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Abstract—Motivated by the recent interest in cyber-physical
and autonomous robotic systems, we study the problem of
dynamically coupled multi-agent systems under a set of signal
temporal logic tasks. In particular, the satisfaction of each of
these signal temporal logic tasks depends on the behavior of a
distinct set of agents. Instead of abstracting the agent dynamics
and the temporal logic tasks into a discrete domain and solving
the problem therein or using optimization-based methods, we
derive collaborative feedback control laws. These control laws are
based on a decentralized control barrier function condition that
results in discontinuous control laws, as opposed to a centralized
condition resembling the single-agent case. The benefits of our
approach are inherent robustness properties typically present in
feedback control as well as satisfaction guarantees for continuous-
time multi-agent systems. More specifically, time-varying control
barrier functions are used that account for the semantics of the
signal temporal logic tasks at hand. For a certain fragment of
signal temporal logic tasks, we further propose a systematic way
to construct such control barrier functions. Finally, we show
the efficacy and robustness of our framework in an experiment
including a group of three omnidirectional robots.

Index Terms—Control barrier functions, formal methods-
based control, multi-agent systems, autonomous systems.

I. INTRODUCTION

A multi-agent system is a collection of independent agents
with individual actuation, computation, sensing, and decision
making capabilites. Compared to single-agents systems, ad-
vantages are scalability with respect to task complexity, ro-
bustness to agent failure, and better overall performance. Col-
laborative control of multi-agent systems deals with achieving
tasks such as consensus [1], formation control [2], connectivity
maintenance [3], and collision avoidance [4] (see [5] for an
overview). A recent trend has been to extend beyond these
standard objectives and to consider more complex task spec-
ifications by using temporal logics. Towards this goal, both
single-agent systems [6]-[8] as well as multi-agent systems
[9]-[13] have been considered by using linear temporal logic
(LTL). Most of these works require a discrete abstraction of the
agent dynamics to then employ computationally costly graph
search methods. Signal temporal logic (STL) [14], as opposed
to LTL, allows to impose tasks with strict deadlines and offers
a closer connection to the agent dynamics by the introduction
of robust semantics [15], [16], hence offering the benefit
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of not necessarily relying on an abstraction of the system.
Recent control methods for STL tasks then consider discrete-
time systems and result, even for single-agent systems, in
computationally costly mixed integer linear programs [17]-
[19]. Control approaches for the non-deterministic setup, still
in discrete time, have been presented in [20], while learning-
based approaches appeared in [21], [22]. An initial approach to
obtain satisfaction guarantees for continuous-time multi-agent
systems under a fragment of STL tasks has been presented in
our previous work [23]. Such continuous-time guarantees have
also appeared for single-agent systems in [24] where, however,
a possibly non-convex optimization problem is to be solved.

Verification of safe sets for dynamical systems has been an-
alyzed by the notion of barrier functions, which are also called
barrier certificates. The construction of such barrier functions
for polynomial systems using sum of squares programming
has been presented in [25]. For control systems and based on
the notion of barrier functions, control barrier functions have
first been presented in [26] to guarantee the existence of a
control law that renders a desired safe set forward invariant.
The authors in [27] present control barrier functions tailord
for safe robot navigation, while [28] presents decentralized
control barrier functions for safe multi-robot navigation. First
robustness considerations of control barrier functions have
appeared in [29]. Nonsmooth and time-varying control barrier
functions have been proposed in [30] and [31], respectively. A
similar work by the authors of [30] recently proposed hybrid
nonsmooth control barrier functions [32]. In case that such
control barrier functions can not be found, safety kernels can
be calculated. Safety kernels are subsets of the safe set that
can be rendered invariant by an active set invariance control
method [33]. Control barrier functions have also been used
to control systems under temporal logic tasks. For single-
agent systems, our previous work in [34] has established a
connection between the semantics of an STL task and time-
varying control barrier functions, while [35] considers finite-
time control barrier functions for LTL tasks. Although both
[34] and [35] deal with achieving finite-time attractivity (see
[36] for a definition), the underlying problem definitions differ
due to the quantitative, in time and space, nature of STL tasks.
Furthermore, [35] provides upper bounds on the time when a
region specified by a static control barrier function is reached,
while time-varying control barrier functions provide generic
freedom to shape the level sets of a control barrier function at
each point in time. Following ideas of [34], we have presented
a collaborative feedback control law for multi-agent systems in
[37] where distinct sets of agents are considered and each such
set is subject to an STL task; [37] also presents a procedure



to construct control barrier functions for fragments of STL
tasks. In contrast to [37], the work in [38] considers multi-
agent systems under possibly conflicting local, i.e., individual,
tasks, and deals with finding least violating solutions, so that
the problem definitions of [37] and [38] are different.

In this paper, we consider dynamically coupled multi-agent
systems under a set of STL tasks. The satisfaction of each
task depends on a distinct set of agents. With respect to this
setup, the contributions of this paper are threefold. Assuming
the existence of control barrier functions that account for
the semantics of the STL tasks according to [34], we first
present a collaborative feedback control law that guarantees
the satisfaction of all STL tasks. This control law is based
on a decentralized control barrier function condition. It turns
out, as argued in the technical section of this paper, that
this control law is discontinuous so that Filippov solutions
and nonsmooth analysis have to be considered. Second, we
present an optimization-based approach to construct control
barrier functions for a fragment of STL tasks. Third, we
provide an experiment that shows the efficacy and robust-
ness of the presented framework. Compared to optimization-
based techniques, such as the MILP formulation in [17], the
motivation for control barrier function-based techniques is
to obtain robust feedback control laws that directly provide
STL satisfaction guarantees for continuous-time systems. This
paper is an extension of [37]. We here additionally present an
experiment of a group of three omnidirectional robots, while
we also provide important proofs that are not included in [37].
We also motivate in detail why a discontinuous control law is
obtained as opposed to the case where a centralized control
barrier function condition is used, resembling the single-
agent case. We further extend [37] by constructing control
barrier functions that induce a linear instead of an exponential
temporal behavior (as explained in detail in the paper). The
advantages of this are shorter computation times to construct
the control barrier functions as well as practical benefits such
as making it less likely to experience input saturations.

Section II states preliminaries and the problem formulation,
while our proposed problem solution is stated in Sections III
and IV. The experiment using three omnidirectional robots is
presented in Section V followed by conclusions in Section V1.

II. PRELIMINARIES AND PROBLEM FORMULATION

True and false are T and L, while R and R are the set of
real and non-negative real numbers; R? is the d-dimensional
real vector space. Scalars and column vectors are depicted
as non-bold letters v and bold letters v, respectively. The
Euclidean and sum norm of v are ||v|| and ||v||, respectively.
Let 0 be a vector of appropriate size containing only zeros. An
extended class K function o : R — R is a locally Lipschitz
continuous and strictly increasing function with «(0) = 0.
The partial derivatives, here assumed to be row vectors, of
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A. Discontinuous Systems and Nonsmooth Analysis

Consider = f(v,t) where f : R? x R>q — R? is locally
bounded and measurable. We consider Filippov solutions [39]
to this system and define the Filippov set-valued map

Fifl(v,t) == @{.E)m f(vi,t)|lvi = v,v; & NUNs}

where €o denotes the convex closure; Ny denotes the set of
Lebesgue measure zero where f(wv,t) is discontinuous, while
N denotes an arbitrary set of Lebesgue measure zero. A
Filippov solution to © = f(v,t) is an absolutely continuous
function v : [to, 1] — RY that satisfies v(t) € F[f](v,t) for
almost all ¢ € [tg, t1]. Due to [40, Prop. 3] it holds that there
exists a Filippov solution to © = f(v,t)if f : RIxR>q — R?
is locally bounded and measurable. For switched systems with
state-dependent switching, existence of Filippov solutions is
discussed in [41]. The switching mechanism of the switched
system presented in Section III is time-dependent so that
[40, Prop. 3] can still be applied. Consider a continuously
differentiable function b(v,t) so that Clarke’s generalized
gradient of b(w,t) coincides with the gradient of b(v,t) [40,

Prop. 6], denoted by Vb(v,t) := 8"6(;;‘” 9b(w.l) | The set-
valued Lie derivative of b(wv,¢) with respect to F[f](v,t) at

(v,t) is then defined as

T
Lrpipb(v,t) == {Vb(v,t) [¢" 1] [¢ € F[f](v,t)}.
According to [42, Thm. 2.2], it holds that

b(v(t),t) € Lp(sb(v(t),t)

for almost all ¢ € [to, t1]. Let ﬁp[f-]b(mt) = {WQC €
F[f](v,t)}, the set-valued Lie derivative is then equivalent to
Lpib(v.1) = Lo, t) & {752

Lemma 1: Consider v = f;(v, t) + fo(v,t) where f; :
RYxR>g — R?and fa : R xR>q — R? are locally bounded
and measurable. It then holds that

Lr(f1+p20(v,t) C

- A 0b(v,t
]

ot

Proof: Applying the definition of Lp(sb(v,t) gives

LF[f1+f2]b(v7t)
= {Vb(v,t) [¢"
C {Vb(v,t) [¢"

{ab('u ,t)

1" ¢ € Flfy + f2)(v, 1)}
11" ¢ € FIAl(v.0) @ Flf2)(v,1)}

¢I¢ € Flfil(w, 1) & Fp)(o,t }@{8‘”’ 2
—£p[f1]b(v t)@ﬁp[fz]b(v t) { }

where we used the fact that F[f; + fg](v,t) C F[f1](v,t) &
F[f2](v,t) due to [43, Thm. 1]. |

B. Signal Temporal Logic (STL)

Signal temporal logic [14] is based on predicates p that
are obtained after evaluation of a continuously differentiable
predicate function h : R? — R as p := T if h(v) > 0 and



w = L if h(v) < 0 for v € R% We consider, in this paper,
an STL fragment that is recursively defined as

W ou= T |p| ' A’ (1a)
¢ = Glay¥ | Flap¥ | V' Ul ¥ | ¢' A" (1b)

where 1)’, 9" denote formulas of class v in (1a), whereas ¢/,
¢" denote formulas of class ¢ in (1b). Note that —u can be
encoded in (la) by defining i :== - and h(v) := —h(v).
The operators =, A, Glqp)s Flap), and Ulgy denote the
negation, conjunction, always, eventually, and until operators
with a < b < co. Formulas of class 1 in (1a) are non-temporal
(Boolean) formulas whereas formulas of class ¢ in (1b) are
temporal formulas. Let (s,t) = ¢ denote the satisfaction
relation, i.e., if a signal s : R>o — R? satisfies ¢ at time
t; ¢ is satisfiable if 3s : R>¢ — R? such that (s,0) & ¢. For
agiven s : R>o — R%, the STL semantics [14] of the fragment
in (1) are recursively defined by: (s,t) = w iff h(s(t)) > 0,
(s,t) E ' A" iff (s,t) E ' A(s,t) =", (5,1) F Glap¥
iff Vi € [t + a,t + 0], (5,t) | 1, (s,1) | Flay¢ iff
tet+a,t+0] st (s,t) =, and (s,t) = ' Ul 0" iff
I et+a,t+b] st (s,1) E AVEE LT, (s,t) E Y.
Robust semantics [16, Def. 3] are recursively defined by
pH(s,t) := h(s(t), p"(s,t):=—p"(s,1),

"

PV (5,1) i= min(p" (s, 1), p*" (s, 1)),

Glan¥ (g t) := min (st
14 ( 9 ) t’e[t-ﬁ-a,t"t‘b]p ( 7_>’
pFlan¥(s t) ;=  max p¥(s,t),
te(t+a,t+b]
p? Ve ¥ (s #) ;= max min(p? (s,7), min p* (s,1)),
Felt-+a,t+b] te[t.d]

and determine how robustly a signal s satisfies ¢ at time ¢. It
holds that (s,t) = ¢ if p?(s,t) > 0 [15, Prop. 16].

C. Control Barrier Functions encoding STL tasks

Our previous work [34] has established a connection be-
tween a function b : R? x R>o — R (later shown to be a valid
control barrier function) and the STL semantics of ¢ given in
(1b). In particular, if this function is according to [34, Steps
A, B, and C], then, for a given signal s : R>g — R? with
b(s(t),t) > 0 for all ¢ > 0, it holds that (s,0) = ¢. Let

e(t) := {v € RYb(v,t) > 0}
so that equivalently s(t) € €(¢) for all ¢ > 0 implies
(s,0) E ¢. The conditions in [34, Steps A, B, and C] are
summarized next. To encode conjunctions contained in ¢,

a smooth approximation of the min-operator in the robust
semantics is used. For p functions b; : R? x R>¢ — R where

le{l,...,p} let b(v,t) := —% In (Y7, exp(—nbi(v,t)))
with 7 > 0. Note that minjey,.. ) bi(v,t) =~ b(v,t) where
the accuracy of this approximation increases with 7, i.e.,

lim ! In (Zp:exp(—nbl(v,t))) = .

n—r00 ’)7 =1

Regardless of the choice of 7, we have

1 P
——1In exp(—nb;(v,t)) )] < min
o (o ewene.)

min
{1,....p

}bl(’v,t).

bi(v,t) (2)

le{1,...,p}

which is useful since b(v,t) > 0 implies b;(v,t) > 0 for each
le{l,...,p}, ie., the conjunction operator can be encoded.
Let the predicate funtion h;(v) correspond to the predicate
. In Steps A and B, we illustrate the main idea for single
temporal operators, i.e., only one always, eventually, or until
operator is contained in ¢.

[ Step A) Single temporal operators in (1b) without conjunctions ]

G[a,b]lll p=1, Vit e [a, b], bl(v,t’) < h1(v)

Flap b1 p=1, 3 €la,b] st b1(v,t) < hi(v)

w1 U[a,b] ) p=2 3t € [a, b] s.t. bz(’v,t/) < hg('v), vt €
[0,¢], b1(v,t") < hi(v)

Note that (2) ensures satisfaction of p1 Upgppz if
b(s(t),t) > 0 for all ¢t € [a,b]. In Step B, we generalize the
results from Step A, but now with conjunctions of predicates
instead of a single predicate. Let 9; := 1 A ... A up, and

w2 = ’LllﬁlJrl /\ P /\/,Lﬁ1+[;2 Where 1617252 2 1

[ Step B) Single temporal operators in (1b) with conjunctions. ]

G[a,b]wl p=p1, Vt’ € la,b], VL € {1,...,p1}. bl('v,t’) <
hy(v)

F[a,b]wl p = D1, EZA= [a,b], Vi € {1,...,ﬁ1} s.t.
bl(v,t’) < hi(v)

1 Upa e P2 || p=p1+p2, It € [a, 0], VI € {p1+1,...,p1+p2}
st. by (v,t') < hy(v) and V¢’ € [0,t'], VI €
{1, i} b (o t”) < by ()

In Step C), conjunctions of single temporal operators are
considered. The conditions on b(v,t) are a straightforward
extension of Steps A and B. For instance, consider G, 5,191
F[a2’b2]1/)2 A3 U[a3~,b3] 4. Let p = 3 where bl(v, t), ba (v, t),
and bs(v,t) are associated with Gg, 5,191, Fla,p,)%2, and
%3 Ulay,bs) ¥4 and constructed as in Steps A and B.

Similar to [34], a switching mechanism is introduced
and we integrate o; R>o — {0,1} into b(v,t) =
— 5 In (357, 0u(t) exp(—nbi(v,1))); p is again the total num-
ber of functions b;(v,t) obtained from Steps A, B, and C
and each b;(v,t) corresponds to either an always, eventually,
or until operator with a corresponding time interval [a;, b;].
We remove single functions b;(v,t) from b(wv,¢) when the
corresponding always, eventually, or until operator is satisfied.
For each temporal operator, the associated b;(v, ) is removed
at t = by, ie., 0;(t) = 1 if t < by and 0,(t) := 0 if ¢ > b;.
We denote the switching sequence by {s¢ := 0,s1,...,8,}
with ¢ € N as the total number of switches. This sequence is
known due to knowledge of [a;, b;]. At time ¢ > s; we have
Sj41 1= argmin, ¢y, 1C(br,t) where ((by,t) == b —tif
by —t > 0 and ((b;,t) := oo otherwise. We further require
that each function b; (v, t) is continuously differentiable so that
b(v,t) is continuously differentiable on R? x (s;, 5;41).

D. Coupled Multi-Agent Systems

Consider M agents modeled by an undirected graph G :=
(V,&) where V := {1,..., M} while £ € V x V indicates
communication links. Let x; € R™ and u; € R™: be states
and inputs of agent i. Also let  := [mlT :):MT}T €
R™ with n :=n; + ... 4+ nys. The dynamics of agent 4 are



where f; : R™ X RZO — R™, g; : R™ x RZO — RMixmi
and ¢; : R™ x R>g — R™ are locally Lipschitz continuous;
c¢i(x,t) may model given dynamical couplings such as those
induced by a mechanical connection between agents; ¢;(x, t)
may also describe unmodeled dynamics or disturbances. We
assume that f;(x;,t) and g;(x;,t) are only known by agent
i and c¢;(x,t) is bounded, but otherwise unknown so that no
knowledge of x and ¢;(«,t) is required by agent i for the
control design. In other words, there exists a known C' > 0
such that ||¢;(x,t)[[1 < C for all (x,t) € R™ x Rx>o.

Assumption 1: The function g;(x;,t) has full row rank for
all (:Ei,t) € R™ x Rzo.

Remark 1: Assumption 1 implies m; > n;. Since ¢;(x,t)
is not known by agent ¢, the system (3) is, however, not
feedback equivalent to &; = u;. Canceling f;(x;) may also
induce high control inputs, while we derive a minimum norm
controller in Section III-B. Assumption 1 allows to decouple
the construction of control barrier functions from the dynamics
of the agents as discussed in Section IV. In other words,
for a function b(x,t) it holds that 8[’6(2 Dgi(xit) = 0

if and only if ab(m t) 0. We note that most of the
standard multi- agent "literature assume simplified dynamics
to deal with the complexity of the problem at hand. Colli-
sion avoidance, consensus, formation control, or connectivity
maintenance can be achieved through a secondary controller
fi. Let V! C V be a set of agents that induc:,g dynamical
T

. T
couplings, and let = := [wjl Zju) and n} =

Ny, + .o+ ng for i g € Vi By using u; =
gi(mi,t)T(gi(mi,t)gi(mi,t)T)*lf;‘(:c‘;,t) + v; the dynamics
; = fi(z, t)+ fH(x, 1) + gi(xi, t)v; + ¢;(x, t) resemble (3)
if f:R"™ x Rsg — R™ is locally Lipschitz continuous.

E. Problem Formulation

Consider K temporal formulas ¢1, ..., ¢ of the form (1b)
and let the satisfaction of ¢ for k € {1,..., K} depend on
the set of agents Vi, C V. This means that knowledge of the
solutions x; : R>g — R"™ to (3) for ¢ € V}, is sufficient to
evaluate if ¢y, is satisfied. Assume further that V1 U.. .UV =
V and that the sets of agents V1, ..., Vg € V are disjoint, i.e.,
Vi, NVg, = 0 forall ky, ko € {1,..., K} with ky # ko. There
are hence no formula dependencies between agents in V), and
agents in V,, although these agents may still be dynamically
coupled through ¢;(x,t). The formula dependencies need to
be in accordance with the graph topology of G as follows.

Assumption 2: For each ¢y with k € {1,..., K}, it holds
that (i1,42) € & for all i1,is € V.

Problem 1: Consider K formulas ¢, of the form (1b).
Derive a decentralized control law w,; for each agent s € V so
that, for each Filippov solution  : R>o — R"™ to (3) under
w;, 0 < r < pP\ 9K (2 0) where r is maximized.

III. BARRIER FUNCTION-BASED CONTROL STRATEGIES

We first motivate why the decentralized multi-agent case
requires a discontinuous control law, while the centralized
case, resembling a single-agent formulation, permits contin-
uous control laws [38, Coroll. 1]. For ji,...,jv,| € Vi,

T A o
define z, = [x;,” x;, ']" € R™ with ny, =
nj, + ...+ LN Note that, for agents in V), the stacked
agent dynamics of the elements in (3) are

= fi(@k.t) + G (T, t) Uk (T, t) + Cr(, 1)
1)

with uk( explicitly depending on &, and ¢ and where

T
T
i (@05 0) } ’
7gj\vk\(xj\vk|)t))?
uk(:ik,t) = [Ujl (i’]ﬁt)T uj‘\;k‘(i'ht)T} s
T
_ T T
cr(x,t) = {cjl(as,t) cjwk‘(m,t) } .

The function ¢ (x,t) may dynamically couple some or even
all agents. Let by, : R x R>¢ — R denote the control barrier
function corresponding to ¢ and accounting for Steps A, B,
and C. For the stacked agent dynamics, the centralized control
barrier function condition (see, e.g., [38, eq. (6)]) is

= {fjl (x5, )"
Gr (i, ) == diag(g;, (zj,,1),. ..

by (Zp,t) - N
M(fk(wk, t) + g (2, t)ur(Tr, t))
_ Oz, @)
0by (T, t - 0by (T,
+ BBD 5 optou@ ) + | 20| e
where oy, R — R is an extended class K function

and where |V;|C comes from ||¢;(x,t)|1 < |[Vi|C, which
follows since |[¢x(z,t)[l1 = > iy, llci(z, 1|1 <

llci(z,t)|l1 < C for each ¢ € Vj. Note that W >

—ay(by(2g,t)) will hold if W = 0 as ensured by
the control barrier function construction proposed in Section
IV and by virtue of Lemma 4; The solution of (4) admits a
continuous and bounded control law w (&, t) [38, Coroll. 1].

Remark 2: There are two ways to compute and implement
ug (&g, t) from (4): 1) Each agent i € Vj solves (4) and
applies the portion w;(Zy,t) of (&, t), or 2) Inequality (4)
is solved by one agent i € V, that sends the portions w;(Z, t)
of wy (&, t) to the agents j € Vi \ {i}. The drawbacks are that
at least one agent needs to know the dynamics of each other
agent, i.e., fx(Zx,t) and gi(Z,t), and, for a large number of
agents, (4) may contain a large number of decision variables,
equal to the dimension of wy(Zy,t). The second approach
also requires more communication and lacks robustness since
a malfunctioning agent ¢ results in a halt of the whole system.

We, as opposed to Remark 2, propose the decentralization of
(4), and hence of the control input computation, such that each
agent computes its own control input w;(Zy,t) alleviating the
above issues. Each agent solves its own decentralized control
barrier function condition so that their conjunction implies (4).
A straightforward idea is to let each agent 7 € V), solve

ML) (1. 1) g1, s, 1) >
6Bk(a’:k,t) = af’k:(ikvt)
&)

where the weight D; : \V I distributes (4) equally to each
agent. Note that other weights D; could be imagined, as long



as Zievk D; =1 similarly to [28]. We remark that we show,
in the proof of Theorem 2, why (5) for each ¢ € V; implies
4). With D, := \V E however, the obtained control law may

induce problems when the gradients Mﬁf’“t) become equal to

abk(mk t)
ox;

the zero vector. In particular, assume that 0 while

35 € Vi \ {i} such that ab’“(w’“ # 0, then (5) for agent 7
T j

may not be feasible and hence not imply (4) (note in this case

that M # 0). Severely critical, it can be seen that it

may happen that ||u;(x;,t)|| — oo as M —0if 3j €

Vi \ {i} such that M — v for v 75 0 Consequently, a
weight function D; R"’i x R>( is needed and, as it will turn
out, this weight function will be discontinuous.

Remark 3: Local Lipschitz continuity for barrier functions-
based control laws has been proven in [27, Thm. 3] under
the “relative degree one condition”. For (5), this condition is
equivalent to W # 0, which does not hold in general,
so that discontinuities in the control law can be expected
as analyzed in the proof of Theorem 2. For (4), note that
situations where %@:” = 0 are taken into account in the
proof of [38, Coroll. 1], ensuring continuity of the control law.

Section III-A extends [34] and [38, Coroll. 1] to obtain
a centralized control barrier function condition for multi-
agent systems with discontinuous control laws. Section III-B
uses these results and proposes a control law, based on a
decentralized control barrier function condition, that solves
Problem 1. Sections III-A and III-B assume the existence of
the functions by(Z,t) that satisfy Steps A, B, and C. In
Section TV, we present a procedure to construct such by (Zs, t).

A. A Centralized Control Barrier Function Condition for
Multi-Agent Systems with Discontinuous Control Laws

The results in this section are derived without the need
for Assumption 1. The functions b : R x Ry — R
are continuously differentiable on R™ x (s%,s% ) where
{sk:=0,sk ..., Qk} are the associated switching sequences
as discussed in Section II-C. Similarly, define

Q:k(t) = {Cﬁk S Rﬁkwk(i}k,t) > O}

For a particular k& € {1,...,K}, let « : [t?,tfﬂ] — R”
be a Filippov solution to (3) under the control laws w;(Zy, t)
where t% := s¥. We distinguish between ¢, | and s¥ , since
we want to ensure closed-loop properties over [s?, sé“ 1), while
Filippov solutions may only be defined for t? 11 < sg? -
Definition 1 (Control Barrier Function): The function by, :
R™* xR>o — R is a candidate control barrier function (cCBF)
for [s},s%,,) if, for each &, (sh) € €(sF), there exists
an absolutely continuous function &, : [s,s%, ) — R™
such that & (t) € €(t) for all ¢t € [s¥ s%, ). A cCBF
by (Zy,t) for [ f sk 7+1) is a valid control barrier function
(VCBF) for [s* s, ]7“ +1) and for (3) under locally bounded and
measurable control laws w;(Zy,t) if the following holds.
For each ¢« € V; with ¢; : R" x R>g — R™ such that
ei(e,t)]1 < C, x(th) € R™ with & (t}) € € (t5) implies,
for each Filippov solution  : [t],tj 1) — R" to (3) under

the control laws w;(Zy,t) with t¥ = s, that &, (t) € €, (t)
for all ¢ € [tF, min(th, |, 5%, ).

Note that the definition of a VCBF does not require that
tf 11 = sk 7+1- In the remainder, we consider open sets Dy, €
R such that D D €4 (t) for all t € [s¥, s, ).

Theorem 1: Assume that by, (Z,t) is a cCBF for [s* 57, ]H)
If each w;(Zy,t) is locally bounded and measurable and if
there exists an extended class /C function «y such that

min EF[ka‘i‘gkﬁk]Ek(ik’ t) >

(6)

_ Ob Ty, 1)
—ak(bk(-’imt))-i-H#

| wle
for all (&y,t) € Dy X (5?,s§+1), then by (Zy,t) is a VCBF
for [s¥, s, ;) and for (3) under w;(&y, ).

Proof: Note first that (6) implies

— @ 6Ek(ik,t)

minEF[fk—i-gkﬂk]bk(xkat) ez, t) >

oz, == @
— ag(br(Tk, 1))

96 t) — Oby (Tt _
L%%—l<mf> < |l g (2, )], <

| 2esent) that [le(e, )y <
since ||c (ac i‘)H1 < (C for each i € V). Assume
next that Zp(t¥) € € (t) and consider Filippov
solutions x : [t ktk.,] — R™ to (3) under the control
(a koo ok :
laws w;(Zx,t) with t7 = 7, which are ensured to
exist since f;(x;,t), gi(zci,t), ci(x,t), and w;(Zy,t)
are locally bounded and measurable. Note hence
that b (Zx(t),t) € Lpifigearten0k(@i(t),t) for
almost all ¢t € (tk rnin(t’]€ 1158 ’ +1?) ?fnd ckonsequently
also for almost all ¢ € [t},min(t},,,s7,;)). Due
to (7) it holds that minLF[kargmk]bk(:Ek(t),t) &)
G0z, (x(t),t) > —ak(br(x(t),t)) and according
to Lemma 1, we have nnn,CF[fk+gkuk+pk]bk(a:k(t) t) >

min{Lp(f, 4 gan 06 (@), 1) & L br(@e(t),t)} =
min L e 7, 4 goa, 06 (@1 (1), 1) ® w w(x(t),t) since
Lo, br(@x(t), 1) {9%%ﬂﬁﬁr<w@»wh ie, a
singleton, due to [43, Thm. 1] and since by(Zy,t) is
continuously differentiable. It then holds that bk(:ck(t),t) >
min £ p (7, 4 goap+o 06 (k) 1) > —ar(br(Zk(t),1)). By
[30, Lem. 2], it follows that by(Zy(t),t) > 0 for all
t € [th, min(tk ,,s%, ). [ ]

Remark 4: We use ©j to obtain a similar notion of
robustness as discussed in [29]. If & (t) € Dy \ € (1), note
that hk(:f:k(t) t) > —ag(br(Zk(t),t)) > 0 for almost all
t e [sh 575 ;“_H] since by (Z1(t),t) < 0, which is an important
property in the experimental setup in Section V.

To guarantee satisfaction of ¢y, Filippov solutions [to
0,%1] — R™ need to be defined for ¢; > max(sé, S8y sK) so
that we require €4 (¢) to be compact. This requirement is not
restrictive and can be achieved by considering ¢ A ¢$%¢ instead
of ¢y, as assumed in the remainder, where ¢%¢ := G|g o)
with hd(zy) := Dy, — ||@y|| for a suitably selected Dy, > 0.

Corollary 1: Let by (%4, t) satisfy the conditions in Steps A,
B, and C for ¢, and be a cCBF for each [s¥ Ep jJrl) Let each
u;(Zy, t) be locally bounded and measurable. If, for each k €

since




{1,. K} uy,(Zx,t) is such that (6) holds for all (:Ek,t) €
Dy X ( sk, sk 1), then it follows that (,0) |= ¢1 A ... A dx
for each Filippov solution to (3) under w;(&y,t).

Proof: Note that by (Zy,t) is piecewise continuous in
t with discontinuities at times s The set € (t) is non-
decreasing at these switching times sk ie., hmTﬁJé Cr(1) C
€ (s¥) where lim, ok Cr(T) denotes the left-sided limit
of €(t) at t = s This follows due to the switching
mechanism and, in particular, the function 0;(¢) as explained in
Section II-C. It is hence sufficient to ensure forward invariance
of €(t) for each [s¥ sk, |) separately since Zj(s¥,,) €
Cr(sh, ) if @p(t) € €(t) for all t € [s, 5% ). Due
to Theorem 1, it follows that Zy(t) € € (t) for all ¢ €
[to, min(tq, 51, ..., s%)). Note that €4 (t) C {x) € R™|Dy —
|Zx|| > 0} and that €4 (t) C Dj. Consequently, there exists
a compact set ©; C Dy so that T(t) € €(t) implies
Zy(t) € D). This means that =(t) remains in a compact set
D) X ... x D%, which implies ¢; > min(s], ..., sk) by [39,
Ch. 2.7]. The same reasoning can be applied for consecutive
time intervals. By the conditions imposed on by, (Zy, ) in Steps
A, B, and C, it follows that each Filippov solution satisfies
(Zx,0) = ¢y since by(Z(t),t) > 0 for all t € [s§, s%] so
that (z,0) E &1 A ... A ¢ follows. |

B. Collaborative Control Laws based on a Decentralized
Control Barrier Function Condition

In this section, we again assume that Assumption 1 holds.
We first analyze cases where M Gr(Zy,t) = 0T, These
cases mean that by (Zy,1), although possibly being a ¢cCBF
for [s¥,s¥, 1), may not be a vCBF for [s¥, s%, ) and for (3)
under any control law @y (Z, t) since (6) may fail to hold. Due
to Assumption 1, it holds that the nullspace of gy (Zy, ) is
empty, i.e., %ﬁ’“’)gk(mk, t) = 0T if and only if %m:’t)

0. To take care of these cases, we define
8Bk (Z, t)
ot

B = {(@k,t) € Dy x (s5,55,1))

and pose the following assumption.

Assumption 3: For some €, > 0, it holds that wy (T, t) > €
for each (&, t) € B

Assumption 3 will be addressed in Section IV in Lemma 4
an the intuition is that wy (Zx, t) > €, > 0 ensures that (6) can
be satisfied by a proper choice of «y even if %ﬁﬂ:i) = 0.
From now on, assume further that ®, is bounded.

Theorem 2: Let by, (24, t) satisfy the conditions in Steps A,
B, and C for ¢y, be a cCBF for each [s* s j+1) and satisfy
Assumption 3. If, for each k € {1,..., K}, each agent i € V;
applies the control law w;(&y,t) := u,; where wu; is given by

wi (&, t) = + ag(bp(Z, 1)) (8)

argmin u; u; %a)
u; ER™i
Oby (T, t)
) (s N>
t awz (f'l(wz7t) + gl(ml7t)ul) —_
Oby(Tp, t
Di(&r, wn (T4 t)+H ‘éx" )H VilC,

with

by (&), t) H

ey |{):U(Tz 1>|| if ZIEV} Hdhl‘ e T)Hl #0
veEV]

Dy
1 otherwise,

then it follows that (z,0) | é1 A ..
solution to (3) under w;(Zy,t).
Proof: The proof can be found in the appendix. [ ]
The load sharing function D;(Zy,t) shares the centralized
control barrier function condition (6) among agents by means
of the decentralized control barrier function condition (9b).
Computation of w; is hence decentralized so that smaller
optimization problems can be solved without the requirement
that an agent knows fy(Zy,t) and g (z,t). The optimization
program (9) is a computationally tractable convex quadratic
program with m; decision variables and agents need no
knowledge of x and ¢;(x,t). Also, the desired robustness is
obtained, e.g., even if an agent 7 € V), malfunctions, the other
agents in Vi, \ {7} will still work towards satisfying ¢y.

Di<§jk7 t) =

A ¢ for each Filippov

IV. CONTROL BARRIER FUNCTION CONSTRUCTION

The construction of Ek(:ik,t) is the same for each ¢y.
For readability reasons, we hence omit the index k£ and
consider instead ¢ and b(x,t) with & € R™. To enforce the
conditions in Steps A, B, and C, we will consider a function
v : R>¢9 — R that is associated with the predicate function
hi(x) and the predicate ;. Let h® = sup,eps hi(z) for
which it has to hold that A)™ > 0. Otherwise, i.e, if h™ < 0,
L is not satisfiable. We aim at satisfying ¢ with robustness
r € R>g, ie., p?(x,0) > r, and proceed in two steps (Steps
1 and 2). Note that Steps A, B, and C lead to a function
b(x,t) = —%ln( P oi(t) exp(—nby(z,t))) where each
bi(zx,t) is associated either with an eventually (Fi,, p,1/4) or
an always (G/q, p, i) formula. Recall that an until operator
is encoded in Steps A, B, and C as the conjunction of an
always and an eventually operator. We present in Step 1 how
to construct b(x,t) when ¢ := Fig, p, 11 or ¢ := Glq, )11
where p; does not contain any conjunctions, i.e., p = 1. In
Step 2, we explain how to construct b(x, t) in the more general
case when ¢ contains conjunctions, i.e., p > 1.

Step 1) Consider ¢ := G|q, v, OF ¢ := Flq, p,)pu and let

b
tf ::{ !
aj

which reflects the requirement that y; has to hold at least once
between [ay, by] for Fj,, p,1u (here this time instant is chosen
to be t; := b;) or at all times within [a;, b;] for Giq, 5,101
(indicated by ¢} := a;). It is assumed that b; > 0. Otherwise,
ie., by = 0, satisfaction of ¢ would purely depend on the
initial condition of the system. Next, choose

(0, ™)
© {(o,m<w<o>>1

where the second case is explained as follows: if h;(2(0)) < r
and t; = 0, there does not exist a signal  : R>¢o — R"™ with
an initial condition x(0) such that p?®(z,0) > r. Let now

bi(x,t) = —y(t) + hi(x).

if F[al ,bl]/'l/l

) (10)
it Glopp s

iftf >0
iftf =0
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Fig. 1: The functions +;(¢) (dashed line) and h;(x(t),t) (solid
line) for ¢ := Gpr5.10/(|z| < 5) with r := 0.25 and a
candidate trajectory x : R>o — R" satisfying ¢.

In [37], 7(t) is an exponential function. The drawback is,
from a practical point of view, that larger control inputs may
occur as compared to the case where 7;(t) is a linear function.
We aim to avoid this and define the piecewise linear function

Yoo =T1.0 . .
Y(t) = tr t+yo0 ift<t
Voo otherwise.

The switching sequence is now {sy = 0,s; = b} since
p = 1 and it holds that v;(¢) is continuous on (s, s1). We
remark that +;(¢) is continuously differentiable on (sg, s1) if
¢ = Fia, b1/, While 7;(t) is only piecewise continuously
differentiable on (sg,s1) if ¢ = G4, p, . In fact, in the
latter case, 7;(t) is only continuously differentiable on (s, t})
and on (t;*7 s1). This, however, does not affect the theoretical
results derived in Corollary 1 and Theorem 2. To see this, note
that [so,s1) = [s0,t]) U [t],s1) and consider the modified
switching sequence {5y := sp,51 = t,52 := s1}. Now, the
same guarantees given in Corollary 1 and Theorem 2 apply
for b;(x,t) under the modified switching sequence. Next, let

Y0 € ((— 00, hy((0))) (11a)
Yoo € (max(r,y1,0), 1) (11b)
so that 0 < b;(x(0),0) and b;(x(0),0) < hy(x(0)) — r

if tf = 0 so that a satisfaction with a robustness of r is
possible. By the choice of 7y, « it is ensured that b;(z(¢'),t) <
hi(x(t")) — r for all ¢ > t;. Hence, if now b;(x(t'),t') > 0
for all ¢ > ¢}, then it follows that h;(z(t')) — r > 0, which
implies h;(z(t')) > r leading to p®(x,0) > r by the choice
of ¢; and r. We note that +;(¢) is a non-decreasing function.
By these construction rules, it is straightforward to conclude
that b;(a, t) is a cCBF for [3¢, 51) and for [31, 52).

Example 1: Consider the formula ¢ := G7510([2] <
5) that yields hj(z) := 5 — ||z|| and ;™ = 5 so that we
can choose 7 := 0.25. Assume the initial condition x(0) :=

[5 5]T so that h;(x(0)) = —2.07. We select ¢t} := 7.5,
Y0 := —2.5, and ;o := 0.5 in accordance with (10) and
(11). Recall that b;(x,t) := —/(t) + hi(x) and note that

b;(x(t),t) > 0 for all £ > 0 is equivalent to h;(x(t)) > ()
for all ¢+ > 0. This leads to p?(x,0) > r, i.e., (x,0) | ¢, by
the construction of ~;(¢) as illustrated in Fig. 1.

Step 2) For p > 1, a more elaborate procedure is needed.
Recall that b(x,t) = f%ln( P 0u(t) exp(—nby(z, ).

Let, similarly to Step 1, b;(x,t) := —v;(¢) + hi(x) with ()
according to (11). We further pose the following assumption.

Assumption 4: Each predicate function contained in ¢,
denoted by h;(x) : R" — R with [ € {1,...,p}, is concave.

Concave predicate functions h;(x) contain the class of
linear functions as well as functions that express, for instance,
reachability tasks using predicates such as ||z — p|| < € for
p € R" and € € R>o. Assumption 4 is needed to formally
show that b(x,t) is a cCBF and a vCBF (Lemmas 3 and 4)
relying on the fact that b(ax,t’) is concave in « as proven next.

Lemma 2: Let Assumption 4 hold. Then, for a fixed ¢/,
b(x,t') is concave.

Proof: For a fixed t/, nb;(x,t’) is concave. Due to [44,
Sec. 3.5] it holds that exp(—nb;(x,t)) is log-convex. It also
holds that a sum of log-convex functions is log-convex. Hence,
— 5 In (357, or(t) exp(—nby(z, 1)) is concave. ]

Compared to Step 1, it is now not enough to select 7; ¢ as in
(11a) to ensure b(x(0),0) > 0 due to (2). To see this, consider
b(x,t) = —}]ln (exp(—nbi(z,t)) + exp(—nba(x,1))). If
b1(2(0),0) > 0 and by(x(0),0) > 0 (which is both ensured
by (11a)), then it does not neccessarily hold that b(z(0),0) >
0 depending on the value of 7. Therefore, 7 now needs to
be selected sufficiently large. Note again that increasing 7
increases the accuracy of the approximation used for conjunc-
tions. More importantly, -; ., which has to be selected accord-
ing to (11b), and  need to be selected so that for all ¢ € [s, 4]
there exists « € R™ so that b(x,t) > 0. Define next v, :=
(71,0 o] and v = 1 Ypuoo] ! that
contain the parameters 7y, o and 7; o, for each eventually- and
always-operator encoded in b;(z,t). Let §;,...,§, € R" and
define ¢ == [¢,7 ... §qT]T. As argued in Section III-A,
€(t) .= {x € R"|b(x,t) > 0} needs to be compact. This is
realized by including b, 41 (x,t) := D—||x|| and 0,41 (¢) :=1
into b(x,t) = —% In (S04 0y(t) exp(—nby(z,t))) for a
suitably selected D. Select , v, D, ~y,, and ~y,, according
to the solution of the following optimization problem

argmax r (12a)
7,7,.D,%0,Y o0 €
s.t. b(x(0),0) > ¢ (12b)
lim b(§;,7) > x foreachje{l,...,q}  (120)
T—s;
7,0 as in (11a) for each [ € {1,...,p} (12d)
V.00 as in (11b) for each [ € {1,...,p} (12¢)
n>0and >0 and D > 0. (12)

where x > 0 is a given parameter. Note that lim__, - b(&;,7)
can easily be evaluated since 0;(t) is piecewise continuous.
Remark 5: The optimization problem (12) is nonconvex.
An MILP formulation such as in [17] provides, for discrete-
time systems, an open-loop control sequence that needs to be
iteratively solved online in order to get a feedback control law.
We obtain in (12), which can be solved offline, a control barrier
function that can be used, in a provably correct manner, to
obtain a continuous feedback control law as in (9). Compared
to [37], we observed faster computation times due to the use of
piecewise linear functions 7;(t) instead of exponential ones. If



maximization of r is not of interest, then a feasibility program
with the constraints in (12b)-(12f) can be solved instead.
Denote the modified switching sequence by {5, :=
0,51,...,8; = sq} where g denotes the number of switches
with § > ¢. More formally, let ¢ := {a;,,...,ay,,b1,...,by}
where, for a; € {ay,,...,a;,}, the corresponding b;(x,t) en-
codes an always operator, i.e., p denotes the number of b; (x, t)
in b(x,t) that encode an always operator. At time ¢ > 55, we
define 5,11 := argmin,._,((t*,t) with {(t*,t) := t* — ¢ if
t* —t > 0 and ((t*,t) := oo otherwise. We now show that
b(x,t) is a cCBF for each [5;,5;11).
Lemma 3: Let Assumption 4 hold. Then the function b(x, t)
obtained by the solution of (12) is a cCBF for each [5;, §;41).
Proof: Feasibility of (12) implies that €(¢) is non-empty
for all t € [sg, s4]. This follows due to (12b), (12c), and since
b(x,t) is non-increasing in ¢ for all ¢ € [s;,s,11) by (12d)-
(12e), which implies €(t1) D €(t2) for s; < t1 < ta < sj41.
For b(x,t) to be a cCBF for [5;, 5;41), there needs to exist an
absolutely continuous function x : [5;,5;41) — R" for each
x(sj) € €(s;) such that x(t) € &(t) for all t € [5;,5;41).
Since b(x,t) is concave in x for each fixed ¢, it holds that all
superlevel sets of b(x, t) are convex [44, Sec. 3.1.6] and hence
€(t) is connected. Since % is finite, the existence of an
absolutely continuous function « : [5;, 5;41) — R™ such that
b(x(t),t) > 0 for all ¢ € [5;,5;41) follows. [ |
Lemma 3 has shown that b(x,t) is a cCBF, while we next
show that « can be selected such that b(z,t) is a vCBF.
Lemma 4: Assume that (12) is solved for x > 0, then «
can be selected such that b(x,t) satisfies Assumption 3.
Proof: Concavity of b(x,t) in x implies that, for each
t' € [s5,8541), T}, := argmax p.b(x,t') is such that =}, €
€(t') (recall that x > 0) with b(x},,t') > b(x,t') for all
x # x,. Furthermore, M = 0 if and only if &’ :=
x},. It holds that b(x},t") > x > 0 for each ' € [sg, 4]
due to (12b) and (12¢) so that b;(x},,t’) > x > 0 for each
Il € {1,...,p + 1} with 0;(#') = 1. Next, note that there
exists a constant b for each [ € {1,...,p+ 1} such that
by(x),,t") < b for each t’ € [so, 4] due to continuity of
bi(x,t) on D X [sq, 54]. Let b™* := max(b7™, ..., b}y) so
that max(bl(a:t,J )seoy bpra(zh, ) < 6™ and let A} :=
SUDP;> |abl 2| = e = L0 Hence, it follows that

* ob m:,,t/
do(ap. ') _ S0 ou(t!) exp(—bu(ay, 1) PG
ot %’i 0, (t') exp(—nby(a};, ')

)| et

Zl 1 eXP( nbi(xy,t
111 exp(—nbi(w;,, 1))

—ep(=n)B _
~exp(—mbmx) T
where ( is negative. If it is now guaranteed that ¢ > —a(x)+e,
it holds that 22 (50, 5]

aitt"t) > —a(b(z},t') +cforall t’ €
so that Assumption 3 holds. By the specific choice of a(x) =
KX, we can select kK > % such that this is the case. [ |

The intuition behind Lemma 4 is that y > 0 ensures that
b(x,t) > x if % = 0 and that then choosing x in
a(x) = kx large enough guarantees that Assumption 3 holds.
We combine the results from Sections III-B and IV.

Theorem 3: Consider the same assumptions as in The-
orem 2. If each ¢, additionally satisfies Assumption 4,
by (Zy,t) is the solution of (12) for x > 0, and ay(x) := kX
with K > E;C, then p®* (Zy,0) > rp > 0 where 7, is obtained
by the solution of (12) for each k € {1,..., K}.

Proof: Follows by Theorem 2 and Lemmas 3 and 4. W

V. EXPERIMENTS

We consider three Nexus 4WD Mecanum Robotic Cars,
which are equipped with low-level PID controllers that track
translational and rotational velocity commands. The state of
robot i is x; = [331 Yi Gi]T where p; = [mi yi}T
denotes the two dimensional position while 6; denotes the
orientation. For simplicity, we here assume that all states
are given in a global coordinate frame. Conversion from
local to global coordinate frames is performed by each robot
where the local information is obtained by means of a mo-
tion capture system. The considered dynamics are given by
z; = u; + fi'(z,t) +c;(x,t) where f'(x,t) describes induced
dynamical couplings as discussed in Remark 1, here used
for the purpose of collision avoidance. In particular, f}(x,t)
is a potential field inducing a repulsive force between two
robots when the distance between them is below 0.65 meters;
¢i(x,t) models disturbances such as those induced by the
digital implementation of the continuous-time control law or
inaccuracies in the low-level PID controllers with C' := 2. The

robots are subject to ¢ := ¢’ A ¢ A" A @ with
¢ = Gus o0 (llp1 + P, — Paf <€)
¢" := Gpa5,35/(lpy + P, — P3ll <€)
A Fizos5) (lpr — pell <€)
¢" := Flao,e0)(lP3 — Pcll < €)
¢"" = Fi50,00 ((IIP1 = Pall <€) A (P2 + Py — p3ll <€)
where ¢ i= 0.3, py = [-1.2 12" pp o= 12 12]",
poi=[12 —12)",p,:=[08 0]',p, = [0 —08]".

The software implementatlon is avallable under [45] (also
including a detailed description of f}'(x, t)), written in C++,
and embedded in the Robot Operating System (ROS) [46].
The quadratic program (9) is solved using CVXGEN [47] at
a frequency of 50 Hz; b(x,t) corresponding to ¢ is obtained
offline and in MATLAB by solving (12) using YALMIP [48]
with the ’fmincon option’. The calculation of b(x,t) took 4.2
seconds on an Intel Core i7-6600U with 16 GB of RAM
without maximizing r. In fact, increased oscillations in the
control input were observed when we decided to maximize r.

The experimental result is shown in Figs. 2-4 as well as in
[49] where we provide a video of the experiment. To illustrate
Remark 4, we have intentionally chosen an initial condition
x(0) of the robots that does not coincide with the initial
condition x(0) := 0 used in (12) to construct b(x, t). In Fig. 2,
it is hence visible that initially b(x(0),0) ~ —0.62. However,
after approximately ¢ ~ 2 sec, it holds that b(x(t),t) > 0
and the robots have recovered from this situation. This is,
in particular, a strength compared to our previous approach
[23] where the control law would have not been defined
in case of such a mismatch. Furthemore, Fig. 2 shows that
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Fig. 2: Barrier function evolution b(x(t),t).

b(x(t),t) > 0 for the rest of the experiment so that it can be
concluded that (x, 0) |= ¢ or, to be more precise, p®(x,0) > r
where r» = 0.05 was obtained by the solution of (12). Fig. 3
shows the corresponding robot trajectories. As emphasized in
Section III-B, the control law w;(x,t) is discontinuous. This
is shown by plotting the = and y component of us(x,t) in
Fig. 4. We intentionally avoided to use an additional filter
on wu;(x,t) to smoothen the control input in order to show
the nature of the discontinuous control law. The low-level
PID controllers, however, filter w;(x,t) when applied to the
motors of the robots. We further remark that using linear
functions ~;(¢) to construct b(ax,t) as introduced in Section
IV compared to exponential ones as presented in [37] is
beneficial since input saturations are less likely to occur. An
exponential function 7;(t) would, for some ¢, induce high
control inputs, while for other ¢ nearly no control action
would be needed. A linear function +;(¢) distributes the needed
control action more uniformly over time and is hence more
suited for experiments. Finally, note that collisions are avoided
by the use of f}'(x,t), especially in the first 5 seconds where a
collision would occur between robot 1 and 2 without induced
dynamical couplings in f}'(x,t). We remark that approaches
such as [17] are not applicable here. First of all, the induced
computational complexity does not allow to obtain the solution
to a mixed linear program in reasonable time; [17] also
does not allow for nonlinear predicate functions as required
by ¢. Existing approaches work with discrete-time systems.
We, however, directly consider continuous-time systems and
provide continuous-time satisfaction guarantees.

VI. CONCLUSION

We have proposed a collaborative feedback control strategy
for dynamically coupled multi-agent systems under a set of
signal temporal logic tasks. For each agent, we have first
derived a collaborative decentralized feedback control law
that guarantees the satisfaction of all tasks. This control law
is discontinuous, hence Filippov solutions and nonsmooth
analysis is used, and based on the existence of a control
barrier function that accounts for the semantics of the signal
temporal logic task at hand. We have then presented how a

y [m]

~1.0L|==> Agent1| :
=== Agent 2
=== Agent 3| :

Z1.5 -1.0 —0.5 0.0 0.5
x [m]

2.0

Fig. 3: Robot trajectories. The increasing color occupancy
indicates the evolution of the robots as time progresses.
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Fig. 4: The z and y components u, and u, of us(x,t) plotted
over time. Discontinuities and chattering are visible.

control barrier function can be constructed for a fragment
of signal temporal logic tasks by solving an optimization
problem. Finally, we have validated our theoretical results in
an experiment including three omnidirectional robots.

APPENDIX
PROOF OF THEOREM 2

We will show, in three parts, that (9) is always feasible, that
there exist Fillipov solutions to (3) under w;(Z,t), and that
Corollary 1 can be applied. According to the assumptions,
by (Zy,t) is a cCBF for each time interval [s?,sé?ﬂ) and
br(Zy,t) is again piecewise continuous in ¢. As argued in
the proof of Corollary 1, it is hence sufficient to look at each
time interval [s¥, s¥, ) separately. Next, define

_ Oby (T, t
%;i = {(wkvt) € Dy X (S§75§+1)|% = 0} \ %?

. _ dby (T, t

%;?,i = {(wkvt) € Qk X (S?,S§+1)|% 7& 0}
We remark that B% U BF, UBE, = D), x (s§

K, sh.1) and
that EB?, SB;“z and EB?’Z. are disjoint sets. To understand the



details of the following proof note that B% and B% ; can not be
closed sets (note that (s¥ s7, 8} k1) is open) and that 1nformat10n
regarding these sets being open or not is not available. We
will, however, show and use the fact that %?’i is open.

Part 1 - Feasibility of (9): We next show that (9) is always
feasible and distinguish between three cases indicated by
Bk, Bk, and BY,. It will turn out that w;(&y,t) may be
dlscontlnuous on the boundaries of %?, %f»i, and %51
Case 1 applies when (Zj,t) € PB%. This is equivalent

to (Zg,t) € Dp x (s, ;) such that %i:t) =0
(which is equivalent to 3~ HMH = 0) and im-

plies W = 0; (9b) reduces to wg(&,t) > 0 since
D;(zy,t) = 1 so that (9b) is satisfied due to Assumption
3. Hence u;(Zy,t) = 0 is the optimal solution to (9).

Case 2 applies when (&y,t) € %k This is equivalent to
(Z1,t) € Dg x (s, s5,,) such that ‘%"(w’“t) # 0 (which is

equivalent to -, Hah’()(;’”t) Il # 0) and 6[”“(“3“) = 0.
The optimal solution to (9) is again w;(Zy,t) = 0 since (9b)
is trivially satisfied (note that D;(&y,t) = 0).

Case 3 applies when (&,t) € BY,. This is equivalent

to (Zy,t) € Dy x (sF,sh, ) such that 8{'%& # 0 so
that (9) is feasible. Note again that ab%(ﬂ # 0 im-

plies W‘qi(mi,t) # 0; w;(&y,t) is locally Lipschitz

continuous on int(%ﬁi) where int(-) denotes the interior of
a set. This follows by virtue of [27, Thm. 3] and since
all functions in (9) are locally Lipschitz continuous on
int(%ii). In particular, D;(Zy,t) is locally Lipschitz continu-
ous on int(%?’i)uint(%%) and 8"’“&%5"”, Db w’“ 0 , fi(zg, t),
gi(x;,t), and ay(bg(Zy,t)) are locally L1psch1tz continuous
on int(BY) Uint(B% ) Uint(BY ).

The optimization problem (9) is hence always feasible and
w;(Zy, t) is locally Lipschitz continuous on int(B%), int(B% ),
and int(B,).

Part 2 - Existence of Filippov Solutions to (3) under
u; (&, t): The control law w;(Zy,t) may, as indicated above,
be discontinuous; w;(Zy,t) is, however, locally bounded and
measurable on ®j x (s?,s? 1) as argued next. In particu-
lar, we already know that w;(Z,t) is locally bounded on
int(B%), int(B¥ ), and int(B¥ ;) due to being locally Lipschitz
continuous on these domains. If we ensure that w;(Zy,t) is
also locally bounded on the boundaries of %? %kﬂ, and
B

,» we can conclude that w;(Zy,t) is locally bounded on
Dy, x (s* 85,85 +1) Therefore, we next systematlcally investigate
the cases where (Zy,t) is in {bd(‘Bk) ﬂbd( ;)\ bd(*B m)
(Cases 1 or 2), {bd(%k) N bd(‘Bk )\ bd(‘Bk ) (Cases 1
or 3), {bd(B%,) N bd(%k 3\ bd(%k ) (Cases 2 or 3), and
bd(B¥) N bd(%k )N bd(%k ) (Cases 1, 2, or 3) where bd(-)
denotes the boundary of a set.

When (Zy,t) € {bd(%k) N bd( A bd( 7 ), either
(Zg, 1) € %k or (Zx,t) € ‘Bk Elther Way, due to continuity
(recall that ul(a:z, t)=0in Case 1 and 2) there exists a neigh-
borhood ¢ C {B% U B% 1\ BY, around (&y,t) so that, for
each (Z},,t) € U, Hul(mk, )H = 0. Consequently, u;(Zy,t)
is locally bounded on {bd(EBk) N bd(EB’c )} \bd(%k ).

When (Zy,t) € {bd(%k) N bd( FE\ bd( ;). either

(Tr,t) € BY or (@y,t) € BY,. Note that wy(zx,t) > €
if (z,t) € %? due to Assumption 3. Recall also that
wi(Zr,t) is continuous on Dy, x (s?, 5§+1)- By the definition
of continuity it follows that for a given €, > 0 (in this case,
the €, from Assumption 3) there ex1sts a oy > 0 so that
for each (z,t') with || [&,T t] - [zf t] | < o it
holds that wk(il:k,t) — €, < wk(ack,,t’) < wk(ﬁsk,t) + €
so that consequently wy(Z},,t') > 0. Hence, there exists a
neighborhood U C {%k U in A\ EB’“- around (Zy,t) so
that, for each (z,t') € U, elther ||ul(ac,€7 N = 0 (f
(z),t) € %;? NU) or wi(Z),,t') > 0 (f (2},1') € %é’?ﬂ- NnU).
For the latter case, i.e., (Z},,t') € %;ﬁiﬁu , note that a feasible
(not necessarily optimal) and analytic control law for (9b) is

wl (@), 1) = gi(l ) Gilal, ) 7 (— filal ) + 01)

where @} is the corresponding element in Z/,, v*** is explained
in the remalnder and where the inverse of G;(x},t') :=

gi(@], t")gi(x!, )" exists due to Assumption 1 so that
[ (@ )| < Cy,Ca, (C, + 0iE])

where C,,, Cg,, and Cy, are upper bounds on |g;(x;,t)],
|Gi(z;,t)|, and ||fi(z;,¢)|| that follow due to continuity
of gi(z;,t), Gi(x;,t), and fi(x;,t) on the bounded domain
Dy. Note especially that G;(x;,t) is upper bounded by the
inverse of the smallest singular value of G;(x;,t) when the
max matrix norm is used [50, Ch.5.6]. We next show how
to select v and that ||v*|| is also upper bounded. Using
ules ()t ) (9b) reduces to

, )
OOuT 1) o | P10 1y ] ol ).
x;
13)
We select vi*® (2], 1) = %gn(%)Th where sgn(-) is

the element-wise sign operator so that (13) becomes

[ -
(14)

ami
In particular, it holds that (14) is satisfied if x; := |[V|C
(recall that wy(Z),t') > 0 if (@},t') € BF, NU) so
that [|vf** (2], )| < [V|C. Consequently, |u;(Z},t")| <
[wf (@, )] < Cgq,Co,(Cy, + [Vi[C) and (g, t) is
locally bounded on {bd(B¥) Nbd(B},)} \ bd(B*,).

When (&,t) € {bd(B%;) Nbd(B5,)} \ bd(Bf), either
(T, t) € By, or (T, t) € BY, and a similar analysis can be
made as above. In particular, then there exists a neighborhood
U C {B, UBL 1\ BY around (zy,t) so that, for each
(), t') elU, cither \|u,(53k, N = o Gf (z,t) € BY, NU)
or Y oev, Hf"’kdg |, > v for some v > 0 (if (&},t') €
%k) NU) since (z,t') ¢ ‘Bk and again due to continuity.
In the latter case, selecting x; := |V|C — M satisfies
(14). The same arguments as before then show that w; (&g, t)
is locally bounded on {bd(B% ;) Nbd(B%,)} \ bd(B¥).

When (&j,t) € bd(B%) Nbd(B¥) Nbd(BY,), it can again
be shown that w;(Zy,t) is locally bounded on bd(%?) N

wk(i%,t/) > >0
Oby () ,t’
S pev, 1225820,




bd(B¥,) N bd(B%,). The proof is straighforward using the
same arguments as in the previous discussion and omitted.

It follows that w,;(Zj,t) is locally bounded on bd(SB’“)
bd(B%,), and bd(B% ;). Since we have already concluded that
the same holds on 1nt(%k) int(B% ), and int(B% ), ui (2, 1)
is consequently locally bounded on EB’“ ‘Bf“ U EBk =
Dy x (sj, %.1). To see that w;(Zy,1) 1s measureable note
that %k %5 ;» and % ; are measurable sets. The product of
measurable functions i 1s measurable and the indicator function
(here used to indicate Cases 1, 2, and 3) defined on mea-
surable sets is measurable so that w;(Zy,t) is measurable.
Consequently, the multi-agent system described by the stacked
dynamics of each agent in (3) admits Filippov solutions
x : [to,t1] — R™ from each initial condition in D x Rxg
where D =9, x XfD]W | for ju, ..o vy € Vi

Part 3 - Applicatwn of Corollary 1: For each by (&, 1), the
individual solutions w,(Zy,t) to (9) result in

dby, (T, t) . o
i%}:k T(fz( t) + gi(x;, ui(Tg, 1)) >
Oby (&, t
5~ (- Do (o + | 220 miic)
iew ;
b, (1. t) -
o %(ﬁc(ik’t) Gk (@, O in(@n, 1)) >
T
by (T, t
(@) + 3 [ S50 e
_ 1€V T
& %x:’ﬂ(fk(ik,t) ¥ G (B, ) an(Zh, 1) >
b (7 (15)
ob(z1,
“"’““’”ﬁ““%ﬁ” o

where the last equivalence follows by the definition of the sum
norm.
In our analysis below, it is crucial to note that %fz is open,

which we show next. Denote by inv(w((’)”i)) the
(—00,0)U
(0,00). Now, inv(w(on )) is open since O™ is open

and since the inverse image of a continuous function under an
open set is open [51, Prop. 1.4.4]. It then holds that

b (@1, 1) .

is open since the intersection of open sets is open.

We next show that (15) implies (6) so that Corollary 1
can be applied for each by(Zy,t). Since fi(Zy,t) is lo-
cally Lipschitz continuous, it follows that £ FlJw ]bk(xk, t) =

{%ﬂc(mk,t } For Ep[gkﬁk]bk(mk,t), we have to dis-

tinguish between the aforementioned three cases. First note
that, if for each i € Vi we have (Z,t) € BY, (Case
3), then Lp(g, a,bk(Zk ) {Mgk(wk,t)ﬁk(@kﬁ}
This in particular follows since 8%, is open so that u;(Zy,t)
as well as g (g, t) are locally LlpSChltZ continuous on
int(B% ) = BE 1If for each i € V; we have (Zy,t) € B,
(Case 2), then LF[gkﬁk]bk(mk, t) = {0} since % =0

inverse image of % under O™ where O :=

bo= 100 x (b, s} niinv(

for each i € V. If for some agents (Z,t) € B%, while
for others (wk, t) € B, (ie., a mix of Case 2 and Case 3),
the resulting £ - qkuk]bk(xk, t) will still be a singleton. If we
have (&y,t) € B (Case 1), then Lp(g,q,br(Zk,t) = {0}
Mm:’t) = 0. Note that min§S = & when § is a
singleton and recall wy,(Zy,t) in (8). Since ﬁF[fk]Ek(:Ek,t),
ﬁp[gkﬁk]ﬁk(i}k,t), and w

since

are singletons, (15) is equiv-

alent to

_ oby (T, t
mm{Lka br(zk, )@ﬁp[gkuk k(Zk, t)@{ (5't )}}

by (Zy, t
> —an (b, ) + | Iy
oz, 1
(16)

Due to Lemma 1,  Lpifigoanbe(@rt) C
L bx(Ex, 1) @ E:F[gmk]ﬁk(i'k,t o {Peleeb) o

that mmﬁF[fk+gkm br(Zr,t) > mln{ﬁF (] bk(wk, t) ®
EF Grei] bk(ik,t)@ abk(wk’
(6) and (x,0) E é1 A

t) }}. Consequently, (16) implies
. /\ ¢k follows by Corollary 1.
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