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Abstract—Attitude coordinated control of multiple under- The authors of|ﬁ|1] proposed a cooperative attitude trackin
actuated spacecraft is studied in this paper. We adopt the protocol such that the follower spacecraft track a timeyivey
parametrization proposed by Tsiotras et al. (1995) to desibe |o5qer spacecraft using relative attitude and relativeukang
attitude kinematics, which has been shown to be very conveenmt Lo . . .
for control of underactuated axisymmetric spacecraft with two velocity information. Under a standing assu.mptlon that the
control torques. We first propose a partial attitude coordinated —States of the leader spacecraft are only available to a subse
controller with angular velocity commands. The controller is of follower spacecraft and the follower spacecraft only énav
based on the exchange of each spacecraft's information with |ocal information exchange, a distributed cooperativiuate
local neighbors and a self damping term. Under a necessary yacking algorithm was designed ih [15]. A passivity-based
and general connectivity assumption and by use of a novel . . . dﬂ ige d
Lyapunov function, we show that the symmetry axes of all g.roup or|en.tat|on approach was introduce [13] to ,SO 8e
spacecraft are eventually aligned. Full attitude control dmultiple  tributed attitude alignment problem, where the inertiainfe
underactuated spacecraft is also considered and a discontious information is not assumed to be available to the spacecraft
distributed control algorithm is proposed. It is shown that the |n addition, the attitude containment problem was consider

proposed algorithm succeeds to achieve stabilization gimethat in ﬂﬂ] and the influence of communication delay between
control parameters are chosen properly. Discussions on theases L
spacecraft was studied in_[14].

without self damping are also provided for both partial and full ) )
attitude controls. Simulations are given to validate the tleoretical We focus on the attitude coordinated control problem of

results and different steady-state behaviors are observed multiple underactuated spacecraft in this paper. As far as
we know, this is the first attempt in the literature to study
collective behaviors for coupled spacecraft systems in an
underactuated setting and with joint connectivity. In jartar,
Synchronization of multi-agent systems has received mugie consider axisymmetric spacecraft with two control t@gju
attention recently due to its broad applications in powé@nd assume that angular velocity commands are possible.
networks [ﬂz], biological networkg[l[3], social networks [4]We adopt the special parametrization of attitude given in
mechanical networks |[3] 6] and so on. Distributed protocol@d] to describe attitude kinematics and we propose attitud
were proposed for various agent networks, including génegg@ordinated control algorithms to solve the problem. Weasho
linear dynamical networkslj[?], nonlinear system network§at both partial and full attitude control are achieved emal
[IQ], Lagrangian dynamical networks| [9], and mobile robotibecessary and general connectivity assumption.
networks [10]. The organization of this paper is as follows. We first present
In this paper, the agents are specified as the attitudessofne background and preliminaries on graph theory, swigchi
spacecraft and the relevant works on the attitude control @@mmunication topology, Dini derivatives, and the attéud
multiple spacecraft includd_[11-22]. In particular, by eonparametrization in Sectioflll. Then, partial and full asie
sidering a ring communication topology structure, at@udcontrol of multiple underactuated spacecraft are studied i
synchronization problem of a group of rotating and tramsgat SectiongTll and 1V, respectively. Finally, we give condiugl
rigid bodies was studied i 2]. Attitude direction cosingemarks in Sectiof V.
matrix was used in|ﬂ6] to construct a leaderless attitude
synchronization algorithm for undirected fixed communica-
tion topologies, while the observed-based controller was a Il. BACKGROUND AND PRELIMINARIES
proposed to solve the situation of directed switching com-
munication topologies. Similar problems were considered A. Graph theory
[18,[20], where the attitude was represented by the Euldeang . o
in [1€] and almost global convergence was shownlid [ZOJ. Using graph theory, we can model the communication
opology among spacecraft in the formation. A gragh
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I. INTRODUCTION



B. Switching communication topology and joint connectivity —are used to describe the components of the angular velocity

In order to implement the distributed algorithm for th@f the body frame with respect to the inertia frame expressed
multi-agent systems, each agent is often equipped with?rhthe b(_)dy frame. The kinematic equation of each spacecraft
communication unit. This raises a natural issue of the paessi S described by (see (28) and (38b) ofl[27)):

communication link failure and therefore makes the stuglyin L w; Wi o 1
on the case of switching communication topology important. Wi = —JWigWi + o 4 W5, (1a)
In this paper, we associate the switching communication 2= Wy + 1M (W), (1b)

topology with a time-varying grapf, ) = (V,&x«)), Where
o : [0,+00) — P is a piecewise constant function al wherew; = w;; +jw;s, w; = wi1 +jwse. In this paper, we focus
is finite set of all possible graphg,, ;) remains constant for on angular velocity commands and assume that only angular

telte,ter1),s=0,1,... and switches at =¢., ¢ =1,.... velocityw,; can be manipulated. The third axis of the spacecraft
In addition, we assume thanf (t.y1 — t.) > 75 > 0, is considered as the underactuated axis and we know that for
¢ =1,..., wherer} is a constant known as dwell timE[24].an axisymmetric spacecraft;s = wl;, i =1,2,...,n, remain

The joint graph ofG, ;) during time intervalt,, ;) is defined constant since the torque input about the symmetry axis is
by Go()([t1:t2)) = Usepy ) 9 = (V,Uieppy 10y €()).  zero and two of the principal moments of inertia are equal
Moreover,j is a neighbor ofi at timet when (j,i) € &), (see equations (1) and (2) (E[Z3]). Since the input dimensio
and\;(o(t)) represents the set of agerg neighbors at time is less than the state dimension, for the kinemafits (1) onl
t. In the remainder of this paper, we useo denote that a two-axis stabilization of pointing is possible for the geale
parameter is constant. case when at least onej, i € V, is nonzero[[23]. On the
other hand, for the special case whefj = 0, for all i € V,
three-axis stabilization of pointing is possible, and iis ttase

the kinematic equations become

Definition 2.1. G, is uniformly jointly strongly connected
if there exists a constaft* > 0 such thaG([t,t + T*)) is

strongly connected for arty> 0.
ws E 2

Wi = —+ Wy, (2a)
C. Dini derivatives 202
Let D*V(t,xz(t)) be the wupper Dini derivative £ = IM(w;w;). (2b)
of V(ﬁ,m(ﬁ))v(ﬂgg(tﬁ)sﬁﬁ/c(g w(tg)ﬁ: Le., D*V(t,x) = we will next focus on[(l) and2) to study partial and full
limsup,_, o+ —— ——. The following Lemma attitude control problems, respectively. In this paper, nee
holds ]- strict the discussion to the corresponding kinematic patars
Lemma 2.1. Suppose for each € V, V; : R x R* — R Without specific mentioning.
is continuously differentiable. Léf (t,z) = max;ey Vi(t, ),
and letV(t) = {i € V : Vi(t,x(t)) = V(t,x(t))} be the IIl. PARTIAL ATTITUDE CONTROL OF MULTIPLE
set of indices where the maximum is reached at timéhen UNDERACTUATED SPACECRAFT
DTV(t,2(t)) = max;cy,y Vilt, z(t)). In this section, we focus on the kinematicl(1a) and study
the partial attitude control problem, where the manifgltis
D. The (w, z) attitude parametrization defined asV = {(w1, 21,...,Wn, 2,) 1 w1 = -+ = w,, = 0}.

Since we are interested in the control of underactuat%?te that [(Ib) is uncontrollable for the general case when at

axisymmetric spacecraft, a special but efficient parameetri a_trsrt] O?EITB'.Z € ft_![sdnonze;o.l lqorithm i d for al
tion is used to represent the attitude of a spacecraft. T € foflowing attitude controf algorithm 1S proposed for a

is

parametrization is based on a péir, z) of a complex variable The spacecratt,
w and a real variable that was first introduced in_[23]. wi = —b(t)w; — Z ai;(t)(w; —w;), VieV, (3)

It is known that the attitude direction cosine matfik = JEN (o (1))
[Rpq] € R3*3 is used to determine the orientation between the _ _ o o
body frame and inertial frame and a basic parametrization $hereai;(t) > 0 is the weight of arc(j,7) for i,j € V at
an attitude. Thew, =) parametrization can be derived frofn ¢ @ndbi(f) > 0 is a continuous function denoting the self
by using the following relationship (see Lemma 1 bf| [26])9@mPping weight. We also assume thaf(¢) andb;(t) satisfy

w = 15%33 fjlfﬁ, cos(z) = L((1 + |w|*)tracdR) + the following condition:
2 2 . .
w2 — 1), sin(z) = (HREW >>R12+|1T‘§,‘C"2>R22+2|m(W)R'~"27 Assumption 3.1. There exist constants® > 0 anda. > 0

where Réw) and Imw) denote, respectively, the real parsuch that for ali, j € V, andt > 0, a. < a;;(t) < a* when
and imaginary part of a complex numbere C, j = v/—1, @ij(t) > 0.
traceR denotes thg suLn of the elements on the main diagorl?s!sumption 3.2. There exist an agent € V, a constant
of a square matrix?, W denotes the complex conjugate, an%* ~ 0 and a constant, > 0 such that for alk > 0,
lw| = v/ww denotes the absolute value \of T N > b

Based on the above relationship, we @gez) to describe k(r)dr > b..
attitude coordinates from now on. Considespacecraft with Theorem 3.1. Suppose that Assumpti@n B.1 dndl 3.2 hold and
attitude (w;, z;), i = 1,2, ..., n. In addition,w;1, wi2, andw;s G, () is uniformly jointly strongly connected. For multiple



underactuated spacecraft kinemat{£g), algorithm (@) guar- in Definition[2]. Therefore, we know that after a finite time
antees that partial attitude control is achieved with respe period, the state evaluation on agént(i.e., Vi,) is strictly
W, i.e lim;_, - w;(t) = 0, forall bounded;(0) and alli € V. less than the explicit upper bound".

Proof. Consider the following Lyapunov function candidatef I the%* fillcz\;vs tq?tT fobrei:g" ;n ilrbit[rir;/T]cor\:ggnt
- 1 [}

V(W) = maX;cy ‘/Z(WZ), Where‘/;(Wi) = W;W; = |W1|2 for . 1 Wy, |2
all i € V andW = [wy,wa, ..., w,]. Note that for alli ¢ V, Vix < 5 D jeN, (o) Wi (V" = Vi) < (V" —
W; = W; = jwiyW; + 2 + 2w, Therefore, it follows that for Vj,). This shows that for alt € [T, T,
allicv, V; = HWE (m 4+ mw) .

Let V be the set containing all the agents that reach the
maximum of V;,i € V, at timet, i.e.,V = {i € V|Vi(t) = wherea® — 1 — efa(fff*)efaf*(l —eb) < 1. To this
V(#)}. It follows from Lemmal[Z]L that the derivative of oy we have shown that,, is strictly less thari* for any

Vi (8) <V 4+ e T (T = V) <aiV*,  (4)

can be calculated as ‘> T
DV = max V; = max{ + |wi (=205 (1) wi]? We next conﬂger the_'ilme mterv{ﬂ”_ ,T" +T1]. Since the
i€V i€y 2 union graphG([T" +7;,T +7;+T")) is strongly connected,
+ Z aij (£) (Wit + Wow; — 2|w,[?) } it follows that there exist a time instartt and an agent

ks € V\{ki} such that there exists an afé, k2) for all

jEM;UJ(:TW_F t € [ta,to +73) C [T",T + T1]. Due to this connection,
< max{———(—2b;(t)|w;|? we next show that ageri, will be “attracted” by k; for a
eV 2 time interval larger than; and the state evaluation on agent
+ Z ag; () (Jw;]* = [wi[*)} < 0, ko (i.., Vi,) will be also strictly less than the explicit upper
JEN:(o(t)) boundV*. The analysis can be divided by two cases.
Case 1: Vi, (t) > Vi, (¢t) for all ¢ € [ta,ta + 7). It then

where we have used the fagtw; + wiw; < |w;|? + |w;|?
for all 4,5 € V. This implies thatjw;(t)|? < V* < oo, for
all i € V and allt > 0, whereV* := V(wW(0)). The above
deductions show that the proposed Lyapunov funcfioris Vi, <

follows that

1+ |Wk2|2

5 20k, (Ve + > ke (D(V; — Vi)

nonincreasing and therefore the statesVft), Vi € V are JEN, (o (1))
bounded byV* for all ¢ > 0. We next show thal”(w(t)) 1+ |wp, |2
actually converges to zero as— occ. < /= Y ak (O — Vi)
Based on Assumption 3.2, we know that there exists an FENy (o(1))
agentk; €V, a constan” > 0, and a constani, > 0 such 1+ |wg, |2
2 V. and a < LEbl s o - )
that [ by, ()dT > b.. We first consider ageni; and the 2 SN (o (k1)
—x ko (O 1
time interval[0,7"]. It follows that y
1+ |Wk2| i i
y 1+ |Wk1|2 2 2 a’k2k1( k1 — k2)
Vin < ——5—— (= 2bp (t) i, [ + > ar() L4V
JEN i (o (1)) < — o an MV = W)
x (I [? = i, %)) JEN, (o (D)\ {1}
1 2 1+ wy, [°
< — b, (Vi + % Z ag, ;) (V" = Vi) + 5 *—akyky (Viey — Vo)
FEN (o (1) . 1+ g, |2
S _ bkl (t)Vkl + a(v* _ Vk1)7 S a(V - sz) + f@k‘?kl (Vkl - Vk2)
- A .
whereq = HYm—1)a” Yt then follows that S AVT = Vi) + (V" = Vi),
Vi () < ff*(bkl(f)w)dkal ) where we have used AssumptS.llJrﬁ,\r;dltzhe feets) < V™,
7 forall j € V and allt > 0, and —52-ay,, (t) > %
+C¥V*/ e~ be (bh("—)Jra)des for t c [tQ,tQ j_ Tglk)' & — (1+V )én—Q)a ,
0 - a; = 1 — e @Tie=aT (1 — ¢, It then follows that
< e—(bﬁ‘aT*)V* 4 av*/ e—a(T*—s)ds V:k2 (ta + Tj) < (e_(@"‘a*/Q)Td + (1 — e—(a+a*/2)7—d) %
o 0 o LA a3V*, where a3 @ —
< V7, Gta. /2% (1—e CH DT 1m0 _
R T b L atay/2 ] o '
wherea; = 1 — ¢ " (1 —e™”) < 1, Gronwalls in-  Case II: there exists a timg € [ta,ts + 7;) such that

equality has been used for the first inequality, Assumptian, (7,) < V;, (). This implies from[(%) tha¥, (t) < a,V*,
[B.2 has been used for the second inequality, and relatigp all ¢ ¢ T, T +T]. Therefore, sincé, € [T, T" +T1],
fOT e (T =9)qs = 11 - ¢=°T") has been used for thewe know thatV, (f,) < a;V*. Following the similar analysis
third inequality. Definel; = T* + 27, whereT™ is defined for equation[(%), we know thaty, (to+ ;) < (1—e27a(1—
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ozl))V*. Defineds = 1_071*7/*2/26_0‘7;(1_6_(&4_“*/2)7{)(1_
aq). It is not hard to show thahax{a3, a1, (1 —e 74 (1 —
al))} < G2 < 1. We thu_s I_(nOW that for alk € {k1, 2}, Fig. 3. Trajectories of partial attitudes
Vk(tz +715) < &V ThIS in turn shows that for alk €
{ki,ko}, and allt € [T + T1,T), Vi(t) < (1 — *aTl(lf o
— with syn control
a2))V* = apV*, whereay = 1 — e“m% —aTd(1 — ;

e~ (@+a-/2)72)(1 — o). To this end, we have shown that both
Vi, andVy, are strictly less thaiw™ for anyt > T* +T1.

We next consider the t|me intervél” + 11, T + 2T1).
Since G([T" + T1 + 73, T + Ty + T* + 7)) is strongly
connected, it follows that there exist a time instagtand
an agents € V\{k1, ka2 } such that there eX|sts an ark, ks)
forall t € [ts,t3+ 1) C [T +T* +Td,T +2T* + 277],
where k € {k1,k2}. Then, following the similar analysis
on agentkg, we know that for allk € {ki, ko, k3}, and 1e
all t € [T + 2T1,2 ] Vi(t) <  «a3V*, where as =

Fig. 4. Trajectories of synchronization errors

1 — e—2aTh ai*a/f/z e—2a7] (1— e—(&+a*/2)7—;)2(1 _ 041)-

Therefore, we know ;[havkl, Vi, and V, are strictly less

thanV* foranyt > T + 2T}. compare algorithn{3) with individual stabilization alggbm
Finally, at the worst case, it follows that for all €, — _,(#)w; in terms of achieving synchronization ob-

Vandalt € T+ (n— 1)T3,T] n_Vf<t) < oV, Jectlve where we use quantity™" | S0 jwii — wji| +

wherea,, = 1 — e~ (n=1aT (Q“T/Q/Q) e~(mDami(1 — Y, 3T, Iwiz — wjs] to evaluate the synchronization error

6_(@%*/2)75)”_1(1 — o). Thus, for allt € [T* ¥ (n— durlng tran3|ent process. It is clear from Higj. 4 that alidyoni _
T, f] V() < anV*. The above inequality shows no@ presents a better transient process in terms of aclgievin
bl ’ — n N

agents will stay on the boundakby* at a certain time instant synchronization objective.
and therefore, by the following arguments, we know that the
Lyapunov functionV is strictly shrinking. A. Discussions on the case without self damping term

Lety be the smallest positive integer satisfying NI, We note that the absolute damping term is usedin (3) and
whereTy, =T + ( — 1)Th. It then follows thatl’(¢) < (1 - stabilization result is obtained. On the other hand, theysan
an )WIV* < Tan (1 ~an )YV = pe V", whereo = case of leaderless algorithms attracts much attentiomtigce
NT \ - V(t) = [ﬁ,@ﬂ] because abundant emergent behaviors can be oliserve
0 and further shows thdtmt_>Oo w;(t) =0forallic V. m forthe multi-agent systems. This motivates us to obserde an
We next verify Theorenl 311 using simulations and shogtudy the complex behaviors of the coupled underactuated
numerically that the introduce of synchronization termpisel spacecraft being controlled by a leaderless consenseis-lik
to obtain better transient process in terms of achieving syalgorithm. We will show later that the convergence results
chronization objective. In particular, we consider tharthare indicate the noticeable differences between the stabidiza
four spacecraftr{ = 4) in the group. The weights;; andb;, case and the synchronization case, as well as the classical
are chosen to bé when(j,i) € £. The communication graph coupled linear systems and the coupled underactuateadaitit
g switches betweeg" (Fig.[l) andG? (Fig.[2) at time instants dynamical systems.

to =0,0=0,1,....Inaddition,b;, Vi € V switches between |n particular, the algorithm without self damping term take
0 and1 at time instantg, = 0, 0 =0,1,.... the following form for all the spacecraft

Fig. [3 shows the trajectories of;; andw;, for all i = _

2,3,4 using algorithm[(B) for[(da). We see that the partial wi=— > ayt)(wi—wy), VieV, (5)

attitudes of all the spacecraft converge to zero. We also JENi(o (1))



wherea;;(t) > 0 is the weight of ardj,i) for i, j € V att.  algorithm(B) guarantees théitm,_, . (w;(t) — w;(t)) = 0, for

. , i i ] .
Proposition 3.1. Suppose that AssumptibnB.1 holds @hg, all boundeaw;(0) andi, j € V

is uniformly jointly strongly connected. For multiple urrde- Proof. We prove thatim;_, o (w;(t) —w;(t)) = 0 for all ¢, j €
tuated spacecraft kinemaff£d), algorithm(g) guarantees that V using contradiction. We still us¥; = |w;|? for all i € V.
partial attitude norm synchronization is achieved witlpezt to  Based on the result of Propositibn13.1, we know that for any
Wi. In particular, it follows thatim, .. |w;(t)| = w*, forall ¢ > 0, there exists aj(¢) > 0 such thatV — ¢ < V;(t) <
boundedy;(0) and alli € V, wherew* is a positive constant. Ve YieV, Vt> 1, whereV is a positive constant.
Proof. Similar to the proof of Theoreni_3.1, we use the Suppose that there exigtk € V and#; > .t’{ such that
Lyapunov function candidate wi(t1) # wg(t1). We next show that thgre ex_lst§e.V and

t* > t; such thatV,(t*) < V — ¢, which will indicate a

V(W) = max Vi (w;), contradiction and prove the desired result.
i€V SinceG([t1,t1 +T*)) is strongly connected, we can define
where Vi(w;) = w;w; = |w;|?> for all i € V andw = @&timety =inficp, 417 {30i € V\{I}[(i1,1) € &)}, and
(Wi, Wa, ..., Wyl a setVy = {i1 € V\{I}|(i1,1) € Eoz,)} # 0.

Let V be the set containing all the agents that reach theNote that for alli € V', it follows that for allt > ¢,
maximum of V;,i € V, at timet, i.e.,V = {i € V|V;(t) = _ 1+ wil?
V(t)}. It follows from Lemma[Zll that the derivative df Vi= ——— Z aij (t) (WiWj + Ww; — 2|w;|*)

can be calculated as 2 JEN(o(1))
DtV = > by t) (—wi —wy[* = (wil” — [w; )
. JEN(a(t))
= ma_x‘/; 9 _
icV < — Z le (Wi7 ﬁ)lWZ — Wj| + 2b*(n — 1)5
jENi(o(t))
1+ w2 o e
=max{———— > ai(t) (Wi + Ww, — 2|w[?) _ LW _ _
i€V JEN:(a(1)) where we define;;(w;,t) = —5-a;;(t) and easily derive
. 1o thatb, £ la, <b;; < %\N(O))a* 2 p*foralli,j e V. We
< maxd LWl ST as)(wf - wif?) have also used the fact thilw ()| — w, (£)|?| = |Vi(t) —
eV JENG (@ () V;(t)| < 2¢forall i,j € V andt > t;. We next consider two
<0, cases.

Case |: there existsa € V; such thatw;(t2) # w;, (t2). It
where we have used the fastw; + w;w; < |w;|> + |w;|?> then follows from the definition of, that for all¢ € [t2, ¢ +
for all 7, € V. This implies thatw; (t)|> < V(W(0)), for all 73], Vi < —b.|w; — w;, |> + 2b*(n — 1)e. Define a positive
i €V and allt > 0. It thus follows thatlim; ,, V(t) = V, constant* = |w;(t2) —w;, (t2)|?> > 0 and a functionp,,,, (t) =
whereV is a positive constant. Therefore, we know that fojw,, (¢ ) —w,(t) |2 for any pair(u,v) € V x V. It follows that
anye > 0, there exists a@j(¢) > 0 such that Guv(t) =V + — w, W, — W,w,. By noting the fact that
|w2|<2n 1a V+5, for all 7 € V, we know thatjw;| <
(1L+V+ 5)(n — 1a*VV +¢ for all i € V. In addition,
Suppose thatim;_,. V;(t) = V does not hold for certain by noting that|w,, (¢ ) —w, (1)]* < 20w, (8)]* + 2lw, (1)]* =
i € V. Then, based on Assumptidn B.1 and following theé(V.(t) + Vi.(t)) for all £ > 0, b;; < b*, for all 4, j € V and
similar analysis of Lemma 4.3 given in_[28], we can show thEi(t) <V +¢, Vi €V, we know that
contradiction with the fact that’ (t*) > V — ¢ by choosing
e sufficient small for some* > t;. Such a selection of

V—e<V(Et)<V4e VE>t.

—b*(n —1)(4V +2¢) < V; < b*(n — 1)(4V + 6¢),

exists due to the fact that;(0) is bounded for ali € V. This VieV, Vt > 1.
indicates a contradiction and shows that; .., V;(t) = V ]
for all i € V. The desired result is proven. m [herefore, it follows that

We notice that Propositidn 3.1 only claims that the norms of - P Ta =

all spacecraft's partial attitudes reach synchronizatidmere Oui 2 —A(1L+V+e)(n—1)a"(V+e) = 26" (n—1)(4V + 2e).
is no affirmative assertion on convergence of all spacesraffy hus follows that d)zn() > %* for all ¢t ¢
partial attitudes. We next focus on the special case when t[h2 tot - |. Defines, —
angular velocity of the uncontrollable axig;; remains zero =’ 8(1+V+e)(n—1)a *(V;e)+4b*(n D)(4V+2¢)

for all i € V and show that in addition to partial attitude™ " {7+ s v T m Dar (v 1o T o Dav Tz - |t then fol-
norm synchronization, partial attitude synchronizatisraiso lows that

achieved. *¢ 5

. , Vi(ts + 1) < Vi(t
Proposition 3.2. Suppose that AssumptibnB.1 holds &h, (k2 +01) < Wi( 22
is uniformly jointly strongly connected. For multiple urrde- v b.p* 51
tuated spacecraft kinemat@d) with wj; = 0, foralli € V, 2

+2b*(n — 1)61

IN

+ (2b*(n — 1)8; + 1)e.



We then derive a contradiction with the fact théatts + 1) >
V —e by choosing sufficiently small. This proves the desired
result.

Case IlI: for alli; € V1, w;, (t2) = wi(t2). Then, based
on the definitions of, andV,, we know that the dynamics
W = 4L+ 2w? is reduced tai, = 0, V¢ € [y, t2]. Therefore,
we know thatw;(t2) = w;(¢1) and thusw;, (t2) = w;(ty), for
all i, € V.

Next, we define the seV; = {I}UVi. Since G([t1 +
T, t1 + 27*)) is strongly connected, we can define a time
ty = infte[t27tl+2T*){31‘2 S V\Vl,i1 S V1|(12,i1) € 50(,5)}, _ ‘ ‘ ‘ ‘
and a se, = {iz € V\V1|(i2,41) € &y} Following the ° ©
previous analysis on nodewe can show that;, (t3 + d2) <
V — ¢ for somei; € V; whenw,, (t3) # w;, (t3), for some
12 € Vy. Otherwise, for the case that, (t3) = w;, (t3) for
all i, € V5, we know thatw;, (¢) remain unchanged for all Fig. 5. Nonidentical wj;
i1 € Vy duringt € [t2, t3] based on the definitions @f and
Vs. It then follows thatw;, (t3) = w;, (t2) = w(t1) for all
i1 € V1 and thUSNi2 (t3) = Wl(tl) for all 79 € Vs. ~

Then, we defind’y = V; J V- and repeat the above anal-
ysis. At worst case, we finally havg, _, = V\{k} and the
time tn = infte[tn,l,t1+(n71)T*){Hin—Q € Vn—2|(k'7in—2) S
é,(t)}. By noting thatw;, ,(t,) = w(t1), for all 4,,_o €
V.2 and the earliest condition ofy;(t;) # wy(t1), we
know that it must havewy(t,) # w;, _,(t,), for some
in_a € V,_a. Therefore, we derive a contradiction with the
fact thatV;, ,(t, + ;) > V — ¢ by choosinge sufficient
small. This proves the desired result. [ |

Wio

Wio

t(s)

Remark 3.1. Due to the existence of complex internal non-
linear dynamics and the leaderless couplings of spacecraft
we introduce in the proof of Propositin B.2 a contradiction
argument, instead of a direct Lyapunov approach as was osed i
the proof of Theorei 3.1. Also, note that the synchroniratio
of w;, i € V in Propositio.32, does not necessarily guarantee
that the symmetry axes of all spacecraft are eventuallpally  Fig. [§ shows the trajectories of;; and w;, for all i =

In fact, all symmetry axes of the spacecraft may convergedot; 2 3 4. We see that attitude synchronization is achieved
surface of a cone centered around the third axis of the ﬂ"er“vh"e the fina' attitudes of a" the Spacecraf‘[ Converge to
frame. The emergence of such a collective behavior is Cauﬂo_ Th|S iS an interesting observation Since |ntu|t|,\/ay

bythe underactuated attitude dynamiCS, andcannotbe\lmeﬁ/vealdy Coup|ed and Strong|y heterogeneous network may

Fig. 6. Identically nonzero w;

in the classical coupled linear systems. not display coherent behavior. However, the simulatiomltes
shows that final trajectories of all the agents convergekédo t
B. Constant and oscillatory steady-state behaviors constant origin as if each agentis commanded with an akesolut

We notice that there is no affirmative assertion on tH&Mping. This al_so presents the coherent behavior. Note tha
pattern of the steady-state behavior when multiple spaétecthe above behavior can be always observed as long,asre
reach partial attitude synchronization according to Psiipm  nonidentical for alli € V.

3. It turns out that the uncontrollable angular velocit 2) Oscillatory steady-state behavior: We next consider the
plays an important role in forming the pattern of the steadgase that angular velocities);, are identically nonzero for
state behavior. We next show that different selectionsufzn all i € V and show that final attitudes of all the spacecraft
produce different steady-state behaviors using simuiatio present an oscillatory steady-state behavior. Hig. 6 shbes

1) Constant steady-state behavior: We first consider the trajectories ofw;; andw;, for all ¢ = 1,2,3,4. We see that
case that angular velocities; are nonidentical for alf € V  attitude synchronization is achieved while final attitudésll
and show that final attitudes of all the spacecraft presenthee spacecraft converge to time-varying bounded curvete No
constant steady-state behavior. In particular, we stifistder that the above behavior can be always observed as long as
that there are four spacecratt £ 4) in the group. The weight w}; are identically nonzero for all € V. Also note that for
a;; i1s chosen to bd when (j,7) € £. The communication the case of all zera};, time-varying bounded curves reduce
graphg switches betweeg! (Fig.[) andG? (Fig.[2) at time to a consensus to a nonzero constant, which is similar to
instantst, = o, 0 =0,1,.... the coherent behavior presented for the consensus of theultip



single integrators.

IV. FULL ATTITUDE CONTROL OF MULTIPLE
UNDERACTUATED SPACECRAFT

—ort , .
In this section, we study full attitude control problem. W&1€ ' MaXicy [2(0)]

focus on the kinematid{2), whete}; is zero, for alli € V
and the manifoldP is defined asP = {(wy, 21, ..., Wn, 2p) :
21 ==z, =0,w ::ano}

The following attitude control algorithm is proposed for al

the spacecraft

bi(t)zi + 2 jen (o)) @i (D) (20 — 25)
Wi

wp = —mw; —j ;

(6)

wherea;;(t) > 0 is the weight of ardj,4) for 7,5 € V att,

VieV,

follows that |w;(t)| = ﬁ based on the definition of
V;. Therefore,w;(t) # 0 for all ¢ > 0 and we know that
lim; oo w;(t) = 0, for all ¢ € V.

For system[(7b), it is not hard to show thatx;cy |2;(¢)] <

by choosing a functionlV; =

max;ey z2 and following the similar analysis on the proof of
Theoren{ 311, wherg; and p; are positive constants related
to parametersn, T*, 7%, a*, a., T , and b.. Therefore,
lim; o 2;(t) = 0, for all ¢ € V. Also, based on the fact
that DTV, < 0, we know thatz;(t) € (—, 7], for all ¢t > 0
and: € V.

We finally show thatv; is bounded, for alf € V. It follows
from the factmax;cy |2;(t)| < pre~ @' max;ey |2:(0)| that
foralli e V,

jwi(®)]

b;(t) > 0 is a continuous function denoting the self dampin .
weight, and~, is a positive constant to be determined. Wi (0] +

w ()]
addition to Assumptioh 312, we also assume thét) satisfies x . —ot
: - ' <1 |w; 2(n — 1 ; ety fe.emt — 1
the following condition: <71 [wi (0)]+p1(b” +2(n — 1)a )I?ea,f |i(0)le cie

Assumption 4.1. There exists a constahit > 0 such that for <71Wi(0)[+p1(b" +2(n —1)a”) max [2(0)|/eie (=0,

alli € v, andt > 0, bi(t) < b". Therefore, |w;| < 7w (0)] + p1(0* + 2(n —
Theorem 4.1. Suppose that Assumptidnsi3.1]13.2 &nd 4.1 holda*) max;cy |2:(0)]\/c;, if we choosey; < 2¢;. [
andg, . is uniformly jointly strongly connected. Also assume
thatz;(0) & (—m, ], w;(0) # 0 and bounded, forallc V. For - p  piscussions on the case without self damping term
multiple underactuated spacecr@y, algorithm(@) guarantees
that full attitude control is achieved with respectRoif ~; is
chosen sufficiently small. In particular, it follows that

o w;(t) #0, foralli € V and for allt > 0.

o limy oo w;i(t) =0, foralli e V.

o limy ., 2;(¢t) =0, foralli € V. .Zje\a(a(t)) aij(t)(zi —

« The control inputv; remains bounded for alle V and all ~ “*~ — 72WiTJ Wy

t>0.

b*|zi(t)] +2(n — 1)a” max;ey |2(t)]

In this section, we consider the case without self damping
term b;(t)z; and show that alk;(¢), i € V, synchronize to a
possible non-zero final state. The algorithm takes thevatig
form for all the spacecraft

zj)

, VieV, (8)

wherea;;(t) > 0 is the weight of ardj,¢) for i,j € V att
Proof. It is clear that the closed-loop systef (2) with disand~. is a positive constant to be determined.

tributed attitude algorithn{{6) can be written as Proposition 4.1. Suppose that AssumptiBiB.1 holds g,
_ is uniformly jointly strongly connected. Also assume that
2 2;(0) € (—m, 7], w;(0) # 0 and bounded, for all € V. For

1 1 multiple underactuated spacecr@y, algorithm(8) guarantees
=g |bit)zi + o aut)(z - 2) <% - W) (7@)  that full attitude synchronization is achievednif is chosen

JENi(a(t)) ' sufficiently small. In particular, it follows that

> i€V.

JENi(a(t))

o wi(t) #0, foralli eV and for allt > 0.
o lim; o w;(t) =0, foralli e V.

Note that the above equations hold {@\{0}) x R x --- x

(C\{0}) x R. We first show thatv;(t) # 0, for all i € V and

o limy ,oo(2i(t) — 2(t)) =0, foralli,j € V.
o The control inputv; remains bounded for alle V and all
for all t > 0 givenw;(0) # 0, for all i € V.
Consider the Lyapunov function candidate

Zi = 7bi(t)2i - Qij (ﬂ(zl - Zj)’ (7b)

t>0.

Proof. It is clear that the closed-loop systef (2) with dis-
tributed attitude algorithn{{8) can be written as

. Y2 1 1
. . . W,; = ——(1+|Wi|2)Wif_]— Z aij(t)(zifzj) <: — Wi> N

for all i € V. The derivative ofl/; along [7&) can be calculated 2 %EN ) W;

as ' (9a)

Vi = 2Re(ie) = —1 (1 + [wi[2)wl? = —y1 (1 + Vi) Vi, ENZW)%“)(% = %), (9b)
J ilo

1
cieni=1 Note that the above equations hold {@\{0}) x R x --- x
is a bounded constant for alle V. Therefore, it (C\{0}) x R.

Vi= |Wi|2

4i=—

It is not hard to show tha¥;(t) =
1w, (0)]2
[W: (0)]

wherec¢; =



Following the similar analysis of Theordm#.1, we can show

thatw;(t) # 0 for all ¢ > 0 and lim;_, . w;(t) = 0, for all
1€ V.

We next show thalim; . (2;(t) — z;(¢)) =0, for all ¢, j €
V. Consider the following functiod/ = maxy; jyevxy Vij,
whereV;;(z) = (2i(t) — z;(t))? for all {i,j} € V x V and
z = [21,22,...,2,)T. We first establish the following claim
(proof can be found in Appendix).

Claim I: U(z(t)) < p2e22'U(2(0)), where U(z(0))
maxg; jleyxy Vij(z(o))a p2 = ﬁ andg; = L
with N = 2D
e*((2n*3)a*+a*)T§)7(2n7:;‘”)2*+a* e

It follows from Claim | thatlim; ., U(¢t) = 0 and thus
limy 00 (2i(t) — 2;(¢)) =0, for all 4, j € V.

We finally show thatw; is bounded, for ali € V using
Claim I. It follows from the factmaxg; jyevxy |2i(t) —

2;(t)] < \/pae” Z1/U(2(0)) that for alli € V

(n —1)a” maxy; jyevxv |2i(t) — 2(0)]
i (t)]

< 72|wi (0)|++/p2(n — 1)a* /U (2(0))~ 0% eyert — 1

< 72Wi(0)] + v/p2(n — 1)a”\/ei/U(2(0))e 5277200,

Therefore,|w;| < ~2|w;(0)] + y/p2(n — 1)a*\/ci\/U(2(0)),
|

if we choose thaty, < 9.

N7y 0 75w

= T* +27; and 5, = (1 —
72(n71)a*NT1.

wi(t)] < yalwi(t)] +

Propositio 411 is verified by the simulation in Fig$. 7 and

[8. In particular, the communication topologies are chosen t
same as in Sectiop IIIB. The control gaip is chosen as
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Fig. 7. Attitude trajectories
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~v2 = 0.1. Figs.[T andB show, respectively, the trajectories of

attitudesw;, w;o, z; and the control inputs;; andw;s, for

i1 =1,2,3,4. We see that attitude synchronization is achieved

while the control inputs remain bounded.

V. CONCLUDING REMARKS

We studied attitude coordinated control problem of mudtipl
underactuated spacecraft in this paper. A special paraaetr
tion was used to describe the attitude kinematics. We pexpos
partial attitude coordination protocols and full attitucteordi-
nation protocols. The symmetry axes of all the spacecrafe we
shown to be aligned under a general connectivity assumptio

Fig. 8. Control input trajectories

[3] R. Olfati-Saber, “Flocking for multi-agent dynamic sys
tems: Algorithms and theory,TEEE Transactions on
Automatic Control, vol. 51, no. 3, pp. 401-420, 2006.

[4] C. Altafini, “Consensus problems on networks with
antagonistic interactions/EEE Transactions Automatic

N Control, vol. 58, no. 4, pp. 935-946, 2013.

The discussions on the cases without self damping terr[s] Z Lin. M. Broucke. and B. Francis. “Local control

provided some insight into the collective behaviors of riplat
underactuated systems. Future work includes the extesion
the kinematic study in this paper to the dynamic case an
using rotation matrix as attitude parameterization to @voi
singularity.
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Case Il:h € V1 \{i1}. It then follows that for alk € [t2, t2+
75)y Vinis < —aign(Viyis — Viyn). To this end, we have two
subcases.

Case ll.alV;, i, (2(t)) > Vi,n(2(2)) for all ¢t € [ta, to + 75).
It then follows that

‘/iliS <- (2n - 3)0’*(‘/1'11'3 - U*) - a*(‘/ilii’. - O‘TU*)

(2n — 3)a* + a.
(6%

This shows thal/;, i, (z(t2 + 7)) < &U*, whered, =1 —

(1 —e—omi) 2299 ¢ follows that for allt € [to+75, NT1],

‘/iliii (Z(t)) < (1 - (1 - dQ)e_aNTl) U* = (1 - BE)U*a

where, = (1 — e=07d) %N,

Case Il.b: there exists a timg € [ts,t2 + 7] such that
Viyis (2(t*)) < Vion(2(t*)) < afU*. It then follows that for
all t € [t*, NT1], Viyiy (t) < (1 — e N1 (1 — a})) U*.

S _a(‘/z Qg U*)
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Combining the above analysis, it is not hard to show that

forallt € [ta+75, NT1], Viyis (2(2)) < (1—B2)U*. Then, we

considerV, = {iy, 2,13} together. We have actually shown

that for all ¢ € 271, NT1], Vi, (2(2)) < (1 — B2)U*, for all
ke W\ {i1}, since(l — 2) > ot =1 — B..

Continuing the above analysis, we can show that for all

t€[(n—1)Ty,NTy| and for allk € V\{i1},

Vir(2(1) < (1— U™, (10)

Next, we consider agent as the root. Note that we have
shown thatV;,;, satisfies [(Z0). Therefore, we can similarly

show that that for alt € [(2n—3)T, NT}], Vi, (2(t)) < (1—
BE=3)U*, for all k € V\{ia}.
Finally, it follows that for alli, j € V,

Vi ((NTY) < (1- BN)U™.

Then, lety be the smallest positive integer satisfyihg<
¥ NTy. It then follows that

U(z(t) < 1= BN ~U”

1 ¢
= er_QQtU*v
where g = ﬁln 1—1BN and p; = ﬁ. This proves the
desired claim. : :
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