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Abstract

This article considers exponential stabilization of linear Networked Control Systems with periodic event-triggered control for
a given network specification in terms of a maximum number of successive dropouts and a constant transmission delay. Based
on stability results using non-monotonic Lyapunov functions for discontinuous dynamical systems, two sufficient results for
stability of the general model of a linear event-triggered Networked Control System are derived. Those results are used to
derive robust periodic event-triggered control strategies. First, a static triggering mechanism for the case without delay is
derived. Afterwards, two dynamic triggering mechanisms are developed for the case without and with delay. It is shown how a
degree of freedom, being contained in the dynamic triggering mechanisms, can be used to shape the resulting network traffic.
The applied adaption technique is motivated by existing congestion control mechanisms in communication networks. The
properties of the derived mechanisms are illustrated in a numerical example.
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1 Introduction

Control systems, in which some or all links in the feed-
back loop are replaced by a shared communication
medium, are known as Networked Control Systems
(NCS). Analysis of NCS has been an active field of re-
search in recent years. An overview about early results
can be found in [14]. Due to the limited bandwidth in a
shared communication medium, it is natural to search
for sampling strategies that are able to reduce the trans-
mission frequency for a given control task. Event-based
sampling schemes address this objective by sampling
and sending messages only when necessary for guaran-
teeing desired properties of the control system. Typi-
cally the main challenge for designing an event-based
sampling scheme is the derivation of an appropriate, of-
ten state-dependent, trigger rule that indicates the need
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for a transmission. An introduction to and an overview
over standard approaches can be found in [13].

While the motivation for using event-based sampling
strategies for NCS is intuitive, the actual combination
of imperfect communication and aperiodic sampling is
less trivial. The first investigations about the combi-
nation were conducted in a stochastic setup numeri-
cally in [4] and analytically for an integrator system in
[23]. Another analytical study in [3], highlights that the
choice of the communication protocol needs to be made
in conjunction with the choice of the sampling strat-
egy. Discrete-time nonlinear systems were investigated
in [22], where conditions for stochastic stability, depend-
ing on the packet loss rate, a bound on the open loop
growth rate, and the computational capabilities of the
actuator are derived. The recent work in [5] has jointly
considered random dropouts and malicious attacks. The
derived condition for almost sure asymptotic stability
relates an asymptotic dropout rate with a closed-loop
decrease and open loop increase of a Lyapunov-like func-
tion, which is conceptually related to the type of Lya-
punov functions used in the work at hand for determin-
istic stability results.

In order to establish guaranteed stability in the sense
of Lyapunov for NCS, alternative dropout models have
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been considered in the NCS literature. In those mod-
els, the dropout process is typically described by the
maximal number of successive dropouts. While stabi-
lization with such a model was considered in [29] for
time-triggered communication, the first study for event-
triggered communication with a bounded number of suc-
cessive dropouts was given in [27]. Therein, a relation
between the threshold in a static trigger rule and the
number of successive dropouts is computed, such that a
less conservative static trigger rule, that is sufficient for
guaranteeing stability, is never violated although packet
dropouts occur. An alternative approach was presented
n [11]. Tt exploits the boundedness of packet dropouts
such that a retransmission is successful at latest after a
known number of attempts. Thus, this approach forces
to retransmit after a packet loss without reevaluating the
trigger condition and treats packet dropouts as a pro-
longation of the delay. In [19], robustness of a partially
event-based and probabilistic scheduling mechanism to a
similar dropout model, given by a finite number of losses
in every finite window, was investigated for a multi-
loop NCS. Recently, a general approach for dealing with
bounded packet dropouts and nonlinear systems in con-
tinuous event-triggered control with time regularization,
i.e., a setup where the triggering condition is monitored
continuously as soon as a certain designed time after
the last transmission has elapsed, has been described in
[7]. Therein, different output based triggering strategies
are derived that are able to deal with network protocols
with and without acknowledgement mechanisms. Fur-
thermore, the article presents static and dynamic trig-
gering mechanisms. While in static trigger rules a certain
error, induced by the event-based sampling mechanism,
is monitored and compared to the state or output of the
system with a fixed threshold, the threshold can be dy-
namically generated in dynamic event-triggered control,
see [10]. The results in [7] show that dynamic event-
triggered strategies are able to significantly reduce the
resulting network load.

One important progress for applying event-based sam-
pling schemes to NCS was made by the concept of pe-
riodic event-triggered control (PETC), introduced for
linear systems without network induced imperfections
in [12]. PETC describes the idea to derive a trigger con-
dition that is monitored with a given baseline sampling
period while one can give guarantees for the behavior
of the original continuous-time system. This approach
has the advantage that all resulting inter-event times are
multiples of the baseline sampling period, which can be
important for scheduling many applications on a shared
communication medium. An investigation of NCS with
linear plants subject to bounded packet dropouts and
in particular to bounded but time-varying transmission
delays was presented in [21]. A static trigger rule is de-
rived based on a suitably chosen Lyapunov-Krasovskii
functional for the unknown time-varying delay. In a next
step, packet dropouts are essentially handled via the
same idea as in [27], i.e., by lowering the static threshold

such that the original trigger rule is never violated al-
though a bounded number of successive packets can be
dropped.

In a preliminary study for the work at hand [17], an al-
ternative approach for packet dropouts in a PETC setup
was investigated. The main idea is to omit the hard re-
quirement that the Lyapunov function needs to decrease
at every sampling instant to allow for a slight increase
during times when packet loss occurs. Therefore, an al-
ternative discretization of the system, based on the time
instants when information is successfully transmitted, is
employed to derive a static trigger rule. This static trig-
ger rule is designed to guarantee exponential stability
for the alternatively discretized system and the study
showed that one can conclude exponential stability for
the original continuous-time system from that. This al-
ternative discretization leads to a similar behavior of a
Lyapunov function candidate for the original system as
the described idea in the stochastic setup of [5] and the
approach for continuous event-triggered control without
dropouts in [28]. In [17], it is already shown that this
behavior can be analyzed with the help of stability the-
ory for discontinuous dynamical systems based on non-
monotonic Lyapunov functions as presented in [20]. The
idea of non-monotonic Lyapunov functions has shown to
be helpful in other areas as well, e.g. in [1] for simplify-
ing the computational search for Lyapunov functions as
well as in [9] and [15] for optimization based stabiliza-
tion of NCS.

The work at hand extends, improves, and generalizes
our preliminary study of [17]. It uses the stability re-
sult from [20] to derive two general results that simplify
analysis and design of event-triggered control systems
with bounded packet loss. Those results characterize the
main conditions for stabilization as uniform lower and
upper bounds on the inter-event intervals and the de-
crease of a Lyapunov function between two successful
transmissions. They are in general applicable to a setup
with constant delays, while in [17] no transmission de-
lay is considered. The study at hand derives static and
dynamic triggering strategies based on those general re-
sults. The dynamic strategy is furthermore extended to
the case with constant delays and an adaption mecha-
nism is derived that shapes the resulting network traf-
fic to be better applicable for a shared communication
medium. Thus, the main contributions compared to the
preliminary results in [17] and the available literature
are; (1) the general derivation of two results based on
non-monotonic Lyapunov functions that simplify anal-
ysis and design of event-based sampling mechanisms for
NCS with bounded packet dropouts; (2) the derivation
of a static trigger rule based on one of this general re-
sults which is modified compared to [17] by avoiding the
use of an additional trigger rule; (3) the derivation of dy-
namic triggering mechanisms for the case with and with-
out delay which are to the best of our knowledge the first
dynamic event-triggering mechanisms for PETC with



packet dropouts; (4) and an adaptive algorithm that ad-
justs the dynamic triggering mechanisms such that the
resulting network traffic is better suited for communica-
tion over a shared medium.

The remainder is organized as follows. The problem
setup is described in Section 2 and the general results
for analyzing stability are derived in Section 3. A static
triggering mechanism is derived in Section 4, while Sec-
tion 5 considers dynamic triggering mechanisms. A sim-
ulation example is presented in Section 6 and Section 7
concludes the article.

1.1 Notation

In the following, R>, (Rs,) denotes the set of real num-
bers that are greater or equal (greater) than, a. Further-
more, N denotes the set of positive integers and Ngy :=
N U {0}. The notation ¢~ is used as t~ := limscy sz .
For a vector z, ||z|| denotes its Euclidean norm while for
a matrix A, || A|| denotes its spectral norm. For symmet-
ric matrices P, @, the notation P = Q (P = Q) is used
to write that P — (@ is positive semidefinite (positive def-
inite), while 0 and I denote zero and identity matrices
of suitable dimensions.

2 Problem setup

In this section, we present the setup of the paper and
formalize the control objective. The setup is presented
and modeled in a quite general fashion to show the class
of systems for which the conditions that will be derived
in Section 3 can be applied. In the second subsection,
we show how the precise network and triggering setup
of this article can be modeled.

2.1 General setup

We consider a linear, time-invariant, stabilizable system
&= Ax + Bu (1)

where the state « : R>;, — R™ is the solution of (1) for
t > to with z(tg) = zo and the input u : R>;, — R?
generated by

u= Kz, (2)
K € RP*™ and & : R>;, — R™ being an estimation of
x generated at the actuator with some initial condition
Z(to) = &0 € R™. The time instants, when current or
delayed state information is received at the actuator,
are given by the infinite sequence (74 )ren and define a

discrete set
TZ: {Tl,TQ,...}. (3)

The sequence depends on a state-dependent trigger rule,
the design of which will be the goal of the article, and the
capabilities of the communication network. The update

of # at t € T is modeled as &(t) = Jyz(t~) + Jo&(t ™) for
all t € T, where J; and Jy depend on the transmission
delay. In between those triggering instants, a state esti-
mator can be designed, dependent on the computational
capabilities of the actuator, as & = A.% for ¢t > ty and
t ¢ T. This formulation of A, can represent for example
a zero-order hold implementation at an actuator with-
out computational capabilities, i.e., A, = 0, or a closed
loop model-based estimator in a smart actuator, i.e.,
A, = A+ BK. The triggering strategies derived in this
paper assume that there are no computational capabil-
ities and thus A, = 0. Nevertheless, A, will be included
in this and the following section to show the generality
of the model and stability conditions. Together with the
continuity of the solution of (1), we can model the closed-
loop system combined of system (1), controller (2), and
the estimator with its reset condition as a discontrinuous
dynamical system (DDS) with state £ = |zT£T| as

A BK

10 A,
—_———
Ag

jl ;)2] Et7), teT, (4)

——
Be

f(t), o1 <t<Tr, VkeEN,

where &(19 == tg) = [335 3}5} =: &. The goal is to

use the structure of the DDS together with known sta-
bility results for such systems to derive conditions for
event-triggered NCS that can be represented by this
model. After deriving these results, we show explicitly
how they can be used to derive static and dynamic trig-
gering mechanisms. All the strategies that will be pre-
sented, aim for guaranteeing exponential stability in the
large for the equilibrium at the origin of the closed-loop
system.

Definition 1 (Definition 6.1.1 (j) in [20]) The
equilibrium at the origin of a dynamical system is expo-
nentially stable in the large if there exist an o > 0 and
a~ >0, and for any 8 > 0, there exists a k > 0, depen-
dent on B, such that for all solutions ¢ of the dynami-
cal system ||¢(ta t05§0)|| < k”é.OH’yeia(tito)v vt > to,
whenever [|&|| < .

2.2 Modeling triggering strategies and network

In the foregoing subsection, the elements in 7 were in-
troduced as the time instants when current or delayed
information is received at the actuator. Due to the as-
sumption that the transmissions from the sensor to the
actuator are imperfect, one can define other relevant
sequences. In particular, we can define the sequence
(73 )ken, that contains all instants when information



is sent over the network. The corresponding set that
contains all elements of (7;)ken is denoted as 7°. The
elements in 7° depend directly on the chosen trigger-
ing strategy. Throughout this article, we will deal with
periodic event-triggered control (PETC) strategies, i.e.,
the trigger rule is checked only at evenly distributed
time instants with a predefined period h. If the trigger
rule is violated at t = ty + kh =: t; for some k € Ny,
an event is triggered, i.e., the information z(tx) is sent
over the network. Thus, the set T* is given as

T2 ={t>to:t€ (tg)ren, A trigger rule violated at ¢}
={m. 7, } ()

without specifying a particular trigger rule yet.

We can further use the two sequences and corresponding
sets to model the network imperfections. The considered
imperfections in this article are either the loss of at most
m consecutive packets that are sent over the network or
the combination of at most m consecutive losses and a
constant time delay § = h. Note that we will sometimes
stick to using  instead of h to show that the general
model holds for general constant delays. Those two mod-
els can be interpreted as follows: the scenario with only
packet losses being considered resembles the scenario
where messages are dropped if they have a transmission
time that is larger than a deadline that is much shorter
than h and does not affect stability and performance of
the control loop. The case with a constant delay 6 = h
and possible dropouts models the scenario where a de-
lay of one sampling interval is acceptable by the control
application and also integrated in the controller design.
Thus, messages that arrive faster are buffered and mes-
sages that arrive later are discarded.

For the case of packet losses but no delay, the sequence
of instants when current information is available at the
actuator (7y)ken is a subsequence of (7)ken, such that
at most m successive elements from (7} ) ey are not con-
tained in (7% )xen- The fact that this information is unde-
layed, is represented by the update matrix J := [J; Jo] =
[T 0]. In the case of transmissions that are subject to de-
lay and packet loss the scenario is modeled by (7)ren
being a subsequence of (7 + ¢)gen with at most m suc-
cessive elements from (73] + d)ren being not contained
in (7x)ken. The presence of delayed information for the
update at 7 € T is then expressed by J = [I 0]e~4¢?,

An illustration of the different time sequences is given
in Fig. 1. This also illustrates the corresponding index
sets. From (5) one can see that for PETC with 6 = 0 or
d = h, all elements of the sequences (7 )ken and (73 ) ke,
are also elements of (¢)ren,. Thus one can define index
sets that will be useful in the later analysis parts as

k€I (resp. I7 ) < ty, € T(resp. T%). (6)

te = 71 t1op = T2

Fig. 1. Example to illustrate time sequences with delay.

As an example, the sequences in Fig. 1 show that
{6,10} € Z" and {5,7,9} € " .

3 Non-monotonic stability results for event-
triggered NCS

Before explicitly constructing trigger rules for the con-
figurations described above, a sufficient stability condi-
tion is derived that fits the general model in (4) without
assumptions on the triggering concept, the estimator,
and the constant delays. The result is based on a known
theorem for stability properties of general finite dimen-
sional DDS, which is given in Appendix A. We use the
structure of (4) to derive sufficient stability conditions
that can be used to design triggering conditions for such
systems. We do this in a two step approach, by provid-
ing a result that fits to the general model in (4), and
deriving a corollary for a relevant subclass.

Proposition 2 Observe the DDS given by (4). Assume
that the unbounded discrete subset T of R>:, with no
finite accumulation points satisfies

0<n < T — 7K <7 (7)

for all k € Ny where 19 = tg. Assume that there exist
a positive constant ¢ and a positive definite matriz P €
R2%2n sych that, with V(&) = £TPE, for allk € N,

V(¢(Tk+1a th 50)) - V(d)(Tka th 50)) S _CH(ZS(T]C? t07 60)(”3

8
for all & € R*™ and all solutions ¢ of the DDS (4) with
o(to, to, &) = &o. Then, the equilibrium £, = 0 of (4) is
exponentially stable in the large.

PROOF. The proof is given in Appendix B. O

This proposition states that if one can show positive uni-
form upper and lower bounds on the actual inter-event
intervals, i.e., the time between two instants when infor-
mation is available at the actuator, and find a quadratic
Lyapunov function that decreases in between those suc-
cessful triggering instants in the sense of (8), one can



conclude exponential stability in the large of the equi-
librium at the origin. The restriction to quadratic Lya-
punov functions is motivated by the linear setup consid-
ered in this article. The general theorem in Appendix A
could be used to derive more general results without re-
stricting to quadratic Lyapunov functions. Due to the
definition of z, &, and &, the solution ¢(-,tg, &) is given

by ¢(-,t0,60) = {xT i‘T}T. This insight is exploited in

the following corollary that utilizes structural properties
of (4). In particular, the zero blocks in Be, that appear
in the case without transmission delays, are crucial to
reduce the stability analysis to a consideration of x in-
stead of & under certain conditions.

Corollary 3 Observe the DDS given by (4), where
T
o(-,to, &) = [IT gET} . Assume
rank J; =n and Jo =0 9)

and that the unbounded discrete subset T of R>y, with
no finite accumulation points satisfies

0<n<Tpr1 -7 <7 (10)
for all k € Ny where 19 = to. Assume that there exist a

positive constant ¢, and a positive definite matriz P, €
R™™™ such that for all k € N,

P(12) T Pri(mien) — 2(m)T Prir(my) < —ealla(m) 2
(11)
forall&y = [arg 5:5} ! € R2". Then the equilibrium &, = 0

of (4) is exponentially stable in the large.

PROOF. We prove Corollary 3 using Proposition 2.
Note that (7) is identical to (10).

P, 0

P =
0 (J7H)T Pt

: (12)

where existence of J; ! is guaranteed when J; has full
rank. Furthermore, from rank J; V= n and P, > 0 one
concludes (J; )" P,J; " > 0 and thus P - 0. To prove
exponential stability in the large, one computes

V(¢(Tk+1’ to, 50)) - V(¢(Tka Lo, 60))
= 2($(TE+1)TPI$(TIJ+1) - fE(Tl;)TPzﬂT/;))
2(x(Thg1) T Pox(Thgr) — 2 (k) T Pra(7y))

i)
Jlx(Tk)

= || [otmm i) = ~elotrato. o) (13)

2

1
< —2¢,llz ()| < — 2¢p ————
< 2l < -2
—_——

=cC

for all k € N, & € R?", where the second equality uses
#(Tpy1) = J1w(7y ) since Jo = 0, and one uses the fact

2
that | [2(m)7 (ha(m)T] | < @+ A1) a2
This shows that (8) holds and thus all assumptions for

Proposition 2 are satisfied and exponential stability in
the large is shown. O

Remark 4 The delay free case is modeled as J; = I and
Jo = 0 and thus, the additional assumptions of Corol-
lary 8 are always satisfied.

Remark 5 Note that 19 = tg and 71 is the first suc-
cessful transmission time with 7 > 9. Thus, the results
assume no received information at ty. Note furthermore
that the decrease condition has to be satisfied only be-
tween successful triggering times, not between tg and .

In the following sections, we will use Proposition 2 and
Corollary 3 to derive triggering strategies and to prove
the results, i.e., we will always guarantee the desired
bounds on the inter-event intervals and analyze the evo-
lution of a Lyapunov function at time instants when in-
formation is successfully received.

4 Static state-dependent trigger rule

In this section, the potential of the stability results pre-
sented above for designing static, state-dependent trig-
ger rules is shown. The considered triggering strategy, as
described in Section 2, is a PETC strategy and the ac-
tuation strategy is of zero order hold type, i.e., A, = 0.
Note that for this case, it can be beneficial to compute
the control input at the sensor and transmit it instead
of the state, but throughout the article we will address
the general setup which allows to transmit the whole
state. The considered network model for the static case
is the setup with at most m successive packet losses and
no delay. The ideas are mainly based on the derivations
in [17]. The major difference is, that compared to the
approach in [17], no additional trigger rule is necessary.

The role of the periodic sequence (t)ren, for PETC was
already explained in Subsection 2.2. To further use this
in the upcoming derivation, we introduce the discrete-
time system

Tp1 = Aqxp + Baui, o = x(tp) (14)

which is, with 4z = e, By = [l'eA*dsB, and
ur, = Ki&(t) an exact discretization of (1) with
xzr = z(tg), k € Np. Analogously denote &y := Z(tx).
Throughout the article, assume that h is a so called
non-pathological sampling time, i.e., the discrete-time
system (14) is stabilizable, provided that (A, B) is sta-
bilizable. Corresponding conditions on h can be found
for example in [24], Section 3.4.



In the following subsections, a controller, a correspond-
ing Lyapunov function and a trigger rule will be de-
rived such that one can show uniform boundedness of
the inter-event intervals and a guaranteed decrease of
the Lyapunov function between successful transmission
instants. Since we analyze the delay free case, this will
be used to show exponential stability in the large using
Corollary 3.

4.1 Controller and trigger rule

To begin with, the trigger error e(t) = &(t) — x(¢t) for
t > to and its discrete-time counterpart

e = e(tk) = {%(tk) — :L'(tk) =T —xk, k €Ny (15)
are defined. Using the trigger error e; and the fact that

A, = 0, one can compute a closed-loop representation
of the discretized system (14) for all k € Ny as

Tpy1 = (Ag + BaK) x1, + BaK ey, (16)
—_———— ~——
Ay By
0, ifk+1eZm
ext1 =4 (I —BgK)ep+ (I — (Ag + B4gK)) xy, else
A2 B2

As mentioned in the beginning of the section, it is as-
sumed that (A4, By) is stabilizable. Thus, one can com-
pute a controller K, and a corresponding P, > 0 s.t.

m;_HszkH — zf Pyay < —02||zk | + lerl®* (17)

with 6 > 0 holds for all k € Ny, when K = K, which we
assume in the remainder of this section. Note also that

)‘min(Px)kaHQ < xszxk < )‘maX(Pm)”kaQ (18)

holds. In view of this standard derivation, a trigger rule
where triggering is necessary at t € (t)ren if

lexll > allzkll, (19)

with ¢ > 0, is used. In case of no packet dropouts, the
condition o < @ is known to be sufficient for global ex-
ponential stability, cf. [8], [12]. We will compute a new
bound on ¢ in the following for the case of m succes-
sive packet losses. Therefore, we aim for using P, in a
quadratic Lyapunov function candidate for Corollary 3.
Thus, it is to be shown that the actual inter-event in-
tervals are uniformly bounded to satisfy (10) as well as
that the evolution of the Lyapunov function between
successful triggering instants satisfies (11). This will be
the goal of the next two subsections. Before we start
those derivations, we will give the following lemma that
provides useful bounds for the further analysis.

Lemma 6 Assume that the trigger rule (19) with 0 <
o < 1 is not violated at some time t = t, i.e., |e]] <
ollzi|| and thusl ¢ T™" . Assume furthermore that the last
successful triggering instant prior to t; occurred at some
time t = t;, i.e., there does not exist a j € I7 such that
1 < j <. Then the following inequalities hold.

(1) lledl) = il =l
2) Nzl > 5l
(3) || < 125 ||l

PROOF.

(1) From the definition of the trigger error in (15), one
knows that &, = x; = x; + ¢; and thus |z;||] <
||| + ||e:]], which directly gives the first inequality.

(2) The first inequality is equivalent to ||z;|| > ||;]| —
|le:]]- Thus, since the trigger rule is not violated at
t, it follows that |la;]| > |la:|| — olla;|| which is
equivalent to the second inequality.

(3) Again, from the definition of the trigger error
in (15), it follows that x; = x; — ¢; and thus
lzill < Jlzil| + |ler]]. As in the derivation of the
second inequality, the trigger rule can be used to
show that ||z;|| < ||z:| 4+ ol|z:]|, which is equivalent
to the third inequality for ¢ < 1. O

4.2 Bounds on actual inter-event intervals

It is clear that in a PETC setup, the inter-event intervals
are lower bounded by the sampling time h. In the next
result, we will state and prove that the actual inter-event
intervals, i.e., the time between two successful triggering
instants, are also uniformly upper bounded.

Lemma 7 Assume system (1) is controlled with (2),
where K = K. Furthermore, assume that transmissions
are demanded according to the PETC strategy with trig-
ger rule (19) where 0 < o < min{0, 1}. If at most m suc-
cessive transmissions can be lost, the interval between two
successful triggering instants is uniformly upper bounded.

PROOF. For the proof of this technical result, we refer
to the proof of Lemma 2 in the conference paper [17].

Remark 8 Using the same calculation as for Lemma 7,
one can show that 7 — tg is upper bounded as well and
thus (10) is satisfied for all k € Ny.

4.8 Decrease of the Lyapunov function

In this subsection, the evolution of szzxk will be an-
alyzed between successful triggering instants. The goal
is to derive a bound on o, such that condition (11) in



Corollary 3 is satisfied in case of at most m successive
packet losses.

Before we start the derivation, we reconsider the closed-
loop representation in (16) that can be rewritten for
k+1¢7" as

Tr4+1
€k41
Using this, one can derive an explicit formula for the
evolution of x; and e between two consecutive success-
ful triggering instants. Assume j > k : j ¢ I7 and

that there does not exist an 7 such that ¢ ET 7™ and
te <t <ty Then, |27 eI || = P9~ [a] ef | and we

=F

€k

denote the n x n blocks in F7~* according to

Avjj—r Bijj—k
Bojj—k Azjj—k

Fi7F = (21)

Using this notation, the evolution of =] P,z can now
be analyzed. Two cases need to be investigated. The
first case is that the trigger rule is violated at every
time instant between two successive successful triggering
instants 7, and 741. In this case the chosen value for
o cannot be exploited to bound the evolution of the
Lyapunov function but the condition

A PIA1|m+1 — Pw j —TI (22)

T
1m+1
form € {1,...,m} and r > 0 is sufficient for guarantee-
ing that (11) is satisfied with ¢, = r according to (21)
and the fact that e(7;,) = 0. Note that although (22) does
not depend on o, it is not an actual necessary condition
for exponential stability in the large, since we fixed P,
in the quadratic Lyapunov function, i.e., the one that we
obtain from the controller design part.

For the second case, that remains to be studied, denote
Tk = t;, and Tx1 = t;, and use the dissipation inequal-
ity (17) that directly translates to

ol Powiy —al Posy <Y —0%|[a] + flexl®. (23)
k‘e[il,ig)

Using the definition of the trigger rule (19), the index
sets (6), and the fact that e;, = 0, one can conclude

G N S Y

ke(il,’ig)\ITs
—0%|lzk|® + llerll®,  (24)

T T )
xiQmem xilexllg
2 2
=02, [I7 + )
ke(i17’i2)ﬁ1-75\17

where the first sum represents time instants when no
triggering is necessary, i.e., ||ex]|? < o?||x||* holds in

this case, and the second sum represents time instants
when triggering is necessary but not successful.

In the remainder of this subsection, the goal is to bound
the two sums in (24) dependent on ||z, ||? to guarantee
that «] Py, — 2] Prxi, < —r||z;, || for some r > 0.
As discussed above, we can assume that there exists at
least one time instant, but not necessarily more, when
no triggering is necessary between 7 and 7;41. Thus,
using inequality (2) of Lemma 6 and only one term of
the first sum it follows that

2
1
xLmez—Q—xLmeh<—<02—a2>( ) s, P

l1+o
=62, ||* + > =02k ])® + llexl®. (25)
k€ (i1,i2)NT™\I™

The next goal is to bound the norm of the trigger error
for time instants when triggering is necessary, i.e., in
the last sum in (25). For this purpose we exemplarily
consider a time instant t; € [t;,,t;,) when triggering is
either successful or not necessary followed by m time
instants when triggering is necessary but not successful.
Then using (21), one can compute that

lej+mll = | Agjme; + Bajmall
< ([ Azmllo + By l) Il
1
< (lAzmllo + | Boymll) 17“331‘1” (26)

— 0

where we used inequality (3) of Lemma 6 for the last
inequality. Thus, it holds that

IN

llej4mll?

1 2
Aoy Bopall) —— ) i, |12
<(| 2\m||0+|| 2\m||) 1_0_> Hxh”
=: ¢ (0) |l 1. (27)

Directly by the assumption of at most m consecutive
transmissions that are unsuccessful, it is known that the
sum in (25) consists of at most m terms. However, one
can not directly use the term Y ;" | cx (o) |24, || to bound
the sum in (25), since it is not guaranteed that there
are m consecutive time instants when a transmission is
necessary and fails. It could also be the case that a time
instant when a transmission is necessary but unsuccess-
ful is followed by a time instant when no transmission is
necessary, since there is no explicit demand for retrans-
missions. To represent the worst case over all those pos-
sibilities, we introduce

é¢(m,o) =max{ci(c) + -+ cm(o),...,mec1(0)}.

The notation in the brackets indicates two of the possi-
ble cases. The first one (¢1 + - - + ¢, ) describes the er-
ror term for the case when at m successive time instants
triggering is necessary but not successful. The second



one (mey) describes it for the possible case that always
after a unsuccessful transmission no transmission is nec-
essary at the next time instant, which is possible at most
m times. The worst case over all of the possible combi-
nations in above sense can be computed by the following
integer linear program (ILP)

¢(m,o) = maximize [01 () ... em(o)|

subject to x € N,
x; > xj for i < j, (28)

m
E T, = m.
i=1

Thus, inequality (25) can be simplified to

Rp— 9
xl, Pyxi, — a] Ppwy, < —meilH
0|z, ||* + &(m, o) ||z, ||* — Z 0% ||ze .

ke(il,iz)ﬁITS \IT
(29)

The remaining sum could simply be treated by the
nonnegativity of the norm. Since this introduces con-
servativity, we aim for a tighter bound. Assume there
exist k € (i1,i2) NZ7 \ I” and r > 0 such that
2] Poy — o], Paiy < —1l|os,|I? — c(m, )|z, | Then,
condition (11) in Corollary 3, which is the desired
decrease of the Lyapunov function that needs to be
guaranteed by the trigger rule, is directly satisfied with
¢, = r. If the assumption is not satisfied, one knows
that for all k € (i1,i2) NZ7 \Z” and r > 0, it holds that
x] Ppxy — x] Pyxy, > —(r + &(m, o))z, ||* and thus,
due to (18) and nonnegativity of the norm, we have

)\min Px - —cC 3
|xk||2zmax{o, (Fo) 7~ m ")}mnz.

>\max (Pm) (30)

Inserting this inequality in (29) results in

6% — o2 9
x) Py, —x] Ppry, < — (2 + 6% —é(m, o)

< \t+o)
e s fo, AP [P‘;C(m"’) D)l 200

Using this derivation, we are now able to state a lemma
that poses conditions on ¢ to guarantee a decrease of the
Lyapunov function between every two successful trigger-
ing instants.

Lemma 9 Assume P, 0, and K = K, being chosen
such that (17) holds. Assume furthermore that one can
find v € (0,0%) such that (22) is satisfied for all m €
{1,...,m} and that there exists o : 0 < ¢ < min{1,60}

such that
0> —o2
r— (92 + m —é(m,o)

e

with &é(m, o) as in (28) and ¢;(0) as in (27) for all m €
{1,...,m} as well. Then, the bound

I
(33)
holds for all k € N if triggering is demanded according

to the trigger rule (19) and at most m consecutive trans-
missions are lost.

2(Th1) TP (1) — 2(73) T Poz (1) < —7||z(7%)

PROOF. The proof follows directly from the deriva-
tions in this subsection and the restriction r < 62 covers
the case that all transmissions are successful. O

Note that the bound on successive packet losses m in-
fluences the condition of Lemma 9 in the sense that (22)
and (32) need to hold for all m € {1,...,m}. We can
now combine Lemma 7 and Lemma 9 to state the main
result for the static triggering case.

Theorem 10 Assume that system (1) is controlled with
controller (2), where K = K,. Assume furthermore
that transmissions are necessary if the PETC trigger
rule (19), where o satisfies the conditions of Lemma 9,
is violated and that the network guarantees that at most
m successive packets are lost and the delay is considered
as 0 = 0. Then the equilibrium at £ = 0 of the DDS (4)
is exponentially stable in the large.

PROOF. Since the delay free case is investigated, the
elements of the update matrix J are given as J; = [
and Jy = 0. Thus, condition (9) is satisfied. Furthermore
from Lemma 7, Remark 8, and the properties of the
PETC scenario it can be seen that (10) is satisfied for
all k£ € Ny. Since ¢ is chosen according to the conditions
of Lemma 9, it is also guaranteed that (11) holds for all
k € N with ¢, = r. Thus, by Corollary 3, the equilibrium
at £ = 0 of the DDS (4) is exponentially stable in the
large. O

Remark 11 Note that in [17], an additional trigger rule
was necessary to guarantee the desired decrease of the
Lyapunov function. This was mainly since only one pos-
sible combination of c;(0) was considered and not the
worst case as it is done here using an ILP. The price to
pay is that the ILP needs to be solved for all values of
o for which one wants to check feasibility of (32). Since
this is an offline computation, it can be seen as a tradeoff
between offline computation to find the largest possible



value for o, online computation as in the approach with
the additional trigger rule, and communication frequency
since this can be reduced with a large value of o.

Remark 12 Note that it is in principle possible to trans-
late the ideas to the delay case. Nevertheless, there are
certain issues. For example, it is hard to come up with a
counterpart to all inequalities in Lemma 6. Furthermore,
the results seem to be very conservative such that often it
is not possible to compute a positive threshold o. For this
reason, the delay case will not be presented here, but only
in the following section, where it is possible to reduce the
overall conservatism.

5 Dynamic triggering strategies

In the previous section, we derived a static trigger rule
such that exponential stability in the large can be guar-
anteed, although unsuccessful transmissions are possi-
ble. While such static trigger rules have benefits in terms
of computation and implementation, they naturally im-
ply a certain conservativity. This can in particular be no-
ticed when trying to extend the previous approach to a
scenario with delays, as mentioned in Remark 12. There-
fore, this section focuses on a PETC mechanism that can
be seen as a dynamic triggering mechanism. The idea is
to guarantee directly the satisfaction of the conditions
in Proposition 2, respectively Corollary 3, for the case
with, respectively without, delay. The setup being con-
sidered is again given by an actuator without computa-
tional capabilities, i.e., A. = 0 and a network with at
most m consecutive packet losses and either no delay or
the constant delay § = h.

5.1  Dynamic triggering without delay

Assume that A4, By denote the discretized system ma-
trices as in the previous section and a stabilizing con-
troller K for (14) is given. To use Corollary 3 for guaran-
teeing exponential stability in the large, the triggering
mechanism stores the time instant when the last suc-
cessful transmission over the network occurred, and the
corresponding value of the state. It checks whether the
time since the last received transmission exceeds a de-
sired threshold vh with v € N. If this is the case, the
state information is sent over the network to guarantee
existence of a uniform upper bound on the actual inter-
event intervals (7 < (v + m)h) as demanded by (10).

Further derivations aim at guaranteeing that condi-
tion (11) in Corollary 3 holds. The first step, that can
be done offline, is to find a suitable Lyapunov function
candidate, i.e., a positive definite matrix P, that takes
the role of P, in (11). We compute the candidate, if
possible, by the set of LMIs

AT Py Ay — (1+7)P, <0,

T je{l,...,m+1} (34)

for a fixed design parameter ¥ > 0 that can be solved for
a sufficiently small 7 if there exists a common quadratic
Lyapunov function for a switched system Ty 11 = Ay ;T
with j as in (34), see [16]. The condition (34) is moti-
vated by the fact that if one can find a P, > 0 satisfy-
ing (34), one knows according to the definition of A,;
in Subsection 4.3 and the fact that e, = 0 for k € Z7
that for j € {1,...,m + 1},

z;_i_jprxk—i-j - I’ZPTI]C < *'FAmin(p:c)”zk”{ (35)

iftkeZI andk+j¢ZI forje{l,...,m}. Thus, in
the scenario where a successful transmission is imme-
diately followed by m time instants without successful
transmission and a successful transmission afterwards,
one knows that (11) is satisfied with ¢; = FAmin (Ps)-

The last and main part of the mechanism and the most
significant novelty compared to Section 4, is to guaran-
tee that (11) holds with some desired value ¢, > 0 for
all other cases. In Section 4, we enforced this guarantee
by deriving a static trigger rule. Now, a dynamic mech-
anism relying on predictions is derived. Therefore, at
all periodic time instants tx, k € N, when the triggering
condition is checked, one computes a predicted value for
the state x at time tx4m—m,+1, Where my denotes the
number of unsuccessful transmissions between the last
successful transmission and time ¢ = ¢;. If we call this
predicted value !, and the value of the state at the last
successful transmission xfff, the current state is sent over
the network if

(@) T Poay — (@) Po}e > ¢ [l (36)

Note that the prediction can be computed using the
_ T
matrix F in (21), as 2} = [I 0} Flfm=mu [mlz e,ﬂ
The whole triggering mechanism is summarized in Algo-
rithm 1. Note that it is directly influenced by m, since for

a larger value of m it is harder to find P, satisfying (34)
and the prediction horizon for 2} in (36) gets longer.

Theorem 13 Assume that system (1) is controlled with
controller (2) with a given gain K. Assume furthermore
that necessary transmissions are detected according to
the PETC mechanism specified by Algorithm 1 and that
the network guarantees that at most m successive packets
are lost and the delay is considered as 6 = 0. If there
exists a positive definite matriz P, satisfying (34) with
7 > 0, and the parameters of the triggering mechanism
are chosen asv € N, ¢, > 0, then the equilibrium at £ = 0
of the DDS (4) is exponentially stable in the large.

PROOF. The setup can be described by the DDS (4)
with J; = I and Jy = 0. Thus, one can use Corollary 3
to prove the result. The boundedness condition (10) is
directly satisfied by the periodic event detection, the



Algorithm 1 Triggering mechanism with § = 0.
1: if t =ty then
20 0,27 Bo, M0
30 Vb (¢°f)T Poaref with P, s.t. (34) holds
4: else if t € (t;)ken then

T

o

P {I 0} Fltm=m , VP < (2P)TPyaP

€k

6: if (k—i"f > 1) OR (VP — Vel > —¢ ||z"f||? as
in (36)) then

7: send xj, over the network and wait for ACK
8: if transmission is successful then
0: ik, VIl 2T Py, mo+ 0

10: else

11: m<+ m+1

12: else

13: no transmission of xj necessary

bounded number of successive packet losses, and the
timeout condition. Thus (10) holds with > h and

7 < (v+m)h.

It remains to show that (11) holds with P, = P, and
some ¢, > 0 for all 7, with & € N. This is shown in an
iterative fashion. One knows by definition that there is
a successful transmission at time ¢ = 7, and assumes
without loss of generality that 1, = t; for some i € N.
If the next successful transmission occurs after at most
m+ 1 time instants, i.e., 7441 € {tix1, ..., titmt1}, One
knows from (34) that (11) holds with ¢; = FAmin (Pr).

Before we analyze the remaining cases, observe that %
is defined as a prediction over m+1—my, time steps. As-
sume now that a transmission is initiated at t; but the
packet is lost. Then, my41 = my + 1 and thus xzﬂ isa
prediction over m—+1—myg1 = m—my time steps. Thus,
it is always guaranteed that z7 ,, = xj if triggering is
necessary at time t; but the packet is lost. Thus, for the
case that 7p+1 & {ti+1,- .., titm+1}, one knows that the
triggering condition cannot be violated at time ¢; 1 since
it would be violated at all successive time instants as well
and successfully sent at latest at ¢;4.,,,+1. Due to the fact
that xf_H = Ti114(1+m) and the fact that triggering is
not necessary at t; 1, the triggering mechanism guaran-
tees that (11) holds with ¢, = &, if Tk41 = ti4m+2. One
proceeds in an iterative fashion. If 7411 > ¢; 442, One
knows that no triggering was necessary at ¢; o and thus
according to the trigger rule, (11) holds with ¢, = ¢, if
Tk+1 = titm+3. Thus, one can conclude that (11) holds
for all £ € N with ¢, = min{¢,, PAmin(P:)} and the
proof is completed. O

Remark 14 Note that we used the fact that we can pre-
dict the state with exact precision in the derivation of
the triggering mechanism. This is only possible in a lin-
ear scenario without disturbances. If disturbances were
present, one had to use for example a worst case predic-
tion that exploits bounds on disturbances.

10

Remark 15 Note that the triggering mechanism relies,
as the static mechanism, on acknowledgement messages
in the network. They are used to determine the last suc-
cessfully transmitted state, the number of packet losses
since the last successful transmission, and to infer the
error between the current and the last successfully trans-
mitted state. An ACK for a successful transmission at
time t, must arrive at the sensor at latest at t; .

Next, a further remark is given. This additional remark
discusses, how the dynamic triggering mechanism can
be implemented in a computationally efficient manner.

Remark 16 For the case m = 0, it holds that a%
T

[10] P[] 4] —af|" for allk € No. Thus, (36) can be

written as a static quadratic condition, as e.g. considered

in standard PETC without loss [12], given by £f Qo&k > 0

with
I 0
_l’_
—I17

where F; = F'1. For the case m > 0, it can be similarly
seen that, depending on my, one needs to choose and
evaluate online only one condition from the set of m + 1
quadratic trigger rules £ Qm—m, &k > 0 to check (36).

FT

?
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0 I

P, 0
00

0 0
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5.2 Dynamic triggering with delay

This subsection is concerned with the same setup as be-
fore, except for the presence of a constant transmission
delay § = h. The main difference compared to the pre-
vious subsection is that Corollary 3 cannot be applied
anymore, since J does not satisfy the conditions of Corol-
lary 3 with 6 = h. Instead, the derivations in this subsec-
tion have to focus on the satisfaction of the conditions in
Proposition 2. In this proposition, the solution of (4) for
t € T plays an important role. According to (4) and the
fact that Z(7) = (75 — h) for § = h, the solution evalu-

T
ated at ¢ € T is given as (1) = [m(Tk)T (i — h)T
According to the notation that was introduced in (14)
and the index sets introduced in (6), this states that
T T
& = {xg @H = [xz x;_l} if k € Z7. Since &,
[wl mlz_l} only holds for k € Z7 , we introduce the aux-
- T
iliary state vector & = [;cg xf_,| forall k € Ny with

some initial condition z_; € R™ and analyze its evolu-
tion. Therefore, we introduce a new definition for a trig-
ger error, as a counterpart to (15), as ez = I —Tp_1, for
k € Ng. Based on that definition and A, = 0, a closed-
loop representation for the case § = h can be given for



all & € Ny by
- Aq BaK | - ByK|
é.k 1= gk €k
B o | "
—_——— ——
A7 By
0, ifk+1e€1”
s _ ) I e+ (-1 1] £k, otherwise 37
€hp1 = k )
k+1 \A,(s./ ( )
2 B?S

2

as a counterpart to (16). Since, in order to come up with
an analogous approach to Section 5.1 we will employ pre-
dictions over a given horizon, the next step is to provide
a counterpart to the F' matrix in the delay free case, i.e.,
to (21). To this end, we rewrite the closed-loop equa-
tion (37) for k+1 ¢ ZI7 as

- 45 B -
fl;+l _ (15 (15 fl;] . (38)
Ck+1 By A3] [ey
——
=:Fs

As in the delay free case, assuming j > k : j & I7
and that there does not exist an ¢ such that i € Z7 and
ti <t; <tj, it holds that

[ﬂ = Fi* l k] | with FJ7F =
65- 65
k

J

A
B

B
A

é 6
15—k 1j—k

5 5
21j—k “12|j—k
(39)
To derive a detection algorithm for the case with trans-
mission delays, one needs to find a suitable Lyapunov
function candidate, assuming a given controller, that can
be used to guarantee satisfaction of (8) in Proposition 2.
By the same reasoning as in the delay free case, we com-
pute the candidate, if possible, using a positive definite
matrix P that satisfies the LMIs
T _
(48,) PAS, ~(14+7)P 20, j € {1,...,m+1} (40)
for a fixed 7 > 0. One remaining difference for the case
with transmission delays is the horizon for the predicted
auxiliary state £,. While in the delay free case the pre-
diction horizon was given by k 4+ m — my + 1, where my
denotes the number of unsuccessful transmissions since
the last successful transmission, the prediction horizon
for the case with delay is given by k +m — my + 2. The
reason is directly given by the delay 6 = h, since now
we have to predict one step further since a message suc-
cessfully sent at time ¢; implies a successfully received
message only at time tj, 1. Using those modifications, it
is now possible to state Algorithm 2 and the correspond-
ing theorem for the case with transmission delays.

Theorem 17 Assume that system (1) is controlled with
controller (2) with a given gain K. Assume furthermore

11

Algorithm 2 Triggering mechanism with 6 = h .

1: if t e (tk)keN then

2: if t = tg then
3: it <0, m + 0
5 T
4: gref {:%0 :%,1} with some &_; € R”
5: Vel o (éref)TPSref with P s.t. (40) holds
¢ 2+m—m gk 2\ 52
o ocfrimme [ @)
ek

7 0f (k— i > ) OR (VP — Vref > g dref||2)
then

8: send xj, over the network and wait for ACK
9: if transmission is successful then ~
10: T k41, m 0, Ve g Péa
11: else
12: m+—m+1
13: else
14: no transmission of x; necessary

that necessary transmissions are detected according to the
PETC mechanism specified by Algorithm 2 and that the
network guarantees that at most m successive packets are
lost and the transmission delay satisfies & = h. If there
exists a positive definite matriz P satisfying (40) with
7 > 0, and the parameters of the triggering mechanism
are chosen asv € N, ¢ > 0, then the equilibrium at £ =0
of the DDS (4) is exponentially stable in the large.

PROOF. The setup can be described by the DDS (4)
and thus Proposition 2 can be applied, where satisfaction
of (7) is guaranteed by the same timeout mechanism,
employing v € N; as in the case without delay.

It remains to show that (8) holds with the Lyapunov
function candidate V(§) = £TPE and some ¢ > 0 for
all 7, with £ € N. This is again shown in an iterative
fashion using the fact that &(7x) = &(7%). One knows by
definition that a successful transmission is received at
time ¢t = 73, and assumes without loss of generality that
7, = t; for some 7 € N. If the next successful transmis-
sion is received after at most m + 1 time instants, i.e.,
Te+1 € {ti+1,---,titm+1} one knows from the design
of the Lyapunov function candidate according to (40)
that (8) holds with ¢ = FApin(P).

Employing the same arguments as in the delay free case,
it is always guaranteed that &, = & if triggering is
necessary at time t; but the packet is lost. Thus, for the
case that 741 & {ti+1,-- -, titm+1}, one knows that the
triggering condition cannot be violated at time ¢;, since
it would be violated at all successive time instants as
well and successfully sent at latest at ¢;,, and received
at ti+m+1. Due to the fact that & = z; 24, and the
fact that triggering is not necessary at t;, the trigger-
ing mechanism guarantees, according to line 10 of Algo-



rithm 2 that (8) holds with ¢ = ¢ if 7441 = t;ym+2. The
proof is completed by the same iterative argumentation
as in the case without delay. O

5.8 Adaption for NCS

In this subsection, we want to investigate the behavior of
the event-based sampling mechanisms in case of packet
losses and compare it to a desirable behavior in a net-
worked setting. Motivated by that, a possible modifica-
tion for Algorithms 1 and 2 is described.

In Section 4, a static triggering mechanism was derived,
that compares the norm of the transmitted error with
the norm of the current state. If the trigger condition is
violated but the packet is lost, it is very likely, although
not guaranteed, that a transmission is demanded at the
next time instant. This is even clearer for the dynamic
approaches in this section. We used a prediction over a
horizon that gets shortened if a packet is lost. Thus, if
the threshold ¢,, respectively ¢, is constant, the trigger
condition after a packet was lost is equal to the condition
at the previous time step and thus retransmissions are
implicitly guaranteed. However, when investigating the
design of network protocols, e.g. TCP, the possibility of
retransmissions is strictly regulated by suitable mecha-
nisms for congestion control, e.g. [2] for TCP. The main
reasoning for the interaction of retransmissions and con-
gestion control is the fact that transmissions should be
reduced if packet losses occur due to congestion in the
network.

A nice property of the dynamic mechanisms with respect
to those considerations, is that such an adaption tech-
nique can be easily included. The main technical reason
is that Theorems 13 and 17 still hold if the constant
C., respectively ¢, is replaced by a time-varying function
which has values that are uniformly lower bounded by
a positive constant, i.e., ¢;(k) > ¢, > 0, respectively
¢(k) > ¢ > 0for all k € Ny, since the conditions of Corol-
lary 3, respectively Proposition 2, are still satisfied. One
possible way to generate those thresholds, for the exam-
ple of ¢, (k), is given by fixing a desired bound ¢, > 0,
an initial value ¢,(0) > ¢, and updating the threshold
according to

.(0) ifkeZ”,
er(k+1) =< (k) —m1(Cu(k) —c,) ifkeZT \I7,
~Yols (K otherwise,

(41)
with 73 < 1 and 75 > 1. The benefits of this adaption
will become apparent in the following section’s numerical
example.

12

0.2
0.1
| |
00 2 4 6 8
Time t (s)

=11,

Fig. 2. ||z||3, with static mechanism (m = 2, § = 0).

6 Simulation results

In this section, an academic example, used in [26] and
[12], will be employed to demonstrate the derived mech-
anisms. Afterwards a comparison concerning the robust-
ness to packet dropouts compared to [21] is given for an
inverted pendulum example.

6.1 Demonstration of the derived mechanisms

01
We consider system (1) with A = ,B= {0 1] T,
3

(2) with K = [1 —4} and a desired sampling period

h = 0.05 s. For conducting the simulations, YALMIP
(R20150918) [18] and SeDuMi (1.3) [25] were used. We
will first investigate the static triggering mechanism de-
rived in Section 4. Thus, the goal is to find a value for o
such that trigger rule (19) guarantees exponential sta-
bility in the large, despite at most m successive packet
losses. Using Theorem 10, one can show that exponen-
tial stability in the large is guaranteed for o < 0.106 if
m = 1 and o < 0.036 if m = 2. For the case m = 3, it
is not possible to find a value for o such that the condi-
tions of Theorem 10 are satisfied for the given configu-
ration. Fig. 2 shows the evolution of the Lyapunov func-
tion for a simulation with ¢ = 0.036 and_m = 2. The

[—0.26 0.44}

Zo = 1.052¢ which demonstrates that no assumption on
successful triggering at ¢y is necessary. It can be seen
that although the condition was designed based on non-
monotonic Lyapunov functions, the resulting evolution
of the Lyapunov function decreases strictly monotoni-
cally.

simulation initiates at x¢g = and we use

The dynamic mechanisms in Section 5 were derived to
reduce this conservativity with the goal to trigger less
frequently. Indeed, Fig. 3 shows the evolution of the Lya-
punov function of a simulation with m = 5 where Al-
gorithm 1 is used with a matrix P, satisfying (34) with
7 = 0.03 and &, is chosen equal to FA\pin(Py). It can
be seen, that indeed the possibility that the Lyapunov
function may increase at some time instants is exploited.
For the given setup, matrices P, can be found for up to
m = 10 consecutive packet losses, while only up to two
were possible with the static mechanism.

A third simulation is conducted to demonstrate the
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Fig. 5. Triggering times for simulated mechanisms.

mechanism derived in Subsection 5.2, i.e., the case with
delay 6 = h = 0.05 s, with the adaption technique from
Subsection 5.3 being applied. In this case, one can find
matrices P satisfying (40) with 7 = 0.03 according to
Theorem 17 for up to m = 6 successive packet losses,
such that Algorithm 2 together with (41) (in a modified
form for the delay case) can be applied. The evolution
of the states with m = 5, &(0) = 0.57Amin(P), 71 = 0.3,
72 = 2, and ¢ = 1079 is shown in Fig. 4.

As a last comparison, the triggering times of all pre-
sented simulations are shown in Fig. 5, where blue as-
terisks denote that a transmission is necessary and the
packet is not lost while red crosses denote packet losses.
It can be seen that the static mechanism (top line) leads
to very frequent transmissions compared to the dynamic
ones. Furthermore, effectiveness of the adaption tech-
nique derived in Subsection 5.3 can be seen by the fact
that without the adaption (middle line), packet losses
lead to retransmission attempts while with the adap-
tion (bottom line) this is not necessarily the case. This
can help to resolve conflicts in a shared communication
medium.

6.2  Comparison of robustness to dropouts with [21]

Consider the inverted pendulum on a cart, modeled as
(1) with four states and matrices A and B as in [21] with-
out delay which in the notation of [21] reads as 7 = 0
and h = 13 — T = n3. We compare the robustness of the
triggering strategy according to Table 3 (Table 2 for the
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Table 1
Comparison of the maximal number of successive dropouts.

h K

mp21) | Ms | Ma

0.05 | [16.22 41.08 516.03 294.91] 2
0.09 | [10.49 28.13 411.72 234.21] 2 0 3
0.13 | [12.02 33.64 447.60 254.77] 1 0 2

controllers) in [21] with the static and dynamic trigger-
ing strategy from Sections 4 and 5. Therefore, we denote
dyianspr from [21] as myp;) and the maximal m such
that we can apply the static (resp. dynamic) mechanism
by mg (resp. mg). The results in Table 1 show, at least
for all examples based on the controllers designed for the
mechanism in [21], the strict relation m, < mpa1) < mq
with mg = 0 for all considered values of h in this particu-
lar example. On the one hand this shows that the trigger
rule from [21] can tolerate more dropouts than the pre-
sented static condition, where one reason could be the
fact that the static condition in this article is built upon
(19) which offers less degrees of freedom than the static
condition in [21]. On the other hand one can see that
the dynamic strategy can tolerate the largest number of
successive packet loss without a significant increase in
the computational effort as explained in Remark 16.

7 Conclusion

The article showed how non-monotonic Lyapunov func-
tions can be employed to simplify analysis and design
of event-triggered strategies for exponentially stabilizing
NCS. The essence of the stability results derived in Sec-
tion 3 is that the main properties that have to be satisfied
by the event-triggered system, are uniform upper and
lower bounds on the times between successful transmis-
sions and a quadratic decrease of the Lyapunov function
in between those times. A static mechanism was derived,
but since it is quite conservative this was only done so
for the case without delays. It was demonstrated how
dynamic triggering mechanisms relying on predictions
can be derived directly from the conditions in Proposi-
tion 2 and Corollary 3 for systems with and without de-
lay. Since the stability analysis for the dynamic mecha-
nisms does not prohibit an online adjustment of the sen-
sitivity, we were able to introduce an additional adaptive
mechanism that shapes the resulting network traffic, in
particular concerning the behavior after a packet loss.
While the derived mechanisms show a nice behavior in
simulations, there are some open points for future re-
search. The influence of possible disturbances needs to be
taken into account in the predictions as explained in Re-
mark 14. Furthermore, it would be interesting, whether
the results based on non-monotonic Lyapunov functions
can be extended to analyze (robust) performance in the
same fashion as standard Lyapunov techniques. Since
the basic results on non-monotonic Lyapunov functions
are not necessarily focusing on linear systems, an exten-
sion of the approach to nonlinear systems is a desirable



next step although for example the exact state predic-
tion does not translate to such a setup and a suitable
modification has to be derived.
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A General finite dimensional discontinuous dy-
namical systems

In [20], a finite dimensional DDS is represented by the
four-tuple {R>,R", A, S} consisting of time set R>q,
state space R", set of initial conditions A C R", and
the family of motions S, together with the set of dis-
continuities E, that may depend on the specific motion
p € S. This set is assumed to be unbounded, discrete,
and to have no finite accumulation points. In the theo-
rem, the notation f(r) = O(r?) asr — 0T is used for
Lf(r)]

rd

lim sup, _, o+ < oo.

Theorem 18 (Theorem 6.4.7 in [20]) Let{R>(,R",
A, S} be a finite-dimensional DDS and assume that x. =
0 is an equilibrium. Assume that there exist a function
v : R"xR>q = R>q and four positive constantscy, ca, c3,
and b such that

allz]” < v(z,t) < cofl2ll’ (A1)

forallz € R™ andt € Rxq.

Assume that for every ¢(-,to, xo) € S, v(@(t, to, o), t) is
continuous everywhere on Ry, except on an unbounded
discrete subset E = {11, T2, -+ : 71 < T2 < ---} of R>y,
with no finite accumulation points. (E may depend on

(-, to, xo).) Furthermore, assume there exists a function
f € C[R>q,R>q] with f(0) = 0 such that

v(p(t, to, o), t) < f(v(@(Th,t0, T0), T))

for allt € (g, Tk+1),k € Ng, where 19 := to, and such
that for some positive constant q, f satisfies

(A.2)

f(r) =07 asr — 0. (A.3)
Assume that for all k € Ny

1
Tk+1 — Tk
< 7C3H¢(Tk7t07x0)‘|b

[0(A(Tkt15t0, T0)s Tht1) — V(A(Tk, Lo, To)s Th)]

(A4)
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forallzy € A and ¢ € S. Then the equilibrium x, = 0
of the DDS is exponentially stable in the large.

B Proof for Proposition 2

PROOF. The proof is divided into two parts. In the
first part, one uses the bound 71 — 79 < 77 to derive a
bound on ||¢(t,to, &o)| for ¢ € [to = 79, 71]. The sec-
ond part uses an auxiliary DDS with the same dynam-
ics as in (4) where the discontinuities are at 7 \ {7} =
{72, 73, ...} and the initial condition is contained in a re-
stricted set. Then we can show that under the given as-
sumption, the zero solution of this auxiliary DDS is expo-
nentially stable in the large and together with the bound
on ||¢(t, to,&o)|| for t € [to, 1], we can conclude expo-
nential stability in the large of the equilibrium &, = 0 of

(4).

Due to the linearity of the continuous dynamics in (4),
one can compute the unique solution ¢(t,tg,&y) for
t € [to, 1) and € € R?™ as p(t, tg, &) = ee(t=to) ¢y With
w(Ae) = Amax (%(AET +A§)>, that has the property
[edes|| < et(Ae)s for all s > 0 as shown in [6], one can de-
rive [|[(t, to, &)l = [leeT0g || < elmtrlAe)|g| <
max{eA)T 1}|&|| for all ¢t € [to,71). Further-
more [|¢(71,t0,80)| = [IBeod(ry ;to,o)l| and  thus

l¢(r1,t0,€0) | < || Bel| max{e# 4, 1}[&o]|. One can
conclude for all ¢ € [tg, 1] that
16(t, to, o)l < max{L, || Be||} max{e 7, 1} |I&||.

1%

(B.1)
The second part of the proof employs an auxiliary DDS
with

y= Agy
y(t) =Bey(t™)

with yo = y(m1) = &(m1,t0,&0) and thus yo € A4, =
{o(71,t0,&0)|€0 € R*} and the set of discontinuities
consists of Ey = {7, 73, ... }. Note that with this setup
oy (t,71,90) = @(t, to, &) for t > 71, where ¢, is the so-
lution of (B.2). One can now apply Theorem 18 with
v(y,t) = V(y) = yTPy, where (A.1) holds with ¢; =
Amin(P) and ¢3 = Apax(P). Using the same deriva-
tions as for the case [rp, 1) before, we can show that
(A.2) holds for all ¢ € (7, 7k+1),k € N with f(r) =

%max {e“(Aﬁ)ﬁ,l}Zr satisfying (A.3) for ¢ = 1.
Furthermore, with (7) and (8) and the definition of A,,

one notices that (A.4) holds for b = 2 and ¢3 = - Thus
we know, using Theorem 18, that the zero solution of
the auxiliary DDS is exponentially stable in the large,
i.e., according to Definition 1, there exist an & > 0 and
ad > 0, and for any k'8 > 0 (and thus for any 5 > 0),

T <t <71,k EN
tET\{ﬁ}

(B.2)



there exists a k > 0, dependent on S, such that for
t > 7, llyoll < KB = [lo(t, to, &)l < Kllyol[Te*=m.
Note that this implication shows that k£ and 7 satisfy the
property

ce[0,k'B) = ¢ < k7

for some auxiliary real number c.

(B.3)

The two parts are now used to prove the proposition.
From (B.1) one knows that for any 8 > 0, ||&] < 8 =
l[¢(71, %0, &)l = llyoll < K'[|€oll < k'8 and thus fort > 7

6]l < B8 = l|6(t,to, &) | < KllyoTe= 3¢
< kk[|& e (B.4)

Since it was shown that for any 8 > 0 the implication
[€oll < B = [[9(¢, 0, &o)l| < k'S holds for all ¢ € [to, 1],
we can use (B.3) to show that for ¢ € [tg, 71], it holds that

€0l < B = N16(t, to, o)l < kllo(, to, &) 17 < Kk |07
< kk"e%||&||Te= ¢t (B.5)

Thus, the combination of (B.4) and (B.5) shows that
there exist « > 0,7 > 0 and for any § > 0, there
exists £ > 0 such that ||§]] < 8 = ||6(¢t, to, &0)] <
E[|& || e*(t %) holds for all t > to with v = 7, a =

@,
and k = kk'" e, |
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