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Abstract—We address the problem of decomposing a
global task assigned to a multi-agent system, where the
task is expressed using a fragment of Signal Temporal
Logic (STL) and communication among agents is range-
limited. The global task is expressed as the conjunction of
local tasks over individual and relative agent’s states, thus
naturally inducing the definition of a task graph. Due to
the limited communication range, inconsistencies among
the edges of the communication and task graph prevent
the application of previously derived state feedback control
laws for the satisfaction of global STL tasks. To resolve
this issue, we propose a task decomposition mechanism
reassigning tasks between non-communicating agents to
communicating ones, thus ensuring consistency between
task and communication graphs. By assuming that the
STL tasks are defined over concave predicate functions
with polytopic super-level sets, the decomposition can be
framed as a parameter optimization problem, solvable via
decentralized convex optimization. To guarantee the sound-
ness of our approach, we present various conditions under
which the tasks defined in the applied STL fragment are
unsatisfiable, and we derive sufficient conditions such that
our decomposition approach yields satisfiable global tasks
after decomposition.

Index Terms— Signal Temporal Logic, Multi-Agent Sys-
tems, Optimization.

[. INTRODUCTION

Recently, Signal Temporal Logic (STL) has received in-
creasing attention as a tool to monitor and control the run-time
behaviour of multi-agent cyber-physical systems [1]. Notably,
an extensive body of literature has been developed dealing
with synthesizing admissible plans and feedback solutions
that achieve the satisfaction of a given global STL task
assigned to a multi-agent system (MAS) [2]-[11]. While
the scalability of the proposed approaches varies depending
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on the semantic richness of the considered task and the
number of agents involved in the task, task decomposition
has been recently explored as a solution to mitigate the
curse of dimensionality at the control and planning level,
borrowing from similar approaches applied for other types of
temporal logics [12], [13]. Namely, the authors in [14]-[17]
first proposed optimization-based approaches to split complex
global STL tasks into simpler ones assigned to teams of agents
in the systems, whose satisfaction, when jointly considered,
recovers the satisfaction of the original global task. However,
the influence of agent-to-agent communication has received
only minor attention in these settings [18]-[21]. If, loosely
speaking, we denote task dependencies to be consistent when
the agents involved in the task are in communication with each
other, then such consistency is a key enabler for many of the
previous control/planning approaches. From this observation,
the contribution of this work is to establish an approach
whereby agents can, in a decentralized fashion, reassign task
dependencies that are not consistent with the range-limited
communication constraints while recovering the original task
satisfaction.

We consider the setting in which the global STL task is
expressed as a conjunction of local tasks assigned to single
agents and pairs of agents in the system. These kinds of spec-
ifications are particularly suited for time-varying formation
control of multi-agent systems, which find wide applications
in robotics in the context of surveillance and reconnaissance
tasks, localization and exploration tasks, and coverage con-
trol, to mention a few [22]-[25]. Within this framework,
task dependencies among pairs of agents are captured by a
task graph. At the same time, range-limited communication
naturally induces the definition of a communication graph
where edges are defined by pairs of communicating agents.
We propose to decompose tasks assigned over pairs of non-
communicating agents as a conjunction of tasks defined over
agents forming a multi-hop communication path between the
former non-communicating pair. More specifically, we show
that by considering concave predicate functions whose super-
level set is defined by a bounded polytope, our decomposition
mechanism can be cast as a convex optimization problem. In
addition, we show that such optimization can be efficiently
decentralized over the edges of the communication graph when
its structure is acyclic, thus providing scalability of the pro-
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posed approach. Eventually, we provide sufficient conditions
under which the new task derived from the decomposition is
satisfiable and its satisfaction implies the original global task.
To the best of our knowledge, this work represents the first
decentralized solution to an STL task decomposition problem
in multi-agent settings.

Previous literature in STL task decomposition includes
the work by [17], which first introduces a continuous-time
and continuous-space STL task decomposition via convex
optimization in a centralized fashion. On the other hand, the
authors in [14], [15] employ a Mixed-Integer Linear Program
(MILP) formulation to decompose a global task expressed in
a variant of the STL formalism, denoted as Capability STL
(CaSTL), as local team-wise tasks. Differently from [14], [15],
[17], our decomposition approach considers communication
constraints at the task decomposition level. It is noted however,
that the STL fragment considered in [14], [15] is syntactically
richer than the one considered in [17] and our work. The
relevance of this work should be considered with respect
to previous literature in feedback control solutions for the
satisfaction of STL tasks in multi-agent settings, where all-
to-all agent communication is explicitly or implicitly assumed
[19], [26]-[28]. Namely, we aim to mitigate the complete
connectivity requirement (i.e. every agent is directly connected
to every other agent) of these previously developed feedback
control solutions, while also retaining their adaptive and
reactive properties, by decomposing tasks defined over non-
communicating agents into conjunctions of tasks over those
that do communicate. We list the following contributions:

1) We provide a task decomposition mechanism to enforce
consistency between the task and communication dependen-
cies, enabling previously developed feedback control laws to
be leveraged for the satisfaction of a global STL task.

ii) We prove that by assuming the communication graph to
be acyclic, our decomposition can be decentralized over the
edges of the communication graph and solved by state-of-the-
art decentralized convex optimization algorithms as the ones
proposed in [29]-[31].

iii) We provide a set of conditions under which conjunc-
tions of collaborative tasks over the proposed task graph are
unsatisfiable (referenced as conflicting conjunctions hereafter).

iv) We derive sufficient conditions under which our decom-
position approach of the original global task assigned to the
system yields a new global task that does not suffer from the
aforementioned types of conflicting conjunctions and such that
its satisfaction implies the original one.

Compared to our work in [21], the novel contribution of this
work is to show that the task decomposition can be achieved in
a decentralized manner and over a broader class of predicate
types. The paper is organized as follows: Section II reviews
polytope operations, STL, and graph theory. The problem
statement is provided in Section III. Section IV introduces
the concept of conflicting conjunctions of collaborative tasks,
while Sections V-VI develop the task decomposition approach.
Simulations and conclusions are presented in Sections VII and
VIIL

[I. NOTATION AND PRELIMINARIES

Bold letters denote vectors, capital letters indicate matrices
and sets. Vectors are considered to be columns. Given a; €
R™, the vector @ = [a;]ic1 € R ™ is obtained by vertically
stacking the vectors a; with index ¢ € Z. For a matrix
A € R™™ and vector a € R", the matrix [A | a] € R**(+1)
is obtained by stacking A and a horizontally. The notation
x[k] indicates the k' element of x and Al[i,j] indicates
the element at the /' row and j* column of the matrix
A. Given a vector x € R", the standard notation for the
2-norm ||x| = /), x[k]? applies, while we adopt the
notation (xz) = ming{x[k]} to indicate the element-wise
minimum. The notations |A| and 2 denote cardinality and
the power set of A, respectively, while the symbols @, ©
and X indicate the Minkowski sum, Minkowski difference
and Cartesian product among sets, respectively. The symbol
® indicates the Kronecker product of two matrices/vectors.
Let blk(A1,...Ay) indicate the block diagonal matrix with
blocks Ai,...An. The notation 1,,xn, 1, , Omxy, and 0,
indicate matrices/vectors of ones and zeros respectively while
I,, indicates the n-dimensional identity matrix. The set R,
denotes the non-negative real numbers.

Let V = {1,... N} be the indices of the agents in a multi-
agent system, each following the nonlinear dynamics:

&; = fi(zi, u;), (D

where x; € X; C R" and u; € U; C R™¢ represent the state
and control input for agent ¢ with m; > 1. Without loss of
generality, consider X; and U; to be compact sets containing
the origin and let f; : X; x U; — R” be locally Lipschitz
continuous on X; and U;. Furthermore, let u; : Ry — U; € Y;
and z; : Ry — X; € X represent the input and state signals
for each agent ¢ where U; is the set of Lipschitz continuous
input signals and X; is the set of absolutely continuous
solutions of (1) under the input signals from U{;. The complete
state of the MAS is then given by = := [x;];cy € X, with
X = X,y Xi, and similarly (t) = [z;(t)]iey € X' where
X = Xiev A&;. Let e;; := x;—x; € X;; represent the relative
state vector for each 4,7 € V where X;; := X; © X and let
S € R™*" be a selection matrix! such that p; = Sx;, Vi €
V, represents the position vector of agent ¢ with n, < n.

A. Polytopes and their properties

In this subsection, some fundamental properties of polytopes
based on [32, Ch. 0-1] and [33, Sec. 3] are revised and adapted
to the settings of this work for clarity of presentation. Results
not directly available from these references are proven in [34].

Definition 1: ([32, pp. 28]) Given A € R™*" 2z € R™
and a center ¢ € R”, the set P(4,¢,z) :={x € R" | A(x —
c) — z <0} C R™ is a polytope if it is bounded.

The inequality in the definition of P(A, ¢, z) should be inter-
preted row-wise. Moreover, the centre vector c is introduced
for the convenience of analysis, but the polytope definition

'A selection matrix applies to select 7 < 7 unique elements from a vector
of dimensions n such that S € R™*™ with S[s, 5] € {0,1}; 37, S[i, j] =
1,Vi=1,...mand 37", S[i,j]=1,Yj=1,...n.
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polytopes for some index set Z and «; € R, then
P(A,0,z) P(A, c,az
( ) @P(A,ci,aiz) = P(AZQ,ZO@‘Z) 3)
€L €L €L
Moreover, let ; = [c;,«;] and the generator set V. =
vg v(P(A,0,2)) = {vk}‘kvzll, then it holds
V(@ P(4, ci, aiz)) = {Z Gkni}lk‘gp (4)

[I3 v]n=Gsn

Fig. 1: Graphical representation of similar polytopes. On the left,
the polytope P(A, 0, z) with a red dot representing the origin of
a common reference system. On the right, the scaled and shifted
polytope P(A, ¢, az).

P(A,z2) = {x € R"|Axz < 2z} in [32, pp. 28] is equivalent to
ours letting Z = z + Ac.

Definition 2: ([32, pp. 4]) For a finite set of points V =
{vi 1), c R with |V| > 1, the convex hull of V is defined
as conv(V) = {Z‘k‘;’l Ak V| ZL‘Ql A =1, A, > 0,Vk =
1,... [V}

Proposition 1: ([32, Thm. 1.1]) The set P(A,¢c,z) is a
polytope if and only if there exists a finite generator set V' such
that P(A, ¢, z) = conv(V)) C R™. Furthermore, P(4, ¢, z) =
{x € R"|h(x) > 0} where h(x) := (—(A(z — ¢) — 2)).

Proposition 1 establishes three equivalent representations for
a polytope P(A4, ¢, z). Given A, z and ¢, then a generator
set V' can be obtained algorithmically (see for example [35]),
while the functional representation h(x) is obtained at no
additional computational cost [32]. While for a given polytope
the generator set V' is not unique, we define v : P(A4, ¢, z) —
V* as the map between a polytope P(A,c,z) and the set
of unique generators with minimal cardinality V* (the set of
vertices for P [32, Proposition 2.2]). We next define when two
polytopes are said to be similar and what properties can be
derived from this similarity relation.

Definition 3: Given a polytope P(A,c, z), a scale factor
a > 0 and a center ¢ € R", then the polytope P (A4, c+¢, az)
is similar to P(A, ¢, z).

Thus two polytopes are similar if one is obtained from the
other by homogeneous scaling and a translation. Throughout
the presentation, the column vector n = [c,a] € R" ™! com-
pactly represents this similarity transformation. The following
proposition relates the generator sets of two similar polytopes.

Proposition 2: ([34]) Let the polytope P(A,0,z), the
center vector ¢ € R™ and scale @ > 0 such that n = [¢,a] €
R"™*1, Moreover, let V = v(P(A, 0, z)) be the generator set,
such that V' = {vk}‘kzll then

V(P(A, ¢, az)) = {Gimh, @)

where Gy, = [I, | vx] € R vy € VIVE = 1,...|V].
In other words, the generators of a polytope P(A, ¢, az) are
directly computed by translating and scaling the generators of
the similar polytope P(A, 0, z) (see Fig. 1). The next propo-
sition extends the result of Proposition 2 to the Minkowski
sum of similar polytopes.
Proposition 3: ([34]) Let P(A, ¢;, a;z), Vi € T be similar

v i€T
with Gy, = [I,, | v] € R"*("FD) o € V.
Next, Proposition 4 provides a set of linear inequalities appli-
cable to check the intersection and inclusion of polytopes.
Proposition 4: ([34]) Let the polytopes P(A1,c1, a121),
P(As,co,a029) such that A; € R™*™ A, € RM2xn
and let 7, = [e1,a1] and m2 = [ea, ap]. Furthermore, let
Vi =v(P(41,0,21) = {vk}L‘g‘l Then, the inclusion relation
P(Al,cl, Otlzl) g P(AQ, Co, 04222) holds if and Ol’lly if

Maomy — Zame <0, (&)
where
AxGy
My = : . Za=1py, ® A1 | 2] (6)
AsGyy

and Gy, = [I,, | vi] € R™* (1 45, € ;. On the other hand,
the intersection relation P(A1, ¢, a121) NP (A, 2, anzs) #
() holds if and only if

ArE —[Ar | z1]m <0, Ax€ —[Ax | 22]m2 <0, (7)

for some vector £ € R™.
The section is concluded with the following result, whose
relevance is clarified in Sec. V-A.

Proposition 5: (From [33, Thm. 3.2]) Let P(A, ¢, z) and
the similar polytopes P(A,c;,«;z), Vi € T with a;; € Ry
and index set Z, then

i) @’P(A,ci,aiz) =P(A ¢ z) <

i€l

(8)
Zai =1A @P(A,Ci,aiz) g P(A7C’z)’
i€T ieT
and
i) PP c0iz) CP(Aez) =Y o<l )

Thus Z%’%oposition 5 supports the intuitlieofl that given a
polytope and a Minkowski sum of polytopes similar to the
former, then the Minkowski sum is included in the original
polytope only if the sum of the scale factors «; is less than or
equal to 1. The relevance of this fact is clarified in Sec. V-A.

B. Signal Temporal Logic

Signal Temporal Logic (STL) is a predicate logic applied
to formally define spatio-temporal behaviours (tasks) for state
signals x(t) € X. Let h : D — R, with D C X be
a predicate function and let the boolean-valued predicate

w(h(x)) = { I gzgziig . Then, the recursively defined STL
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grammar applies to construct complex specifications from a
set of elementary predicates as

¢ = p(h(z))[=¢ld1 A ¢2|d1 V d2|Fia,p) AlGa,b)P|D1Ula,p) P25

where G, F and U are the temporal always, eventually and
until operators with time interval [a,b] C R, while A,V and
— represent the logical conjunction, disjunction and negation
operators. The qualitative semantic rules defining the condi-
tions under which a state signal x(t) satisfies a task ¢ from
time ¢ (written as (x(¢),t) = ¢) were derived in [1, Ch 2.2].
Namely, the semantics relevant for the presentation are :

(@(t),t) = p(h(x(t) < p(h(z(t) = T (10a)
(@(t),1) = ¢1 A ¢2 & (®(1), ) |= 61 A (2(1),1) |= ¢2

(10b)
(@(t),t) F Flap¢ < 37 € [a,0] st (z,t +7) F (100)
(@(1),1) = Guyd < (.t +7) = ¢,¥7 € [a,6]  (10d)

In this work, we deal with a fragment of STL having
application in the definition of time-varying missions for
multi-agent systems. Namely, let

ei = Flappi | Glap i, (11a)

©ij = Fla,p)iij \ G[a,b]uij, (11b)
Kij K;

¢ij = N\ ok, b= N oF, (11¢c)
k=1 k=1

for some K;, K;; € N, such that the boolean-valued predicates
i, pi; take the form

Hi= { L if hy(a) < 0, (122)
i = {J_ if hijes;) < 0. (126)
where
hi(zi) = (—(Ai(xi — ¢i) — 21)), (13a)
hij(ei;) = (= (Aij(eij — €ij) — ziz))- (13b)

for some centres c;,c;; € R™. It is assumed that the sets
Bi, B;; for hi(x;), h;j(e;;) are bounded, thus taking the form

Bi = {:cl e X1| hl(acl) Z 0} = ’P(Ai,ci,zi), (14)
Bij :={eij € Xij| hij(ei;) = 0} = P(Asj, €y, 2ij)-

We refer to tasks of type (11a) and (11b) as independent tasks
and collaborative tasks, respectively. Moreover, we refer to B;;
and B; as the truth sets for tasks ¢;; and ; respectively since,
by definition, these are the sets where yi;; = T and p; = T.In
other words, independent and collaborative tasks enforce the
single state and relative state of a pair of agents to lie within a
bounded polytope for a time interval specified by the temporal
operator included in the task. Note that recurrent tasks with
period T' can be encoded in the fragment as conjunctions of the
form ArGlaqrr bkl Safety specifications (e.g., collision

avoidance) are not part (11), as we assume safety is enforced
by the controller applied to satisfy the tasks.

Concerning the semantics, quantitative semantics are ap-
plied in this work instead of the qualitative semantics in (10).
Namely, let the robustness measure p?®(x(t),t) : X xR, — R
of task ¢ for a state signal x(¢) be defined as

P (1), 1) = h(x(t)), (152)

pF[a,b](b(x(t)’ t) — m[a)%] p¢ (m’ t + T) 9 (15b)
TE|a,

pClen®(x(t), 1) = m[inb] p? (x,t+7), (15¢)
TE|a,

P21 (1), 1) = min (o (2(t), 1), p (@(t), 1)), (15d)

then considering, for convenience, the initial time ¢t = 0, we
have the satisfaction relation p?(z(t),0) > 0 < (x(t),0) =
¢ (with double implication holding due to absence of the
negation operator in fragment (11)) [36, Sec. 2.2] [37].

C. Communication and task graphs

Let G(V, ) denote an undirected graph over the agents in
V with undirected edge set £ C V' x V such that (i,j) € £ &
(j,i) € &£. Furthermore, let the neighbour set for agent i be
defined as N'(z) = {j | (4,5) € EAi # j}. In the following, we
consider two main graphs: the communication graph G.(V, E.)
and the rask graph G, (V, &), such that

Ee = {00, 9)] lIlpi — psll < 7e}
Ey ={(1,7)] iz} U {(4,9)] 34},

where 7. > 0 is the communication radius. Note that by
(16b) an edge (i,j) € &, exists whether a collaborative task
¢q; as per (11c) exists over the relative state e;;, while self-
loops (i,i) € &y are induced by independent tasks ¢;. Let
N (i) and Ny (4) be the neighbour sets for the communication
and task graphs respectively. When clear from the context,
the shorthand notation G, and G, applies. In general, the
communication graph is time-varying according to our def-
inition since the position of the agents changes over time.
However, we assume a supervisory controller enforcing the
connectivity for each edge (i,j) € &, exists, such that the
graph G, is considered static (time-invariant) and determined
at the initial time [38]. The following definition clarifies
when a collaborative task is considered consistent with the
communication requirements.

Definition 4: (Communication Consistency) Given the
communication graph G., then the collaborative task ¢;;
with associated truth set B;; as per (11b) is communication
consistent if (i,7) € £. and it holds

Bijn{eij € Xy | lpj — pjll < e} # 0.

On the other hand, ;; is communication inconsistent if it is
not consistent. Moreover, G,, is communication consistent if
all collaborative tasks gofj, V(i,j) € &y, k=1,...K;;, are
communication consistent.

Relation (17) entails the existence of a nonempty set of
relative configurations e;; € X;; whereby the predicate p;;,
associated with task ¢;;, takes the value p;; = T while agents
i and 7 are within the communication radius. This ensures the

(16a)
(16b)

a7
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satisfiability of ¢;; subject to the limited-range communication
constraint. For brevity, we refer to communication consistent
tasks simply as consistent.

D. Paths and cycles

For a given graph G(V, £), let the vector ﬂ'f € V! represent
a directed path of length [ defined as a vector of non-
repeated indices in V such that «)[k] € V, Vk = 1,...1;
wlk] #wllk+1], Vk=1,...1—1; (x][k],w][k+1]) € £
and (m![1],w![l]) = (i,5). Similarly, let w € V' represent
a cycle such that w is a path of length [ with a single
repeated index as w[l] = wll]. A graph is acyclic when it
does not contain cycles. Moreover, let € : yh 5 2f be a
set-valued function yielding the edges along the path ] as
e(m!) = {(w][k],w][k+1]) | k=1,...1—1}, with the same
definition extending to cycles w. Thus, we can write

eij= > e (18a)
(7‘75)66(71',{)
0= Z €. (18b)

(r,s)€e(w)

The following assumption over G. is further considered.

Assumption 1: The communication graph G, is connected
and acyclic.

Assumption 1 is an initialization assumption imposing
acyclicity of the communication graph G.. Note that when
the communication graph is not naturally acyclic based on
the communication range, then we assume that the agents can
select a subset of the neighbours A () that renders G, acyclic
by electing a leader agent from which an acyclic graph can be
constructed using standard graph search algorithms [39, Ch.
5]. Our previous work in [21], dealing with a similar decom-
position, considered the milder assumption of connectivity for
Gec. The reason why Assumption 1 is considered here instead,
relates to the fact that the convexity and decentralization
properties of the task decomposition approach proposed in this
work may be lost when cycles are present over G.. Further
details justifying this assumption are given in Sec. V-B.

I1l. PROBLEM FORMULATION

Consider the situation in which a set of tasks in the form
(11) is assigned to a multi-agent system such that a task graph
Gy can be derived as per (16b). The global task v assigned
to the system is compactly written as

A

JEN ()

N
i=1

Global tasks as per (19) are suitable for defining time-varying
relative formations from which complex group behaviours
for the MAS can be obtained. The problem we approach is
formally stated as follows:

Problem 1: Consider the communication graph ., task
graph Gy, the global task 1 as per (19) with the associated
collaborative tasks ¢;; = /\ii”i(pfﬁ V(i,j) € E as per (11c).

Fig. 2: Decomposition of the inconsistent task ¢13 = @%3 /\go%z), over
the path 7] = [1,2,3]. Solid lines show the communication graph
Ge; the dashed edge (1,3) is the only one in the task graph G.

Develop a decentralized algorithm that outputs a global task
% with task graph G in the form of

N
1;12/\ ¢i N /\ Gij N /\ v,
i=1 FEN (D)NN(7) JEN (1) \Ne(4)

20)
where
¢ = N\ (6Y)F, (21a)
k=1
@)= A (@D (21b)

(r,s)Ge(‘rr{)
for all inconsistent edges (i,5) € &, \ & and with tasks
(@)%, V(r,s) € e(w]),Vk = 1,... K;; being communica-
tion consistent and as per (11b). Moreover, 1 should respect

(@(t)1) = & = (2(t),1) = o 22)

In other words, Ey recalling that each inconsistent task is
defined as ¢;; = /\k:“lcpfj, then the objective in Problem 1 is
to find a conjunction of task (¢)*, as per (21b), replacing
the task gofj for all kK = 1,...K;;. Note that each (¢“)* is
defined as a conjunction of new collaborative tasks (@i)k
over the edges (r,s) € e(w)) C &, where @] is a path over
G. connecting i to j. The following example provides further
intuition on the meaning of the proposed decomposition.

Example [: Consider Figure 2 where two communication
edges (1,2),(2,3) € &. (solid edges) are applied to decom-
pose the inconsistent task ¢13 = 15 A @3, (dashed line). The
decomposition of ¢;3 yields the task ¢'* = (413)! A (¢12)2
where (1)1 = (B13) LA (L))" and (619)? = (51)2 A7,
as per (21b). Hence, the conjunctions (¢'3)' and (¢'3)2
replace 15 and @3, respectively.

Section V-A details the design of tasks d_ﬂj . Before that, the
next section presents key results to explain how these tasks
can be introduced into the task graph G, without inducing
conflicts with other tasks in G.

IV. CONFLICTING CONJUNCTIONS

The concept of conflicting conjunction is introduced first.

Definition 5: (Conflicting conjunction) The conjunction of
collaborative tasks /\kK:”1 gofj is a conflicting conjunction if
there does not exist a continuous state signal x(t) for the
multi-agent system such that (z(t),t) E /\kK:]1 oF.

It is desired that any formula v as per (20), resulting from
the decomposition approach, should not induce conflicting
conjunctions as this fact would result directly in 1) being
unsatisfiable. We here present five types of conflicting con-
junctions according to Def. 5 which can arise when collabo-
rative tasks are set in conjunction. Due to space limitations,
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proofs of the results in this section can be found in [34].
Intuitively, conflicting conjunctions of collaborative tasks in
the fragment (11) occur when two or more collaborative
tasks feature an intersection in the temporal domain (in terms
of the intersection of their time intervals) which does not
correspond to an intersection in the spatial domain (in terms
of their truth sets). We here propose a more general definition
of conflicting conjunction compared to the one in [21]. We
conjecture that these are the only five types of conflicting
conjunctions over collaborative tasks according to fragment
(11). We acknowledge that conflicting conjunctions can also
arise among conjunctions of independent and collaborative
tasks, but we limit the presentation to conflicts over collab-
orative tasks. Adding conditions for conflicting conjunctions
of independent and collaborative tasks is the subject of future
work. In the presentation of the different types of conflicting
con]unctlons We consider the general conjunction of tasks
dij = N ©F; over an edge (i,j) as per (1lc), with truth
sets B Vk =1,. . K;; as per (14). Moreover, let the set of

5
indices Z¢g, Zr such that 7o UZp = {1,... K,;} with

IG = {k‘ =1.. .Kij | (pi'cj = G[ak7bk]/,t§j}7

Ir ={k=1...Kij | o} = Flr pul; }.
While we present Facts 1-3 consecutively, Example 2 provides
intuition on their meanings and implications.

Fact 1: (Conflict of type 1) Consider the conjunction of
tasks ¢;; = /\,If:”1 gpfj and let £;; be a set of subsets of indices
in Zg such that

2y =L e\ (0} (), a0 #0).

If there exists a set of indices L € £;; such that (), [a’, b'] #
0 and My, Bij = () then ¢;; is a conflicting conjunction.

Intuitively, conflicting conjunctions as per Fact 1 occur any
time a set of collaborative tasks, featuring an always operator,
also feature a non-empty time interval intersection. Then, for
any time in this time interval intersection, the relative state
e;; should lie inside the truth set B;; of all the considered
tasks, which is possible only if the truth sets are intersecting
as well. The next two facts involve conflicting conjunctions of
tasks with mixed temporal operators.

Fact 2: (Conﬂlct of type 2) Consider the conjunction of
tasks ¢;; = /\k | 90” For a given index d € Zp, let €;;(d)
be the set of subsets of indices in Zg such that

Cii(d) = {C e 2Z¢ \ {0} | [a%, b%] C Ulec[al,bl} A

[a', '] N [a%, 0% £ 0,V € C}.

Then, if there exists d € Zp and a set of indices C € €;;(d)

such that ij N ij =0, VI € C then ¢;; is a conflicting
conjunction.

Fact 3: (Conﬂlct of type 3) Consider the conjunction of

tasks ¢;; = /\k | F;. For a given index d € Zp, let D;;(d)
be a set of subsets of indices in Zs such that

() = {D € 2%\ {0} [0 < ) _,

Then, if there exists d € Zr and a set of indices D € ©;;(d)
such that BY; N (,cp Bl; = 0. then ¢;; is a conflicting
conjunction.

(23)

(24)

(25)

[al,b!]}. (26)

Lo i
i = G[(J.’l,l)’l]/”‘i} \' @Z — G[alz b"z]/‘ﬁj

. Bll 2
Blz ' Bl3 ‘

Bd

I3 _| I3
Pij = G[u’s,b’s].uij ;
(. — ;_h ] i
P | ! -
P | —— 99?] = F[ad,bd]:uzdj

to
U nald b

(a)

_ 1
Pir = Clan ol — gl Gyl

to

; EF[ad’bd]l,L;-ij - B,:i]

D Nicg, 0,0 ]
(b)

Fig. 3: Example of two conjunctions of tasks that do not induce
conflicting tasks as per Fact 2. Detailed explanation in Example 2.

We provide some intuitions over the results of Facts 2 and 3.
Consider a collaborative task ¢f; = Fl,a pajps;, with d € Zp,
such that its satisfaction can potentially occur at any time in the
interval [a?,b?] as per (10c). Conflicts as per Fact 2 can then
occur if there exists a set of tasks @}, = G[q1 yut; such that
the union | J,[a!, b'] is covering the interval [a?, b?] in the sense
that |, [a’, 0] D [a?, b?). In this case, at least one of the tasks
@ﬁj must necessarily be satisfied together with cpfj. On the
other hand, conflicts as per Fact 3 occur when the time interval
intersection of the tasks ¢!; is covering [a?,b%] in the sense
that (;[a’, 8] 2 [a?, b?). In this case, there exists at least one
time instant 7 € [a, b?] such that all tasks gi)” = Gl b u”
must necessarily be satisfied together with (pl] = Flqa pa)pg;-
An example is provided to support these proposed intuitions.

Example 2: Consider Figure 3a where a conjunction of
folur tasks ¢;; = goi; A wij A @ig A gp‘fj is represented with
Yij = G[al,bl]ﬂéjv Vi e {11,12,13} and (p?j = F[ad7bd]'uldj. The
left of Figure 3a shows the time interval intersection for the
tasks, while the truth sets intersection is given on the right.
This conjunction does not suffer from conflicting conjunctions
as per Fact 1, 2, or 3. Indeed, concerning conflicts of type
1, we have that Eij {{ll, ZQ}, {ll, 13}, {ll}, {lg}, {13}}
First we note that that [a',b'] # 0 and B}; # 0 for all
l € {ly,ls,13}, thus avoiding conflicts as per type 1 over the
singleton sets in £;;. Moreover, [a't,b"] N [a’2,b'2] # () and
[a't,bl1] N [als, bl3] # (), while at the same time Bf; HBZ #0
and Bﬁ; N BZ‘ # () (Figure 3a on the right). Thus conflicts of
type 1 also do not arise for {l1,l2},{l1,l3} € £;;. Passing to
conflicts of type 2 we have €;;(d) = {{l1,12,13}} as per (25).
From Figure 3a it is shown that B N Bd # () thus avoiding
the conflict of type 2. Finally, turmng to confhcts of type 3,
we have that ©;; = () such that no conflicts of this type case
arise. Consider now Figure 3b where conjunction of three tasks
GPij = <pij A <p A <p” is represented in the same fashion as
Figure 3a. Agam {l1,12} = I while {d} € Zr. In this case,
we focus on conflict of type 3, while the absence of conflicts
of type 1, 2 can be verified as in the previous example. Then
we have D;;(d) = {{l1},{l2},{l1,12}}, as per (26), since
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the time intervals of the tasks cp and <pm, as Well as their
intersection, contain the time 1nterva1 of the task 9013 Since
the intersection BZ N Bij N Bf‘; is not empty (on the right in
3b), then conflicting conjunctions of type 3 do not arise.

The next two conflicting conjunctions are defined over
cycles of tasks in G, rather than on a single edge. Namely,
consider a cycle w over the task G, and assume, for simplicity,
that for each edge (r,s) € e(w) a single collaborative task
¢rs = prs 1S defined. Then, the global task 1 contains the
conjunction of tasks A s)ec(w)prs and conflicting conjunc-
tion can arise if the cycle closure relation (18b) can not be
satisfied together with the conjunction of tasks A(, s)ee(w)@rs-
This intuition is formalised in the following two facts.

Fact 4: (Conflict of type 4) Consider a cycle w over
Gy and the conjunction of tasks A(s)ee(w)@rs defined
over w such that, with a slight abuse of notation, ¢, =
Gla,. b lirs, V(r,s) € e(w) with respective truth sets
B.s,¥(r,s) € e(w) as per (14). If m(r,s)ée(w)[ars’brs] £ ()

and
0 §Z @ Brsv
(r,s)€e(w)
then A(. s)ec(w)prs is a conflicting conjunction.

Fact 5: (Conflict of type 5) Consider a cycle w over G, and
the conjunction of tasks A(, s)ee(w)¥rs defined over w with
respective truth sets B,.,V(r, s) € e(w) as per (14). Further-
more, consider the single edge path 7] = [i, p] and the path

+ such that w = [7r], 7/]. Let, without the loss of generality,

(‘Olp [qu, 117]/’6"17 and Prs = G[a'r‘sg rs]lj/TS? v( ) € 6( )
If it holds that ﬂ(r’s)ee(r;)[a,.s, brs| 2 [aip, bip) and

@ Brs

(r,s)€e(w?)

then A(. s)ec(w)rs 1s a conflicting conjunction.

While we provided the statement for conflicting conjunction
of type 4 and 5, we show in Section V-B that these can
not arise for the proposed decomposition approach due to the
acyclicity assumption on G.. We choose to report them as they
represent an independent contribution to future work in this
direction. The following assumption is considered further

Assumption 2: The original task graph G, does not suffer
from any conflicting conjunction as per Facts 1-5.

This is a reasonable assumption over G, as otherwise the
task 1) would be unsatisfiable even before the decomposition.
Section V-B details how the proposed decomposition approach
preserves the conflict-free property passing from G, to Gj.

27)

0¢ By (28)

V. TASK DECOMPOSITION

In this section, the decomposition approach to obtain tasks
¢% from the inconsistent tasks ¢;; defined over the edges
(1,7) € €y \ & is presented as per Problem 1. For the sake
of clarity and to reduce the burden of notation, we present
our results assuming that all the inconsistent tasks ¢;; do not
contain conjunctions such that simply ¢;; = ¢;;. Hence, by
dropping the index k in (21) and replacing (21b) in (21a),
we get that ¢;; = ¢;; is decomposed into the task ¢ =
Ners) eﬁ(ﬂg)@.@. Note that this simplifying assumption is not
required from our approach but is nonetheless introduced for

the sake of clarity. Indeed, the same approach developed to
decompose a single collaborative task ;; into an appropriate
task ¢ as per (21b), can be repeated for any index k €
{1,... K;;} in the conjunction. With these considerations, in
Sec. V-A the first main decomposition result is provided in the
form of Lemma 1, where a procedure to define the task ¢%
from an inconsistent task ¢;; is derived. The task ¢Y resulting
from this decomposition is a function of a set of parameters
that are later shown to be computable via convex optimization.
Moreover, Sec. V-B and V-C detail how convex constraints
over the former parameters are enforced to avoid conflicting
conjunctions and guarantee communication consistency.

A. Parametric tasks for decomposition

Consider the communication inconsistent task ¢;; = ¢;;
with (Z,]) € 5¢ \gc, where hij = (—(Aij(eij — Cij) — Zij)>
is the predicate function associated with ¢;; and B;; =
P(A;j,cij, zij) is the associated truth set as in (13)-(14). Fur-
thermore, consider the family of parametric predicate functions

i (ers,m) = (—(Aij(ers — €4) — alzig)),  (29a)
BU (,r]'l“s) = {eTS € XTS ‘ hrs(e’r‘su nrs) > 0}7 (29b)
such that
. T if Eij rss M) >
L if hi(eqs,mid) <0,

where 0, = [c¥,, aJ] is a free parameter vector that needs to
be optimised. The parameter vector 0’ intuitively defines the
posmon and the scale of the polytope P(A;;, ¢, al z;;) =
B (nid) which is similar to P(A;j, ¢ij, zij)-

From the family of parametric predicate functions in (29)
a decomposition of the inconsistent task (;; is obtained by
a two-step procedure: 1) define a path of agents 7] from
to j through the communication graph G.; 2) define a set
of parametric tasks @ V(r,s) € e(w!) with corresponding
predicate functions k%, as per (29) such that (z(t),0) = ¢¥ =
N syee(n?) ¢ = (x(t),0) = ¢i;. The solution to 1) is well
studied in the literature so that we assume a path 7} between
any pair ¢,j € V can be found efficiently [39, Ch. 2]. On the
other hand, a solution to step 2) is provided by Lemma 1.

Lemma 1: Consider a collaborative task ¢;; defined over
the inconsistent edge (i,7) € &y \ & with associated truth
set Bij = P(Aij,cij,zi5) as per (14). Moreover, consider
the path 7} through the communication graph G, and ¢¥ =
Nirsyce(n? @Y. as per (21) such that

5 = Fig i,
T Gl

if WYi; = F[a,b]Mij7 stte [a,b]

: 31)
it @i = Glaphij,

where jit,, h¥J, I (ers,Mmi), B (ni) are as per (29)-(30). If for
each (r,s) € e( 7) the tasks @TJQ are defined according to (31)
and there exists parameters %, V(r, s) € e(m]) such that

D

(r,s)€e(n])

By (n) € Bij, (32)
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then (x(t),0) |= ¢ = (x(t),0) = @i;.

Proof:  We prove the lemma for ;; := Fl,)pi; While
the case of ¢;; := G[a,7blg¢j fglloWS a similar reaspning. We
omit the dependency of h;/,, B}/ with respect to 1,7, to reduce

the notation. Given the path 7] over G., then ¢% is defined
according to (31) as

¢ =N\ Pu=

(T,s)Ee(ﬂg)

/\ Fieafid,

(rys)€e(ed)

where [£,{] C [a,b]. By (15d) it holds p®” (x(t),0) =
min(r’s)&w){p@i’; (x(t),0)} > 0 < (x(t),0) = ¢. Since,
@i, = Fyga¥ for all (r,s) € e(m]), then by (I5b) it
holds, for each (r,s) € e(r}), that pFleaiis(z(t),0) > 0 <
max, e[z g hii(ers(t)) > 0 = hf!;(ejm(f)) > 0. Thus, by
(29b), e,5(t) € B, Y(r,s) € e(m!). On the other hand,

TSy

from (18a) and (32) it holds at time ¢ that

€ij (t_> Z €rs (t_> € @

(’I",S)GG(‘A"Z) (T,S)Ge(ﬂ'Z)

— B, C Bjj.
(18a) (32)

Thus, for every satisfying trajectory (x(t),0) = ¢* it must
hold eij(f) S Bij = hm‘(@m‘({)) > 0. Since tc [a,b], then
by (15b) it holds p®# (x(t),0) = max,c(q,p)(hij(es;(t))) >
hi;j(e;;(t)) > 0= (x(t),0) = ¢;j, concluding the proof. H

The following clarifying example is provided to build a
graphical intuition of the result in Lemma 1.

Example 3: Figure 4a shows a system of 6 drones with
states x; = p; being the positions of each drone, while on
the left in Figure 4b the task graph G, (dashed lines) and a
communication graph G. (solid lines) assigned to the agents
are shown. The edge (1,4) € &, \ £ is an inconsistent edge
that requires decomposition through 7{ = [1,2, 3, 4] such that
a new task ¢ = @14 A @l4 A @it is introduced as per Lemma
1. The new task graph resulting from the decomposition is then
Gy (on the right in Figure 4b). Figure 4a also shows the similar
truth sets B2, V(r,s) € e(n}) = {(1,2),(2,3),(3,4)} (gray
rectangles) and Bj4 (red rectangle). The inclusions relation
(32) is graphically understood by letting the Minkowski sum
D (.o cc(nt) Brs to be a subset of Bi.

’ 1 . . .

Note that when an inconsistent task ¢;; featuring the
eventually operator ' has to be decomposed, then the tasks
@Y., V(r,s) € e(m]) are necessarily synchronized over
a common time instant ¢ as specified by (31). This syn-
chronization is needed for the satisfaction of the original
task ¢;;, although ¢ can be chosen arbitrarily within [a, b].
Concerning the inclusions relation (32), it is known from
Prop. 3 and Prop. 4 that (32) can be efficiently verified by
a set of linear inequalities. Namely, consider again the truth
set Bij = P(Ayj, cij, zi5) for the inconsistent task ;; and
let the decomposition path 7r}. Furthermore, let the similar
polytopes Bid = P(A;j, ¢, aidz;;), V(r,s) € e(w]) derived
from the parametric task ¢%, as per Lemma 1 with parameters

il = [c¥,, ). By recalling the results of Prop. 3 and Prop.
4, and by letting the generator set V;; = v(P(4;;,0,2;5)),
then the inclusion relation (32) is verified if it holds

- 7. Ci
M;n — 2 71| <o, 33

(rs)ee(n?)

where
AijGy
M;; = : )
AMG\W

and Gy, = [I,, | vg] € R™>HD wp € Vi, Ve = 1,...|Vi4].
From Prop. 5, if (32) holds, then also

>

(r,s)Ee(w{)

Zij =Ly, @ [Aij | zi5],  (34)

all <1, (35)

where (35) holds with equality if (32) does. We refer to the
left-hand side of (35) as the decomposition accuracy of the
decomposed task ¢;;. We show in Section VI that maximising
the decomposition accuracy on the right-hand side of (35) is
the main objective of our decomposition approach

Hereafter, it is assumed that all the inconsistent tasks have
been decomposed using a conjunction of parametric tasks as
per Lemma 1. Next, in Section V-B and V-C, we provide a set
of constraints that are imposed over the parameters 1%/, such
that the respective tasks ¢%., are communication consistent and
such that the tasks ¢%, do not cause conflicts as per Facts 1-5.

B. Handling conflicting conjunctions

In this section, it is clarified how conflicting conjunctions
as per Facts 1-5 might arise during decomposition and how
to resolve them by appropriately constraining the parameters

i associated with each ¢. Namely, we analyze how the
consistent and conflict-free collaborative tasks ¢, for all
(r,s) € & N &y, that were in place before the decompo-
sition, are modified by the introduction of the new tasks
@Y, V(i,j) € Ey \ & resulting from the decomposition, and
how the consistency and conflict-free properties for these can
be preserved. As in the previous sections, it is assumed that
inconsistent tasks are without conjunctions as ¢;; = ;5. A

©% o e
A PR ""6‘:4 B4
®¢>/‘"} o B B | o ST
T~ Ci4
B g
(a)
7y £1@
ol B @y

6 7 @.0

(b)
Fig. 4: (a) A team of 6 drones with respective communication graph.
(b)(Left) Initial task graph G, (dashed line) and communication

graph G (solid line) of the system. (Right) final task graph G, after
applying the proposed decomposition.
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change of notation is required at this point of the presentation
and applies hereafter. Namely, let the sets

&= | e, (36a)
(i) EEY\Ee
M, = {(i,5) € E, \ & | (1, 8) € e(m))}, (36b)

where the set £, C &. contains the edges in G. that are
used for the decomposition of all the inconsistent tasks ¢;;
with (i,7) € &y \ &, while II,;, C &, \ & contains the
inconsistent edges (i, j) € &y \ & such that the decomposition
path 7] is passing through (r,s) € & C &.. Moreover,
let the collaborative task ¢, := /\ff;igofs, as per (llc), be
defined over (r, s) € &, before the decomposition. Then, after
the decomposition of the inconsistent tasks ¢;;, V(i,j) €
Ey \ &, an additional conjunction of parametric tasks given
by Agijerm,. P is included over the edge (r,s) € Ex. Let
then

,CT‘S = {Krs+1»~~-Krs+ |Hrs‘}; (37)
and let the one-to-one index mapping
yi,., < s = Ko, (38)

that maps each unique (i,j) € IL., (an inconsistent edge
whose decomposition path 7] passes though (7, s)) to a unique
index in KC,; so that the following notation equivalence is

established N
A el = N e

Y1o
(4,5)E€ys

(39)
" kelys

where we dropped the bar notation over the parametric tasks
to ease the notation. Hence, after decomposition, the tasks ¢,
for each (r, s) € &, take the form

Kos
Neks A N ek = N\ ek
k=1

ke s ke, s
before decompositon

Drs 1= (40)

parametric tasks

where KC,s = {1,... K,s} UK,,. An example is provided to
clarify the new notation.

Example 4: Consider Figure 5. The left panel represents
the communication graph G. (solid edges) together with the
task graph G, (dashed edges) such that tasks @24 and o5
are inconsistent. The consistent edge (1,5) € &, is on the
decomposition paths 75 = [2,1,5,4] and w3 = [2,1,5] for
both inconsistent tasks (24 and (g5, while the task 15 is
assigned before the decomposition. From the index mapping
Y5> with yH15((274)> = 2 and yH15((275)) = 3 the
notational equivalence

=25

_24 _ 1 2 3
P15 NP5 NP5 = | P15 N ©is A Pis,

YIlrs
is established. The final task graph and communication graphs
are then shown on the right panel in Figure 5.

With this new notation, this section is concerned with
stating sufficient conditions on the parameters n*,, Vk € K,
associated with the parametric tasks ¥, Vk € K, such that
the task ¢, in (40) is not a conflicting conjunction. Indeed,
we highlight again that after the introduction of the index map
ym,., the tasks ¥ | Vk € K, are parametric as per (31), with

=24 A 2217
P21 NP5

o

Fig. 5: Decomposition of formulas @25, ¢15, p24. (Left) Initial task
graph (dashed) and communication graph (solid). (Right) Final task
graph (dashed) and communication graph (solid).

corresponding truth set given by BF, = P(AF  ck ok zF ) as
per (29b) and such that n¥, := [cF,, a¥ ] is a parameter to be

optimised. On the other hand, the tasks ©¥,, k € {1,... K¢}
are not parametric, as per (11b), and such that their truth
set is a fixed polytope in the same general form BF, =
P(Afs,cfs,afszfs), but with O‘]ﬁs = 1 and Wfs = [Cfsvl]
having fixed value as per (14). Note that, in general, the
polytopes BE,,Vk € K, are not similar (cf. Def 3). We are
now ready to present the next main results. Following the
presentation of the different types of conflicting conjunctions,
we often refer to the set of indices Zg and Zr as per (23)
where Zg U Zp = K,q, oF, = G[ak,7bk]ﬂ,ﬁs, Vk € Zg and
ors = Flar piyirs, Yk € Ip.

Proposition 6: Consider ¢, = A,cxc. ¢r, as per (40)
and the set of subset of indices £,5 as per (24) over the edge
(r, ). Furthermore, let £ C £, be defined as £ = {L ¢
L | L ¢ L',VL' € £,5}. Then if for each set of indices
L € £M there exists £ € R™, such that

ALg—[AL |2 ]nl, <oviel (41)

then ¢, is not a conflicting conjunction as per Fact 1.
Proof: By Prop. 4 we know that the set of inequalities
(41) guarantees that for every L € £ it holds (¢, BL, 2
{€} # 0, thus disproving the conditions for conflicting
conjunction over the sets of indices L,, € £M as per Fact
1. Consider now a set L' such that L' € £, \ £*. Then
necessarily, by definition of £, there must be an L € £M

s
such that L’ C L. We can then write (), ;, BL, 2 ,cp, BLs 2
{€} # 0. Since L’ was chosen arbitrarily from £,, then the
conditions for conflicting conjunction as per Facts 1 do not
hold for any L' € £, concluding the proof. [ ]
The set Sf}{ represents the set of subsets in £,5 that are
“maximal”, meaning that any set of indices L € £ is not
contained in any other set L’ € £,s. Therefore the result of
Prop. 6 suggests that checking for conflicting conjunctions
over the subset of indices in £ is sufficient to avoid con-
flicting conjunctions of type 1, instead of checking all subsets
in £,.5 where |£M| < |£,4|. Second, once the power set of
indices 2%¢ is computed, then extracting the set £,.5 C 2Zc
(and thus £ is computationally efficient as it requires only
to verify the condition max;er, a' < mingey, b for each set
L € 2%c, with [a', '] being the time interval of the respective
tasks l... Third, only the sets of indices L € £ such that
LN K,s # 0 have to be checked for conflicting conjunctions
since, by Assumption 2, the conjunction Ajcyy,... Km}gafds as
per (40) is not a conflict of type 1.



IEEE TRANSACTIONS AND JOURNALS TEMPLATE

Proposition 7: Consider ¢,. = Acxc.. ¢rs as per (40)
and the set of subset of indices €,;(d) as per (25). Further-
more let €7 (d) C €,4(d) be defined as € (d) = {C €
Cs(d) | C P C' VC" € &5(d)}. If for every d € Iy and for
every C' € € (d) there exists [ € C' such that

l l AR
Ars£ - [Ars | ZTS] Nrs S O’ (42)
A7dé€ - [A;is | ng] 777da <0,
for some vector & € R", then ¢,; is not a conflicting
conjunction as per Fact 2.

Proof: For a given d € Zr consider the set C' € €7%(d) C
€,s(d) such that, by definition of €,4(d) in (25), we have
[a?,b%] C U,cc[a’, b']. Then by equation Prop. 4 it is known
that (42) ensures the existence of at least one index [ € C such
that BE, N BL, D {&} # 0. Therefore, a conflict as per Fact
2 is avoided for the index set C. Now consider another index
set C' # C such that C" € €,4(d) \ €7%(d). By definition of
€7 (d), it also holds C' C C'. It is now sufficient to note that
the satisfaction (42) for one index [ € C' C C’ disproves again
the condition for conflicting conjunction as per Fact 2 over C”.
Since the result is valid for any d € Zp, any C € €7%(d) and
any C' € €,4(d) \ €(d), we have proved that conflicts as
per type 2 do not arise over ¢,.. [ |

Similarly to Prop. 6, the set €(d) represents the set of
subsets in €,.4(d) for a given d € Zp, that is “minimal”, in
the sense that any set of indices C' € €] does not contain
any set C' € €,4(d) thus reducing the number of subsets of
indices of tasks to be checked for conflicting conjunctions.
The same remarks highlighted for Prop. 6 are also valid for
Prop. 7. The last result of this section is presented next.

Proposition 8: Consider ¢. = Ajcxc.. ¢rs as per (40)
and the set of subset of indices ©,5(d) as per (26). Further-
more, let DM (d) C D,(d) be defined as DM (d) = {D €
D.s(d) | D ¢ D', VD" € ©,4(d)}. If for every d € I and
for every D € D (d) it holds

Aisg - [Ai“s | zf‘s] nis < 07 vl e D7

AL~ [ | 2] nt, <o, “
for some vector & € R", then ¢,; is not a conflicting
conjunction as per Fact 3.

Proof: For a given d € Ip consider the set D €
DM (d) C D,5(d) such that, by definition of D,4(d) in (26),
we have [a?, b] C N, pla’, b']. Then by equation Prop. 4 it is
known that (43) ensures that BN, p BL, 2 {&}. Therefore,
a conflict as per Fact 3 is avoided over D. Now consider
another set of indices D’ # D such that D’ € ®,.,(d)\D (d)
and, by definition, it holds D D D’. Then the condition (43)
directly disproves the condition for conflicting conjunction as
per Fact 3 since, it holds BN, p, Bl 2 BN yep By 2
{€}. Since the argument is valid for any d € Zp, any
D € ®,4(d) and any D’ € ©,.,(d) \ DM (d), we have proved
that conflicts as per type 3 do not arise over ¢, . [ |

One last definition provides a compact and uniform way
to verify the absence of any type of conflicting conjunctions
over ¢.s = Akek,. ¢k, as per Prop. 6, 7 and 8. Namely, the
union of all the subset of indices that can cause conflicting

conjunctions of tasks is defined as

Q.= (J H{gu{l1ec, veegr@))u

deTr

sets of indices related to conflicts of type 2

(U idup|vpent@y vel,
deZr
sets of indices related to conflicts of type 3
and let
20 = €0, Vo = 1,194} (45a)
Yot Qs = {1, Q) (45b)

where =, is the set of auxiliary variables applied to impose
the conditions (41), (42) and (43), while yq, _ is the index
mapping relating each set of indices ( € Q,.s with an auxiliary
variable &4, such that ¢ = yq,_ (Q). With these new defini-
tions, the conjunctions /\lngolrs for all @ € 9, represent
potential conflicting conjunctions over the edge (r,s) € &;.
To avoid conflicts, the satisfaction of (41), (42) and (43) over
(r,s) € & can be compactly written as

Af"s gs - [Agr’s | zal"s:l ’r"f‘s < 0’ VQ € QTS) vl e Q7

(46)

such that ¢ = ygq,.(Q). It now remains to clarify how
conflicting conjunctions as per Fact 4-5 can be avoided. In
this respect, Assumption. 1 ensures that cycles of tasks as per
Fact 4-5 can not arise during decomposition of G, into gd;.
Indeed, since only edges in the communication graph G, are
applied for the decomposition and since G, is acyclic, then,
by construction, the new task graph G; must necessarily be
acyclic, for which conflicts of types 4 and 5 do not arise. The
reason why conditions (27)-(28) are excluded in our decom-
position approach is due to the fact that their enforcement
leads to non-convex constraints over the parameter vectors
nL,. Moreover, the possibility of decentralizing the proposed
decomposition, as presented in Section VI-B, is lost if this
last type of constraint is introduced. When the acyclicity
assumption on G. can not be enforced, a solution to avoid
conflicting conjunctions of type 4 and 5 was provided in our
previous work [21] by restricting the sets B,.s to be hyper-
rectangles instead of general polytopes.

C. Handling communication consistency

Concerning communication consistency of the parametric
tasks L, VI € K, over the edges (7,5) € &, the following
result is provided

Proposition 9: Consider an edge (r,s) € &, and the
parametric task ¢!, with [ € K., as specified in (40).
Furthermore, consider the truth set BL, = P(AL_ el al 2L))
and parameter vector !, associated with ¢! . Let the gen-
erator set V!, = v(P(AL,,0,2L,)) as per Prop. 1 and the

selection matrix S such that p; = Sz; Vi € V. Then ¢, is
communication consistent if

()" Nink, <r2 Vk=1,...|V}], 47)
where

N =(GOHTSTSGL, G =[I,|v], v € V. (48)
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Proof: We prove that (47) implies (17). First let the
polytope L., = {Se,s = ps — pr | e,s € BL,} repre-
sent the projection of BL, over the space of relative posi-
tions of agent r and s. Moreover, let the distance function
f(Se.s) = ||Sers||? —72,YSe.s € L,s. By Def. 2 and (4) the

generators of L, are given by the vectors {SG!n., ‘kvl‘,
where {Glnf 15| = v(BL) = v(P(AL,.c,.al 2.

Thus Se.s = >, MSGinl,, VSe,s € L5 with \; > 0,
Zk Ar = 1. From, Jensen’s inequality [33, Thm. 3.4] we also
have that f(SGknTS) <0, Vk =1,... VL] = f(Se.s) =
|Sers||? —r2 = ||p. — ps||*> — 12 <0, VSe,s € Lys. It is
then sufficient to note that f(SGinl) <0, Vk=1,...|V]
is equivalent to (47) such that B., N {e,s € X,s | ||Se,s|| <
r.} = L,s, which implies (17). [ ]

Note that N }C are positive semi-definite matrices, and (47)
is thus convex in n’.,.

VI. PARAMETERS OPTIMIZATION

In this section, the convex optimization to obtain optimal
parameters n'.,, ¥(r,s) € &, VI € K, is presented, with the
constraints required for ensuring conflict-free conjunctions of
tasks over the communication consistent edges &£, as well as
communication consistency.

A. Centralized parameters optimization

1) Variables: The variables of the optimization program are
the parameters 1!, V(r,s) € &; of the tasks ¢ introduced
for the decomposition for all [ € K, and all (r,s) € &,
together with all the auxiliary variables &9, € =,, Y(r,s) €
Er, Vg = 1,...|E.5| (as per (45a)) to avoid conflicts as
explained in Sec. V-B. We define the set of parameters H,s
for each edge (r,s) as H,, = {n', |l € K,}. We recall that
the mapping yr1,. as per (38) assigns a unique index | € K,
to each inconsistent edge (¢,7) € Il passing though (r,s).
Indeed, when an inconsistent task ¢;; with decomposmon path

7! passes through (r,s), then a collaborative task @, =
Yl

¢l., with | € K., is introduced over (7, s).

2) Cost Function: Let a single inconsistent task ¢;; = ©;;
with truth set B;; be decomposed over the path =]. By
Lemma 1, the inclusion relation (32) must hold for a valid
decomposition. By Prop. 5 we also know that (32) implies
the relation (35) Z (rys)€e(n?) a4, < 1 (where the notation in
place before the definition of the index mapping y,., is used
here and replaced in (49)), which holds with equality iff (32)
does. Intuitively, the optimal decomposition is obtained when
(32) holds with equality, as this is equivalent to recovering the
truth set B;; in its full extent, after the decomposition (cf. Prop.
5). Since this occurs only if Z(T s)ee(nd) Qs = = 1, then the
decomposition accuracy in (35) is con51dered an appropriate
metric to define “optimality” for our proposed decomposition.
The objective function of our decomposition becomes

2. DL k=) ) o

(1,5) €€ \Ee (r,5)€e(m)) (r,5)€ER (i,§)€llys

> Yl

(1,8)EER LEK s

(49)

2l

Y

s

where the first equality is obtained by swapping an iteration
over the inconsistent edges (i, j) € &, \ &, with an iteration
over the decomposition edges (r, s) € E;. On the other hand,
the last equivalence is only notational though yyy, . as per (38).

3) Constraints: The constraints for our optimization pro-
gram are of three main types: communication consistency, con-
flicting conjunctions and decomposition constraints. Consider
first the communication constramts over an edge (r,s) € &;.
For each parametric task Lp,,s, I € K, there is a parametric
truth set B., = P(AL,, cl,,al,zl,) with generators set
AR (P(Aié, ,2L,)). Then, by Prop. 9, communication
consistency is enforced by (47). We can repeat the same
argument for each [ € K5 to obtain:

(M) Nty <72, VL€ Koy, VE =1, V]

where the matrices N}, Vk = 1,...|V,,| are as per (48). The
second type of constraint guarantees conflict-free conjunctions
over the tasks ¢, as per (40). In this respect, consider, for
each edge (r,s) € &, the set Q.. as per (44). The set 9, is
the set of subsets of indices in /s such that, for each Q €
9,5, a conjunction of tasks Ajeqel, over (r,s) € E; could
cause a conflict. Then, conflicting conjunctions are avoided
by imposing (46) over each edge (r,s) € &,. The third, and
last, type of constraint is the one required to obtain a valid
decomposition of each inconsistent task ¢;; = ¢;;, V(i,7) €
Ey \ . by the satisfaction of (33). This is achieved by the
satisfaction of (33) and (34). Differently from the previous two
types of constraints, this constraint is shared among multiple
edges (r,s) € (7)) in the sense that its satisfaction involves
parameters vectors spanning all the edges (r, s) € e(m ) along
the path 7r]. With the intent of uniforming the notation via
the index mapping yr,., we let I, = ym, ((4,7)) for each
(r,s) € e(m]) to be the unique index associated with the
inconsistent edge (7,7) over the edge (r,s) € e(m]), such
that the constraint (33) can be rewritten as

Z Mijmye — Zij. {c”} <0
T e(mh L] ) T

(r:s)€e(m))
for all (i,7) € &y \ &. Recalling that the truth set of the
inconsistent task ¢;; is given by B;; = P(Aij, ¢ij, zi;), the
definition of M;; and Z;; is given in (34).

4) Optimization program: By letting H = U, s)cc(w) Hrs
and Z = |, 5)ec(w) Ers the centralised optimization program
applied to solve the task decomposition problem is given by:

nax Y Y al, (502)
T (rys)€En 1€R
)TN (L) < r2  V(18) € & VEE K, (50b)

Vk=1,...|V],

Als K [Alrs | Zis} nis S Oa V(T, S) € (C/‘THVQ € DTS?
with g = Ya,.(Q) vieQ,
(50c)
s Zij Cij
Xretd) | Mg e [ 1 } =0 (s0d)

Wlth lT‘S = yH7~s((iaj))) V(Zaj) E 51/1 \ gca
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||€gs‘| Sg’max Vq=_1,...\£),.s|,

Y(r,s) € &
17l < Tnaw VL € K, (r:s)

(50e)
where the cost function (50a) represents the sum of all
the decomposition accuracies over all the inconsistent tasks,
constraint (50b) enforces communication consistency over all
parametric tasks introduced for the decomposition, constraint
(50c) enforces all the necessary inclusions to avoid conflicting
conjunctions over the decomposition edges in &, and con-
straint (50d) represents all the inclusion relations needed to
satisfy (32) for all the inconsistent tasks, with M;; and Z;;
defined as per (34) for each (i, j) € &y \ &.. Constraint (50¢)
with constants &4, > 0 and 7,4, > 0, is a norm constraint
introduced to ensure the domain of the convex program (50) is
compact. The upper bounds &,,445 Mmaz should be chosen to
be sufficiently large as they only apply to bound the domain
of the optimal parameters search.

Remark 1: The proposed task decomposition approach is
agnostic to the chosen dynamics in (1). Indeed, the decom-
position derived as the solution to (50) depends only on
the geometry of the predicate level sets of the tasks and
their logical relation (e.g., potential conflicting conjunctions).
Future work will address the interaction between dynamics,
communication, and STL constraints to enhance the generality
of the proposed decomposition framework.

B. A decentralized solution

While problem (50) can be solved in a centralised fashion,
the next proposition confirms the intuition that (50) can be
written as a set of constraint-coupled programs defined over
the edges (r,s) € &, which are coupled via the shared
constraint (50d).

Proposition 10: For each (r,s) € &, let the stacked

vector of parameters and auxiliary variables x,s €
ROHDHrs 4119041 defined as
Xrs = [ [nis]leﬁmv [Sgs]q:L...le\ ] (51)

Then the optimization program (50) can be rewritten as

min_ > fra(Xrs) (52a)
XrsV(r,8)EER (r5)eE

s.t. i Xrs € Crs Y(r,s) € &x, (52b)

Z (Trers - trs) S 07 (520)

(r,8)EER

where the functions frs(Xrs) = D i, aly, Y(r,s) €
Ex, Y(r,s) € & are convex and the sets
Crs, V(r,s) € E; are compact and convex sets. Moreover,
T, c R(E(i,j)eé‘w\sc mij) X ((n+1)-|Hps|+n:[Qrs]) and
t.s € R( with m;; being the number of
rows of each matrices M;;,V(i,j) € &y \ & as per (34).
Proof: First note that f,s(Xrs),V(r,s) € &, are linear
(and thus convex) functions since they are obtained as sums of
elements of the vectors x,s. Next, we prove 1) the equivalence
between (50a) and (52a), 2) the equivalence between (50b)-
(50c)-(50e) and (52b), 3) the equivalence between (50d) and
(52c¢). The equivalence 1) of the cost function (52a) and (50a)
is evident since frs(Xrs) = Yjcic,. @hs. The equivalence

(i.9)€Ey\Ec ™id)

2) follows by considering, for each (r,s) € &, the sets
Cvls = {XT’S ‘ (nf"s)TNIlc(nis) < T?,Vl € ’CT’S k=1,... |Vrle|}7
C?s = {XTS | Aissgs + [Ag"s | Zis] ni‘s S 0’ Vi € KTsva €
Qrs> s.t, ¢ = ers(Q)}’ C?s = {er |H£g5“ < gma:z: Vq =
Lo Qs Al € Mimae Y1 € K,s}, which are, by
definition, equivalent to (50b)-(50c)-(50e) when considered
for a single edge (r,s) € &. Since Cl,, C2, and C3, are
convex, and C3, is bounded, then C,, = Cl, N C2, N C3,
is also convex and bounded, thus proving the equivalence.
The last equivalence between (50d) and (52c) is proved as

follows. Consider, for each (r,s) € &, the matrix W,; €
R(Z(i,j)esw\sc miz) X (n+1)-[Iys|

, where we recall that II,.; con-
tains all the inconsistent edges (i,j) € &y \ & whose
decomposition path is passing by (r,s) € &, as per (36b)
and, by definition, |K,s| = |IIs| = |H,s|. Moreover m,;
is the number of rows of the matrix M;; associated with
each inconsistent each edge (i,7) € &y \ &. We define
the matrices W,.s by blocks as W,.4[p, w] with row-blocks
p=1,...1& \ & and w = 1,...|IL,,| column-blocks such
that all the matrices W,, have the same number of row-
blocks, but only a number of column-blocks equal to the
number of edges |II,4| that are decomposed over the edge
(1,8) € Ex. We define the one-to-one index mapping ye ¢, :
Ep\Ec = {1,... 1€y \E|} associating each inconsistent edges
(i,7) € &y \ & with a unique row-block index. Then each
matrix W,.s has non-zero blocks only at those (p,w) index
pairs such that (i, 5) = ygwl\&, (p) is an inconsistent edge and
the mapping yﬁ}s (w+ Kys) = (i,7), as per (38), is well
defined, meaning that the decomposition path (z,7) € &, \ &
passes though (7, s). Thus, W, is defined by blocks as

M;; ify;:\gc () =y (w+ Kpg) = (i, 5)
else,

Weslp, w] = {

Omij X (n+1)
At this point we define the selection matrix S,.s of appropriate
dimensions such that [nﬁs]le,gm = SrsXrs and finally T,.s =
W.sSrs. Concerning to vector ¢4, this can also be defined by
a number of |, \ £.| row-blocks of dimension R as

Zij Cij . —1 TR
tos[p] = { Il L] Yee. () = (0:7) €1

(L else,

With these definitions, if we let 0,3 = T5-sXrs — trs, then o,
is a vector defined by |Ey \ £.| row-blocks of dimension R™i
such that

lrs Zij | © e, —1
Mijnrs - le(m?)] [ 1 ] lfygw\(‘,‘C (p)
= (’1:7j) 6 HT‘S

Org [P] = S.t lrs = Yn,, ((Zvj))

miy else,

(53)
where we recall that /., = yr,,((4,7)) is the index assigned
to the inconsistent edge (i,j) over the edge (r,s) € e(n))
applied for the decomposition, which is different from the
index l,vs = yr1,, ((4,7)) assigned to the same edge (i, j) by

another edge (r’,s’) € e(w?) applied for the decomposition.

2
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Eventually, noting that Z(m)e g. Ors is equivalent to (50d)
concludes the proof. [ |

Given the optimization problem (50), a solution can be
found in a decentralized fashion by leveraging the fact that (50)
has the edge-wise decentralized structure in (52). We propose
to employ the algorithm in [29] to solve (52) in a decentralized
fashion as explained next. First, we wish to define an edge-
computing graph denoted as Gg such that each node in Gg
corresponds to an edge (r,s) € &;. Hence, the set of nodes
for Go is given by Vy = &;. On the other hand, the set of
edges for Gg is given by

Eo = {((7", 8), (T/asl)) € Vo x Vo ‘ {7’,8} n {Tlvsl} # (Z)}
(54)
In other words, a tuple ((r,s),(r’,s")) is an edge in &g
if (r,s) € &, shares a node with (+',s') € &;. Then
the edge-computing graph is defined as Go(Vo,&o) and
the neighbour set is defined as Ng((r,s)) = {(+',s") €
Vol((r,s),(r",s")) € Eo}. The edge-computing graph Go can
then be applied to find a solution for (52) in a decentralized
fashion where each node (r,s) € Vg (an edge in &) solves
iteratively the following local problem iteratively

min  frs(Xrs) + Cpprs, (55a)
Xrs:Prs
s.t.t Xrs € Crs, prs =0, (55b)
Trers - t?'s+ Z (tATs,r’s’ - t)\r’s’,rs) S 1p7's~

(r's")eNe((r,s))
(55¢)

In (55), the superscript ¢ indicates the current iteration and
is set on the upper-left to avoid confusion with the previous
notation. The term p,s € R is a penalty variable constrained to
be non-negative as per constraint (55b). The coefficient ¢, > 0
penalizes non-zero values of p,. At the same time, by (55¢),
each node (r, ) holds the value at iteration ¢ of the additional
consensus vectors ‘A, 151, € R(Z e, e m”), V(r',s') €
No((r,s)) and receives the consensus vectors ‘A,g . s from
the each neighbour (1,s’) € No((r,s)). The introduction of
a consensus term like the one introduced in (55) is common
in distributed optimization of a global optimization program
with a separable structure as the one in (52) [29], [30]. Note
that summing the left-hand side of constraint (55¢) for each
(r,8) € Ex = Ve yields the original left-hand side in (52c). At
this point Algorithm 1 borrowed from [29] applies to converge
to an optimal solution of the vectors x,s, V(r,s) € &, after
sufficiently many iterations. While referring the reader to [29]
for a detailed analysis of Alg. 1, we here seek to provide an
intuitive explanation of the algorithm. Namely, at each itera-
tion ¢, the edge (r,s) € Vo solves an instance of (55), where
the penalty variable p,; € R relaxes the satisfaction of the
shared constraint (55¢). If we let ¢p,, to be the optimal value
of p,s at iteration ¢ and if we let ‘u,, € R i)eey\ee M
to be the Lagrangian multiplier vector associated with (55¢)
at each iteration ¢, then the consensus vectors A, ., s are
updated by node (r,s), at iteration ¢, as per line 7 in Alg,
1. Note that this update only requires the local knowledge
of the Lagrangian multiplier vectors p,s, s, V(1',8") €
No((r,s)). The update rate *y > 0 must be known to all

agents and such that lim;_, . ¥y = co and lim;_, o (*7)? < 00
to guarantee convergence [29]. If we let [x},](rs)ce, to be a
non-unique optimal (feasible) solution of (52), then, by [29,
Thm I1.6], it is known that the iterates of optimal solutions
{["xrslv(r,s)ce, } found by Alg. 1 converge asymptotically
to one such solution [x},](rs)eg, . This, in turns, entails that
lim; o0 tprs = 0, V(r,s) € V. Once Alg. 1 terminates for
all the agents, a set of optimal parameters (1!, )*, VI € K,, is
obtained from each edge (7, s) € & such that the parametric
tasks @%, = ¢!, VI € K, are fully determined as well as the
new global task ) as per (20), thus solving Problem 1. With
these considerations, our final main result is presented next.
Theorem 1: Let G, be acyclic as per Assumption 1 and let
Assumption 2 hold over Gy. Moreover, let the optimization
program (50) be feasible and solved in a decentralized fashion
by the edge-computing graph Gg as per Alg. 1 such that the
final global task 1) is obtained, together with the task graph
Gy» as per (20). Then the task graph G; is communication
consistent and 1 does not suffer from conflicting conjunctions
as per Fact 1-5. Moreover, for all state signals x(t) € X’ such
that (z(t),0) |= ¢ we have (z(t),0) |= 1.
Proof: When (50) is feasible, then the satisfaction of
the constraints (50b)-(50c) implies, by Prop. 6, 7, 8 and 9,
that the resulting tasks ¢;;, V(i,7) € £; are communication
consistent and are not conflicting conjunctions. Moreover, by
the conditions of Lemma 1, which are enforced via constraint
(50d), we know that for each inconsistent task ¢;; with (4, j) €
&y \ & in Gy, the conjunction of tasks ¢¥ = A(ns)&(ﬂg)@f{;
as per (21) is such that (z(t),0) & ¢ = (z(t),0) | ¢i;.
From these considerations, the result follows. |

C. Computational aspects

The optimization problem (50) has a compact convex do-
main and a convex objective such that a bounded set of
solutions to (50) exists if the domain set is not empty. The
infeasibility of (50) occurs when the intersection between the
feasible set of (50c) and (50d) is empty. This intuitively hap-
pens when an edge (r, s) € & is overloaded with an excessive
amount of tasks including conflicting conjunctions that can
not be resolved. When (50) is distributed among the agents
as per (52), the convergence to the solution of the centralized
problem is sublinear [29] and the dimensionality of (52) (in
terms of number of variables) scales as (n+1)|Q,s| +n|Kys],
where |KC,.5| is the number of tasks decomposed over the edge

Algorithm 1 For single edge (r,s) € & = £o [29]

1. allocate X s, prs, rssArss, V(r',s") € No((r,s))

2: initialize °\,; /s, V(r's’) € Ng((r,s)) and ¢, >> 0

3: while not converged do

4: gather '\, ./ from (1, s") € No((r,s))

5 get ((“"xrs, " prs) " prs) solution of (55)

6. for (r',s") € No((r,s)) do

7 gather **1p,, ., and update "1\, /o as
t+1Ars,T’s’ = tA’I‘S,T‘/S/ - t7 (t+1/~l/7”s - H_lur’s’)

8: t=t+1
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(r,s) and |Q,s| is the number of conflicting conjunctions over
the edge. Intuitively, the complexity of (52) grows when edges
are overloaded with many tasks that are potentially in conflict.
On the other hand, if we let m be the maximum number of
rows among the matrices M;; in (50d), then the number of
exchanged Lagrangian multiplier variables ( see Alg. 1, line 4)
has a worst case scaling of 7m - [KC,.s|. Thus, the more complex
the polytope representation of the predicate level sets B;; is,
the more information has to be exchanged.

We highlight that while the edge-computing graph is a
convenient abstraction for our decomposition, either agent
r €V ors € V will be effectively solving (55) over the
edge (r,s) € & = Vo. Since the communication graph G, is
acyclic and £, C &, then it is possible to select the computing
nodes by selecting the leaf nodes of G. as computing and
iteratively select computing nodes along the paths from the
leaf agent to the root of the graph. In this way the case in
which a single agent r solves an instance of (55) for both
the edges (r,s’) and (r,s”) for some ((r,s'), (r,s")) € Eo,
is avoided. Moreover, consider again two neighbouring edges
((s',7r),(r,s") € Eo over the computing graph Gg such
that the node r is shared. Then exchanging the consensus
vectors and Lagrangian parameters ‘pi,q, ‘fi g,
and ‘A, s among the neighbouring edges (s',7) and (r, s”')
over the communication graph G, takes either 1 communica-
tion hop (if s’ and r are the computing agents for (s’,r) and
(r, 8", respectively), or 2 communication hops (if s’ and s”
are the computing agents for (s’,7) and (r, "), respectively).

VII.

We apply the developed algorithm for a space exploration
task. A team of 15 agents with single integrator dynamics
; = u; € R?2,Vi = 1,...15 is considered for the mission,
where x; represents the position of each agent and such that
|lu;|| < 1.8 km/h. The exploration consists of taking three
panoramic images of the Thira crater on Mars’ southern
hemisphere from three different sides of the crater and
visiting smaller craters around Thira. The interest points
are represented by red solid circles in Figure 6, with Thira
being the largest and marked by a yellow dot. A cyan
square represents the location of the main base station
from which the agents initially depart from to accomplish
the mission. Each agent is assumed to have a maximum
communication range of r. = 8.5 km. The mission consists
of a first exploration phase from the base station located at
[0,0] to the interest points, which lasts 20 hours. During
the exploration phase, agent 1 can be considered the global
leader of the team and the one holding the information
about the interest points location, such that the other
agents 2-15 can reach their target location by staying in
formation with agent 1. This phase is expressed by the taks

t
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Fig. 6: (a) Optimal penalty values ’p,s V(r,s) € & and decompo-
sition accuracy Elelﬁrs ol as per Alg. 1. (b) Agent’s trajectories
in the exploration phase (left) and return phase (right). Black arrows
represent the direction of movement. A cyan square represents the
main base. Red circles represent interest points to be visited.

Guoas)(—"A111(e111 — [~4 017) + 15 0.4),
G[18’20]<—5A10,15(610715 — [0 3]T) + 15 - 03> The notation
"A;; indicates the matrix A;; associated with a regular
polytope with n sides i.e for n = 5 then "A;; is the matrix
with 5 rows, where each row is the normal vector to the side
of a regular pentagon. It is not necessary for our approach
that the polytopes P have any regularity. Informally, the
conjunction of the previous tasks implies that agents 1, 8
and 4 are involved in taking three panoramic images of
Thira, with agent 1 (red trajectory in Fig. 6) approaching
Thira from the west side leaving from the base station, while
agents 4 and 8 reach the southern and northern sides of the
crater respectively by maintaining an angle of 45 degrees
with agents 1, thus reaching a triangular formation around
Thira. Agent 14 visits the upper-left crater (marked as #A),
while agents 13 and 5 visit the lower craters (#B ad #C
respectively). At the same time, agents 11, 6, and 2 should
achieve a triangular formation around 1. Lastly, agents 15
and 10 should remain within 200 m of each other. After the
exploration phase, the agents should group again around agent
1 in a radius of 2 km, while agent 1 returns to the base station,
effectively “dragging” the team back to base. This phase is
described via the tasks G50 35 (—"A;(x1 —[0 0]7) +15-0.2),
G[30740]<—8A17i(61,i -0 O]T) +1g-2),Vi=2,...15.
Figure 6 shows the exploration phase (left panel) from time
Oh to 20h, and the return phase (right panel) from time 20h
to 40h. The task graph (Gy), communication graph (G.) and
the new task graph (G ) obtained implementing the distributed
task decomposition algorithm presented in Section VI-B are
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TABLE |: Combined Edge-computing graph data

(r,s) € Ex 109 (1510 21 @3 314100 @1 (1A3,12) AA2,11) (6,1 (52) 96 BT (32 (7,6
L, 4 1 5 2 2 3 2 3 8 2 5 2 3 3
dim | X5 | 14 3 21 6 6 13 6 11 30 6 17 6 11 11
(ig)er,, Mij 208 64 253 100 80 153 89 153 436 89 272 100 164 164
|Qs] 1 0 3 0 0 2 0 1 3 0 1 0 1 1

Fig. 7: From the left: Original task graph G,,, communication graph
Ge and new task graph Q@Z.

shown in Figure 7. To achieve the task satisfaction, the agents
are controlled via the Control Barrier Functions-based con-
troller proposed in [40], exploiting only the state information
of the neighbours in N.(i) while enforcing collision avoid-
ance. The controller in [40] requires input-affine nonlinear
dynamics, but more general dynamics can be considered, as
long as a valid controller leveraging only information for
the agents in N,(i) is designed to satisfy ¢. As of now,
feedback controllers that can handle general nonlinear dynam-
ics, STL constraints, collision avoidance, and communication
constraints simultaneously are not widely studied and are an
active area of research.

The edge computing graph Ge (Ve, o) is not reported due
to space limitations, but it can be computed recalling that
Vo = & and &g is as per (54). The task graph Gy is
computed before the start of the mission at time Oh, where
Alg. 1 is run for 3500 iterations by each agent in Gg with an
average computational time of 52.133 s/agent (assuming no
delay in exchanging the consensus and Lagrangian multiplier
variables). In Table I we list the number of decomposition
paths passing through a specific edge (r, s) € &, (|IL,5]), the
dimension of the variables X.s, the total number of shared
constraints (Z(i,j)enrs m;;) and the number of conflicting
conjunctions sets of tasks (|Q,s|). Figure 6a shows the evolu-
tion of the penalty values ‘p, ; V(r,s) € &; and the accuracy
of decomposition for each task over a range of 3500 iterations.
In particular, the time evolution of the optimal penalties ?p,.
indicates that a valid task decomposition is found after 600
iterations of Alg. 1, while the decomposition accuracy as per
(35) keeps improving before stabilizing at 3500 iterations.
Since the optimization program (55) is only quasi-convex, the
solution of the task decomposition is not unique. We used
the open-source library CasADi to solve (55), leveraging an
interior-point method solver on an Intel-Core i7-1265U.

VIIl. CONCLUSIONS

We proposed a decentralized task decomposition approach
to decompose collaborative STL tasks defined over commu-
nication inconsistent edges on the task graph, as conjunctions
of tasks defined over communication consistent edges on the
communication graph. Future work will involve expanding the

proposed results to consider more generic types of collabora-
tive tasks, different metrics of connectivity (e.g. field of view
connectivity) and include the impact of the agents’ dynamics
within the proposed decomposition framework.
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