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Abstract— This paper investigates an event-triggered out-
put feedback control strategy of linear systems under tac-
tile communication, for which two different frameworks are
considered. Motivated by the emerging tactile communications
technology where latencies are very small but at the price of
limited message sizes, a perception-based deadband principle
is proposed for the data reduction of communication. In each
framework, under an assumption that the deadband factor is
upper bounded with respect to the system model, it is proven
that global asymptotic stability of the closed loop system is
achieved. Then, an event-triggered output feedback controller
under tactile communication is further introduced. It is shown
that the designed controller is capable of reducing the frequency
of controller updates as well as excluding Zeno behavior.
Numerical examples are given to illustrate the effectiveness of
the proposed control algorithm.

I. INTRODUCTION

Motivated by recent technological advances on computing
and communication ability, event-triggered control (ETC)
has attracted special attention in the control community in
recent years. The essential idea of ETC is to measure the
next sample and update the controller if and only if a certain
measurement error becomes large enough [1]. In this way, a
substantial reduction of the amount of transmissions may be
achieved compared to conventional time-triggered setups.

In most of the ETC strategies, a state or data dependent
trigger function implicitly determines the time instants at
which state or data is transmitted over the communication
network and the controller is updated [2]–[8]. However,
continuous measuring may still be needed for the detection
of the trigger function [2]–[6]. Besides, any event-triggered
controllers should ensure the exclusion of Zeno behavior,
which is crucial in practical applications as the hardware
cannot generate transmissions that are arbitrarily close in
time. Although periodic ETC [7], [8] is proposed as a
solution to these problems, more frequent communication
may be required as the price to pay.

The Tactile Internet and the underlying tactile/haptic com-
munication are believed to be a next evolutionary techno-
logical leap [9]. At the very core of the design of Tactile
Internet is the ‘1ms Challenge’ (a round-trip latency of 1ms
is supported) [10]. Aiming to decrease the latency, several
techniques have been proposed, such as lossy compression
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[11], deadband-based data reduction [12], network coding
and software defined networking [13], etc. These approaches
do not take into account the human perceptual limitations. To
this end, Hintenseer et al. [14] propose a perception-based
deadband (PD) principle for tactile data, where the deadband
is adjusted for each transmitted sample. As long as the
perception error stays within the deadband, no transmissions
are triggered, thereby resulting in a reduced discrete com-
munication sequence. Looking at the ETC strategy in control
and the PD principle in tactile communication, we find that
their ideas essential coincide. Moreover, if we implement
both the PD principle in communication side and the ETC
strategy in control side, further reduction of communication
or/and control action may be achieved.

Motivated by the above discussion, this paper investigates
the event-triggered output feedback control of linear systems
under tactile communication. To the best of our knowledge,
this paper is the first attempt to integrate ETC and tactile
communication. It is concluded that such integration fulfils
the reduction of both the communication and control as well
as excluding Zeno behavior. The contribution of this paper
is summarized as follows. Linear systems of two different
frameworks are controlled through output feedback under
tactile communication. Firstly, a PD principle is proposed
for tactile communication. Under an assumption that the
deadband factor is upper bounded with respect to the system
model, it is proven that global asymptotic stability of the
closed loop system is achieved. Then, ETC is further imple-
mented asynchronously with the communication action. It
is shown that the designed event-triggered output feedback
controller reduces the frequency of controller update and
additionally excludes Zeno behavior.

Notation: Denote R as the set of real numbers, Z as
the set of nonnegative integers, Rn as the n−dimension real
vector space and Rn×m as the n×m real matrix space. In is
the identity matrix of order n and 0n is the square matrix of
order n with all zeros. We denote λi(A) as the ith eigenvalue
of matrix A, λmin(A) and λmax(A) as the smallest and largest
eigenvalue of matrix A, respectively. Let |λ | be the absolute
value of a real number λ , ‖x‖ and ‖A‖ be the Euclidean
norm of vector x and matrix A, respectively. For a complex
number, Re(·) denotes its real part. P� 0 means that P is a
positive definite matrix and PT is the transpose of P.

II. PRELIMINARIES AND PROBLEM STATEMENT
A. PD Data reduction with tactile communication

The communication strategy considered in this paper is
based on the exploitation of limitations of human tactile



perception. In 19th century, Ernst Heinrich Weber observed
that the human perception of change in a given stimulus
appearing to be lawfully related to the initial stimulus mag-
nitude. This relationship, which can be well approximated
by Weber’s law [15], is expressed as:

∆I/I = k or ∆I = kI (1)

where I represents the initial stimulus intensity, ∆I represents
the difference threshold and k > 0 is a constant. Weber’s
Law says that the Just Noticeable Difference (JND), the
smallest change that can be perceived (i.e., ∆I), is a constant
proportion of the initial stimulus.

Based on Weber’s Law, a PD principle is introduced in
[14], where data are sent over the communication channel
only if the the difference between the last sent value x(t ′)
and the current value x(t), where t > t ′, exceeds the JND,

If: |x
(
t ′
)
− x(t)| ≤ p|x

(
t ′
)
|, deviation is not perceived,

Else: |x
(
t ′
)
− x(t)|> p|x

(
t ′
)
|, transmit new value,

(2)
where p > 0 is called the deadband factor, and which
corresponds to the constant k in Weber’s law (1).

B. Problem Statement

Consider a continuous-time linear plant described by

ẋ(t) = Ax(t)+Bu(t),
y(t) =Cx(t). (3)

where A ∈ Rn×n, B ∈ Rn×m and C ∈ Rl×n are constant
matrices; x ∈ Rn,u ∈ Rm and y ∈ Rl are the system state,
input and output, respectively.

The observer of the state is

˙̂x(t) = Ax̂(t)+Bu(t)+F(y(t)−Cx̂(t)), (4)

and the control input is

u(t) =−Kx̂(t), (5)

where x̂ ∈ Rn is the observer state; K ∈ Rm×n,F ∈ Rn×l are
the gain matrices, respectively.

Defining now the observation error as x̃(t) ∆
= x(t)− x̂(t),

then straightforward computation gives the dynamics of the
observation error

˙̃x(t) = (A−FC)x̃(t), (6)

which means x̃(t) = e(A−FC)t x̃(0).
Assumption 1: The matrix pair (A,B) in (3) is stablizable,

and the matrix pair (A,C) in (6) is detectable.
Lemma 1: [6] Suppose that A ∈Rn×n is Hurwitz. Then,

for all t ≥ 0, it holds that
∥∥eAt

∥∥≤ ‖PA‖
∥∥P−1

A cAeaAt
∥∥, where

PA is a nonsingular matrix such that P−1
A APA = JA with

JA being the Jordan canonical form of A, cA is a positive
constant determined by A, and maxiRe(λi(A))< aA < 0.

With Assumption 1, it is sufficient to design the gain matri-
ces F and K such that (A−FC), (A−BK) are Hurwitz. Thus,
the closed loop system (3)-(5) is globally asymptotically
stable. However, in order to be implemented, the observer
is required to continuously access the sensor output, and

the controller is required to continuously access the observer
state and update the controller accordingly.

In this paper, we are interested in an implementation of
tactile communication and ETC, which is able to relax the
continuous requirements for communication and controller
update. Two different frameworks of the closed loop system
are considered. In Framework I, the sensor and the observer
are assumed to be co-located, which means the observer has
access to the sensor output at all time. The deadband prin-
ciple is implemented in the observer, therefore, the observer
state is available to the controller only at relevant discrete
communication instants. In Framework II, the sensor and
the observer are not co-located. In this case, the deadband
principle is implemented in the observer and the sensor
output. Hence, both the sensor output and the observer state
are available in a resulting discrete fashion.

III. MAIN RESULT

A. Framework I

In Framework I, the sensor and the controller are co-
located. The closed loop system is described by

ẋ(t) = Ax(t)+Bu(t)

y(t) =Cx(t)
˙̂x(t) = Ax̂(t)+Bu(t)+F(y(t)−Cx̂(t))

(7)

and the controller under tactile communication is given by

u(t) =−Kx̂(t̂σ̂ ), t ∈ [t̂σ̂ , t̂σ̂+1), (8)

where t̂σ̂ , σ̂ ∈Z is the communication time sequence of the
observer, at which a new observer state is perceived and
transmitted.

The communication time sequence t̂σ̂ is updated by

t̂σ̂+1 = inf{t > t̂σ̂ : f1 (x̂(t) , x̂(t̂σ̂ ))≥ 0} , (9)

where

f1 (x̂(t) , x̂(t̂σ̂ ))=
{
‖x̂(t̂σ̂ )− x̂(t)‖− p‖x̂(t̂σ̂ )‖ ,‖x̂(t̂σ̂ )‖ ≥ I0
‖x̂(t̂σ̂ )− x̂(t)‖− I0e−αt ,‖x̂(t̂σ̂ )‖< I0,

I0 > 0 and α is a positive constant to be determined.
The condition f1 (x̂(t) , x̂(t̂σ̂ )) ≥ 0 is called the deadband
condition. Different from (2), here we introduce a constant
I0 in the deadband condition. Intuitively, I0 corresponds to
the smallest intensity of a given physical quantity that can
be reliably detected. In fact, it’s often the case that for very
small values of I, Weber’s law starts to break down (the JND
is no longer proportional to the initial stimulus) [16]. Without
loss of generality, we assume t̂0 = 0.

If ‖x̂(t̂σ̂ )‖ ≥ I0, the deadband condition becomes the
usual formulation of Weber’s law. In this case, denote
the deadband at time t̂σ̂ to be the set of observer s-
tate that do not fulfil the deadband condition F1 (t̂σ̂ ) =
{x̂(t) |‖x̂(t̂σ̂ )− x̂(t)‖ ≤ p‖x̂(t̂σ̂ )‖ , t ∈ [t̂σ̂ , t̂σ̂+1)}. Let F1 =
{F1 (t̂0) ,F1 (t̂1) ,F1 (t̂2) , . . .}. Motivated by [17], the fol-
lowing definition of θ−cover is utilized here.

Definition 1: We say that F1 (t̂σ̂ ) is a θ -cover if there
exists a constant θ > 0, such that sin(ang(g,d)) < θ holds



for every vector pair (g,d), where g ∈ F1 (t̂σ̂ ) ,d = x̂(t̂σ̂ ),
ang(g,d) is the relative angle between vector g and d.

Definition 2: We say that F1 is a θ−cover if for ∀E ∈
F1, E is a θ−cover.

The definition of θ−cover can be seen as the geometrical
interpretation of the deadband. Similar to the analysis of
Section III. C of [14], one can further have

p = sinαmax < θ . (10)

Define the observer tactile error as the observer state
difference between the last communication instant t̂σ̂ and
current time t, which is ê(t) = x̂(t̂σ̂ )− x̂(t) . Then the control
input can be rewritten as

u(t) =−K(x̂(t)+ ê(t)). (11)

Since (A,B) is stabilizable, then the following algebraic
Riccati equation (ARE):

AT P+PA−PBR−1BT P+Q = 0. (12)

has a unique solution P = PT � 0 for any given matrices R =
RT � 0 and Q = QT � 0. Let K = R−1BT P/2, then dynamics
of the observer can be rewritten as

˙̂x(t) = Ax̂(t)−BR−1BT P/2(x̂(t)+ ê(t))+FCx̃(t). (13)

Assumption 2: F1 is a θ−cover for

θ =
λmin(Q)

λmax (PBR−1BT P)+λmin(Q)
, (14)

where matrices P,R,Q are defined in (12).
Remark 1: Assumption 2 gives an upper bound on the

deadband factor p according to (10). This is reasonable since
the deadband cannot be arbitrarily large.

Theorem 1: Consider the closed loop system given by
(7) with control input (8). Suppose Assumptions 1-2
hold and that the deadband condition (9) holds with
α < min{−maxiRe(λi (A−BK)) ,−maxiRe(λi (A−FC))}.
Then, the origin of the closed loop system is globally
asymptotically stable. Moreover, Zeno behavior is excluded.
Proof. Consider the following Lyapunov function

V (t) = x̂T Px̂. (15)

Differentiating V (t) along the trajectories of (13), one has

V̇ (t) =x̂T (t)(AT P+PA)x̂(t)− x̂T (t)PBR−1BT Px̂(t)

− x̂T (t)PBR−1BT Pê(t)+2x̂T (t)PFCx̃(t)

≤− x̂T (t)Qx̂(t)+λmax
(
PBR−1BT P

)
‖x̂(t)‖‖ê(t)‖

+2x̂T (t)PFCx̃(t).
(16)

According to the deadband condition (9), one has i) If
‖x̂(t̂σ̂ )‖ ≥ I0, then for ∀t ∈ [t̂σ̂ , t̂σ̂+1),

‖ê(t)‖= ‖x̂(t̂σ̂ )− x̂(t)‖ ≤ p‖x̂(t̂σ̂ )‖
⇒(1− p)‖x̂(t̂σ̂ )‖ ≤ ‖x̂(t)‖ ≤ (1+ p)‖x̂(t̂σ̂ )‖ ,

(17)

which implies that ‖ê(t)‖ ≤ p‖x̂(t̂σ̂ )‖ ≤
p/(1− p)‖x̂(t)‖ ,∀t ≥ 0. ii) If ‖x̂(t̂σ̂ )‖ < I0, we have
‖ê(t)‖ ≤ I0e−αt for t ∈ [t̂σ̂ , t̂σ̂+1). Combining i) and ii), one

can get ‖ê(t)‖ ≤ p/(1− p)‖x̂(t)‖+ I0e−αt ,∀t ≥ 0. Then
(16) can be rewritten as

V̇ (t)≤−
(

λmin(Q)− p
1− p

λmax
(
PBR−1BT P

))
‖x̂(t)‖2

+λmax
(
PBR−1BT P

)
‖x̂(t)‖ I0e−αt +2x̂T (t)PFCx̃(t).

According to (10), one has p < θ , then one can further
have λmin(Q)− pλmax

(
PBR−1BT P

)
/(1− p) := r > 0. Using

the inequality 2xy≤ ax2 +y2/a,∀a > 0, the derivative V̇ can
then be rewritten as

V̇ (t)≤− (1−κ)r‖x̂(t)‖2

+
1

κr
(λ 2

max
(
PBR−1BT P

)
I2
0 e−2αt +‖PFC‖2‖x̃(t)‖2).

According to Assumption 1, the matrix A−FC is Hurwitz,
which implies ‖x̃(t)‖ =

∥∥∥e((A−FC))t x̃(0)
∥∥∥ → 0 as t → ∞.

Furthermore, one has e−2αt → 0 as t → ∞ for all α >
0. It follows from the input-to-state stability argument in
Chapter 4 [18] that V (t)→ 0 as t → ∞, which implies that
the observer (13) is globally asymptotically stable. Besides,
the observation error is globally asymptotically stable. We
thus conclude that the closed loop system (7) is globally
asymptotically stable.

Next, we will show that Zeno behavior is excluded. From
the definition of ê(t), one has∥∥ ˙̂e(t)

∥∥= ∥∥ ˙̂x(t)
∥∥≤ ∥∥A−BR−1BT P/2

∥∥‖x̂(t)‖
+
∥∥BR−1BT P/2

∥∥‖ê(t)‖+‖FC‖‖x̃(t)‖ ,∀t ∈ [t̂σ̂ , t̂σ̂+1).

i) If ‖x̂(t̂σ̂ )‖ ≥ I0, we have∥∥ ˙̂e(t)
∥∥≤∥∥Â

∥∥(1+ p)‖x̂(t̂σ̂ )‖+ p
∥∥B̂
∥∥‖x̂(t̂σ̂ )‖+‖FC‖‖x̃(0)‖ ,

where Â = A − BR−1BT P/2 and B̂ = BR−1BT P/2. It is
proved that the observer (13) is globally asymptotically
stable, then one can conclude that there exists a constan-
t x̂∗ > 0, such that ‖x̂(t)‖ ≤ x̂∗,∀t ≥ 0. Thus,

∥∥ ˙̂e(t)
∥∥ ≤(∥∥Â

∥∥(1+ p)+ p
∥∥B̂
∥∥) x̂∗ + ‖FC‖‖x̃(0)‖ := u∗. Denote the

latest communication time of the observer by t̂∗ and let
τ = t − t̂∗ be the inter-communication time, then one has
τ ≥ p‖x̂(t̂σ̂ )‖/u∗ ≥ pI0/u∗.

ii) If ‖x̂(t̂σ̂ )‖< I0, we have ‖ê(t)‖ ≤ I0e−αt . The solution
of x̂(t) can be obtained as

x̂(t) = eÂt x̂(0)+
∫ t

0
eÂ(t−s) (−B̂ê(s)+FCx̃(s)

)
ds. (18)

Let PÂ and P−1
Â

be the matrices such that P−1
Â

ÂPÂ = JÂ,
where JÂ is the Jordan canonical form of the matrix Â. Define
Ĉ = A−FC and let PĈ and P−1

Ĉ
be the matrices such that

P−1
Ĉ

ĈPĈ = JĈ, where JĈ is the Jordan canonical form of the
matrix Ĉ. It follows from Lemma 1 that for 0≤ s≤ t,∥∥∥eÂ(t−s) (−B̂ê(s)+FCx̃(s)

)∥∥∥
≤cÂ

∥∥PÂ

∥∥∥∥∥P−1
Â

∥∥∥∥∥B̂
∥∥ I0eaÂ(t−s)e−αt

+ cÂcĈ

∥∥PÂ

∥∥∥∥∥P−1
Â

∥∥∥∥∥PĈ

∥∥∥∥∥P−1
Ĉ

∥∥∥‖FC‖‖x̃(0)‖eaÂ(t−s)eaĈt ,

(19)



where maxi Re(λi(Â))< aÂ < 0,maxi Re(λi(Ĉ))< aĈ < 0 and
aÂ 6= aĈ, cÂ,cĈ are positive constants with respect to Â and
Ĉ, respectively.

Let a1 = cÂ

∥∥PÂ

∥∥∥∥∥P−1
Â

∥∥∥‖x̂(0)‖, a2 =

cÂ

∥∥PÂ

∥∥∥∥∥P−1
Â

∥∥∥∥∥B̂
∥∥ I0/

∣∣aÂ +α
∣∣ and a3 =

cÂcĈ

∥∥PÂ

∥∥∥∥∥P−1
Â

∥∥∥∥∥PĈ

∥∥∥∥∥P−1
Ĉ

∥∥∥‖FC‖‖x̃(0)‖/
∣∣aÂ−aĈ

∣∣.
It follows from (18) and (19) that ‖x̂(t)‖ ≤
(a1 +a2 +a3)eaÂt +a2e−αt +a3eaĈt . Then one has∥∥ ˙̂e(t)

∥∥≤∥∥Â
∥∥‖x̂(t)‖+∥∥B̂

∥∥‖ê(t)‖+‖FC‖‖x̃(t)‖
≤k1eaÂt + k2e−αt + k3eaĈt ,

(20)

where k1 =
∥∥Â
∥∥(a1 +a2 +a3), k2 =

∥∥Â
∥∥a2 +

∥∥B̂
∥∥ I0 and

k3 =
∥∥Â
∥∥a3+cĈ

∥∥PĈ

∥∥∥∥∥P−1
Ĉ

∥∥∥‖FC‖‖x̃(0)‖. Denote the latest
communication time of the observer by t̂∗, then the next
communication time will not occur before ‖ê(t)‖ = I0e−αt .
Thus, a lower bound on the inter-communication
time is given by τ = t − t̂∗ that solves the equation(

k1eaÂ t̂∗ + k2e−α t̂∗ + k3eaĈ t̂∗
)

τ = I0e−αt , which is equivalent

to
(

k1e(aÂ+α)t̂∗ + k3e(aĈ+α)t̂∗ + k2

)
τ = I0e−ατ . Because α <

min{−maxiRe(λi (A−BK)) ,−maxiRe(λi (A−FC))} =
min

{
−maxiRe

(
λi
(
Â
))

,−maxiRe
(
λi
(
Ĉ
))}

, there must
exist negative constants maxiRe

(
λi
(
Â
))

< aÂ < −α < 0
and maxiRe

(
λi
(
Ĉ
))

< aĈ < −α < 0. Since α < −aÂ
and α < −aĈ, it is conclude that the solutions τ(t̂∗) of(

k1e(aÂ+α)t̂∗ + k3e(aĈ+α)t̂∗ + k2

)
τ = I0e−ατ are greater or

equal to τ , which is given by (k1 + k2 + k3)τ = I0e−ατ for
all t̂∗ ≥ 0, and which is strictly positive.

Since there is a positive lower bound τ on the inter-
communication time in both cases, one can thus conclude
that Zeno behavior is excluded. �

Next, ETC is introduced to reduce the controller updates
as well. For the closed loop system (7), the event-triggered
controller under tactile communications is redesigned as

u(t) =−Kx̂(Tk), t ∈ [Tk,Tk+1), (21)

where Tk,k ∈Z is the controller update time sequence.
Define the measurement error as the observer state differ-

ence between the last event-triggered instant Tk and the last
communication instant t̂σ̂ , which is

δ (t) = x̂(Tk)− x̂(t̂σ̂ ), t ∈ [Tk,Tk+1). (22)

Combining the definition of ê(t) and δ (t), the observer
(13) can be rewritten as

˙̂x(t) = Ax̂(t)−BR−1BT P/2(x̂(t)+ ê(t)+δ (t))+FCx̃(t).
(23)

The event-triggered time instants are defined as:

Tk+1 = inf{t > Tk : g1 (δ (t) , x̂(t̂σ̂ ))≥ 0} , (24)

where
g1 (δ (t) , x̂(t̂σ̂ )) = ‖δ (t)‖−

√
ε1γ1‖x̂(t̂σ̂ )‖,

γ1 = γ̂1/
1

2a

(
1

1− p

)2

λmax
(
PBR−1BT P

)
γ̂1 = r−aλmax

(
PBR−1BT P

)
/2

(25)

with constants 0 < a < 2r/λmax
(
PBR−1BT P

)
, 0 < ε1 < 1,

P,R,Q are defined in (12) and p is the deadband factor.
Without loss of generality, we assume T0 = 0.

Theorem 2: Consider the closed loop system given by (7)
with the event-triggered controller (21). Suppose Assump-
tions 1-2 hold and that the deadband condition (9) holds with
α < min{(1− ε1)γ̂1/(2λmax(P)),−maxiRe(λi (A−FC))}.
Then, the origin of the closed loop system is globally
asymptotically stable under the event condition (24).
Moreover, Zeno behavior is excluded.

Remark 2: The PD principle can be seen as a trigger for
communication and the event condition (24) can be seen as
a trigger for controller update. They work asynchronously.
From the definition of measurement error and event con-
dition, one can see that the event condition is detected
only at the communication time instants t̂σ̂ . That is to say,
{Tk} ⊆ {t̂σ̂}.

B. Framework II

In Framework II, the sensor and the controller are not co-
located. Then, the closed loop system is described by

ẋ(t) = Ax(t)+Bu(t)

y(t) =Cx(t)
˙̂x(t) = Ax̂(t)+Bu(t)+F(y(tσ )−Cx̂(t̂σ̂ ))

(26)

and the controller under tactile communication is given by

u(t) =−Kx̂(t̂σ̂ ), (27)

where t̂σ̂ is the communication time sequence of the observ-
er, which is defined in (8). tσ ,σ ∈Z is the communication
time sequence of the sensor output, which is updated by

tσ+1 = inf{t > tσ : f2 (y(t) ,y(tσ ))≥ 0} , (28)

where

f2 (y(t) ,y(tσ ))=
{
‖y(tσ )− y(t)‖− p‖y(tσ )‖ ,‖y(tσ )‖ ≥ I0
‖y(tσ )− y(t)‖− I0e−αt ,‖y(tσ )‖< I0,

with constants I0 and α defined in (9). Similarly, for
the case ‖y(tσ )‖ ≥ I0, one can define the deadband of
the sensor output at time tσ by a finite set F2 (tσ ) =
{y(t) |‖y(tσ )− y(t)‖ ≤ p‖y(tσ )‖ , t ∈ [tσ , tσ+1)} and F2 =
{F2 (t0) ,F2 (t1) ,F2 (t2) , . . .}.

Define the sensor tactile error as e(t) = y(tσ )−y(t) , then
the dynamics of the observer can be rewritten as

˙̂x(t) = Ax̂(t)−BK(x̂(t)+ ê(t))+F(Cx̃(t)+ e(t)−Cê(t)).
(29)

and the dynamics of the observation error is

˙̃x(t) = (A−FC)x̃(t)−F(e(t)−Cê(t)). (30)

Let ψ
∆
=
[
x̂T , x̃T

]T , then the close loop system can be
rewritten into vector form as

ψ̇ =

(
A−BK FC

0n A−FC

)(
x̂
x̃

)
+

(
F
−F

)
e

+

(
−BK−FC

FC

)
ê

∆
=Āψ +G1e+G2ê.

(31)



Based on Assumption 1, there exist gain matrices K and
F such that the matrices Ā is Hurwitz, and hence there exists
a positive definite matrix P̄ = P̄T that satisfies the Lyapunov
condition P̄Ā+ ĀT P̄ =−Q̄ for any given Q̄ = Q̄T � 0.

Assumption 3: F1 and F2 are both θ−cover for

θ =
λmin

(
Q̄
)

2
√

2‖P̄G1‖‖C‖+2‖P̄G2‖+λmin
(
Q̄
) (32)

where Q̄ = Q̄T � 0, and P̄ is the solution of the Lyapunov
condition.

Theorem 3: Consider the closed loop system given by
(26) with the control input (27). Suppose Assumptions 1,
3 hold and the deadband conditions (9) (28) hold with
α < min{−maxiRe(λi (A−BK)) ,−maxiRe(λi (A−FC))}.
Then, the origin of the closed loop system is globally
asymptotically stable. Moreover, Zeno behavior is excluded
under the deadband conditions (9) (28).
Proof. Consider the following Lyapunov function

V (t) = ψ
T (t)P̄ψ(t). (33)

Differentiating V (t) along the trajectories of (31), one has

V̇ (t)≤−ψ
T (t)Q̄ψ(t)+2ψ

T (t)P̄G1e(t)+2ψ
T (t)P̄G2ê(t).

(34)
Similar to (17), one can get ‖e(t)‖ ≤ p/(1− p)‖y(t)‖+

I0e−αt ,∀t ≥ 0. Besides, one has ‖ψ(t)‖ ≥ ‖x(t)‖/
√

2 ≥
‖y(t)‖/(

√
2‖C‖) and ‖ψ(t)‖ ≥ ‖x̂(t)‖. Thus (34) can be

rewritten as

V̇ (t)≤−λmin
(
Q̄
)
(ω1 +(1−ω1))‖ψ(t)‖2

+2‖P̄G1‖‖ψ(t)‖
(

p
1− p

‖y(t)‖+ I0e−αt
)

+2‖P̄G2‖‖ψ(t)‖
(

p
1− p

‖x̂(t)‖+ I0e−αt
)

≤−

(
λmin

(
Q̄
)

ω1√
2‖C‖

−2
p

1− p
‖P̄G1‖

)
‖y(t)‖‖ψ(t)‖

−
(

λmin
(
Q̄
)
(1−ω1)−2

p
1− p

‖P̄G2‖
)
‖x̂(t)‖‖ψ(t)‖

+2I0 (‖P̄G1‖+‖P̄G2‖)‖ψ(t)‖e−αt ,

where 0 < ω1 < 1. Let ω1 =√
2‖C‖‖P̄G1‖/(

√
2‖C‖‖P̄G1‖ + ‖P̄G2‖) and γ2 =

λmin
(
Q̄
)
/(
√

2‖P̄G1‖‖C‖+‖P̄G2‖)−2p/(1− p), one
can further has

V̇ (t)≤− γ2 (‖P̄G1‖‖y(t)‖+‖P̄G2‖‖x̂(t)‖)‖ψ(t)‖
+2I0 (‖P̄G1‖+‖P̄G2‖)‖ψ(t)‖e−αt .

From Assumption 3, we can get
λmin

(
Q̄
)
/(
√

2‖P̄G1‖‖C‖+‖P̄G2‖)−2p/(1− p) > 0.
Similar to the remainder of Theorem 1, one can conclude that
the closed loop system (26) with controller (27) is globally
asymptotically stable, and Zeno behavior is excluded. The
details are omitted due to space constraints but the proof
follows the exact same steps as the corresponding parts in
Theorem 1. �

Similarly, ETC can then be implemented to reduce the
controller updates as well. For the closed loop system (26),

the event-triggered time instants Tk for the event-triggered
controller (21) are determined by:

Tk+1 = inf{t > Tk : g2 (δ (t) , x̂(t̂σ̂ ),y(tσ ))≥ 0} , (35)

where

g(δ (t) , x̂(t̂σ̂ ),y(tσ ))

=‖δ (t)‖− ε2γ̂2 (‖P̄G2‖‖x̂(t̂σ̂ )‖+‖P̄G1‖y(tσ ))

γ̂2 = (1− p)γ2/(2‖P̄H‖),
(36)

with constant 0 < ε2 < 1 and the matrix H = [−BK,0n]
T .

Theorem 4: Consider the closed loop system
given by (26) with the event-triggered controller
(21). Suppose Assumptions 1, 3 hold and that
the deadband conditions (9) (28) hold with α <
min{(1− ε2)γ2 ‖P̄G2‖/(2λmax(P̄)),−maxiRe(λi (A−FC))}.
Then, the origin of the closed loop system is globally
asymptotically stable under the event condition (35).
Moreover, Zeno behavior is excluded.

IV. SIMULATION RESULTS

In this section, a simulation example is given to verify
the theoretical results. Due to space limitations, only the
simulation results for Framework II are presented. The initial
state of the plant and the observer are chosen as x(0) =
[−35,40] and x̂(0) = [−20,30], respectively. The system
matrices are chosen as

A =

[
0.1 0.5
0 −2.5

]
,B =

[
1
0

]
,F =

[
2.5
0.5

]
,C = [1 0]

and parameters ε1 = ε2 = 0.95. One can verify that (A,B) is
stablizable and (A,C) is detectable.

Given Q̄ = I4, then solving the Lyapunov function P̄Ā+
ĀT P̄ = −Q̄, one can get θ = 0.1577 from (32) and choose
p = 0.1, (for tactile perception, i.e., force, limb position, and
velocity, the JND is in the range from 5% to 15% [14]).
The simulation results are shown in Figs. 1-3. Fig. 1(a)
shows the evolution of state x and observer state x̂ under
tactile communication (TC), where x1 and x2 are the state
components of the plant, x̂1 and x̂2 are the state components
of the observer. Fig. 2 (b) shows the evolution of state x
and observer state x̂ with event-triggered controller under TC
(ETC+TC). The communication time instants of the observer
(CT1), the sensor output (CT2) and the controller update
time instants (UT) for TC and ETC+TC are marked with
blue ∗, green × and red o in Figs. 3 and 4, respectively.
Without ETC, the controller is updated synchronously with
the communication times of observer.

Table I summarises the simulation results for Framework
II. The communication times of the observer, the commu-
nication times of sensor and the controller update times are
given. Besides, the minimum inter-communication interval
(MIC) of the observer, the minimum inter-communication
interval (MIC) of the sensor and the minimum inter-event
interval (MIE) of the controller are stated. It can be seen that
the introduction of ETC reduces the frequency of controller
update without increasing the communication times.



TABLE I
COMMUNICATION TIMES AND CONTROLLER UPDATE TIMES AND MINIMUM INTER-COMMUNICATION/EVENT INTERVALS

CT1/MIC (TC) CT2/MIC (TC) UT/MIE (TC) CT1/MIC (ETC+TC) CT2/MIC (ETC+TC) UT/MIE (ETC+TC)
Framework II 49/0.045 48/0.055 49/0.045 50/0.045 47/0.05 32/0.08
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Fig. 1. The evolution of state x1,x2 and observer state x̂1, x̂2.
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Fig. 2. The communication instants of the observer (CT1), the sensor
(CT2) and the the controller update instants (UT) under TC.

V. CONCLUSION

In this paper, the event-triggered output feedback control
of linear systems was investigated under tactile commu-
nication, and two different frameworks were considered.
For each framework, firstly, an output feedback controller
was proposed with tactile communications, and then ETC
was further implemented for the output feedback controller.
Under an assumption that the deadband factor was upper
bounded with respect to the system model, it was proven
that global asymptotic stability of the closed loop system was
achieved. Furthermore, it was concluded that the integration
of ETC and TC was capable of reducing both the frequency
of communication and control update.

Single plant (agent) case was studied in this paper. In
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Fig. 3. The communication instants of the observer (CT1), the sensor
(CT2) and the the controller update instants (UT) under ETC and TC.

the future, the inclusion of coordination and communication
between agents in the multiple agent case will be considered.
Moreover, the analysis of communication constraints, such as
quantization and disturbances are also parts of future work.
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