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Abstract— In this paper, we model an aerial vehicle, specif-
ically a quadrotor, and a load attached to each other by a
rigid link. We assume a torque input at the joint between the
aerial vehicle and the rigid link is available. After modeling,
we decouple the system dynamics in two separate subsystems,
one concerning the position of the center of mass, which we
control independently from the chosen torque input; and a
second subsystem, concerning the attitude of the rigid link,
which we control by appropriately designing a torque control
law. Differential flatness is used to show that controlling these
two separate systems is equivalent to controlling the complete
system. We design control laws for the quadrotor thrust, the
quadrotor angular velocity and the torque input, and provide
convergence proofs that guarantee that the quadrotor follows
asymptotically a desired position trajectory while the manipu-
lator follows a desired orientation. Simulation and experimental
works are presented which validate the proposed algorithms.

I. INTRODUCTION

Aerial transportation, concerning the execution of complex
manipulation tasks in unstructured and dynamic environ-
ments, is an active topic of research in robotics. Compared to
ground robots, aerial robots allow for manipulation tasks to
be executed in difficult to access spaces, opening the doors
to new applications, such as the inspection and maintenance
of aging infrastructures [1]. Multi-rotor helicopters, and in
particular quadrotors, are preferred to others types of UAVs
owing to their capability to hover, to take off and land
vertically, to their high manoeuvrability, and to the avail-
ability of inexpensive components. Also, several position
trajectory tracking controllers for quadrotors are found in
the literature [2].

Different forms of manipulation with aerial vehicles are
found in the literature, and most take advantage of trajectory
tracking controllers for quadrotors such as those found in [2].
One approach to aerial manipulation is to suspend an object
by a cable, in which case controlling the sway between the
object and the UAV is necessary. In [3], the problem of lifting
a cable-suspended load with unknown mass from the ground
proceeded by transporting such load is studied. In [4], the
sway of the suspended load is minimized by means of a
trajectory optimization, while in [5] an adaptive controller is
presented that avoids swing excitation. In [6], the problem
of controlling multiple robots manipulating and transporting
a common load via cables is addressed. Manipulation by
means of cable suspension is limited, in the sense that the
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load’s position relative to the transporting UAV depends on
the trajectory the load is required to track.

An alternative manipulation task is by means of a gripper.
In [7], [8], a gripper is installed under a UAV that grasps,
holds and transports an object . Carrying an external load
rigidly attached to the UAV body through a gripper changes
the flight characteristics of the aerial vehicle, such as the in-
ertia of the system, and [8] provides bounds on the controller
gains that guarantee that stability is preserved when a load
is gripped. In [9], the problem of high-speed grasping and
transportation of loads is studied, and it draws inspiration
from aerial hunting by birds of prey. In [10], a team of
quadrotors are employed to collaboratively pick up an object
using a similar gripper.

An alternative to a gripper is a robotic manipulator with
actuated joints, which provide additional degrees of free-
dom [11]. Control strategies for UAVs with robotic manip-
ulators are found that consider the UAV and manipulator as
two independent subsystems, and their coupling is seen as an
external disturbance to each other. In [12], [13], the controller
considers the variation of the center of mass position and of
the inertia matrix caused by the manipulator motion. A task-
based control strategy is proposed in [14], where the manip-
ulator tracks the aerial robot attitude dynamics during all the
translational motion. In [15], the manipulator static effects on
the UAV are estimated and compensated through the thrust
and torques with a multilayer architecture control. In [16],
[17], the problem of disturbance due to the manipulator’s
presence is handled by adaptation of the control law. When
combining a UAV and a robotic manipulator, their dynamics
are coupled, and controllers that consider the complete
dynamics are found. In [18], cartesian impedance control
is studied, while [19] designs a passivity-based controller.
Robust and/or adaptive controllers are developed in [20], [21]
that control the motion of a multirotor while the manipulator
is driven to a desired position carrying a load.

In this work, we also consider the complete quadrotor-
manipulator system’s dynamics in the control design and
analysis. We provide a change of coordinates which splits
the system into two decoupled subsystems, one concern-
ing the dynamics of the center of mass of the quadrotor-
manipulator system; and another concerning the manipula-
tor’s orientation dynamics. These subsystems’ dynamics are
similar to those of quadrotor’s dynamics, and we propose
controllers that guarantee that the quadrotor tracks a desired
position trajectory, while the manipulator’s orientation tracks
a desired orientation. Finally, we also consider an input
disturbance on the thrust of the quadrotor, and one of our
main contributions concerns a disturbance estimate method
that guarantees that the previous tracking objectives are still
accomplished; and where the disturbance estimate depends



on the position tracking error and the orientation tracking
error according to different gains, owing to the decoupling.
The remainder of this paper is structured as follows. In
Section III, we provide a model of the quadrotor-manipulator
system, and we describe the tracking problem. In Sections IV
and V, we provide control laws that guarantee the tracking
objective is accomplished. Finally, in Section VI, simulations
and experiments are provided that validate the proposed
algorithms.

II. NOTATION

Given Ω1 ⊆ Rn and Ω2 ⊆ Rm, and a function f : Ω1 7→
Ω2, we say f ∈ Cn(Ω1,Ω2) if all its partial derivatives,
up to order n inclusive, are continuous in Ω1. Moreover,
if Ω1 = R≥0, we denote f ∈ Cn(Ω2) for brevity. Given
f ∈ Cn(Ω2), we denote f (i)(t) := dif(t)

dti for all t ≥ 0
and i ∈ {0, · · · , n}. Consider a system with state x ∈
C(Ωx ⊆ Rn), a control input ux ∈ C(Ux ⊆ Rm), and denote
∆x ⊆ R≥0 × Ωx. We denote by fx ∈ C(∆x × Rm,Rn)
the open loop vector field, i.e., given ux ∈ C(Ux), ẋ(t) =
fx(t,x(t),ux(t)). Given a control law uclx ∈ C(∆x,Ux),
we denote by f clx (t,x) := fx(t,x,uclx (t,x)) the closed-
loop vector field. Moreover, given Vx ∈ C1(∆x,R≥0), we
denote Wx(t,x) := −∂Vx(t,x)

∂t − ∂Vx(t,x)
∂x

T

f clx (t,x). Finally,
we say x? ∈ C1(Ωx) is an equilibrium trajectory of ẋ(t) =
f clx (t,x(t)) if ẋ?(t) = f clx (t,x?(t)) and if 0 is an equilibrium
of ė(t) = f cle (t, e(t)), where e(t) = x(t) − x?(t) and
f cle (t, e) := f clx (t, e + x?(t)) − ẋ?(t). Given an equilibrium
trajectory x?(·), we denote by ucl,?x (·) := uclx (·,x?(·)) the
equilibrium control input. We denote by ei the ith canonical
basis vector of Rn; and by S : R3 7→ R3×3 the skew
symmetric matrix satisfying S(a)b = a× b for any a,b ∈
R3.

III. MODELING

Consider a quadrotor vehicle and a point mass load
attached to each other by a rigid manipulator, as illustrated
in Fig. 1. The manipulator end-points coincide with the
quadrotor’s and the load’s center of mass. Moreover, we
assume there is a ball joint connecting the quadrotor’s center
of mass and one of the manipulator’s end-point, which
overlap; and finally we assume that an input torque on
the manipulator is available. Under the absence of such an
input torque, the load attached to one of the manipulator’s
end-point behaves as a slung load, that can swing with
respect to the quadrotor. When the ball joint is locked,
the input torque is determined from this constraint, and
the manipulator moves rigidly with the quadrotor. Also,
notice that the manipulator imposes a kinematic constraint
on the system, namely it enforces the distance between the
quadrotor’s and load’s positions to be constant and equal to
the manipulator’s length, which we assume is constant. Later,
we prove the quadrotor-manipulator system is differentially
flat with respect to the system’s center of mass and the
manipulator’s orientation. With that in mind, the focus of
this paper is on providing closed-loop control laws that
guarantee that the system’s center of mass follows a desired

trajectory and that the manipulator’s orientation follows a
desired orientation.

We denote by P ∈ C(R3) and p ∈ C(R3) the quadrotor’s
and the load’s center of mass positions, respectively; by
V ∈ C(R3) and v ∈ C(R3) the quadrotor’s and the load’s
center of mass velocities; and by M > 0 and m > 0 the
quadrotor’s and load’s masses, respectively. We denote by
n ∈ C(S2) the manipulator’s unit vector, pointing from the
load to the quadrotor; by T ∈ C(R) the tension/compression
on the manipulator; by L ∈ R>0 the manipulator’s length;
and by τ ∈ C(R3) the torque acting on the manipulator
– later, we constraint this torque to be orthogonal to the
manipulator’s unit vector, which implies that the torque does
not drive the manipulator to rotate around itself. For brevity,
and hereafter, the force acting along the manipulator’s ori-
entation is denoted by tension; however, we emphasize that
the manipulator is rigid, and it can withstand compressive
forces, which are thus represented by negatives tensions.
Finally, we denote by U ∈ C(R) the quadrotor’s thrust;
by R ∈ C(SO(3)) the quadrotor’s rotation matrix, with
r := Re3 ∈ C(S2) being the quadrotor’s direction where
input thrust is provided; and by $ ∈ C(R3) the quadrotor’s
angular velocity expressed in the inertial reference frame.
We assume U ∈ C(R) and $ ∈ C(R3) are inputs to the
quadrotor-manipulator system.

Denote by [pT vT PT VTrT ] =: z ∈ C(Ωz) the state of the
quadrotor-load system, where Ωz = {z ∈ R12 × S2 : ‖P −
p‖ = L, (V−v)T (P−p) = 0}; and by Uz := [U$Tτ T ]T ∈
C(Uz := R×R3×R3) the control input. The state z(·) evolves
according to the dynamics

ż(t) = fz(z(t),uz(t)), (1)

where fz ∈ C(Ωz × Uz,R15) is defined as

fz(z,uz) =


v

T̄ (z,uz+be1)
m n̄(z) + S (n̄(z)) τ

mL − ge3

V
U+b
M r− T̄ (z,uz+be1)

M n̄(z)− S (n̄(z)) τ
ML − ge3

S ($)n

 (2)

where g is the acceleration due to gravity, and where n̄ :
Ωz 7→ S2 and T̄ : Ωz × Uz 7→ R are defined as

n̄(z) =
P− p

‖P− p‖
=

P− p

L
(3)

T̄ (z,uz) =
m

M +m

(
UrT n̄(z) +

M

L
‖V − v‖2

)
, (4)

and where b ∈ R is a constant unknown disturbance acting
on the thrust input (and e1 ∈ R7). The function n̄(·)
in (3) is related with the manipulator’s orientation, while
the function T̄ (·, ·) in (4) is related with the tension exerted
on the manipulator; i.e., given uz ∈ C(Uz) and along a
solution z(·) of (1), it follows that n(t) = n̄(z(t)) and that
T (t) = T̄ (z(t),uz(t) + be1), for all t ≥ 0. Let us provide
some insight on how the vector field (2) is derived. One
alternative is by means of the Euler-Lagrange formalism.
Here we pursue a different approach. Firstly, and with the
help of Fig. 1, Newton’s second law for the centers of mass
of the quadrotor and the load yield the equations in (2),
except for n̄(·) and T̄ (·, ·) in (3) and (4), respectively. For
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Fig. 1: Modeling of quadrotor-manipulator system

the latter, the manipulator imposes a kinematic constraint,
namely ‖P(t) − p(t)‖ = L ∀t ≥ 0, which leads to (3)
and (4) by time differentiation. Indeed, differentiating once
with respect to time yields PT (·)−pT (·)

‖P(·)−p(·)‖ (V(·) − v(·)) =

nT (·)(V(·)−v(·)) = 0, i.e., V(·)−v(·) is always orthogonal
to the manipulator’s unit vector n(·). On the other hand,
differentiating twice with respect to time yields

nT (·)(P̈(·)− p̈(·)) + ‖V(·)−v(·)‖2
L = 0⇔

⇔T (·) = m
M+m

(
(U(·) + b)r(·)nT (·) + M

L ‖V(·)− v(·)‖2
)
.(5)

It is now obvious that T (·) = T̄ (z(·),uz(·)+be1), with T (·)
in (5) and T̄ (·, ·) in (4). Moreover, notice that Ωz = {z ∈
R12 × S2 : ‖P − p‖ = L, (V − v)T (P − p) = 0} is in
fact positively invariant, i.e., the tension in the manipulator
guarantees that the distance between the quadrotor’s and
the load’s center of mass remains constant and equal to
the manipulator length. Notice also that the tension on the
manipulator does not depend on the torque input, since this
torque does not attempt to drive the quadrotor away from
the load; rather it only attempts to make the quadrotor and
load rotate around each other.

Problem III.1: Given the system (1), a desired trajectory
P? : R≥0 7→ R3 and a desired orientation n? : R≥0 7→ S2,
design U : R≥0 7→ R, $ : R≥0 7→ R3 and τ : R≥0 7→ R3,
such that lim

t→∞
(P(t)−P?(t)) = 0 and lim

t→∞
(n(t)−n?(t)) = 0.

Problem III.1 can be restated as finding a control law for
uz(·), such that the quadrotor follows a desired trajectory,
while the manipulator follows a desired orientation. For
example, we may want the quadrotor to describe a circular
motion, while the manipulator is always pointing downwards.
As shall be seen later, Problem III.1 can also be restated as
finding a control law for uz(·), such that the center of mass of
the quadrotor-manipulator system follows a desired trajectory
given by P?(·)−L m

M+mn?(·), while the manipulator follows
the desired orientation given by n?(·).

IV. CONTROL STRATEGY

In this section, we provide a control law that guaran-
tees that the goal stated in Problem III.1 is accomplished.
First, we provide a smooth coordinate transformation that
simplifies the control design, and which has a physical
interpretation. Secondly, we discuss some differential flatness
properties that the system (1) exhibits, and which also
provides further physical insight into the problem. Finally,
we describe the proposed control law and provide results that
guarantee that the goal as stated in Problem III.1 is achieved.

A. Coordinate transformation

In this subsection, we provide a coordinate transformation
between the state as defined in Section III and a new state.
This transformation will prove useful in the control design,
and moreover, for the transformed state, we will be able to
decouple the control of some of the state components. First,
denote pcm ∈ C(Ωz,R3) and vcm ∈ C(Ωz,R3) defined as

pcm(z) =
MP +mp

M +m
,vcm(z) =

MV +mv

M +m
, (6)

where, physically, pcm(z) and vcm(z) stand, respectively,
for the position and velocity of the center of mass of the
quadrotor-manipulator system with state z ∈ Ωz (see Fig. 1).
It follows (6) and (3), that

P = pcm(z) + n̄(z) Lm
M+m ⇔ pcm(z) = P− Lm

M+m n̄(z), (7)
p = pcm(z)− n̄(z) LM

M+m ⇔ pcm(z) = p + Lm
M+m n̄(z). (8)

Equation (7) motivates the definition p?cm(t) := P?(t) −
Lm
M+mn?(t) as the desired trajectory for the system’s center
of mass. Consider now the manipulator’s unit vector de-
fined in (3), and the function ω̄ ∈ C(Ωz,R3) defined as
ω̄(z) = S (n̄(z)) V−v

L , where, physically, n̄(z) and ω̄(z)
stand, respectively, for the manipulator’s orientation and
angular velocity of the quadrotor-manipulator system with
state z ∈ Ωz. For convenience, denote

xT := [xT1 xT2 ] := [[eT υT rT ] [nT ωT ]] ∈ C(Ωx) (9)

where Ωx = R3 × R3 × S2 × S2 × R3, and consider, for
each positive time instant t, the diffeomorphism T x

z (t, ·) ∈
C1(Ωz,Ωx) – where, for brevity, we denote T z

x (·,x) :=
(T x

z )−1(·,x) – defined as

T x
z (t, z)=


pcm(z)− p?(0)

cm (t)
vcm(z)− p?(1)

cm (t)
r

n̄(z)
ω̄(z)

, T z
x (t,x)=


e + p?(0)

cm (t)− n M
M+m

υ + p?(1)
cm (t)− S (ω)n M

M+m

e + p?(0)
cm (t) + n m

M+m

υ + p?(1)
cm (t) + S (ω)n m

M+m

r

.(10)

Later, we consider, for each positive time instant t, the state
x(t) = T x

z (t, z(t)) (see (9)), which means e(t) corresponds
to the position tracking error of the center of mass; υ(t) cor-
responds to the velocity tracking error of the center of mass;
r(t) corresponds to the quadrotor’s direction where thrust is
provided; n(t) corresponds to the manipulator’s orientation;
and ω(t) corresponds to the manipulator’s angular velocity.
Finally, denote uTx := [uTx1

uTx2
] := [[u $T ]αT ] ∈ C(Ux :=

R7), and consider the functions T uz
ux
∈ C(Ωx × Ux,Uz) and

T ux
uz
∈ C(Ωz × Uz,Ux) defined as

T uz
ux

(x,ux) =

 (M +m)u
$

L2 Mm
M+mS (n)

(
α− (M+m)u

LM r
)
 , (11)

and

T ux
uz

(z,uz) =

 U
M+m

$
− 1
LM S (n̄(z))

(
M+m
m

τ
L + US (n̄(z)) r

)
 ,(12)

which provide input transformations that will become clear
later in this section. In particular, we emphasize that uz =
T uz

ux
(T x

z (t, z), T ux
uz

(z,uz))) for all t ≥ 0 and for all (z,uz) ∈



{(z,uz) ∈ Ωz × Uz : τ T n̄(z) = 0}; and that ux =
T ux

uz
(T z

x (t,x), T uz
ux

(x,ux)) for all t ≥ 0 and for all (x,ux) ∈
{(x,ux) ∈ Ωx × Ux : αTn = 0}.

Consider then a trajectory z(·) of (1), the mapping (10),
and x(·) = T x

z (·, z(·)). It follows from (1), that ẋ(t) =
fx(t,x(t),ux(t)) where

fx(t,x,ux) =
(
∂Tx

z (t,z)
∂t +

∂Tx
z (t,z)
∂z

T

fz(z,uz)
)
| z=T z

x (t,x)
uz=Tuz

ux
(x,ux)

=


υ

ur− (ge3 + p?(2)
cm (t))

S ($) r
S (ω)n
S (n)α

+


0
r

M+m

0
0

S (n) r
LM

 b
=:

[
fx1

(t,x1,ux1
)

fx2
(x2,ux2

)

]
+ Φ(x)b. (13)

Attaining (13) follows from straightforward but lengthy
computations, and those details are omitted here due to
paper length constraints. Notice now that the coordinate
change in (10) and the input change in (11) lead to a vector
field (13), where the open-loop dynamics of the states x1

and x2 (see (9)) are not coupled. In fact, in the absence of
a disturbance, i.e., if b = 0, we can design control laws for
ux1

and ux2
that depend only on the respective states.

B. Differential Flatness
In this subsection, we show that the system with vector

field (13) is differentially flat with respect to the output
y(t) = [yT1 (t)yT2 (t)]T = [eT (t)nT (t)]T . In fact, it is easy to
verify that given

x̃1(t,y
(0)
1 ,y(1)

1 ,y(2)
1 ) =

[
y(0)T

1 y(1)T
1

ge3+p?(2)
cm (t)−y(2)

1

‖ge3+p
?(2)
cm (t)−y(2)

1 ‖

T
]T
,

ũx1
(t,y(0)

1 ,y(1)
1 ,y(2)

1 ,y(3)
1 ) =

 ‖ge3 + p?(2)
cm (t)− y(2)

1 ‖ − b
M+m

S
(

ge3+p?(2)
cm (t)−y(2)

1

‖ge3+p
?(2)
cm (t)−y(2)

1 ‖

)
p?(3)
cm (t)−y(3)

1

‖ge3+p
?(2)
cm (t)‖

 ,
x̃2(y

(0)
2 ,y(1)

2 ) =

[
y(0)

2

S (y(0)
2 )y(1)

2

]
, ũx2

(y(2)
1 ) = y(2)

2 − b
LM ,

it follows that, for x̃ = [x̃T1 x̃T2 ]T and ũx = [ũTx1
ũTx2

]T ,
˙̃x = fx(t, x̃, ũx). As such, the system with vector field (2)
is differentially flat with respect to the output y(t) =

[eT (t)n(t)]T
(10)
= [(pcm(z(t)) − p?cm(t))T n̄(z(t))T ]T , i.e.,

it is differentially flat with respect to the center of mass
position and the manipulator’s orientation. Physically, it im-
plies that the motion described by the quadrotor-manipulator
system’s center of mass, and the motion described by the
manipulator’s orientation completely determine the system’s
state. Also, it follows from (7) and (8) that the system with
vector field (2) is also differentially flat with respect to the
quadrotor’s position and the manipulator orientation – since
these two dictate the center of mass position; and it is also
differentially flat with respect to the load’s position and the
manipulator orientation – since these two also dictate the
center of mass position.

C. Disturbance Removal
In this section, we provide a solution that accomplishes the

goal described in Problem III.1, when a constant unknown
disturbance b ∈ {β ∈ R3 : |β| ≤ bmax} =: Ωb exists, for
some known bmax ≥ 0. Denote b̂ ∈ C(R) as a disturbance

estimate whose dynamics we design next such that the goal
described in Problem III.1 is accomplished. For convenience,
and since the disturbance estimate is dynamic, denote x̃ =

[xT b̂]T ∈ C(Ωx×R =: Ωx̃) as an extended state. Also, ˙̂
b(t) =

fb̂(t, x̃(t)), where fb̂ ∈ C(R≥0×Ωx̃,R) is a vector field that
is constructed later in this section. As such, it follows that
˙̃x(t) = fx̃(t, x̃(t),ux̃(t)), where (note that ux̃ = ux)

fx̃(t, x̃,ux̃) =

[ fx1
(t,x1,ux1

)
fx2

(x2,ux2
)

]
+ Φ(x)b

fb̂(t, x̃)

 ,
and moreover (recall, from (11) and (12), that ux =
T ux

uz
(T z

x (t,x), T uz
ux

(x,ux)))

fx̃(t, x̃, T ux
uz

(T z

x (t,x), T uz
ux

(x,ux)− b̂e1)) =

=

[ fx1
(t,x1,ux1

)
fx2

(x2,ux2
)

]
+ Φ(x)(b− b̂)

fb̂(t, x̃)

 . (14)

Assumption IV.1: Assume the following functions are
available: control laws uclx1

∈ C(R≥0 × Ωx1
,R4) and uclx2

∈
C(R≥0 × Ωx2

,R3); Lyapunov functions Vx1
∈ C1(R≥0 ×

Ωx1
,R≥0) and Vx2

∈ C1(R≥0 × Ωx2
,R≥0); and func-

tions Wx1
∈ C1(R≥0 × Ωx1

,R≥0) and Wx2
∈ C1(R≥0 ×

Ωx2
,R≥0); such that it is guaranteed that V̇x1

(t,x1(t)) =

−Wx1
(t,x1(t)) ≤ 0 and V̇x2

(t,x2(t)) = −Wx2
(t,x2(t)) ≤

0, and that limt→∞ e(t) = 0 and that limt→∞(n(t)±n?(t)) =
0, along solutions of ẋ1(t) = f clx1

(t,x1(t)) and of ẋ2(t) =
f clx2

(t,x2(t)). Additionally, Wx1
(t,x1) = 0 ⇒ e = 0 and

Wx2
(t,x2) = 0 ⇒ n = ±n?(t) for all t ≥ 0; moreover,

there exists ξ > 0 such that Wx2
(t,x2) = 0 ∧ x2 ∈ {x2 ∈

Ωx2
: Vx2

(t,x2) < ξ} ⇒ n = n?(t) for all t ≥ 0.
Possible control laws uclx1

∈ C(R≥0 ×Ωx1
,R4) and uclx2

∈
C(Ωx2

,R3), satisfying conditions of Assumption IV.1, are
found in Section V. If the disturbance b were known, it would
suffice to choose b̂(0) = b, and fb̂(t, x̃) = 0, in order to
accomplish the goal in Problem III.1. Since b is unknown, a
different strategy is pursed, namely the disturbance estimate
is updated with a projector operator that guarantees that the
disturbance estimate remains in Ωb̂ := {β ∈ R3 : |β| ≤
bmax + ε} ⊃ Ωb, where ε > 0 is a design parameter that can
be chosen as small as desired; and provided that b̂(0) ∈ Ωb̂,
which is satisfied if b̂(0) = 0. Consider then the vector field
(for brevity, denote Vx(t,x) = kb̂1Vx1

(t,x1)+kb̂2Vx2
(t,x2))

fb̂(t, x̃) = Proj
(

ΦT (x)∂Vx(t,x)
∂x , b̂

)
,

= Proj
(
kb̂1

nT

M+m

∂Vx1
(t,x1)

∂υ + kb̂2
nTS(r)
ML

∂Vx2
(t,x2)

∂ω , b̂
)
, (15)

with Proj(·, ·) as defined in [22], and with kb̂1 and kb̂2 as
positive constant gains. Consider the Lyapunov function Vx̃ ∈
C1(R≥0 × Ωx̃,R≥0), defined as Vx̃(t, x̃) = kb̂1Vx1

(t,x1) +

kb̂2Vx2
(t,x2)+ (b−b̂)

2 , for which it follows that (see Assump-
tion IV.1, (14) and (15))

Wx̃(t, x̃) = kb̂1Wx1
(t,x1) + kb̂2Wx2

(t,x2)+

(b− b̂)
(
fb̂(t, x̃)− ΦT (x)

∂Vx(t,x)

∂x

)
≥ 0.



Since V (t,x?(t)) = kb̂1Vx(t,x?1(t)) + kb̂2Vx2
(t,x?2(t)) =

0 ∀t ≥ 0 and V (·, ·) ≥ 0, it follows that ∂Vx(t,x)
∂x |x=x?(t) = 0

for all t ≥ 0. As such, fb̂(t, [x?,T (t) b̂]T ) = 0 for all b̂ ∈ R
and t ≥ 0; also the gain kb̂1 may be interpreted as a weight on
the disturbance estimate vector field due to the tracking error
of the center of mass – associated to x1; while the gain kb̂2
may be interpreted as a weight on the disturbance estimate
vector field due to the tracking error of the manipulator’s
orientation – associated to x2. In particular, the ratio

kb̂1
kb̂2

is important, in the sense that it determines how more/less
important the tracking error of the center of mass is in
estimating the disturbance than the tracking error of the
manipulator’s orientation. To summarize, the proposed time-
varying control law is uz(t) = uclz (t, z(t)), where

uclz (t, z) = T uz
ux

(x,uclx (t,x))|x=Tx
z (t,z) − b̂(t)e1, (16)

uclx (t,x) = [ucl,Tx1
(t,x1)u

cl,T

x2
(t,x2)]

T , (17)
˙̂
b(t) = fb̂(t, x̃(t)), b̂(0) = 0.

Theorem IV.1: Consider the system (1) and the control
law uz(t) = uclz (t, z(t)), with uclz (·, ·) as defined in (16) and
with functions as specified in Assumption IV.1. It follows
that for all z(0) ∈ Ωz, limt→∞(P(t) −P?(t)) = 0 and that
limt→∞(n(t) ± n?(t)) = 0. Moreover, if z(0) ∈ {z ∈ Ωz :
Vx̃(t, x̃) < kb̂2ξ, x̃ = [xT b̂(0)]T ,x = T x

z (0, z)}, it follows
that lim

t→∞
(n(t)− n?(t)) = 0.

Proof: Consider a trajectory x̃(·) of ˙̃x(t) =
fx̃(t, x̃(t), T ux

uz
(T z

x (t,x), T uz
ux

(x,uclx̃ (t, x̃(t))) − b̂e1)), with
uclx̃ (·, ·) as defined in (17) and with fb̂(·, ·) as defined in (15).
Since Vx̃(·, ·) ≥ 0 and V̇x̃(t, x̃(t)) ≤ −Wx̃(t, x̃(t)) ≤ 0,
it follows that Vx̃(·, x̃(·)) converges to a constant. More-
over, since V̈x̃(·, x̃(·)) is bounded, i.e. supt≥0 |V̈x̃(t, x̃(t))| =
supt≥0 |Ẇx̃(t, x̃(t))| < ∞, it follows that V̇x̃(·, x̃(·)) is
uniformly continuous. Invoking Barbalat’s lemma, it follows
that limt→∞ V̇x̃(t, x̃(t)) = 0 ⇒ limt→∞Wx1

(t,x1(t)) =
0 ∧ limt→∞Wx2

(t,x2(t)) = 0. This in turn implies that
limt→∞(P(t) − P?(t)) = 0 and that limt→∞(n(t) ±
n?(t)) = 0. Moreover, if z(0) ∈ {z ∈ Ωz : Vx̃(t, x̃) <
kb̂2ξ, x̃ = [xT b̂(0)]T ,x = T x

z (0, z)}, then kb̂2Vx2
(t,x2(t)) ≤

Vx̃(0, x̃(0)) < kb̂2ξ for all t ≥ 0, which implies that
lim
t→∞

(n(t)− n?(t)) = 0.

V. CONTROL OF fx1
(t,x1,ux1

) AND OF fx2
(t,x2,ux2

)

In this Section, we provide control laws uclx1
∈ C(R≥0 ×

Ωx1
,R4) and uclx2

∈ C(Ωx2
,R3) that satisfy conditions of

Assumption IV.1. However, we emphasize that Theorem IV.1
can be invoked for other functions than those suggested next.

A. Control of fx1
(t,x1,ux1

)

The control law uclx1
∈ C(R≥0 × Ωx1

,R4) requires a
controller uξ̄(·) for a double integrator (where, along tra-
jectories of p̈(t) = uξ̄([p

T (t) ṗT (t)]T ), it is guaranteed that
limt→∞ p(t) = 0). The proposed control law uξ̄(·) is that
presented in [23] (Section V-A), which is inspired in [24].
This controller is bounded and it comes with a smooth

Lyapunov function, two important facts that are exploited
later.

Let us now present a possible control law uclx1
∈ C(R≥0×

Ωx1
,R4), which is based on the control strategy described

in [25]. Consider the state x1 (see (9)), and denote ξ̄ =
[eT υT ]T . Consider then

T?(t, ξ̄):= ge3 + p?cm(t) + uξ̄(ξ̄),n?(t, ξ̄) := T?(t,ξ̄)

‖T?(t,ξ̄)‖ ,

ξ(t,x1) := 1− nTn?(t, ξ̄)

ω?(t,x1):= S
(
n?(t, ξ̄)

) ∂T?(t,ξ̄)
∂t +

∂T?(t,ξ̄)

∂ξ̄

T
(fcl

ξ̄
(ξ̄)+Π(n)T?(t,ξ̄))

‖T?(t,ξ̄)‖

where uξ̄(·) and Vξ̄(·) are found in [23]. From the above,
we define the following control law

T cl(t,x1) := nTT?(t, ξ̄),

ωcl(t,x1) := ω?(t,x1)− kθS
(
n?(t, ξ̄)

)
n− ‖T

?(t,ξ̄)‖
vθ

S (n)
∂Vξ̄(ξ̄)

∂υ .

uclx1
(t,x1) :=

[
T cl(t,x1) ωcl,T (t,x)

]T
. (18)

For this control law eT1 u
cl
x1

(·, ·) = T cl(·, ·) ≥ Tmin, where
Tmin = g + inft≥0 e

T
3 p

?
cm(t) − supξ̄∈R6 |eT3 uξ̄(ξ̄)| > 0, and

where the inequality is satisfied by properly tunning the
controller uξ̄(·) and by properly restricting p?cm(·).

Given Vx1
∈ C2(R≥0 × Ωx1

,R≥0) defined as Vx1
(t,x1) =

Vξ̄(ξ̄) + vθξ(t,x1), it follows that Wx1
∈ C1(R≥0 ×

Ωx1
,R≥0) is given by Wx1

(t,x1) = Wξ̄(ξ̄)+vθkθξ(t,x1)(2−
ξ(t,x1)) ≥ 0. Furthermore, notice that ∂Vx1 (t,x1)

∂υ =
∂Vξ̄(ξ̄)

∂υ +

vθ
∂ξ(t,x1)
∂υ which is used in (15).

B. Control of fx2
(x2,ux2

)

Let us now focus on the control of the manipulator’s orien-
tation. Let us recall that the objective is that the manipulator
tracks a desired orientation n? ∈ C2(S2). As such, it is nec-
essary to construct a control law uclx̃ (t,x2) = αcl(t,x2) that
guarantees that that objective is accomplished. For conve-
nience, denote ω?(t) = S (n?(t)) ṅ?(t) and α?(t) = n̈?(t),
and note that ṅ?(t) = S (ω?(t))n?(t) and that ω̇?(t) =
S (n?(t))α?(t). Consider then uclx2

∈ C(R≥0 × Ωx1
,R3)

defined as (denote Π(x) = S (x)S (x)
T )

uclx2
(t,x2) = S (n)S (n?(t))

T
α?(t)− kθ vθvω Π (n)n?(t)

−nTω?(t)Π (n) (ω?(t)− kθS (n?)n)

−kωΠ (n) (ω − ω?(t) + kθS (n?)n)

+S (n) ((ω − ω?(t))nTn?(t) + n?(t)nTω?(t)) ,

where kθ, kω, vθ and vω are positive constants. Consider also
the Lyapunov function Vx2

∈ C2(R≥0×Ωx1
,R≥0) defined as

Vx2
(t,x2) =vθ(1− nTn?(t))+

vω
2 ‖S (n) (ω − ω?(t) + kθS (n?(t))n)‖2.

for which it follows that Wx2
∈ C1(R≥0×Ωx1

,R≥0) is given
by

Wx2
(t,x2) =vθkθ(1− nTn?(t))+

vωkω‖S (n) (ω − ω?(t) + kθS (n?(t))n)‖2.

Furthermore, notice that ∂Vx2
(t,x2)

∂ω = vωΠ (n) (ω−ω?(t) +
kθS (n?(t))n) which is used in (15).



VI. SIMULATIONS AND EXPERIMENTS

In this section, we present a simulation and two experi-
ments that validate the proposed algorithms.

A. Simulation

Consider a quadrotor with mass M = 1.442 kg, a
load with mass m = 0.35 kg, a manipulator with length
L = 0.35 m, and a disturbance b = 0.1 N. Consider the
control law uξ̄(·) (in [23]) with σ(s) = 0.25 s√

1+s2
, ρ(s) =

0.70 s√
1+s2

, k = 1 and Ω(·) as an odd function and as the
solution to the differential equation Ω′′′(s) = 1 for s > 1 and
Ω′′′(s) = 0 for 0 ≤ s ≤ 1 and initial conditions Ω(0) = 0,
Ω′(0) = 1 and Ω′′(0) = 0. Consider the control law uclx1

(·, ·),
in (18), with gains vθ = 50 and kθ = 1; the control law
uclx2

(·, ·), in (18), with gains vθ = 20, kθ = 1, vω = 20 and
kω = 1. and, finally, the estimator vector field, in (15), with
kb1 = 1, kb2 = 0.05, bmax = 0.3 and ε = 0.1. For these
choices, we provide a simulation in Fig. 2, as a solution
of (1) with z(0) = [−LeT3 0T 0T 0T eT3 ]T . In Fig. 2(a), the
desired trajectory is visualized in blue, specifically a quadro-
tor describing a circular motion of 1 m of radius and an
angular velocity of 0.2 rev/sec, and with the manipulator de-
scribing a motion given by n?(t) = [0 sin(γ(t)) cos(γ(t))]
with γ(t) = π

4 cos(π5 t); while the actual trajectory of the
quadrotor-manipulator system is visualized in black, where
convergence to the desired trajectory is verified. In Fig. 2(b),
the position tracking error of the quadrotor is presented,
and it converges to 0; in Fig. 2(c), the thrust input, the
quadrotor angular velocity and the disturbance estimate are
presented; notice the disturbance estimate converges to the
real unknown disturbance, namely 0.1N, thus canceling its
effect. Finally, in Fig. 2(d), the orientation tracking error of
the manipulator is presented, and it converges to 0; the torque
input, as defined in (16), is also presented.

B. Experimental Set-up and Experiments

For the experiments, a commercial quadrotor was used,
namely an IRIS+ from 3D Robotics, weighting 1.442 kg,
with a maximum payload of 0.4kg. The commands for
controlling the quadrotor are processed on a ground station,
developed in a ROS environment, and sent to the on-board
autopilot, which allows to remotely control the aerial vehicle
through the total thrust and the angular velocity. A wireless
radio communication between ground station and autopilot
is established through a telemetry radio, using a MAVLink
protocol that directly overrides the signals sent from the radio
transmitter. The quadrotor’s pose is estimated by 12 cameras
from a Qualisys motion capture system.

Three experiments were conducted, with a manipulator
rigidly attached to the quadrotor. The manipulator consists
of a rigid bar, of 0.35m of length and with a load at the
extremity of 0.355kg – for this manipulator, the center of
mass of the quadrotor-manipulator system shifts by approx-
imately 7 cm away from the quadrotor center of mass. For
the three experiments, the controller has the same structure,
specifically that in (18) and the desired trajectory is the same.
In the first experiment, trajectory tracking of the center of
mass of the quadrotor-manipulator system is performed –

Fig. 3(a); in the second, trajectory tracking of the center
of mass of the quadrotor without manipulator is performed
– Fig. 3(b); and, in the third, trajectory tracking of the
center of mass of the quadrotor, but where the manipulator is
attached and where the controller is oblivious to its presence,
is performed – Fig. 3(c). For the first two experiments,
the tracking performance and behavior is good as expected.
However, for the third experiment, the tracking performance
is slightly worse, with slower convergence to the steady state
and some extra oscillations around the steady state, when
compared to the previous two experiments; in this case, the
manipulator is present but it is seen as a disturbance on the
system, which explains the decrease in performance. This
indicates that considering the manipulator presence, as done
in the first experiment, can benefit the tracking performance.

A pick-and-place task experiment was also performed –
Fig. 4. First, the quadrotor moves over the target point –
target 1, it descends and it grasps the object at the picking
position; once the object is grasped, the quadrotor goes back
to the initial altitude and it moves to the target point –
target 2; at the target point, the quadrotor descends and
drops the object. When the load is grasped or released, the
controller is updated, and the center of mass is recomputed
before a new desired trajectory is set. Figure 4(a) shows
that the task is successfully accomplished. During the de-
scent phase the robot’s actual trajectory leaves the tolerance
region in two occasions. In particular, when the vehicle
is close to the picking or dropping place, the propellers
airflow causes turbulence which disturbs the dynamics of
the system. However, as seen in Figure 4(a) and Figure 4(b),
the algorithm pauses the descent phase until the position
error returns within the tolerance region. A companion video
with experiments – different runs but same conditions as the
experiments described before – is found that illustrates both
this and the previous experiment.
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Fig. 3: Position trajectory tracking for different configurations, with controller defined in 18
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