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Abstract—This paper proposes a novel distributed adaptive
Prescribed Performance Control (PPC) scheme with low com-
plexity for interconnected multi-input multi-output (MIMO)
Euler-Lagrange systems subject to structural uncertainty in
dynamics, input saturation, and external disturbances without
employing any approximation structures. In addition to the
coupling caused by the control protocol, uncertain nonlinear
interconnection terms intrinsically existing in the dynamics
are also considered. The control scheme is implemented in a
distributed manner among multiple agents, utilizing only local
information. Adaptive control tools are employed to introduce
flexible prescribed performance functions, which serve as a trade-
off between input and output constraints, effectively dampening
the input saturation and eliminating the need for an auxiliary
system. The proposed approach is analyzed using Lyapunov
techniques, and is validated by simulation results on a leader-
follower multi-agent trajectory tracking control problem.

I. INTRODUCTION

Prescribed Performance Control (PPC) is a method that
deals with user-defined attributes of transient and steady-
state performance. It was first proposed in [1] and has been
widely used in various applications such as water tanks [2],
robot manipulators [3], and UAV formation control [4]. The
uncertainties that arise in PPC can be classified into two
types: parametric uncertainty [S] and structural uncertainty
[6]-[8], originating from unmodelled dynamics or unknown
system nonlinearities. To address the latter type of uncertainty,
approximation-based approaches are utilized in [1], increasing
the complexity of the controller design. In [9] the PPC of
uncertain Euler-Lagrange systems with input saturation is
tackled via neural network approximation, but the accuracy
of this approach is sensitive to the initial randomization of the
weight matrices.

On the one hand, the majority of the existing literature on
PPC implements the controller in a centralized manner in
a single-agent system with no uncertainty [10], parametric
uncertainty [5], or structural uncertainty [6]-[8], [11]. The
interaction among multiple agents is caused not only by sens-
ing or communication but also by physical interconnections.
However, there is not much research on multi-agent PPC [12],
which accounts for the connection among multiple agents
due to control protocols through sensing or communication
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[13]-[16]. Internal connections that intrinsically exist in the
dynamics through physical interconnection before the control
protocol is applied are often neglected in multi-agent work.
A typical example of such intrinsic interaction is power flow
due to phase difference through tie-lies that physically connect
multiple areas in smart grids [17]. Only a few studies consider
the intrinsic interconnections in multi-agent PPC subject to
structural uncertainty and external disturbance. One exception
is [18], which accounts for physical interaction and parametric
uncertainties without external disturbances. Therefore, there is
still a need to address the challenge of dealing with intrinsic
interconnections in multi-agent PPC research under structural
uncertainties and external disturbances.

On the other hand, input saturation of the actuator can
limit the control effort that can be exerted on the system,
which may cause the aforementioned literature to fail [13]-
[16]. A linear multi-input multi-output (MIMO) system [19], a
nonlinear single-input single-output (SISO) system [20]-[24],
and a nonlinear MIMO system [25] with input saturation are
studied by PPC controllers in a centralized manner within a
single-agent framework. In order to strike a balance between
input and output constraints, a modified performance function
(MPF) is first proposed via an auxiliary system in [26], leading
however to a high-complexity control design [20]-[22], [27].
Accurate full knowledge of the dynamics is required for many
input-constrained PPC papers, which is further improved by
considering uncertainty in the dynamics for first-order input-
constrained PPC system in [28], for high-order ones in [29],
[30]. An uncertain Euler-Lagrange system subject to input
saturation under adaptive sliding mode control is studied in
[31] without considering prescribed performance. The uncer-
tainties in input-constrained PPC are solved via neural network
approximation within a single-agent framework in [9], via
fuzzy system approximation within a single-agent framework
in [20]-[22] and within a multi-agent framework for stochastic
system in [32]. All of this input-constrained PPC work is im-
plemented in a centralized way (except [32]), requiring global
information without considering intrinsic interconnections.

In conclusion, input-constrained distributed PPC in the
presence of structural uncertainty, intrinsic interconnection,
and external disturbance still lacks adequate study. The main
challenge we address is that existing PPC is typically designed
either for a single agent often in a SISO configuration, or
without considering input constraints, or utilizing auxiliary
system to compensate the input saturation, or requesting exact
knowledge of the dynamics, or utilizing approximation-based
control in the presence of uncertainty. The combination of
all these issues we deal with has not been addressed in
existing PPC work due to several technical difficulties: 1)
Input saturation must be compensated for, often necessitating



the use of auxiliary systems in many input-constrained PPC,
leading to a more complex control design; 2) The presence
of uncertainty in dynamics complicates control design, often
resulting in the need for approximation-based control methods;
3) A multi-agent system in MIMO configuration is more
complex compared to single-agent system in SISO configura-
tion, and distributed control can only utilize local information.
When integrating all of these elements into a single controller,
a complex control design may be necessary, as it requires
the auxiliary system and approximation approach along with
global information. Motivated by this challenge, this paper
aims to propose an adaptive distributed control scheme that
synchronizes unknown interconnected Euler-Lagrange systems
while meeting prescribed transient and steady-state perfor-
mance. The main contributions are given as follows: 1) the
low-complexity controller operates in a distributed manner
only requiring local information in the multi-agent MIMO
system; 2) the intrinsic coupling terms in dynamics are taken
into account before the control protocol is applied; 3) an
adaptive prescribed performance function is introduced, which
relaxes when the inputs saturation occurs and recovers when
the input saturation vanishes, without the need for an auxiliary
system; 4) neither an upper bound on the structural uncertainty
nor an approximation is required in the presence of structural
uncertainty in the dynamics.

The rest of the paper is organized as follows: Section II
describes the uncertain dynamics and formulates the problem;
Section III presents the distributed control design with adaptive
PPC; Section IV includes Lyapunov stability analysis, and
Section V provides a simulation study, followed by concluding
remarks in Section VI.

We adopt a standard notation, with R* for the set of positive
real numbers, R" for the n-dimensional vector, ® for the
Kronecker product, I for the identity matrix of dimension
N, 1, for the N-dimensional vector of ones, 0, for the N-
dimensional vector of zeros, o(-) and & () for the minimum
and maximum singular value of a matrix, and || - || for the
Euclidean norm.

II. PROBLEM FORMULATION
A. System Description

Consider a group of agents with a leader and N followers.
The dynamic model for each follower is described by an Euler-
Lagrange system with n inputs and n outputs:

M'(q")q' +C'(d',d")d" + G'(d")

+H'(¢' ¢ ) HF) +d () =7 (1)
where ¢’ = [gf,...,q,]" € R",¢" = [4¢,...,q,]" € R,
and ¢ = [Gi,...,4.]T € R™ are the generalized coordinates

and their derivatives, and 7° € R™ are the control inputs
for ¢+ = 1,...,N. The system dynamics (1) comprises the
mass/inertia matrix M¥(q’) : R® — R"*", the centripetal
term C%(g%, ") : R™*™ — R"*" the gravity term G*(q’) :
R™ — R™, and , the friction term F(4") : R™*" — R™.
In addition, H*(¢*,¢’,¢%, ¢°) : R® x R® x R" x R® — R"
are the coupling terms between agent ¢ and other agents

j € {1,...,N} caused by intrinsic physical interconnec-
tions that exist in dynamics before the control protocol
is applied. In addition, d’(t) € R™ denote unknown but
bounded and piecewise continuous external disturbances, i.e.
|di(t)|| < d', ¥t with unknown bounds d’. In the dynam-
ics, M'(q'),C'(q",q"),G"(¢"), F*(¢"), H'(¢", ¢’ , 4", ¢") are
the structural uncertainties. The difference between structural
and parametric uncertainties is whether the mathematical
structure is known. For example, the elements of the system
matrices M?(q') are unknown. And 7; = [7{,...,7¢]T € R"
are the generalized control inputs subject to input saturation
as follows:

uy, |ug| < @,

7} = sat(u},) = { )

al, sgn(ul), [uf| > al.

where the symbol sgn(-) denotes the sign function and @}, > 0
represents the maximum input level for the kth dimension of
the ith agent for k= 1,...,n,and ¢ = 1,..., N. Such input
constraints restrict the actuator’s control over the system.
The communication between the group of N followers can
be modeled by a directed graph G = (V, &), where the set
of vertices V = {v1,...,un} denotes the followers and the
set of communication edges £ C V x V represents the path
of information exchange between two distinct vertices. The
adjacency matrix A = [a;;] € RV XY associated with G attains
a;; = 1 if agent ¢ has access to the state-information of agent
j Ge. (vj,v;) € &), otherwise a;; = 0 (i.e., (vj,v;) ¢ E).
The Laplacian matrix £ = [l;;] € RV*¥ associated with G
is defined as [; = Z;.V:Ljﬂ a;; and l;; = —ag;, © # j. It
is known that L1, = 0, [33]. The access of the follower
nodes to the leader is represented by a diagonal matrix B =
diag([b1, b2, .., bn]) € RV*N where b = 1 means that the ith
follower node v; can obtain state-information from the leader
node vp; otherwise b* = 0,7 € {1,2,..., N}. The augmented
communication graph is defined as G = (V, &), where V =
{vo,v1, .y uny and € = EU{(vs,v0) 1 b; =1} TV x V.

Lemma 1. [34] The Kronecker product ® has the following
properties: For matrices A, B, C, and D of appropriate
dimensions, (1) A C+ B ®C = (A+ B)® C; (2)
(A® B)(C® D) = (AC) ® (BD).

Given the state of the leader ¢° = [¢,...,¢%] € R™ that
generate a reference trajectory with unknown dynamics, define
§ = (¢ —¢°) € R™ as the global synchronization error
concerning the leader with ¢ = [¢,...,¢™]T € R™V, ¢° =
lN & qO S RnN a

Problem Formulation. Consider uncertain interconnected
Euler-Lagrange systems (1) subject to input saturation (2),
structural uncertainty, intrinsic couplings, and external dis-
turbances. Design distributed controllers u}(t), in the sense
that only local information (the state-information of agent i
and its communication neighboring agents) can be used for
k=1,....nand i = 1,...,N, such that all the follower
agents track the leader’s trajectory, i.e., the global synchro-
nization error § evolves within a predefined and arbitrarily
small boundary around the origin.



To address the synchronization problem for multi-agent sys-
tems (MAS), the following assumption is a standard condition
in directed graphs [14].

Assumption 1. The augmented communication graph G con-
tains a spanning tree with the root being the leader node.

Assumption 1 ensures that a directed path from the leader
to any follower node exists. Similar to the definition of the
communication graph G among N followers, we also provide
the definition of the intrinsic interconnection graph among
N followers, denoted as G’ = (V',&’). The set of vertices
V' = {vi,..,un} denotes the followers, and the set of
connection edges &' C V' x V' represents the path of physical
interconnection between two distinct vertices. The neighboring
agents of agent ¢ with respect to communication topology
G and physical interconnection topology G' are denoted by
sets N = {1,...,N} and N; = {1,..., N}, respectively.
Notably, Assumption 1 involves only the communication
topology G, not the physical topology G’ as shown in Fig.
1.

(a) Interconnection 1

(b) Interconnection 2

Figure 1: Topology of networks (the solid line represents
the edges of communication topology, and the spring-damper
represents the edges of physical topology).

Assumption 2. Hi(qi,q_j ,q7,q3) are locally Lipschitz
functions, satisfying ||H'(¢",¢’,¢",¢’)ll < hollg’ll +
i}f)”ff”f ZJEN{ (hsllg" 1+ P5]1¢7 (1) with unknown constants
hOa /07h]7h; S R+7j € M/‘

Assumption 3. As common in EL literature [35], the desired
trajectory ¢° is an unknown continuously differentiable and
bounded function of time with bounded but unknown first
derivative ¢° and second derivative {°.

Let us now define the tracking error ¢?(t) = [ei, ..., e{]T €

rn

R™ and its derivative ¢! = [¢f,...,¢L]T € R™ for i

r n

1,...,Nand k =1,...,n as follows:

eh =Y aij(gh —al) + V' (dh — a) (3a)
JEN;
= ai(dh — )+ b (G — f) (3b)

JEN;

where ¢Y, ¢ € R represent the kth state variable of the leader
and its derivative, k = 1,...,n. The leader’s state ¢°, and its
derivative ¢° are bounded and measurable for feedback for
those agents ¢ for which b; = 1.

Let us define e = [el,....eN]T € RN, ¢ =
¢, ..., ¢N]T € R"N. Then from (3a) we have
e=((L+B)®1L,)(q¢—¢")=(L+B)®1,)5 @

The detailed derivation from (3b) to (4) is provided in
Appendix. Note that § cannot be used for control design as it
contains global information, i.e. the leader’s state information,
which is not available to all followers. Due to Assumption 1,
the following lemma is known from the literature:

Lemma 2. [14] The local and global synchronization errors
are related by

el
< =
191 < 75 B

with o(L + B) being the minimum singular value of (L +
B), which is positive for any augmented graph that satisfies
Assumption 1.

&)

The following properties for the dynamic terms in (1) are
taken or further extended from the literature [36]:

Property 1. There exist &, g', f' € R such that
1C*(a"s )l < elgll, 1F@)I < flld'll, 16 ()l < g,
i=1,...,N.

Property 2. The matrix M(q') is symmetric and uniformly
positive-definite in ¢*. There exist positive constants m and m
such that 0 < mlI, < M*(¢*) <ml,,i=1,...,N.

All the constants in Assumption 2 and Properties 1, 2 are
assumed unknown for the control design.

B. Prescribed Performance Control

The Prescribed Performance Control (PPC) technique en-
sures that an error remains within a predefined bound [1],
described by performance functions pt (t), which are continu-
ously differentiable and obey pi (0) > pi (co) > 0. Given ini-
tial condition p, (0), the constant pf (00) = lim;_,0 p (£) > 0
is the maximum allowable size of the error at the steady
state. In our case, let us define a combined error vector
s(&) = [s%,...,sN]T , where s%(¢%) = [st,...,s5]T with

pi(0) > |si (€ (0))| are calculated by e’(t) and é(t) as

si(Ek) = ¢ + aey, (6)
The prescribed performance bounds are given by

— (<5, <pi(t) (7)
where ¢ = [el,...,eN|T, & = [éf,...,&]T with & =
[et,ét]T for k =0,...,mn, i =1,...,N, and « is a user-

defined positive constant.

Proposition 1. [37, pp. 277] The synchronization problem is
equivalent to driving the combined error é(t) on the invariant
boundary layer S = {&(t) € R?"N . ||s(&)|| < 5} with 5
denoting a positive constant. If s(¢(0)) € S then all €},(t),i =
1,....Nand k =1,...,n VYt > 0 are bounded with respect to
compact sets whose size is determined by 5.

According to Proposition 1, the bounds on scalar s’ (&%)
in (6) can be directly translated into bounds on the vectors



é;, which constitute the local position tracking errors e}, and
local velocity tracking errors €j, for k = 1,...,n and i =
1,..., N. Consequently, the global synchromzatlon error § can
be bounded by the local position error e via (5). Hence, s(€)
represents a valid performance metric of the synchronization
control problem.

III. ADAPTIVE PPC WITH INPUT CONSTRAINTS

Let us define the normalized errors concerning the perfor-
mance functions
% k
sk = ;- ®)
S pz

Next, define the error transformation functions i (&%)

1in (%) where €f @ [— 1,1] = RVt € [0, Timax), as
sk, . . i 1 .
well as their derivatives r,? = Taniiey fori=1,...,N
and k = 1,...,n. Accordingly, the distributed controllers are
designed as
; T
Z
= —Biel— €))
U k€ Pk

where j3} are the user-defined positive constants for k =
1,...,nand¢=1,...,N.

Remark 1. In traditional low-complexity PPC, a simple
controller v = —f¢ is used for a single-agent SISO system in
[29] and a single-agent MIMO system in [38]. In comparison
to traditional low-complexity PPC, our approach includes an
additional term, i in the controller as indicated in (9). The
reason is explainezl in the following analysis:

In traditional low-complexity PPC, a simple controller
u = —fe in a single-agent SISO system in [29] leads to a
negative term —ep tryfBe where e, p~ ', r,7, 3 are scalars
in the respective Lyapunov analysis. When calculating the
Lyapunov function derivative V, one can bound it from
above by the absolute values of scalars €, resulting in V<
= (D —~ke) < = 52)p(Z|<€| —7k|6|22. Consequently, it
can be concluded that V < 0 when |e| > ,%

In our work, we consider a multi-agent MIMO system,
leading to a negative term —e* p~lryBe where p,r,v, 3 are
now matrices and € is a vector in the respective Lyapunov
analysis. When calculating the Lyapunov function derivative
V, 1o apply the Rayleigh-Ritz theorem, we need to construct a

quadratic form. By introducing i? into the simple controller

ui = —ﬁkfsk and combing it wzth the diagonality of matrices
o~ 1.7, v, B, the first term of the Lyapunov function derivative
V in (24) is —<Tp~lryfrple = —(rple)TyB(rple) <
—32(vB)2* (P~ M ell® = 3e(vB)lle” p~ r||*.

The conventional fixed prescribed performance function is
usually a priori defined as [38]

(pk(0) = pi, (o0 +pj (00
with AL > 0. These functions are designed to decrease
exponentially at the rate )\}; fori =1,N, k=1,...,n. The

goal is to ensure that the combined errors s} remain within
a specific boundary. However, it is possible for the combined

pi(t) = ) exp Mkt ),t>0 (10)

errors si (€}) to exceed this boundary due to input saturation
(as described in (2)). To address this issue, the performance
functions p(t) are designed to adapt dynamically based on
the activation of the input saturation as follows:
S csat (ul) — ul,
= =Pk — pi(0)) +vif
S

Y

where 7} are the user-defined positive constants for k =
1,...,nand¢=1,...,N. The second term in (11) is always
non-negative V¢!, € [—1,1]. Let’s consider three scenarios:

a) When the combined errors s, approach the upper boundary
of the correspondlng envelopes, we have s;, > 0. Then

iln (f’g’“) — 400, and i =

— 400, resulting in a negative control signal

Sk
= % 4] 6l =
sk pk k

(- £lk)(1+£ )
ul = fﬂksl T’” — —oo according to (9). Then the input

difference Auk = sat(u}) — uj, — +oo according to (2).
Auj,

Consequently, the second term 7}, — 400 in (11) provides
a significant large relaxation of the envelope boundary by
increasing p?.

b) When the combined errors si approach the lower boundary

of the correspondlng envelopes, we have si < 0. Then
— 1 14+€

—1 N Ek = §1 (1 £7k) —

— +o00, leading to a negative control

_ Sp _
Sk—i—) 0o, and

Pk
k (1_€;k)(1+£;k) ) .
signal ul, = —piIn (ng’“) -k
Then the input difference Aul = sat(ul) — uk - —00

— 400 according to (9).

in (11) pr0V1des a 51gn1ﬁcant large relaxation of the envelope
boundary by increasing py..

¢) In addition to the extreme scenarios where ¢!, = +1 in
scenarios a) and b), we can also consider the less extreme
scenario where &', € (—1,1). In this case, it is not difficult
to find that the sign of Aul = sat(u}) — u} and ¢!, are
always the same. Therefore, it is straightforward to conclude
A“k >0, V&, € (~1,1).
Auk

that ’yk

Hence the second term fyk > 0 in (11) always holds

Vel € [—1,1], regardless of the 51gn of normalized error &%,
or Au, separately

Some input-constrained PPC papers require the introduction
of an auxiliary system to compensate for the input saturation,
leading to a more complex control design [20]-[22], [26], [27].
In contrast, our paper successfully addresses input saturation
using a low-complexity controller without the need for an
auxiliary system. Our approach takes advantage of the adaptive
performance functions in (11), which possess the following
properties:

« Saturated inputs case: when the combined errors s} are

large enough to approach the boundary of the envelope,

normalized errors !, = & become significantly large

This leads to an increase in the transformed errors &} & and
ri. Consequently, the input signals u} = — it T’;‘ rise

to levels that trigger the input saturation, i.e., sat (uk) —
uj, # 0. The non-negative second term in (11) is acti-
vated to compensate for the exponential decrease of the



boundary caused by the first term for all ¢ > 0, confining
the combined errors within the boundaries. Despite the
large s}, the relaxation of pj; causes the normalized errors
€ = 2 1 doorease, w
transformed errors €, and r;}.. As a result, the input signals
u} decrease, deactivating the input saturation due to the
relaxation of pt.

« Unsaturated inputs case: when the combined errors s} are
small and far away from the boundary of the envelope, the
normalized errors &), = /% are also small. This results

to decrease, which in turn leads to lower

in small transformed errors 6}; and r,i. In this scenario,
the input signals u} are too small to trigger the input
saturation , i.e. sat (ul) —uf = 0, so the second term is
not activated. Here, the first term in (11) represents the
conventional performance function (10). It is important to
note that if {ék = 0, then s}; = 0, consequently u}c =0,
and there is no chance for the zero input to be saturated,
thus, the second term would not be activated.

Therefore, the adaptive prescribed performance function in
(11) relaxes when the input saturation occurs and recovers
to the conventional prescribed performance function as in
(10) when the input saturation vanishes. The above analysis
illustrates how our adaptive framework effectively dampens
the input saturation without the need for an auxiliary system.
Accordingly, the adaptive performance function pj, in (11) is
always positive for all t >0, k=1,...,n,i=1,...,N.

Remark 2. It is worth noting that when the saturation levels
ﬂz in (2) are sufficiently large, the second term in (11) is
relatively small compared with the first term, leading to an
overall decreasing effect on the performance function p', when
it reaches certain values p, € R™. Thus, there exist positive
constants pt, such that the prescribed performance functions
p}; € (0, ﬁ}g} given sufficiently large saturation levels i, for
k=1,....nandt=1,...,N [29].

Theorem 1. Consider a leader agent with trajectory repre-
sented by ¢°(t) and multiple follower agents modeled by (1)
with an augmented communication graph G = (V,€) that
satisfies Assumption 1. For sufficiently large saturation levels
112 there exist upper bounds p, of the performance functions
P (t) in (11) such that the closed-loop system (1) under the
control (9) fulfills:

e £ —pi(t) <sp < pp(t) < p,  VE20 (12)

fork=1,...,nandi=1,... N.

Remark 3. Notably, the controller design in this work uses
only local information from the neighbors without requiring
any global information (such as the topology structure). In
addition, no approximation structures for the uncertainties in
the dynamics are employed.

Remark 4. On one hand, communication topology only de-
scribes the interaction caused by the control protocol via sen-
sor communication (i.e. the state error e}, € between multiple
agents in (3) is required for the control design uz = ﬁl T’“E"
in (9)). On the other hand, the physical interconnection terms

Hi(q',¢’, %, ¢%) exist intrinsically in the dynamics, which is
a part of the system dynamics before the control protocol is
applied. Therefore, physical interconnection not caused by the
control protocol has a direct effect on the dynamics, which
should not be ignored.

IV. STABILITY ANALYSIS

The proof of Theorem 1 proceeds as follows.

Proof. Let us define the vectors of normalized tracking errors

i
51 5

E=lE &l =10 T = ()T )
! pl Pn
where pt = diag([p},...,p}]) and st = [s¢, ... s}]T for

i = 1,..., N. Therefore, we have the compact form of (13)
as

£ =p's (14)
with p = diag([p!, ..., pN]),s = [s},...,s™]T.

Differentiating (14) with respect to time, we obtain
és = P71(5. — ps)-
with p = diag([p,. .., pN]), 5" = diag([p}, ..., L]).

Thus, the compact form of the dynamics in (1) can be
written as

15)

j=M1'r—Ci—(O©®I,)g—G-F—-H—d (16)
with ¢ = [¢",...,¢"]", M = diag([M1 MN]), C =
diag([Cl,.. ON]), G = [Gl,.. GN] [Fl,...7FN],
H = [Hy,...,Hy), d = [d*,...,dN]T, d* = [d} ...d’]T,
7':[Tl,...,TN}T,Tl—[Tl,...,n] fOI"L—l ,N.

Moreover, the vector of input in (9) can be written as
u(t) = —prp~'e (17)
where u = [ul,...,uN]T, B = diag([s,...,B8Y]),
roo= diag(r',....rN]), e = [¢5...,e"]" with
vt = uy,..u ]T gt = diag([Bi,....8)), " =
diag([r,...,7i]), et = [¢%,...,eL]T. Here B > 0 are user-
defined constants, i =1,...,N, k=1,...,n

Combining (5) and (6), the vector of combined errors are
obtained as

s=é+ Pe= ((L+B)®1,)(d + P¢) (18)

with s = [st,...,sN]T 88 = [s¢,...,s ], P =
diag([a, ..., ).

Differentiating (18) with respect to time and substituting
(16), we get

$=((L+ B)®1L,) (5 + Pd)
+ag —ag’)
=((L+B)@L,){M!
— ¢’ +ag—oaf’}

=((L+B)@L)({—§°

[r—Ci—G—F — H —d|
(19)



Define ¢ = [¢7 ¢7 ¢I]T € R3N | Differentiating ¢, and
substituting (2), (17), (19) into (15), we have closed-loop
dynamical system of &

¢ :pfl{((ﬁ + B)® I,){ M~ [—sat(Brp~'e) — Cq
~G-F—H—-d - §{+aq-ai’}
+ AP — poo)€ +lsat(Brp~'e) — ﬁrp‘ld}

= ¢(t,€) (20)
where po = diagllph,.. o)), g =
diag([pi(00), ..., pp(c0)]), A = diag([A',...,AN]),
Al = dlag([)\l,... XD, Brp~le =
B ()1, BV (M) AMT, sat(arpie) =
[sat(Bir! (p1)~1eD), ..., sat (BVrN (o) 1eM)]T,

3 = diag(B ... ), Birip et = (B, BT,
sat(Bri(p)~le) = [sat(BHE), L sat(Bt)] T
vt = diag([y4,...,78]) fori=1,..., N.

Define open sets 2 C R3nN Q, C RN, Qy C RV,
Qs € R™W with @ = Q, x Qyx[—1,1] x...x[—1,1]
where ), 24 are constant sets defined by user. .

Subsequently, provided a sufficiently large saturation level
of the input signal, three steps are followed: Step A guarantees
the existence of a unique maximal solution for £ in (20) such
that £(¢) : [0, Tinax] — 2, i.e. £(t) € Q, Vt € [0, Tinax]- Then,
in Step B, the proposed distributed controllers in (9) and the
adaptive performance functions in (11) are proved to guarantee
Vt € [0, Tiax) the boundedness of closed-loop signals. We
also explore conditions on the saturation level ﬂz in (2) that
guarantees the boundedness of pi. In Step C, £(¢) is shown
to remain strictly within a compact subset of (2, resulting in
Timax = 00 by contradiction.

Step A: Unique maximum solution £(t) of (20). It holds
that &,(0) € €, by selecting appropriate p(0) > |s%(0)]
leading o |¢4,(0)] = [s4.(0))/p,(0)] < 1, k = 1,....n, i =

., N. Although the exact bounds £, and Q4 are unknown,
both ¢(0) and ¢(0) are finite constant vectors that are bounded,
depending on our selection of initial states. This implies that
there exist sets €2, and €2; from which we can choose suitable
¢(0) and ¢(0) to ensure ¢(0) € Q, and ¢(0) € Q4. Conse-
quently, we will have £(0) = [¢7(0) ¢7(0) ¢I'(0))T € Q.
Due to the continuity and locally integrability on ¢(t),¢(t)
of unknown nonlinearities M (q), C(q, 4), G(q), F(¢), H(q, ¢),
vt € [O dex] the piecewise continuity and integrability
of d(t),q% ¢ for t > 0, as well as the boundedness of p
due to pk (0, p] under sufficiently large saturation levels
ui, as well as the piecewise continuity of controller input
u(t) and saturation of the controller 7 = sat(u) on ¢, the
right-hand side ¢(¢,€) in (20) is a piecewise continuous
on t and locally Lipschitz on & over the set ). Therefore,
the hypotheses of Initial Value Theorem [39, Th. 54, pp.
476] hold, ensuring thus the existence of a maximal solution
5( ) of (20) on a time interval [0, T x| such that £(¢) =
[T () 4T () €T()]T € Q,Vt € [0, Tnax)- As a result, we have

&(t) € Q, () € Qq,4(t) € Q4 Vt € [0,Tiax]. Thus, all

&s(t),q(t), q(t) are proven to be bounded for all ¢ € [0, Tinax]-

Step B: Proof the boundedness of all closed-loop sig-
nals, Vt € [0, Tiax]- Consider a positive definite Lyapunov
function

1
V== T
5€ €
Differentiating (21) and substituting (20), we have

V= €Tp*1r{ ((L+ B)® I,,){ M~ [—sat(Brp~'e) — Cq
—G-F-H-d-§{"+aq—aq}

+ AP — poo)s + ylsat(Brp~'e) — Brp’lé‘]}

=" p r[—yBrp~ e+ Z1(q, )+ Z2(q) sat(Brp~'e)] (22)

where

2

Z1(q,4) = ((£+B )@ I,){M'[Cq+ G+F + H +d
+ i+ ag’ — ag} + A(p — p(00))&s
Zo(q)=~v— (L+B)@L,)M!

where pi € (0,p] for all ¢ > 0 under sufficiently large
saturation levels ﬂ}C In Step A, it has been concluded that &, €
Qs,q(t) € Qq, 4(t) € Q4 Vt € [0, Tinax]. In addition, the un-
certain nonlinearities M (q), G(q,q),C(q), F(¢), H(q,q) are
continuous functions on ¢(t) and ¢(t) for t € [0, Tiyax]- That
is, these continuous nonlinearities explicitly depend on time t.
By applying the Extreme Value Theorem to these nonlinear-
ities M (q),G(q,4),C(q), F(4), H(q, q), their boundedness is
ensured over the closed time interval ¢ € [0, Tyyax]. Combining
the above analysis with the boundedness of d(t), 4", % Vt > 0
by assumption, there exists a positive upper bound Z (a
constant independent of 7y,,x) such that

Z = sup HZl(q, q) + Z2(q) sat(ﬁrpfle)H. (23)
p<p

1
] ] (1-€2,)(1+€2,)° )
eigenvalue of r satisfies o(r) > 1. Due to the symmetric
property of diagonal matrices ~, 3, and substituting (23) into

(22), we have
V< —Tp™

From the definition of r}; = the minimum

1 1

e+ Zllp~

Sl p 1 + Z)p~ e

LryBrp” rel|

1
< —50(B) (el -
72

1 2(,-1 2 z
~320A* (07 Nel + 55

where o(vf3), a(p~") denote the minimum singular value of
v3 and p~!, respectively. It is concluded that V < 0 when
llell > W. Consequently, we have

IN

(24)

le]l < & = max {5(0) (25)

)
"a(vB)a(p~)
When the performance functions pt reach the upper bounds
P, k=1,...,n, ¢ = 1,...,N, a sufficient condition to
guarantee the stability of the closed-loop system (20) is that
the right-hand side of (11) be negative with sufficiently large
input saturation levels i}, i.e.,

_ Birke(py)

i >0 (26)




(14 6,)/( -5,

a4, from (26) it is concluded

where &(p)) = s}/ €5 =
ity <

23 - ) .
that there exist upper bounds pj, > 0 such that p} € (0, p},]
when the saturation level . satisfies

Since —a}, <sat(

y S 1., . Py
> max { Bripl ey + SN0k~ k(08P
k

i =i — Ui i -
— Briph ep — ?Ak(pk - Pk(oo))fs(/)k)} 27
k

fort=1,...,N, k=1,...,n. Owing to the continuity of
ri, pt, et and &, the right-hand side of inequality (27) is
bounded. As a result, all signals of the closed-loop system in
(20) are bounded for sufficiently large saturation levels @, that
satisfy (27). Thus, the stability of the system is guaranteed
for all ¢ € [0, Tiax)- Taking the inverse of the logarithmic
function, and combining with (25), we get a hyperbolic tangent
function satisfying

—1 <tanh(-&) =€ <& <& =tanh(e) <1  (28)

fori=1,...,N,and k=1,...,n, Vt € [0, Thax]. Hence it
is implied from (28) that the normalized error £,(t) remains
bounded with a nonempty compact set {2 with

Q= [€,&] % ... x [€,,&]C Q€ R™ ¥t € [0, Tinax] (29)

Furthermore, the boundedness of fé « implies the boundedness
of si within the prescribed performance bounds as in (12)
fori = 1,...,N , and kK = 1,...,n. The combined error
s is defined as a stable filter, satisfying the bounded-input,
bounded-output (BIBO) property that ensures the boundedness
of e,é when s is bounded for all ¢ € [0, Tiyax]-

Step C: Prove that T),,x can be extended to ooc.
According to (29) , it is indicated that &,(t) € Q; C
O, Vt € [0, Tiax] since [gs,g's] C (—1,1). Hence, assuming
that Ti,.x < 00, then according to [39, Prop.C.3.6, pp.481]
there exists a time instant t € [0, Thax] such that &,(t) ¢
Q;, which is contradiction. Consequently, this assumption is
untenable, i.e. Thax = oo with ¢t € [0,Tax] such that
&(t) € Q; C . Consequently, all closed-loop signals of
(20) remain bounded V¢ > 0. Combining (14) with (28), we
arrive at

P < —pi(t) <sj, < pi(t) <Pk,  VE>0
O
Remark 5. The Euler-Lagrange system we are
considering is subject to structural uncertainties (i.g.,

M(q),C(q,4),G(q), F(q), H(q,q)) in eq(1), resulting in
uncertain terms (such as Z1, Zs in (23)) in Lyapunov analysis.
This makes it challenging to determine their exact values in
practice. Therefore, it is quite difficult to establish precise
conditions for the saturation levels instead of inequality (27).

Remark 6. The phrase "sufficiently large", employed to char-
acterize the input saturation levels Ui, serves as a qualitative
description rather than an absolute measurement. Therefore,
the actual values of input saturation levels . depend on
the specific systems, including structures and parameters of

the systematic nonlinearities (M'(q"), C*(¢*, ¢"), G'(q), F(q),
Hi(q", ¢, 4%, ¢7)), as well as the selection of prescribed per-
formance function p, which includes the decreasing rate \;,
initial value p',(0), and final value p} (00), the coefficient ..

Remark 7. It is important to choose the parameters of the
adaptive prescribed performance function P}; in Eq. (12) care-
fully and tune the control gains of uz in Eq. (11) appropriately
to ensure that Eq. (13) holds. In particular, the selection of
the performance parameters of pt. and tuning control gains of
ul. should adhere to the following principles:

1) The initial conditions must satisfy p(0) > pi(00) > 0,
pL(0) > |5 (6L (0));

2) The evolution of pj, is coupled with the control gains
BL, ot and performance parameters \i,~i. A larger (3. leads
to a faster saturation of the control signal ui according
to Eq. (11). And an increase in afc causes the combined
error to increase, making it possible to reach or even cross
the boundaries of the envelope. Furthermore, increasing 'y,i
leads to greater relaxation of pi, when the input saturation is
activated, as indicated by the second term in Eq. (12), leading
to an increase in the envelope bound. As N, increases, p,
decreases faster, and it becomes possible for the combined
error to cross the envelope bound, potentially resulting in
system instability. Therefore, the selection of PPC parameters

AL, .
Lk which
Bk

and control gains is primarily based on the ratio
should be relatively small.

Remark 8. The above analysis reveals that the distributed
controllers and adaptive prescribed performance functions
are effective in confining the combined errors despite in the
presence of input saturation. The analysis indicates that the
influence caused by physical interconnection terms, unknown
nonlinearities, and external disturbances can effectively be
compensated.

V. SIMULATION RESULTS

A. Generic Evaluation

We will consider six interconnected EL systems (cf. Fig. 1),
representing two-link robot arms with equations of motion as:

{Mfl Mfz} M +[ciq'§_ ci<qi+qé)} m

Mfz MﬁQ Cjé —Cz'ﬂ 0 q'é
7] (G R[] _ [

" [H] " {Ga} " [Fs lay) T m

where

(30)

M, = (m} +mb)r? + mbra 4+ 2mbrirg cos(¢h) + Ji,
Miy = mbrs + mirirg cos(qh), Miy, = mbrs + J,
G} = (mf +mj)rigcos(qi) + mbrag cos(qi + g5),
G = mbragcos(qi + qb), c; = —mbrirysin(gh)

Fi(41) = fi tanh(f3qi)—tanh(f341))+fi tanh(f3d1)+/sdi
F3(¢3) = fi tanh(f345)—tanh(f363))+fi tanh(f35)+fsd



To enhance the system heterogeneity, six dynamics’s un-
known parameters are compactly represented as ©; =
[mi mi fi 5 f5 fi fls fio]" with

©; =[0.6 1.20.5 0.8 0.9 1.2 0.5 0.4]"
0, =[0.81.20.50.7 0.9 1.0 0.5 0.4]"
O3 =[0.91.30.30.70.7 1.0 0.7 0.3]7
0, =1[0.51.40.50.9 0.7 1.2 0.4 0.5
©5 =[0.71.2 0.5 0.8 0.6 1.3 0.5 0.6]"
O = [0.4 1.4 0.6 1.0 0.9 1.5 0.2 0.5]7

The friction term F; is taken in non-linear-in-the-parameters
form according to [40]. The values of the systematic param-
eters are selected as vy = 1.0,7 = 0.8,J; = 5,J5 = 5.
Inspired by the viscoelasticity model in [41], the physical
interconnection term is given in the form of springs-dampers:
H'(q" ¢, 4", ¢°) = X jent 03 (q" — &) +vi(¢" — ¢7) where
6;j > 0and v;; >0, ¢ =1,...,6, j = 1,...,6 are
the stiffness parameters and the damping factors on the edge
(vs,v;) € &', respectively. Based on the physical intercon-
nection network in Fig. 1, the spring-damper parameters are
chosen as 015 = 01 = 0.21, 04 = 064 = 0.29 and
Vg = Vo1 = 2, U4 = g4 = 1 for interconnection 1 (cf.
Flg 121), and 952 = 025 = 037, 036 = 063 = 025, and
050 = Oo5 = 5, 036 = Og3 = 1 for interconnection 2 (cf. Fig.
1b). (all these values are used for simulation but are unknown
for control design).

The leader’s trajectory is chosen as ¢ =
1.25 — (7/5)exp ! +(7/20)exp~ 4, ¢ = 125 +
exp~t—(1/4)exp~t. We select the external disturbance

as di(t) = 4cos(t)[l 1]7. The initial values of state
variables are chosen as ¢'(0) = [sin(i/3) 1.5cos(i/3)]T
for ¢+ = 1,...,N. The values of performance and control

parameters are listed in Tables I and II. Specifically, the
initial values of pj(t) are chosen to satisfy the condition
p5.(0) > |s;.(0)| fori=1,...,N,k=1,2.

Table I: Performance parameters

=1

pi(o0) AL % &
0.001 05 05 [3012]7

£}, (0)
2st (0)] +1

Table II: Control parameters in the proposed control

« B}c

1 1

The simulation results for interconnection 1 are presented
in Fig. 2. In Fig. 2a, we can observe that the combined
errors st evolve within the adaptive prescribed performance
functions p¢ with the input constraints for six follower agents
under physical Interconnection 1. The prescribed boundaries
are relaxed when the input saturation reaches certain levels,
resulting in different extensions of the boundaries for varying
levels of saturation. Fig. 2b shows that the actual saturated
inputs 77, which are less than or equal to the desired inputs
ul, are constrained to the intervals [—al,u.] due to input
saturation in (2) fori=1,...,N, k=1,...,n.

B. Sensitivity analysis

Without loss of generality, we also test different physical
interconnection structures, i.e., Interconnection 2, by using
the same parameters as Interconnection 1. The simulation
results for interconnection 2 are shown in Fig. 3, where the
adaptive prescribed boundaries pi, also effectively restrain the
combined errors s}, under the input constraints. Table III shows
minor differences in terms of combined error and input norms
for Interconnection 1 and Interconnection 2 in the proposed
control scheme. These results demonstrate that the proposed
approach can accommodate different structures of physical
interconnections.

Table III: Ly norms of combined error and input for different
interconnection structures in the proposed control

Interconnection structure  Error norm  Input norm
Interconnectionl 6.33 2.70 x 103
Interconnection2 6.33 2.52 x 103

We then conduct a sensitivity analysis with different dis-
turbances d; for Interconnection 1, i.e. cosine disturbances
with different frequencies. Adjusting to different disturbances
requires the use of different control parameters and saturation
levels, which involves a tedious trial-and-error process of
parameter selection. Table IV shows the same error norm
with slight variations in input norms for different disturbances,
which validates the robustness of the proposed control scheme.

Table IV: Ly norms of combined error and input for different
disturbances in the proposed control

Disturbance Error norm  Input norm

d; = 4cos(t)[1 1]T 6.33 2.70 x 103
d; = 4c0s(0.001¢)[1 1]7 6.33 2.84 x 103
d; = 4cos(10t)[1 1]T 6.33 2.91 x 103

C. Comparative Study

To validate the proposed distributed controllers in (9) and
adaptive prescribed performance functions in (11), we consider
the adaptive sliding mode control scheme in [31] to compare
with because both [31] and our work focus on the uncertain
Euler-Lagrange system with input constraints using an adap-
tive approach. However, [31] does not consider prescribed per-
formance control, whereas our work incorporates it. Therefore,
we compare our results with those of [31] to highlight the dif-
ferences in the response of input-constrained Euler-Lagrange
systems when applying prescribed performance control versus
not applying it. In order to make a proper comparison, we
extend [31] from centralized to distributed control, while the
initial condition and some parameters are the same as in Sect
V. A.

The simulation results of [31] in Fig. 4 are tuned to get
the best performance. The values of the control parameters
are shown in Table V, where five control parameters need to



be tuned in [31]. However, it can be observed from Table
II that only two control parameters need to be tuned in our
work, particularly when the parameter « is uniform across all
agents. The number of control parameters we need to tune is
significantly lower than in most PPC papers, emphasizing the
low complexity of our approach.

Table V: Control parameters in [31]

Cik S M YL g

05 05 1 20 10

Table VI: Ly norm of combined error and input for different
interconnection structures in [31]

Interconnection structure  Error norm  Input norm
Interconnection 1 507.87 3.19 x 103
Interconnection 2 566.70 3.29 x 103

One can observe from Fig. 4a that the steady-state responses
do not consistently remain within the proposed boundaries
for most agents. Additionally, even when some steady-state
responses do fall within the boundaries, the transient-state re-
sponses for certain agents cross the proposed boundaries. This
observation is further supported by the comparison between
Fig. 2c and Fig. 4c, where the normalized errors ¢!, remain
within the interval [—1, 1] in our work while ¢!, oscillate
dramatically (the maximum intervals can be [—1500,0]) in
the adaptive sliding mode control [31] for Interconnection 1.
The analysis is also applicable to Interconnection 2. Due to
the space limit, we omit the figure of Interconnection 2.

In addition, when comparing Table III and Table VI, it
is evident that the combined error norms are much bigger,
even with larger input norms both for Interconnection 1 and
Interconnection 2 in the adaptive sliding mode control [31]
compared to the proposed control scheme.

VI. CONCLUSIONS

A distributed control protocol for uncertain interconnected
Euler-Lagrange systems constrained by input saturation is
proposed. Adaptive performance functions are introduced,
which can flexibly adjust the boundary envelope based on the
activation of input saturation without the need for an auxiliary
system. Prescribed transient and steady-state performance on
a combined error under amplitude input saturation is achieved.
In addition, intrinsic couplings due to physical interconnection
are considered. Finally, the structural uncertainties in dynamics
are tackled without approximation. Based on this paper, our
future work will focus on addressing the formation control of
multi-agent systems and dynamically changing topologies.
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