for periodic motions S1 and
S2 can be obtained by performing a search on T0.2,0.2(Σ) or by
using standard methods in the context of supervisory control

[25]. A solution for the execution of S1 is given by (−φ, 0)
1.4
−→

(0, 0)
−1.4
−→ (−φ, 0), and a solution for the execution of S2 is

given by (−φ, 0)
2.2
−→ (0, φ)

2.4
−→ (φ, 0)

−2.4
−→ (0,−φ)

−2
−→ (−φ, 0).
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Figure 5: The partition of the state 13 in Figure 2 with zoom quantization and
δ = 0.3.
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Figure 6: Trajectory of the control system Σ with initial condition (−0.4, 0) and
control strategy synthesized on T0.2,0.2,0.3(Σ).

0 2 4 6 8 10 12

Time (s)

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

C
on

tro
l i

np
ut

Figure 7: Trajectory of the control system Σ with initial condition (−0.48, 0)
and control strategy synthesized on T0.2,0.2,0.3(Σ).

By combining these two solutions, a control strategy for the
specification S is derived, and we have the following transi-

tions: (−φ, 0)
1.4
−→ (0, 0)

−1.4
−→ (−φ, 0)

1.4
−→ (0, 0)

−1.4
−→ (−φ, 0)

2.2
−→

(0, φ)
2.4
−→ (φ, 0)

−2.4
−→ (0,−φ)

−2
−→ (−φ, 0)

1.4
−→ (0, 0)

−1.4
−→ (−φ, 0).

Note that some transitions are not obtained within one sampling
period. This means that the abstract state may stay the same af-
ter certain transitions, which results from the constructed sym-
bolic abstraction via logarithmic quantization; see also the loop
transitions in Figure 2. The evolution of the system state is
shown in Figure 3, and the control strategy is presented in Fig-
ure 4. The completion time of the specification S is 11.8s,
whereas the completion time in [5] is 24s, which implies the
reduction of the computation time since the refinement com-
plexity issue is resolved in this paper.

On the other hand, if φ = 0.3 in the specifications, then we
need to further approximate the state 13 in Figure 2, which is
based on Subsection 5.1 and is presented in Figure 5. The state
13 in Figure 2 is partitioned into 9 states in Figure 5, where
the transitions among these 9 states are presented. With the ab-
straction refinement, we can similarly obtain a symbolic model
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Figure 8: The partition of the abstract state 1 in Figure 2 via the zoom quan-
tization. Only three smaller regions (the cyan part) are needed to cover the
time-delay initial trajectory (the red curve).

T0.2,0.2,0.3(Σ). A control strategy for the alternation between the

specifications S1 and S2 is given by (−φ, 0)
2.4
−→ (−φ, φ)

1.2
−→

(0, φ)
−1
−→ (0, 0)

1
−→ (−φ, 0)

2.4
−→ (−φ, φ)

1.6
−→ (0, φ)

1
−→

(φ, φ)
−1
−→ (φ, 0)

−2.4
−→ (φ,−φ)

−2
−→ (0,−φ)

−2
−→ (−φ,−φ)

0.4
−→

(−φ, 0); see the gray transitions in Figure 5. The control strat-
egy is presented in Figure 7, and the evolution of the system
state is shown in Figure 6. Comparing with the approaches in
[5, 8], we do not need to rediscretize the state and input sets,
and do not increase the number of the abstract states greatly.
For instance, to achieve the aforementioned specification, 33
abstract states are involved here, whereas the rediscretization
of the state set is needed and 49 abstract states are involved by
using the approaches in [5, 8].

Assume that W in (18) is of the form αx2t + u(t − r) with
bounded constants α ∈ R and Θ, r > 0, and (18) is rewritten as
a time-delay control system:

Σ̄ : ẋ1 = x2, ẋ2 = −m sin(x1) − lx2 + αx2t + u(t − r). (21)

For the system Σ̄, we can use the zoom quantizer to further par-
tition the abstract state obtained by the logarithmic quantiza-
tion. For instance, using the quantizer (7) with Λδ = 0.1, the
abstract state 1 in Figure 2 is partitioned into 25 smaller re-
gions in Figure 8. For the time-delay initial trajectory (the red
curve in Figure 8), we only need three smaller regions (i.e., the
cyan regions) to cover it. Similar to the delay-free case, we can
obtain the symbolic model as proposed in Subsection 5.2, and
study the control synthesis problem for a given specification.

7. Conclusion

In this paper, we studied symbolic abstraction of nonlinear
control systems in both the delay-free and time-delay cases. For
the delay-free case, both the state and input sets were approx-
imated via the logarithmic quantizer to reduce computational
complexity, and a symbolic model was developed. For the time-
delay case, the combination of the logarithmic and zoom quan-
tizers was applied to approximate the state and input sets, and
symbolic model was also constructed. In both cases, a feedback
refinement relation was verified for the symbolic model and the
original system. Future work will be directed to the construc-
tion of symbolic abstractions for switched control systems, and
to applications of the symbolic models to multi-agent systems.
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