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Abstract— In this work we pursue the problem of dis-
tributed distance-based formation control with prescribed
transient and steady state behavior under connectivity and
collision avoidance constraints. In addition to the distance-
based formation a subset of agents is enforced to reach
a desired distance from a dynamic virtual leader with
bounded velocity under prescribed transient and steady
state constraints while preserving connectivity with the
virtual leader and a desired safety distance. We show that
the aforementioned objectives can be ensured when the
communication graph is an undirected tree and a single
agent has access to the virtual leader’s state information.
Under these conditions we propose a model-free control
law for known nonlinear systems as also an adaptive con-
troller when the nonlinear dynamics of the agents are con-
sidered unknown and approximated using neural networks.
Simulation results verify the effectiveness of the proposed
controller both for known and unknown dynamics.

Index Terms— adaptive control, formation control, multi-
agent systems, prescribed performance control

I. INTRODUCTION

MULTI-agent systems have been widely considered in
a plethora of applications such as in aerospace and

agriculture as well as in industrial and underwater settings. In
such applications the multi-agent team is often asked to move
in a desired formation while tracking a desired trajectory in
order to perform a variety of cooperative tasks under limited
communication and/or limited actuation.

Distributed formation control [1] has been a well-studied
subject of research for linear [2], [3], nonlinear [4], input-affine
[5] and non-holonomic systems [6]. Of particular interest in
this work is the problem of distributed distance-based forma-
tion control for undirected graphs. Distance-based formation
has been mainly studied in the context of rigidity theory [7]
and distributed control laws were designed to ensure a desired
geometric shape for the multi-agent system [8]–[10]. Local
asymptotic convergence to the desired formation has been
shown in [11], where tree graph structures were considered
while global asymptotic stability has been investigated in
[12], [13] for systems with three and four agents. In addition
to distance-based formation control, satisfaction of global
objectives such as reference tracking has been considered
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in [14]–[16]. As shown in [17] the tracking objective leads
always to formation tracking error unless agents have access
or are capable of estimating the reference state. To that end,
a reference estimator approach has been proposed in [18].
Unknown yet bounded references have been considered in [19]
while in [20] more complex, second order nonlinear dynamics
have been considered and neural network structures (NNs)
have been introduced to estimate unknown nonlinearities of
the dynamical agents.

In the majority of the aforementioned approaches simplified
first and second order linear dynamics were considered while
other transient constraints such as connectivity maintenance
and collision avoidance were not addressed. In addition, con-
vergence to the desired formation under the aforementioned
control laws is unconstrained, i.e., it can be achieved with
arbitrarily large overshoot and low speed. Prescribed perfor-
mance control (PPC) on the other hand, initially proposed
for reference tracking in [21], is a control framework that
allow us to impose constraints on the desired transient and
steady state behavior towards convergence to the pre-specified
formation. In the context of multi-agent control, PPC has
been considered indicatively in [22], [23] for position-based
formation tracking with and without connectivity maintenance
constraints respectively, in [24] for global connectivity main-
tenance, in [25] for leader-follower consensus of high order
unknown nonlinear systems, and in [26] for consensus of
second order linear systems with asymptotic stability guar-
antees. Closer to our work is the problem of distance-based
formation control and distance-based formation tracking with
prescribed performance, collision avoidance and connectivity
maintenance constraints studied in [27]–[33]. Distance-based
formation control for rigid bodies and tree graphs has been
considered in [31] while rigidity based formation control and
centroid trajectory tracking for single-integrator systems has
been studied in [28]. In [27], [30] simultaneous leader-follower
formation control and trajectory tracking for rigid graphs has
been investigated for UAVs and underwater robots, respec-
tively. In [29] the authors address the problem of fixed-time,
rigidity-based formation control for nonholonomic systems
while in [32] distance-based formation as well as trajectory
tracking under collision avoidance and connectivity constraints
is shown for a team of nonholonomic vehicles when a path
communication graph is considered and the reference trajec-
tory information is accessed only by the leader. In [33] the
authors consider the distance-based formation control problem
ensuring that the desired distances remain within a constant,
known interval when non-minimally or non-infinitesimally
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rigid graphs that admit an appropriate decomposition involving
a minimally rigid subgraph are considered.

Motivated by multi-agent applications under high-level ob-
jectives in which a set of collaborative tasks needs to be
performed while a subset of agents need to reach desired
areas within given time intervals [34], [35], in this work we
consider the problem of asymptotically reaching a desired
distance with respect to a dynamic virtual leader in addition
to distance-based formation control under prescribed perfor-
mance constraints. Contrary to existing approaches [27], [28],
[30], [32], where unconstrained asymptotic reference tracking
is considered as a secondary objective, here a known subset
of agents is asked to asymptotically reach a desired distance
from a virtual leader with bounded trajectory and bounded
yet unknown dynamics under prescribed transient and steady
state constraints. In addition, connected agents are enforced
to reach a desired distance-based formation with pre-specified
performance but without further restrictions on the geometric
shape of the formation and consequently on the number of
communication links as in rigidity-based approaches [27]–
[30], [33]. By appropriately tuning the parameters of the time-
varying functions encoding the desired transient and steady
state performance we can ensure that the virtual leader is
in a safety distance and within the sensing range of the
selected agents while connected agents maintain connectivity
and avoid collisions at all times. First, we consider known
nonlinear dynamics and propose a control law that ensures
the satisfaction of the time-varying constraints as well as ulti-
mate boundedness of all closed loop signals using Lyapunov
stability arguments. It can be shown that the aforementioned
objectives are satisfied when the initial sensing graph is a tree
and the set of selected agents responsible for asymptotically
reaching a desired distance with respect to the virtual structure
is a singleton. Finally, we consider the case of unknown
nonlinear dynamics. Assuming that the unknown functions are
continuous, we approximate the unknown nonlinearities using
linearly parameterized NNs and propose a nonlinear adaptive
controller that ensures the satisfaction of the objectives at all
times as well as the ultimate boundedness of all closed-loop
signals.

The remainder of the paper is organized as follows: Section
II includes notation, preliminary information and the prob-
lem formulation. Section III introduces the proposed control
scheme assuming that the dynamics of the agents are known
and Section IV introduces the adaptive law when unknown
nonlinearities are considered. Section V includes a simulation
study while conclusions and future work are summarized in
Section VI.

II. PRELIMINARIES AND PROBLEM FORMULATION

A⊗B denotes the Kronecker product of A,B as defined in
[36, Ch. 4]. The vector of all ones is denoted by 1d ∈ Rd and
the identity matrix of dimension n by In. The cardinality of
a set V is denoted by |V|. A matrix E ∈ {0, 1}m×n,m ≥ n,
is called a selection matrix if it satisfies the following: 1) for
every j there exists exactly one i such that E(i, j) = 1. In
addition, if E(i, j) = 1, then E(i, j′) = 0, for every j ̸= j′.

The minimum eigenvalue of a matrix A ∈ Rn×n is denoted
by λmin(A) and A ≻ 0 denotes that A is a positive definite
matrix. Given Q ≻ 0 the weighted Euclidean norm of x ∈
Rn is given by ∥x∥Q :=

√
xTQx. If Q = In, we write

∥x∥. The block diagonal matrix of A1, . . . , An is denoted by
diag(A1, . . . , An).

A. Graph Theory
An undirected graph G is defined as a pair G = (V, E),

where V = {1, . . . , R} ⊂ N is a finite set of nodes and E ⊆
{(r, r′) ∈ V × V : r ̸= r′}. The adjacency matrix Ã of G is
the R × R symmetric matrix whose elements ãrr′ , r, r

′ ∈ V
are defined as follows: ãrr′ = 1, if (r, r′) ∈ E and ãrr′ =
0, otherwise. The degree d̃r of a node r is given by d̃r =∑

r′∈V ãrr′ . Then, the degree matrix ∆̃ of G is defined as the
diagonal matrix R × R, containing the degrees of the nodes
of G on the diagonal, i.e., ∆̃ = diag(d̃1, . . . , d̃R). Based on
these matrices, we can define the Laplacian matrix L of G
as L = ∆̃ − Ã. A path is a sequence of edges connecting
two distinct vertices. A graph is connected, if there exists a
path between any pair of vertices. Given a numbering k ∈
M = {1, . . . ,M} of the edges ϵk ∈ E , after assigning an
orientation to each edge in G we may define the incidence
matrix D = [d̂rk] of G as follows: d̂rk = 1, if the node r is
the head of edge k, d̂rk = −1, if r is the tail of edge k and
d̂rk = 0, otherwise. The edge Laplacian matrix of G is given
by Le = DTD.

B. Prescribed Performance Control
Prescribed Performance Control [21] is a control framework

ensuring that the tracking error e : R≥0 → R remains at all
times within a bounded region determined by a-priori known
time-varying functions that impose a prescribed transient and
steady state performance. Specifically, in PPC −g(t) < e(t) <
g(t) should hold for every t ≥ 0, where g(t) is a smooth,
bounded, and monotonically decreasing function satisfying
limt→∞ g(t) = g∞ > 0. In the following g(t) is chosen
as g(t) = (g0 − g∞)e−lt + g∞, where g0, g∞, l are positive
parameters chosen such that |e(0)| < g0 and g∞ < g0.
Note that the value of g∞ determines the maximum allowable
size of the tracking error at steady state and can be chosen
arbitrarily small while the parameter l determines a lower
bound on the speed of convergence of the tracking error.
Hence, by properly selecting the parameters of g(t) we can
impose a desired transient and steady state behavior of e(t).

C. Problem Formulation
In this work we consider a multi-agent team of R agents

whose dynamics are given by:

ẋr = fr(xr) + hr(xr)wr + ur, (1)

where fr : Rn → Rn, hr : Rn → Rn×m are locally
Lipschitz functions, xr,ur ∈ Rn, is the state and input
of the r-th agent, respectively, wr ∈ Rm is a piece-wise
continuous and bounded disturbance acting on the r-th agent,
and r ∈ V := {1, . . . , R}. We denote the stacked vector of the
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states,inputs and disturbances of all the agents in V by x =[
xT
1 . . . xT

R

]T ∈ RRn, u =
[
uT
1 . . . uT

R

]T ∈ RRn,

w =
[
wT

1 . . . wT
R

]T ∈ RRm, respectively. The dynamics
of the multi-agent team are thus given as follows:

ẋ = f(x) + h(x)w + u, (2)

where f(x) =
[
fT
1 (x1), . . . , f

T
R (xR)

]T
and h(x) =

diag(h1(x1), . . . , hR(xR)). Each agent r is assumed to be
able to measure its state xr and has limited sensing range
sr < ∞. In particular, each agent r is assumed capable of
communicating with other agents within its sensing range sr
and exchanging position information. Here, the communica-
tion graph is modelled as an undirected, time-varying graph
G = (V, E(t)), where V is the node set and E(t) ⊆ V × V
is the edge set at time t, where ϵ = (r, r′) ∈ E(t) ⇔
∥xr(t)−xr′(t)∥ ≤ min(sr, sr′). In the remaining of this work,
E will denote the edge set of G at t = 0, i.e., E := E(0). Here,
we make the following assumption on the communication
graph G at t = 0 :

Assumption 1. The graph G = (V, E) is connected.

Assumption 1 implies that ∥xrk(0) − xr′k
(0)∥ ≤ dk,max,

where dk,max = min(srk , sr′k) and ϵk = (rk, r
′
k) ∈ E , k ∈

M := {1, . . . ,M}, |E| := M. Specifically, the agents are
assumed to satisfy ∥xrk(0) − xr′k

(0)∥ < dk,max, for every
k ∈ M. In addition, the agents are assumed to be collision-
free at time t = 0, i.e., ∥xrk(0)−xr′k

(0)∥ > dk,min, for every
ϵk = (rk, r

′
k) ∈ E , where dk,min > 0, i.e.,

dk,min < ∥xrk(0)− xr′k
(0)∥ < dk,max, ∀k ∈ M. (3)

Remark 1. Although the actual communication graph is time-
varying, the proposed controller requires only knowledge of
the initial communication graph G(V, E(0)). As will be shown
in Theorem 1 and Theorem 2, whenever Assumption 1 is
satisfied, the proposed controllers (18) and (27) ensure under
mild conditions that the initial communication links in E(0)
will not be lost and thus guarantee connectivity maintenance
for every t ≥ 0.

Each edge ϵk ∈ E is assigned a scalar parameter dk > 0
which expresses the desired distance among agents rk, rk′ in
the formation. In the following we assume that dk,min < dk <
dk,max, for every k ∈ M. Given dk, k ∈ M, the desired
formation is called feasible if the set ΦF := {x ∈ RRn :
∥xrk − xr′k

∥ = dk, for every k ∈ M} is non-empty.
In addition to the distance formation, a subset of agents

Vr ⊂ V with Vr ̸= ∅ needs to stay d̄r close to a dynamic
virtual leader whose state is denoted by xV ∈ Rn, where
d̄r > 0, for every r ∈ Vr. The virtual leader might be a
real or fictitious agent who has information on the trajectory
that agents in Vr need to closely follow. As opposed to other
approaches [28] which require the whole team to move in
a formation towards a given direction, here only a subset of
agents needs to closely follow the virtual leader. This could be
beneficial in applications where only a subset of agents needs
to reach close to a desired set of regions while the rest agents
need only to stay close to their neighbors as for example in
information gathering [30] or cooperative transportation [37].

Here, the dynamics of the virtual leader are unknown but it
is assumed that the leader moves with a bounded velocity as
depicted in the following assumption:

Assumption 2. The trajectory of the virtual leader xV :
R≥0 → Rn is continuous and bounded, i.e., ∥xV ∥ ≤ ϱ, where
ϱ > 0. In addition, there exists ς > 0, such that ∥ẋV ∥ ≤ ς,
for every t ≥ 0, where ẋV is a piecewise-continuous function
of t.

Let ΦT := {x ∈ RRn : ∥xr − xV ∥ = d̄r, r ∈ Vr}. We will
refer to the distance formation task with respect to the leader
as the leader formation problem hereafter. Note that the leader
formation problem is feasible if ΦT ̸= ∅. Throughout the paper
we assume that the joint problem of distance-based formation
and leader formation is feasible, i.e., ΦF ∩ ΦT ̸= ∅. Initially,
we assume that:

d̄r,min < ∥xr(0)− xV (0)∥ < sr, (4)

where d̄r,min < d̄r < sr, r ∈ Vr, i.e., the virtual leader is
within the sensing range of agent r and at a safety distance
strictly greater than d̄r,min. Based on the above we may state
the problem considered in this work as follows:

Problem 1. Consider a team of R agents with system dynam-
ics defined by (1) and let Assumptions 1-2 hold. Given a set
Vr ⊂ V,Vr ̸= ∅ and parameters dk, dk,min, dk,max, k ∈ M
and d̄r,min, d̄r, r ∈ Vr such that dk,min < dk < dk,max,
k ∈ M, d̄r,min < d̄r < sr, r ∈ Vr, and ΦT ∩ ΦF ̸= ∅,
design the absolute control input ur(t), r ∈ V using local
information such that:

∥xrk(t)− xr′k
(t)∥ ∈ (dk − σk, dk + σk), k ∈ M, as t → ∞

∥xr(t)− xV (t)∥ ∈ (d̄r − σ̄r, d̄r + σ̄r), r ∈ Vr, as t → ∞
∥xrk(t)− xr′k

(t)∥ ∈ (dk,min, dk,max), k ∈ M, ∀t ≥ 0

∥xr(t)− xV (t)∥ ∈ (d̄r,min, sr), r ∈ Vr, ∀t ≥ 0

where σk, k ∈ M, σ̄r, r ∈ Vr are small, positive tuning
parameters.

III. CONTROL DESIGN FOR KNOWN DYNAMICS

In this section we introduce the distributed formation pro-
tocol for each agent assuming that agents r ∈ Vr have access
to relative position information with respect to the virtual
leader, i.e., to xr − xV . To simplify notation we will omit
the dependence of different signals on t, whenever it is clear
from context. Define the error functions ek(t), k ∈ M and
ξr(t), r ∈ Vr as follows:

ek := ∥xrk − xr′k
∥2 − d2k, (5a)

ξr := ∥xr − xV ∥2 − d̄2r. (5b)

Differentiating (5a)-(5b) we have:

ėk = 2(xrk − xr′k
)T (ẋrk − ẋr′k

),

ξ̇r = 2(xr − xV )
T (ẋr − ẋV ).

Let the stacked vectors e :=
[
e1 . . . eM

]T
and ξ :=[

ξr1 . . . ξrπ
]T

, where π = |Vr|. Then, the derivatives are
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found by:

ė = F1(x)(D
T ⊗ In)ẋ, (6a)

ξ̇ = F2(x,xV )((E
T ⊗ In)ẋ− 1π ⊗ ẋV ), (6b)

where D ∈ RR×M is the incidence matrix of G, E ∈
{0, 1}R×π is a selection matrix with E(ri, i) = 1, E(r′, i) =
0, r′ ̸= ri and E(ri, j) = 0, for j ̸= i, i ∈ {1, . . . , π}
and F1(x) ∈ RM×Mn, F2(x,xV ) ∈ Rπ×πn are the matrices
defined as follows:

F1(x) := 2

(xr1 − xr′1
)T . . . 01×n

...
. . .

...
01×n . . . (xrM − xr′M

)T

 ,

F2(x,xV ) := 2

(xr1 − xV )
T . . . 01×n

...
. . .

...
01×n . . . (xrπ − xV )

T

 .

In order to ensure the distance-based formation and leader
formation objectives as also collision avoidance and connec-
tivity maintenance among agents and the virtual leader, we
will enforce the following constraints that prescribe a desired
transient and steady state behavior:

−ηk,mingk(t) < ek(t), < ηk,maxgk(t) (7a)
−ζr,minγr(t) < ξr(t) < ζr,maxγr(t), (7b)

for every k ∈ M, r ∈ Vr, where the functions gk :
R≥0 → R>0, γr : R≥0 → R>0, are smooth, positive, strictly
decreasing functions defined as:

gk(t) := (1− gk,∞)e−lgkt + gk,∞, (8a)

γr(t) := (1− γr,∞)e−lγr t + γr,∞, (8b)

where gk,∞ :=
ḡk,∞

max(ηk,min,ηk,max)
> 0, γr,∞ :=

γ̄r,∞
max(ζr,min,ζr,max)

> 0, ḡk,∞, lgk, γ̄r,∞, lγr ∈ R>0 are positive
parameters determining the desired transient and steady state
behavior and ηk,min, ηk,max, ζr,min, ζr,max ∈ R≥0 are parame-
ters chosen to ensure the satisfaction of the safety and connec-
tivity maintenance constraints within the multi-agent system
and between the multi-agent system and the virtual leader. In
particular following [31] we choose ηk,min, ηk,max, k ∈ M
and ζr,min, ζr,max, r ∈ Vr as follows:

ηk,min := d2k − d2k,min, ηk,max := d2k,max − d2k, (9a)

ζr,min := d̄2r − d̄2r,min, ζr,max := s2r − d̄2r. (9b)

Note that since dk,min < dk < dk,max, k ∈ M, d̄r,min < d̄r <
sr, r ∈ Vr, hold, then given (3)-(4) it follows that:

−ηk,mingk(0) < ek(0) < ηk,maxgk(0), (10a)
−ζr,minγr(0) < ξr(0) < ζr,maxγr(0), (10b)

for every k ∈ M and r ∈ Vr. Therefore, given the strictly
decreasing property of γr(t), r ∈ Vr, and gk(t), k ∈ M if we
can ensure that (7a),(7b) are satisfied for every t ≥ 0, then,
∥xrk(t)− xr′k

(t)∥ ∈ (dk,min, dk,max), and ∥xr(t)− xV (t)∥ ∈
(d̄r,min, sr), for every k ∈ M, r ∈ Vr, t > 0.

Next, given ek, k ∈ M and ξr, r ∈ Vr, define the
normalized errors with respect to the prescribed performance
functions as:

ek(t) :=
ek(t)

gk(t)
∈ (−ηk,min, ηk,max), (11a)

ξr(t) :=
ξr(t)

γr(t)
∈ (−ζr,min, ζr,max). (11b)

Using the transformation functions Tk : (−ηk,min, ηk,max) →
R, k ∈ M and T̄r : (−ζr,min, ζr,max) → R, r ∈ Vr that are
smooth and strictly increasing we may define the transformed
errors εk := Tk(ek), k ∈ M and δr := T̄r(ξr), r ∈ Vr, where:

Tk(⋆) := ln

( 1 + ⋆
ηk,min

1− ⋆
ηk,max

)
, T̄r(⋆) := ln

( 1 + ⋆
ζr,min

1− ⋆
ζr,max

)
.

(12)

Considering the transformed errors εk, k ∈ M and δr, r ∈
Vr it can been shown that if εk, δr are bounded for every
k, r and t ≥ 0, then ek ∈ (−ηk,min, ηk,max), and ξr ∈
(−ζr,min, ζr,max) which in turn ensures that (7a), (7b) are
satisfied. Differentiating the transformed errors with respect
to time we have:

ε̇k = Jk(ek, t)
(
ėk + αk(t)ek

)
, (13a)

δ̇r = J̄r(ξr, t)
(
ξ̇r + ᾱr(t)ξr

)
, (13b)

for every k ∈ M, r ∈ Vr, where

Jk(ek, t) :=
∂Tk(ek)

∂ek

1

gk(t)
, J̄r(ξr, t) :=

∂T̄r(ξr)

∂ξr

1

γr(t)
,

(14)

αk(t) := − ġk(t)

gk(t)
, ᾱr(t) := − γ̇r(t)

γr(t)
, (15)

are the normalized Jacobians of the transformation functions
and the normalized derivative of the performance functions
corresponding to the distance-based formation and leader
formation objective, respectively, which are all positive. Let
ε :=

[
ε1 . . . εM

]T
. Then, the derivative can be written in

vector form as:

ε̇ = J (e, t)
(
ė+α(t)e

)
, δ̇ = J̄ (ξ, t)

(
ξ̇ + ᾱ(t)ξ

)
, (16)

where J (e, t) := diag(J1(e1, t), . . . ,JM (eM , t)),
α(t) := diag(α1(t), . . . , αM (t)), e :=[
e1 . . . eM

]T
, e :=

[
e1 . . . eM

]T
,

J̄ (ξ, t) := diag(J̄r1(ξr1 , t), . . . , J̄rπ (ξrπ , t)), ᾱ(t) :=

diag(ᾱr1(t), . . . , ᾱrπ (t)), ξ :=
[
ξr1 . . . ξrπ

]T
, and

ξ :=
[
ξr1 . . . ξrπ

]T
.

Based on the above, we define ur for every r ∈ V as
follows:

ur = −2brJ̄r(ξr, t)δr(xr − xV )−
∑
k∈Nr

d̂rkJk(ek, t)εkb
T
k ,

(17)
where br = 1, if r ∈ Vr and br = 0, otherwise, D = [d̂rk],
bk ∈ Rn is the non-zero row vector at the k-th row of F1(x)
and Nr = {k ∈ E : ϵk = (r, r′) ∈ E , r′ ∈ V} is the index set
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of the edges involving the r-th agent. Then, u can be written
as:

u = −(D⊗In)F
T
1 (x)J (e, t)ε−(E⊗In)F

T
2 (x,xV )J̄ (ξ, t)δ.

(18)
Notice that the proposed control law (17) of the r-th agent
requires only knowledge of the relative state information of the
k-th edge, where k ∈ Nr, as well as knowledge of xr − xV ,
if r ∈ Vr.

Remark 2. Contrary to existing approaches [27], [30], [32]
the proposed framework offers the flexibility to prescribe
a desired behavior for the satisfaction of each objective
separately allowing for an explicit characterization of the
system’s response as well as for quantification of the system’s
performance with respect to each objective. On the other hand,
the existence of multiple constraints may give rise to undesired
behaviors due to potentially conflicting objectives rendering
the analysis as well as the design of appropriate performance
functions challenging.

Under the proposed control law, we can show the satis-
faction of (7a)-(7b) at all times as depicted in the following
theorem:

Theorem 1. Consider the multi-agent system (2) and let
Assumptions 1-2 hold. Assume further that ΦT ∩ ΦF ̸= ∅
and x(0) satisfies (3)-(4). Given ∅ ≠ Vr ⊆ V and parameters
dk, dk,min, dk,max, k ∈ M and d̄r,min, d̄r, r ∈ Vr such that
dk,min < dk < dk,max, k ∈ M, d̄r,min < d̄r < sr, r ∈ Vr, the
control law (18) ensures that (7a)-(7b) are satisfied for every
t ≥ 0, as well as the boundedness of all closed-loop signals
provided that: [

Le DTE
ETD Iπ

]
≻ 0, (19)

where Le is the edge Laplacian of G.

Proof. The proof is divided into two parts. In the first
part we show that there exists a maximal solution y(t) =[
eT (t) ξ

T
(t)

]T
, such that y(t) ∈ Ωy, for every t ∈

[0, τmax), where Ωy := Ωe × Ωξ, τmax ∈ R>0, and

Ωe := (−η1,min, η1,max)× . . .× (−ηM,min, ηM,max), (20a)
Ωξ := (−ζr1,min, ζr1,max)× . . .× (−ζrπ,min, ζrπ,max).

(20b)

In the second step we show the boundedness of the closed
loop signals which leads to τmax = +∞.

Part I: By the choice of the parameters
dk, dk,min, dk,max, k ∈ M and d̄r,min, d̄r, r ∈ Vr the
set Ωy is open and non-empty. In addition, y(0) ∈ Ωy, as
shown in (10a)-(10b). Differentiating (11a)-(11b) we obtain
the following:

ė = Ḡ(t)(ė+α(t)e), ξ̇ = Γ(t)(ξ̇ + ᾱ(t)ξ),

where Ḡ(t) = diag(g1(t), . . . , gM (t))−1 and Γ(t) =
diag(γr1(t), . . . , γrπ (t))

−1. Substituting (6a),(6b) to the afore-
mentioned equations we have:

ė := P2(y, t) = Ḡ(t)
(
F1(x)(D

T ⊗ In)P1(y, t) +α(t)e
)
,

ξ̇ := P3(y, t) = Γ(t)
(
F2(x,xV )((E

T ⊗ In)P1(y, t)

− 1π ⊗ ẋV ) + ᾱ(t)ξ
)
,

where P1(y, t) := f(x) + h(x)w − (D ⊗
In)F

T
1 (x)J (e, t)ε − (E ⊗ In)F

T
2 (x,xV )J̄ (ξ, t)δ. Let

P (y, t) :=
[
PT
2 (y, t) PT

3 (y, t)
]T

and note that ẏ can be
written as ẏ = P (y, t). It can be easily shown that P (y, t)
is locally Lipschitz continuous with respect to y in Ωy and
piecewise continuous with respect to t. Hence, invoking [38,
Th. 54] we can conclude that there exists a unique maximal
solution y(t), t ∈ [0, τmax) with τmax ∈ R>0 such that
y(t) ∈ Ωy for every t ∈ [0, τmax).

Part II: Next consider the radially unbounded and positive-
definite Lyapunov function:

V =
1

2
εTε+

1

2
δT δ. (21)

Differentiating V and after substitution of P (x, t) we get:

V̇ = −εTJ (e, t)F1(x)(D
T ⊗ In)(D ⊗ In)F

T
1 (x)J (e, t)ε

− εTJ (e, t)F1(x)(D
T ⊗ In)(E ⊗ In)F

T
2 (x,xV )J̄ (ξ, t)δ

− δT J̄ (ξ, t)F2(x,xV )(E
T ⊗ In)(D ⊗ In)F

T
1 (x)J (e, t)ε

− δT J̄ (ξ, t)F2(x,xV )(E
T ⊗ In)(E ⊗ In)F

T
2 (x,xV )J̄ (ξ, t)

× δ + εTJ (e, t)α(t)e− δT J̄ (ξ, t)F2(x,xV )(1π ⊗ ẋV )

+ δT J̄ (ξ, t)ᾱ(t)ξ + (εTJ (e, t)F1(x)(D
T ⊗ In)

+ δT J̄ (ξ, t)F2(x,xV )(E
T ⊗ In))(f(x) + h(x)w).

Using the properties of the Kronecker product we may write
V̇ in a more compact form as follows:

V̇ = −κT (y, t)A(x,xV )κ(y, t) + εTJ (e, t)α(t)e

− δT J̄ (ξ, t)F2(x,xV )(1π ⊗ ẋV ) + δT J̄ (ξ, t)ᾱ(t)ξ

+ κT (y, t)G(x,xV )(f(x) + h(x)w),

= −κT (y, t)A(x,xV )κ(y, t) + κT (y, t)
(
G(x,xV )(f(x)

+ h(x)w) + z
)
,

where z :=
[
eTα(t) ξT ᾱ(t)− (1π ⊗ ẋV )

TFT
2 (x,xV )

]T
,

κ(y, t) :=
[
εTJ (e, t) δT J̄ (ξ, t)

]T
and:

A :=

[
F1(x) 0
0 F2(x,xV )

]
(B ⊗ In)

[
F1(x) 0
0 F2(x,xV )

]T
,

(22a)

B :=

[
DTD DTE
ETD ETE

]
=

[
Le DTE

ETD Iπ

]
, (22b)

G :=

[
F1(x) 0
0 F2(x,xV )

]
(

[
DT

ET

]
⊗ In), (22c)

where the latter equality in (22b) is obtained by virtue of
Lemma 1 in the Appendix, A := A(x,xV ) and G :=
G(x,xV ). Note that due to y ∈ Ωy it follows that e(t), ξ(t)
are bounded for every t ∈ [0, τmax). In addition, when y ∈
Ωy, it follows that 0 < dk,min < ∥xrk(t) − xr′k

(t)∥ and
0 < d̄r,min < ∥xr(t) − xV (t)∥ for every k ∈ M, r ∈ Vr, t ∈

[0, τmax). As a result
[
F1(x) 0
0 F2(x,xV )

]
is of full row rank.

In addition, owing to Assumption 2 as well as the boundedness
of ∥xrk(t) − xr′k

(t)∥, k ∈ M and ∥xr(t) − xV (t)∥, r ∈
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Vr, whenever y ∈ Ωy, the matrix
[
F1(x) 0
0 F2(x,xV )

]
is

bounded for every t ∈ [0, τmax). Therefore, A ≻ 0 due to
B ≻ 0. Let λ̃min(A) := infx(t),xV (t)

t∈[0,τmax)

λmin(A(x(t),xV (t))) >

0. Then, after employing the Cauchy-Schwarz inequality we
obtain:

V̇ ≤ −∥κ(y, t)∥
(
λ̃min(A)∥κ(y, t)∥ − ∥G(x,xV )(f(x)

+ h(x)w) + z∥
)
.

By Assumption 1 there always exist a path connecting every
agent r ∈ V with at least one agent r ∈ Vr. Hence,
whenever y ∈ Ωy and thus ∥xrk(t) − xr′k

(t)∥ < dk,max <
∞, k ∈ M, and ∥xr(t) − xV (t)∥ < sr < ∞, r ∈ Vr,
it follows that ∥xr∥ < ∞, r ∈ V owing to Assumption 2.
Therefore, by the aforementioned analysis, the boundedness of
gk(t), ġk(t), k ∈ M, γr(t), γ̇r(t), r ∈ Vr, w(t), Assumption
2, and the Extreme Value Theorem there exists a constant µ ∈
(0,+∞), independent of t that satisfies ∥G(x,xV )(f(x) +
h(x)w) + z∥ ≤ µ, for every t ∈ [0, τmax). This ensures
that V̇ ≤ ∥κ(y, t)∥(µ − λ̃min(A)∥κ(y, t)∥). Notice further
that κ(y, t) = K(t)χ, where χ =

[
εT δT

]T
and K(t) :=

diag(J (e, t), J̄ (ξ, t)) ≻ 0. Recall that J (e, t), J̄ (ξ, t) are
diagonal matrices with elements Jk(ek, t) =

∂Tk(ek)
∂ek

1
gk(t)

, k ∈
M, J̄r(ξr, t) =

∂T̄r(ξr)

∂ξr

1
γr(t)

, r ∈ Vr satisfying:

Jk(ek, t) ≥
4

ηk,min + ηk,max
, J̄r(ξr, t) ≥

4

ζr,min + ζr,max
,

owing to the fact that gk(t) ≤ 1, γr(t) ≤ 1, for every
t ≥ 0, k ∈ M, r ∈ Vr. Hence, we can deduce that
∥κ(y, t)∥ ≥ β∥χ∥, where β := min{βF , βT }, βF :=
mink∈M{ 4

ηk,min+ηk,max
} and βT := minr∈Vr

{ 4
ζr,min+ζr,max

}.
This leads to V̇ ≤ ∥κ(y, t)∥(µ−βλ̃min(A)∥χ∥) which in turn
implies that:

V̇ < 0, ∀χ ∈ {χ : ∥χ∥ >
µ

βλ̃min(A)
}. (23)

Note that if the latter condition holds, then V̇ < 0 implies
that ∥χ(t)∥ < ∥χ(0)∥. Therefore, we can conclude that
∥χ(t)∥ ≤ χmax := max{∥χ(0)∥, µ

βλ̃min(A)
}, for every t ∈

[0, τmax), thus ∥ε(t)∥ ≤ χmax and ∥δ(t)∥ ≤ χmax, for every
t ∈ [0, τmax). Using the inverse logarithmic functions for every
t ∈ [0, τmax) we have:

−ηk,min < −ηlk ≤ ek(t) ≤ ηuk < ηk,max, k ∈ M,

−ζr,min < −ζlr ≤ ξr(t) ≤ ζur < ζr,max, r ∈ Vr,

where ηlk := exp (−χmax)−1
exp (−χmax)+1ηk,min, η

u
k := exp (χmax)−1

exp (χmax)+1ηk,max,

ζlr := exp (−χmax)−1
exp (−χmax)+1ζr,min, and ζur := exp (χmax)−1

exp (χmax)+1ζr,max. Let
Ω′

e := [ηl1, η
u
1 ] × . . . × [ηlM , ηuM ], Ω′

ξ := [ζlr1 , ζ
u
r1 ] × . . . ×

[ζlrπ , ζ
u
rπ ], Ω

′
y := Ω′

e × Ω′
ξ which is compact and non-empty

satisfying Ω′
▷◁ ⊂ Ω▷◁, for every ▷◁∈ {e, ξ, y}. Assuming that

τmax < +∞ [38, Pr. C.3.6] implies that there exists a t ∈
[0, τmax) such that y(t) /∈ Ω′

y which leads to contradiction.
Hence, τmax = +∞. This concludes the proof. ■

In Theorem 1 the satisfaction of (7a)-(7b) is established
under the condition that B ≻ 0, which ensures that V̇ is strictly

negative outside a ball whose radius depends on B, as depicted
in (23). A necessary and sufficient condition for (19) to hold
can now be expressed in terms of the graph topology and
the number of informed agents π as shown in the following
proposition:

Proposition 1. Let Assumption 1 hold. Then, the matrix B ∈
R(M+π)×(M+π) defined in (22b) is positive definite if and only
if G is a tree and π = 1.

Proof. By [39, Sec. A.5.5] B is positive definite if and
only if Le − DTEETD ≻ 0, Iπ ≻ 0, where Le =
DTD is the edge Laplacian of G. By definition of E,
DTE =

[
dr1 . . . drπ

]
, where dχ ∈ RM is the χ-th

column of DT . In addition, by definition, Le =
∑

r∈V drd
T
r .

Then, Le − DTEETD =
∑

r∈V drd
T
r −

∑
r∈Vr

drd
T
r =∑

r∈V\Vr
drd

T
r , i.e., Le − DTEETD is the sum of R − π

positive semi-definite matrices, thus positive semi-definite. For
an arbitrary, non-zero vector p ∈ RM , it thus holds that
pT (Le − DTEETD)p = 0 ⇔

∑
r∈V\Vr

∥pTdr∥22 = 0 ⇔
∥pTdr∥2 = 0,∀r ∈ V\Vr ⇔ p ⊥ dr, r ∈ V\Vr, or
equivalently p ∈ null(C), where C ∈ R(R−π)×M is the matrix
with rows dT

r , r ∈ V\Vr. Hence, a necessary and sufficient
condition for B to be positive definite is null(C) = {0M}.

First assume that B is positive definite. By Assumption 1,
G is connected, thus M ≥ R−1. In addition, π ≥ 1, thus M+
π ≥ R holds. If M > R−π, then by the rank-nullity theorem
C has always a non-trivial nullspace, thus B is positive semi-
definite which leads to contradiction. Hence, M + π = R
should hold which under Assumption 1 and the constraint π ≥
1 is true only when M = R − 1 and π = 1 and the result
follows. Next assume that G is a tree and π = 1. Then, M +
π = R which implies that rank(C) ≤ R− 1. Observe further
that dT

r , r ∈ V\Vr are rows of the incidence matrix D as
well. Since the sum of rows of D is equal to 01×(R−1), it
follows that dT

r′ = −
∑

r∈V\Vr
dT
r , where r′ ∈ Vr. Therefore,

rank(C) = rank(D). If rank(C) < R− 1, D will have a non-
trivial nullspace which contradicts the fact that G is a tree [11,
Lem. 1]. Hence, rank(C) = R − 1. Then, by the rank-nullity
theorem null(C) = {0M} and the result follows. ■

Proposition 1 suggests that the distance-based formation
and leader formation objectives can be achieved under the
proposed control law (18) when the communication graph is
a tree and a single agent has access to the virtual leader’s
state. Although powerful this result is related to the choice
of the Lyapunov function and thus can not be viewed as a
necessary and sufficient condition for the satisfaction of the
desired objectives.

Remark 3. The proposed control law can be easily adapted
for systems of the form ẋr = fr(xr)+ϕr(xr)ûr+hr(xr)wr,
where ϕr : Rn → Rn×v is a locally Lipschitz function with
full row rank for every xr ∈ Rn. Specifically, the results
of Theorem 1 remain valid when the modified control law
is chosen as ûr = ϕ†

r(xr)ur, where ϕ†
r : Rn → Rv×n is

the Moore-Penrose matrix of ϕr(·) and ur ∈ Rn is the same
control law defined in (17).

Remark 4. Under the conditions of Theorem 1 the satisfaction
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of the funnel constraints 7a-(7b) follows for every t ≥ 0.
These functions prescribe a desired behavior for the system
impacting its actual performance. In particular, smaller values
of lgk, l

γ
r may induce a more oscillatory behavior for the system

while larger values ensure a faster convergence. In addition,
smaller values of ḡk,∞, γ̄r,∞ guarantee a better steady state
performance for the system ensuring convergence to a small
neighborhood of the origin.

IV. ADAPTIVE FORMATION TRACKING CONTROL

In this section we design a control law to satisfy the
control objectives of Problem 1 when the nonlinear terms
fr(xr), r ∈ V are unknown and wr ≡ 0, for every r ∈ V .
The proposed control law allows for online approximation
of the unknown nonlinear terms providing the multi-agent
system the ability to adapt its behavior according to changes
in the environment towards ensuring the satisfaction of the
objectives. This is very beneficial for real world applications
where agents evolve in highly uncertain environments and may
be subject to faults calling for a plug-and-play option of new
agents without compromising the satisfaction of the task as
well as the performance of the multi-agent system. Here, we
approximate the unknown terms fr(·) by:

fr(xr) = Yr(xr)θr +wf,r(xr),

where wf,r : Rn → Rn is the approximation error, Yr : Rn →
Rn×pr is a matrix of regressor vector terms that is locally Lips-
chitz continuous in xr and θr ∈ Rpr is a constant but unknown
vector of parameters minimizing ∥fr(xr) − Yr(xr)θr∥ over
xr ∈ Br, where Br ⊂ Rn is a compact set to be determined
later in this section. Then, the nonlinear term f(x) in (2) can
be written as:

f(x) = Y (x)θ +wf (x), (24)

where Y (x) := diag(Y1(x1), . . . , YR(xR)),

θ :=
[
θT
1 . . . θT

R

]T
and wf (x) :=[

wT
f,1(x1) . . . wT

f,R(xR)
]T

.

Remark 5. When only partial information of fr(xr), r ∈ V
is available one may proceed with the design of the adaptive
control law approximating only the unknown part of fr(xr).
The results of Theorem 2 below remain valid thanks to the
boundedness of the known part of fr(xr) within the compact
set Br, for every r ∈ V, whenever (7a)-(7b) are satisfied.

Let θ̂r be an estimate of the real parameter vector θr and
define θ̃r := θ̂r −θr, for every r ∈ V. Define the control law
of the r-th agent as:

ũr = ur − Yr(xr)θ̂r, (25)

where ur is the control law defined in (17) and θ̂r is a time-
varying estimate of θr that evolves according to:

˙̂
θr = −∆rY

T
r (xr)ur, (26)

where ∆r ∈ Rpr×pr is a positive definite square matrix to
be tuned and ur is the control law defined in (17). Notice
that (25) requires knowledge of the absolute state xr ∈ Rn in

addition to the relative state information mentioned in Section
III. The proposed controller and adaptive law can be written
in stacked form as:

ũ = u− Y (x)θ̂, (27)
˙̂
θ = ∆Y T (x)

(
(D ⊗ In)F

T
1 (x)J (e, t)ε

+ (E ⊗ In)F
T
2 (x,xV )J̄ (ξ, t)δ

)
, (28)

where θ̂ :=
[
θ̂T
1 . . . θ̂T

R

]T
and ∆ := diag(∆1, . . . ,∆R).

Under the proposed control and update law we can show
the satisfaction of the funnel constraints as depicted in the
following theorem:

Theorem 2. Consider the multi-agent system (2) with un-
known nonlinear terms f(x) and w ≡ 0, and let Assumptions
1-2 hold. Assume that ΦT ∩ ΦF ̸= ∅ and x(0) satisfies (3)-
(4). Let further (19) hold. Given ∅ ≠ Vr ⊆ V and parameters
dk, dk,min, dk,max, k ∈ M and d̄r,min, d̄r, r ∈ Vr such that
dk,min < dk < dk,max, k ∈ M, d̄r,min < d̄r < sr, r ∈ Vr,
the control law (27) and update law (28) ensure that (7a)-(7b)
are satisfied for every t ≥ 0 and all closed-loop signals are
bounded.

Proof. As in Theorem 1 the proof is divided into two parts.
In the first part we show the existence of a maximal solution
within [0, τmax), where τmax ∈ R>0 and in the second term
we show that τmax = +∞.

Part I: By the choice of the parameters
dk, dk,min, dk,max, k ∈ M and d̄r,min, d̄r, r ∈ Vr and
given the initial conditions x(0) the set Ωy = Ωe×Ωξ, where
Ω▷◁, ▷◁∈ {e, ξ} are defined as in (20a)-(20b), is non-empty and

open. Let y :=
[
eT ξ

T
]T

. Given the proposed controller
and update law, we may define the dynamic equation of y

as ẏ = P ′(y, t), where P ′(y, t) :=
[
P ′T
2 (y, t) P ′T

3 (y, t)
]T

and

P ′
1(y, t) := f(x)− Y (x)θ̂ − (D ⊗ In)F

T
1 (x)J (e, t)ε

− (E ⊗ In)F
T
2 (x,xV )J̄ (ξ, t)δ,

P ′
2(y, t) := Ḡ(t)

(
F1(x)(D

T ⊗ In)P
′
1(y, t) +α(t)e

)
,

P ′
3(y, t) := Γ(t)

(
F2(x,xV )((E

T ⊗ In)P
′
1(y, t)−

− 1π ⊗ ẋV ) + ᾱ(t)ξ
)
,

and where Ḡ(t) = diag(g1(t), . . . , gM (t))−1 and Γ(t) =
diag(γr1(t), . . . , γrπ (t))

−1. It can be easily verified that
P ′(y, t) is locally Lipschitz continuous with respect to y
in Ωy and piecewise continuous with respect to t. Hence,
invoking [38, Th. 54] we can conclude that there exists a
unique maximal solution y(t), t ∈ [0, τmax) with τmax ∈ R>0

such that y(t) ∈ Ωy for every t ∈ [0, τmax).

Part II: In Part I we have shown the existence of a maximal
solution y(t) satisfying y(t) ∈ Ωy, for every t ∈ [0, τmax).
Next, we will show that τmax = +∞. We start by showing
the boundedness of the transformed errors ε, δ. To that end,
consider the Lyapunov function:

V ′ = V +
1

2
θ̃T∆−1θ̃,
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Fig. 1: Evolution of distance errors ek, k ∈ M for known nonlinear dynamics.
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Fig. 2: Evolution of ξ and the resulting control signals along the x and y axis for known nonlinear dynamics.

where V is defined in (21) and θ̃ =
[
θ̃T
1 . . . θ̃T

R

]T
.

Differentiating V ′ and after substituting (16), (6a)-(6b) we
have:

V̇ ′ = (εTJ (e, t)F1(x)(D
T ⊗ In) + δT J̄ (ξ, t)F2(x,xV )

× (ET ⊗ In))(f(x) + u) + εTJ (e, t)α(t)e

− δT J̄ (ξ, t)F2(x,xV )(1π ⊗ ẋV ) + δT J̄ (ξ, t)ᾱ(t)ξ

+ θ̃T∆−1 ˙̂θ.

Substituting (27) and (28) to V̇ ′ we have:

V̇ ′ = (εTJ (e, t)F1(x)(D
T ⊗ In) + δT J̄ (ξ, t)F2(x,xV )

× (ET ⊗ In))(f(x)− Y (x)θ̂) + εTJ (e, t)α(t)e

− εTJ (e, t)F1(x)(D
T ⊗ In)(D ⊗ In)F

T
1 (x)J (e, t)ε

− εTJ (e, t)F1(x)(D
T ⊗ In)(E ⊗ In)F

T
2 (x,xV )J̄ (ξ, t)δ

− δT J̄ (ξ, t)F2(x,xV )(E
T ⊗ In)(D ⊗ In)F

T
1 (x)J (e, t)ε

− δT J̄ (ξ, t)F2(x,xV )(E
T ⊗ In)(E ⊗ In)F

T
2 (x,xV )

× J̄ (ξ, t)δ − δT J̄ (ξ, t)F2(x,xV )(1π ⊗ ẋV ) + δT J̄ (ξ, t)

× ᾱ(t)ξ + θ̃TY T (x)
(
(D ⊗ In)F

T
1 (x)J (e, t)ε

+ (E ⊗ In)F
T
2 (x,xV )J̄ (ξ, t)δ

)
.

Adding and subtracting Y (x)θ̂ in (24) we get:

f(x) = −Y (x)θ̃ + Y (x)θ̂ +wf (x).

Substituting the right-hand side of the aforementioned equa-
tion to V̇ ′ and after simple calculations we have:

V̇ ′ = (εTJ (e, t)F1(x)(D
T ⊗ In) + δT J̄ (ξ, t)F2(x,xV )

× (ET ⊗ In))wf (x) + εTJ (e, t)α(t)e+ δT J̄ (ξ, t)ᾱ(t)ξ

− εTJ (e, t)F1(x)(D
T ⊗ In)(D ⊗ In)F

T
1 (x)J (e, t)ε

− εTJ (e, t)F1(x)(D
T ⊗ In)(E ⊗ In)F

T
2 (x,xV )J̄ (ξ, t)δ

− δT J̄ (ξ, t)F2(x,xV )(E
T ⊗ In)(D ⊗ In)F

T
1 (x)J (e, t)ε

− δT J̄ (ξ, t)F2(x,xV )(E
T ⊗ In)(E ⊗ In)F

T
2 (x,xV )

× J̄ (ξ, t)δ − δT J̄ (ξ, t)F2(x,xV )(1π ⊗ ẋV ).

Let κ(y, t) :=
[
εTJ (e, t) δT J̄ (ξ, t)

]T
, z :=[

eTα(t) ξT ᾱ(t)− (1π ⊗ ẋV )
TFT

2 (x,xV )
]T

and matrices
A,B,G be defined as in (22a)-(22c). Then, V̇ ′ can be written
in compact form as:

V̇ ′ = −κT (y, t)A(x,xV )κ(y, t) + κT (y, t)(G(x,xV )wf (x)

+ z)

≤ −κT (y, t)A(x,xV )κ(y, t) + ∥G(x,xV )wf (x) + z∥
× ∥κ(y, t)∥.

By Assumption 1 there exists a path connecting every agent
r ∈ V with at least one agent r ∈ Vr. Hence, whenever
y ∈ Ωy and thus ∥xrk(t) − xr′k

(t)∥ < dk,max < ∞, k ∈
M, and ∥xr(t) − xV (t)∥ < sr < ∞, r ∈ Vr, it follows
that ∥xr∥ < ∞, for every r ∈ V owing to Assumption
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2, i.e., for every r ∈ V there exists a positive constant
br, such that xr(t) ∈ Br := {xr ∈ Rn : ∥xr∥ ≤
br}, for every t ∈ [0, τmax). Thus, by the boundedness of
gk(t), ġk(t), k ∈ M, γr(t), γ̇r(t), r ∈ Vr, Assumption 2,
continuity of wf (x) and the Extreme Value Theorem there
exists a constant µ′ ∈ (0,+∞) independent of t that satisfies
∥G(x,xV )wf (x) + z∥ ≤ µ′, for every t ∈ [0, τmax). Follow-
ing similar analysis as in Theorem 1 and due to (19) it can
be shown that A(x,xV ) is a positive definite matrix for every
t ∈ [0, τmax) and thus V̇ < 0 whenever ∥χ∥ > µ′

βλ̃min(A)
,

where λ̃min(A) := infx(t),xV (t)
t∈[0,τmax)

λmin(A(x(t),xV (t)) > 0 and

χ =
[
εT δT

]T
. This in turn leads to ∥χ(t)∥ ≤ χmax :=

max{∥χ(0)∥, µ′

βλ̃min(A)
}, for every t ∈ [0, τmax). Using the

inverse functions of Tk(⋆), k ∈ M, T̄r(⋆), r ∈ Vr we can
determine the sets Ω′

▷◁ ⊂ Ω▷◁, for every ▷◁∈ {e, ξ} which are
compact, non-empty and satisfy e(t) ∈ Ω′

e and ξ(t) ∈ Ω′
ξ, for

every t ∈ [0, τmax). If τmax < +∞, [38, Pr. C.3.6] implies that
there exists a t ∈ [0, τmax) such that y(t) /∈ Ω′

y := Ω′
e × Ω′

ξ

which leads to contradiction. Hence, τmax = +∞ and this
concludes the proof. ■

Theorem 2 establishes the satisfaction of the funnel con-
straints (7a)-(7b) for unknown nonlinear systems approximated
online by the potentially nonlinear term Yr(xr)θr independent
of the choice of the regressor terms.

Remark 6. The regressor terms can be chosen freely among
several function classes such as sigmoids, B-splines or sifted
sigmoids [21]. While there is no restriction on their design
other than Lipschitz continuity, these terms need to be tuned
offline allowing for a sufficient level of approximation of a
wide range of nonlinear behaviors within the compact sets
Br, r ∈ V. In practice, smaller approximation errors lead to
a better transient and steady state performance for the system
while larger deviations from the real values of fr(xr), r ∈ V
may induce an oscillatory behavior within the funnel.

Remark 7. The control laws (18), (27) can be directly
applied to time-varying formation and tracking control un-
der slight modifications on the choice of the parameters
ηk,min, ηk,max, k ∈ M and ζr,min, ζr,max, r ∈ Vr, provided
that the distance parameter functions and their derivatives
are bounded. In particular, assume the following: 1) the time-
varying formation parameters dk : R≥0 → [dk, dk], k ∈
M and d̄r : R≥0 → [h

r
, hr], r ∈ Vr are continuously

differentiable with dk,min < dk ≤ dk < dk,max and d̄r,min <
h
r
≤ hr < sr, for every k ∈ M and r ∈ Vr, respectively,

and 2) there exist positive constants d′k and h′r for every
k ∈ M and r ∈ Vr, respectively, such that |ḋk(t)| ≤ d′k
and | ˙̄dr(t)| ≤ h′r, for every t ≥ 0. Then, setting ηk,min :=

d2k−d2k,min, ηk,max := d2k,max−d
2
k, ζr,min := h2

r
− d̄2r,min and

ζr,max := s2r−h
2

r, we can ensure the satisfaction of the funnel
constraints (7a)-(7b) as well as boundedness of all closed loop
signals.
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Fig. 3: Evolution of the multi-agent system and the virtual
leader at selected time instants when the nonlinear dynamics
are known.

3 2 1 4 5 V

Fig. 4: Graph topology for the scenario considered in Section
V.

V. NUMERICAL EXAMPLE

In order to demonstrate the applicability of the pro-
posed controllers we will consider a team of R =
5 agents whose dynamics are given by (1), where
fr(xr), hr(xr),wr(t), r ∈ V are given by fr(xr) =[
−xr + 0.1y2r + sin (xryr) −(1 + x2

r)yr − y3r
]T

, hr(xr) =[
1 + x2

r 0
0 1 + y2r

]
, wr(t) = 0.05 sin (2t)12, and xr =[

xr yr
]T

. Here we consider the tree communication graph
G shown in Figure 4 with agent 5 being the only agent with
access to the virtual leader’s state information. In particular we
set ϵ1 = (1, 2), ϵ2 = (2, 3), ϵ3 = (1, 4) and ϵ4 = (4, 5). We
choose dk,min = 2, dk,max = 4 for every k ∈ M and d̄5,min =
3, s5 = 5. The desired formation parameters are chosen as
d1 = d3 = 2.5, d2 = d4 = 3 and d̄5 = 4. The virtual leader’s
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Fig. 5: Evolution of distance errors ek, k ∈ M for unknown nonlinear dynamics.
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Fig. 6: Evolution of ξ and the resulting control signals along the x and y axis for unknown nonlinear dynamics.

trajectory is given by xV (t) = 2 + 2 cos (ωt) and yV (t) =
−1 + 2 sin (ωt) for every t, where ω = 2π

25 , and the initial
conditions of the agents are chosen as x1(0) =

[
−1 −1

]T
,

x2(0) =
[
0 2

]T
, x3(0) =

[
3 2.5

]T
, x4(0) =

[
0 3

]T
,

and x5(0) =
[
1 1

]T
. The parameters of gk(t), k ∈ M are

chosen as lgk = 0.5 and ḡk,∞ = 1, for every k while the
parameters of γ5(t) as chosen as lγ5 = 1, γ̄5,∞ = 0.5. Note
that the initial conditions of the multi-agent system ensure
that (3)-(4) are satisfied at t = 0. In the case of unknown
nonlinear dynamics the terms fr(xr) are approximated using
single layer neural networks with pr = 50 nodes for every
r ∈ V. Specifically, Yr(xr) are determined by sigmoid func-
tions ϑvr(xr) = 1

1+exp (−sTvrxr−lvr)
, v = 1, . . . , 100 whose

parameters are chosen offline by trial and error and considered
known during the formation task. The gain matrices ∆r are
chosen as ∆r = 0.2Ipr

for every r and θ̂r(0) = 0, r ∈
V indicating that there is no initial knowledge about the
system dynamics. In Figures 1-2 and 5-6 the evolution of
the error signals ek, k ∈ M and ξ5 as well as the resulting
control signals are shown for known and unknown dynamics,
respectively. Irrespective of the amount of knowledge we have
for the system the proposed controllers ensure that the error
signals remain within their corresponding funnels. In addition,
it should be noted that when approximate knowledge of the
unknown dynamical terms is considered in the control law
through the approximation term Y T

r (xr)θ̂r, then lower steady-
state errors are observed at the cost of a slightly higher control
effort. Finally, the evolution of the multi-agent system and the

virtual leader at selected time instants is shown in Figures 3
and 7 for known and unknown dynamics, respectively.

VI. CONCLUSIONS

In this work a model-free prescribed performance control
law is designed to ensure a desired distance-based formation
of communicating agents as well as of a selected set of
agents with respect to a dynamic virtual leader. In addition, an
adaptive law is proposed when the nonlinear dynamics of the
multi-agent team are considered unknown. Future work will
consider more complex communication topologies and higher
relative degree dynamics.
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APPENDIX

Lemma 1. Consider a matrix E ∈ {0, 1}m×n with m ≥ n,
E(i, j) = 1 at exactly one i ∈ {1, . . . ,m} for each column j,
i.e., if E(i, j) = 1, then E(i, j′) = 0, for every j′ ̸= j with
j, j′ ∈ {1, . . . , n}, and E(i′, j) = 0, for every i′ ̸= i, where
i, i′ ∈ {1, . . . ,m}. Then, ETE = In.

Proof. Let ET = [aij ], E = [bij ] and ETE = [cij ]. By
matrix multiplication it is known that cij =

∑m
k=1 aikbkj . Let

bk1j = 1. Then, by the properties of E we have bkj = 0, k ∈
{1, . . . ,m} for every k ̸= k1 and bk1,j′ = 0, j′ ∈ {1, . . . , n},
j ̸= j′. The latter implies that aj′k1

= 0, for every j ̸= j′.
Then, cij = aik1bk1j = aik1 . If i ̸= j, then aik1 = 0, thus
cij = 0. Finally, if i = j, then ajk1 = bk1j = 1 and thus
cii = 1. ■
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