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Abstract— We propose a control law for stabilization of a
quadrotor-load system, and provide conditions on the control
law’s gains that guarantee exponential stability of the equilib-
rium. The system is composed of a load and an unmanned
aerial vehicle (UAV) attached to each other by a cable of fixed
length, which behaves as a rigid link under tensile forces;
and the control input is composed of a three dimensional
force requested to the UAV, which the UAV provides with or
without delay. Given the proposed control law, we analyze the
stability of the equilibrium in two separate parts. In the first,
the system is modeled assuming that the UAV provides the
requested control input without delay, and we verify that the
equilibrium is exponentially stable. In the second part, the UAV
is modeled as possessing an attitude inner loop, and we provide
a lower bound on the attitude gain for which exponential
stability of the equilibrium is preserved. An integral action
term is also included in the control law, which compensates for
battery drainage or model mismatches, such as an unknown
load mass. We present experiments for different scenarios that
demonstrate and validate the robustness of the proposed control
law.

I. INTRODUCTION

Control of aerial vehicles is an active topic of research,
with many practical applications, such as inspection and
maintenance of aging infrastructures [1]. Vertical take off
and landing rotorcrafts, with hover capabilities, form a class
of underactuated vehicles for which trajectory tracking con-
trollers are necessary [2], [3]. Slung load transportation by
aerial vehicles forms another class of underactuated systems
for which trajectory tracking control strategies are also
necessary [4]. The dynamics of an under-actuated system
cannot be reduced to those of decoupled double integrators,
which poses specific challenges in the control design.

Quadrotors are aerial vehicles, whose popularity stems
from their ability to be used in relatively small spaces,
their reduced mechanical complexity, and inexpensive com-
ponents [5]. While there is noteworthy research on using
quadrotors to perform specific tasks [6]–[12], in this paper
we focus on slung load transportation by a quadrotor. For
the latter system, the quarotor and load are attached to each
other by a cable, and the control challenge lies in dampening
the sway of the load with respect to the quarotor.

Different control strategies have been proposed for slung
loads attached to one or several UAV’s by cables. Differential
flatness has been explored for the purposes of control and
motion planning [13], [14], while dynamic programming
has also been used for trajectory planning [15], with the
goal of minimizing the load swing. Adaptive controllers
have been proposed which compensate for different unknown
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parameters [16]–[18], such as a variable center of gravity, an
unknown load mass or a constant input disturbance. Vision
has been used for measuring the position of the load with
respect to the aerial vehicle [19], with the visual information
being used to determine the pendulous mode frequency and
thereby the cable length. Load lifting by multiple aerial
vehicles is found in [20]–[22]. In particular, in [20], the
relations in static equilibrium between three quadrotors and
a load are analyzed, and in [21] a controller is designed for
three of more vehicles transporting a rigid body.

In this manuscript, we propose a control law with the
objective of steering the load to a desired point in the three
dimensional space. Linearization around the equilibrium is
used to infer exponential stability of the same equilibrium,
and conditions on the gains are provided for which expo-
nential stability is preserved, in a similar approach to [23].
The control law includes a term which provides a means
for augmenting stability [24, Chapter 7], and we study the
effect of the delay introduced by the attitude inner loop on
the stability of the equilibrium. Finally, we also include an
integral action term in the control law for compensating for
battery drainage and model mismatches, such as an unknown
load mass. The proposed control law may be used to find an
initial guess for gains of control laws that are harder to tune
but that work for a larger subset of the state space domain,
such as that proposed in [18].

The remainder of this paper is structured as follows. In
Section III, the model of the quadrotor-load system and the
problem statement are described. In Section IV, we provide
a coordinate transformation, useful for the stability analysis.
In Sections V, control laws are presented which provide
closed loop stability. In Section VI, we model the quadrotor
attitude inner loop, and provide conditions for which stability
is preserved under the previous control laws. Finally, in
Section VII, we present illustrative experimental results.

II. NOTATION

The map S : R3 3 x 7→ S (x) ∈ R3×3 yields a skew-
symmetric matrix and it satisfies S (a) b = a × b, for any
a,b ∈ R3. S2 := {x ∈ R3 : xTx = 1} denotes the set
of unit vectors in R3. The map Π : S2 3 x 7→ Π (x) :=
I−xxT ∈ R3×3 yields a matrix that represents the orthogonal
projection onto the subspace perpendicular to x ∈ S2. Given
A1, · · · , An ∈ Rm×m, for some n,m ∈ N, we denote A1 ⊕
· · ·⊕An ∈ Rnm×nm as the block diagonal matrix with block
diagonal entries A1 to An. Given σ̄ > 0, we denote σ(·, σ̄) :
R 3 x 7→ σ(x, σ̄) := σ̄ x√

σ̄2+x2
∈ (−σ̄, σ̄), as a saturation

function bounded by σ̄; and σ−1(·, σ̄) : (−σ̄, σ̄) 3 y 7→
σ−1(y, σ̄) := σ̄ y√

σ̄2−y2
∈ R as the inverse mapping. We

denote by e1, · · · , en ∈ Rn the canonical basis vectors in
Rn; when clear from the context, n is omitted.



III. PROBLEM DESCRIPTION

Consider a quadrotor vehicle and a point mass load
attached to each other by a cable, as illustrated in Fig. 1.
One of the cable’s end-point coincides with the quadrotor’s
center of mass, while the other end-point coincides with the
load’s center of mass. When the cable is not under tension,
the load behaves as a free falling (un-actuated) point mass,
while the quadrotor behaves as a standard quadrotor. On the
other hand, when the cable is under tension, it forces the
distance between the quadrotor and the load to be identical
to the cable length, and for as long as the cable remains
under tension. As such, a taut cable links the quadrotor
and the load, and the load is no longer un-actuated. In
fact, the system quadrotor-load may be modeled as a hybrid
system, with its (open-loop) vector field switching according
to some function of the state and the input. Such modeling is
performed in [14], where differential flatness of the system
with respect to the load’s position is verified, and exploited
so as to plan a trajectory for the quadrotor. In this manuscript,
however, the focus is on providing a closed loop control law
that guarantees that the load stabilizes around a desired point.

We denote by P,p : R≥0 7→ R3 the quadrotor’s and
the load’s center of mass positions, respectively; by V,v :
R≥0 7→ R3 the quadrotor’s and the load’s center of mass
velocity vectors; by M,m > 0 the quadrotor’s and load’s
masses, respectively; and, finally, by L ∈ R>0 the cable
length. Regarding the quadrotor-load system, consider

x = (p,v,P,V) ∈ Ωx, (1)
Ωx :=

{
x ∈ R12 : ‖P− p‖ = L, (P− p)T (V − v) = 0

}
, (2)

TxΩx :=
{

(δp, δv, δP, δV) ∈ R12 : (P− p)T (δP− δp) = 0,

(δP− δp)T (V − v) + (P− p)T (δV − δv) = 0
}
. (3)

with (1) as a decomposition of a state, with (2) as the state
space, and with (3) as the tangent space to Ωx at some x ∈
Ωx. Given u : R≥0 7→ R3, the state of the quadrotor-load
system x : R≥0 7→ Ωx evolves according to

ẋ(t) = fx(x(t),u(t)),x(0) ∈ Ωx, (4)

where fx : Ωx × R3 3 (x,u) 7→ fx(x,u) ∈ TxΩx ⊂ R12 is
given by

fx(x,u) :=


v

T (x,u)
m n(x)− ge3

V
u
M −

T (x,u)
M n(x)− ge3

 (5)

T (x,u) :=
m

M +m

(
uTn(x) +ML‖V − v‖2

)
. (6)

with x as in (1) and where g is the acceleration due to
gravity; and with n : Ωx 3 x 7→ n(x) ∈ S2 defined as

n(x) :=
P− p

‖P− p‖
(2)
=

P− p

L
. (7)

Physically, the functions in (6) and (7) relate to the tension
on the cable and to the cable’s unit vector, respectively
(see Fig. 1). For convenience, we also denote Ωx 3 x 7→
ω(x) := S (n(x)) dn(x)fx(x, ·)

(1),(5)
= S (n(x)) V−v

L as the
cable’s angular velocity.

p

P PnM : Quad position/mass
p nm : Load position/mass

cable
length

:=
L

Mge3

mge3

Tn

�Tn

u = Ur

T : Cable tension
n = P−p

L
: Cable unit vector

U : Thrust input
r : Quadrotor thrust unit vector

Fig. 1: Modeling of quadrotor-load system

It can be verified that indeed fx(x, ·) ∈ TxΩx, for
any x ∈ Ωx. In fact, for any u ∈ R3, if we denote
(δp, δv, δP, δV) = fx(x,u), it follows that: (P−p)T (δP−
δp)

(5)
= (P − p)T (V − v)

(2)
= 0; and that (δP − δp)T (V −

v) + (P − p)T (δV − δv)
(5)
= (V − v)T (V − v) + (P −

p)T
(

u
M − T (x,u)m+M

Mm n(x)
) (7),(6),(2)

= 0. As such, given the
vector field in (5), it follows that a trajectory of (4) that
starts in Ωx remains in Ωx; and, consequently, the distance
between the UAV and load remains constant and equal to
the cable length. We can now formulate the problem treated
in this paper.

Problem 1: Given the vector field (5), design a control
law ucl : Ωx 7→ R3 such that x? = (p?,v?,P?,V?) =
(0,0, Le3,0) = Le9 ∈ Ωx ⊂ R12 is an exponentially stable
equilibrium of Ωx 3 x 7→ f clx (x) := fx(x,u

cl(x)).
Remark 1: Problem 1 may be reformulated so as to con-

sider tracking of constant velocity trajectories.

IV. COORDINATE CHANGE

We wish to study the stability properties of x? = Le9 ∈
Ωx (after a control law has been chosen). However, it proves
convenient to study the stability in a different coordinate
system, which we associate to the letter z from now. In
summary, we provide a coordinate transformation, and study
the stability properties in the new coordinate system.

To start with, let us provide some useful functions. De-
note, for convenience, Ωθ := (−π2 ,

π
2 ) × (−π2 ,

π
2 ), and

S̃2 := S2\{n ∈ S2 : eT3 n > 0}. Consider the unit vector
parametrization n̂ : Ωθ 3 (φ, θ) =: θ 7→ n̂(θ) ∈ S̃2 and
angle parametrization θ̂ : S̃2 3 n 7→ θ̂(n) ∈ Ωθ, defined as

n̂(θ) :=

cos(φ) sin(θ)
− sin(φ)

cos(φ) cos(θ)

 , θ̂(n) :=

[
− arcsin(eT2 n)

arctan
(

eT1 n

eT3 n

)]
.(8)

Figure 2 illustrates geometrically the choice of angles and the
mappings (8) (in essence, we associate two angles (φ, θ) ∈
Ωθ to the cable unit vector – see Fig. 1). We emphasize
that n̂(02) = e3, which will allow the equilibrium in the
new coordinate system to be at zero; and that n̂(θ) ◦ θ̂ =
idS̃2 and θ̂ ◦ n̂(θ) = idΩθ

. Consider also ω̂ : Ωθ × R2 3
((φ, θ), (ωφ, ωθ)) =: (θ,ωθ) 7→ ω̂(θ,ωθ) ∈ R3, defined as

ω̂(θ,ωθ) :=

− sin(φ) sin(θ) cos(φ) cos(θ)
− cos(φ) 0

− sin(φ) cos(θ) − cos(φ) sin(θ)

[ωφ
ωθ

]
,(9)



where ωθ is interpreted as the time derivative of θ. Consider
also ωθ̂ : S̃2 × R3 3 (n,ω) 7→ ωθ̂(n,ω) ∈ R2, defined as

ωθ̂(n,ω) :=

 0 −1√
1−(eT2 n)2

0

(eT3 n)

1−(eT2 n)2 0
−(eT1 n)

1−(eT2 n)2

S (ω)n.(10)

We are now in position to provide the mapping between
coordinates. Denote

z = (p,v,θ,ωθ) = ((px, py, pz), (vx, vy, vz), (φ, θ), (ωφ, ωθ)) ∈ Ωz,(11)
Ωz = R3 × R3 × Ωθ × R2,

and consider the mappings gzx : Ωx 3 x 7→ gzx(x) ∈ Ωz and
gxz : Ωz 3 z 7→ gxz (z) ∈ Ωx defined as

gzx(x):=


p
v

θ̂(n(x))
ωθ̂(n(x),ω(x))

, gxz (z):=

 p
v

p + Ln̂(θ)
v + LS (ω̂(θ,ωθ)) n̂(θ)

,(12)

with x as in (1) and with θ̂ and ωθ̂ as defined in (8) and (10);
and with z as in (11) and with n̂ and ω̂ as defined in (8)
and (9). Notice that gzx ◦ gxz = idΩz

and that gxz ◦ gzx = idΩx
,

i.e., the mappings in (12) are inverses of each other. Notice
also that gzx(x

?) = 0 ⇔ gxz (0) = x?, and thus in the new
coordinate system z? := 0 ∈ R10 is the equilibrium we wish
to render exponentially stable (see Problem 1).

The open loop vector field in the new coordinate system,
fz : Ωz × R3 3 (z,u) 7→ fz(z,u) ∈ R10, is given by

fz(z,u) := dgzx(x)fx(x,u)|x=gxz (z).

In the new coordinates, it follows that fz(010, (M+m)ge3) =
010, which means (as shall be seen later) that z? := 010 is an
equilibrium point for the closed loop vector field (intuition
suggests that the equilibrium control input is (M + m)ge3,
which corresponds to the total weight that needs to be
canceled).

V. SIMPLE CONTROL LAW

We are now in position to present the control law. For
convenience, we use three subscripts, namely x, y and z,
with k ∈ {x, y, z} standing for the motion in the k-direction.
For each k ∈ {x, y, z}, consider then uk : R2 3 (p, v) 7→
uk(p, v) ∈ R, defined as

uk(p, v) := −kp,kσ(p, σp,k)− kv,kσ(v, σv,k), (13)

where σ is a saturation function (see Notation); kp,k and
kv,k are positive gains related to the position and velocity
feedback, respectively; and σp,k and σv,k are saturations
related to the position and velocity feedback, respectively
(note that sup(p,v)∈R2 |uk(p, v)| = kp,kσp + kv,kσv).

Consider then the control law ucl : Ωx 3 x 7→ ucl(x) ∈

xy

z
n = n̂(θ)⇔ θ = θ̂(n)

θ φ

Fig. 2: Geometic interpretation of (8) for n ∈ S̃2 and θ =
(φ, θ) ∈ Ωθ

R3 defined as

ucl(x) :=

M(ux(e
T
1 P, e

T
1 V) + Lkθe

T
1 n(x))

M(uy(e
T
2 P, e

T
2 V) + Lkθe

T
2 n(x))

(M +m)(g + uz(e
T
3 p, e

T
3 v))

 , (14)

with ux, uy and uz defined in (13) for k ∈ {x, y, z}. In order
to compensate for model uncertainties (see Remark 2), we
also make use of an integrator of the vertical load’s position,
which we denote by ξ (i.e., ξ̇ = eT3 p). Denote then, for some
ξ ∈ R,

uclξ (x) := ucl(x) + e3(M +m)σ(ki,zξ, σi,z). (15)

Given the control law (15), the closed loop vector field
becomes[

ż

ξ̇

]
≡ f clz ((z, ξ)) :=

[
fz(z,u

cl
ξ (x))

eT3 p

]
|x=gxz (z), (16)

with (z?, ξ?) = 011 as an equilibrium of (16) (since
ucl0 (x?) = (M + m)ge3). Linearizing (16) around 011,
yields the jacobian A = df clz (011) ∈ R11×11, which can
be transformed into a block diagonal (A is not a block
diagonal matrix) via an appropriate similarity transforma-
tion. Indeed, for P = [Px Py Pz]

T ∈ R11×11, with Px =
[A0e1 · · · A3e1] ∈ R11×4, Py = [A0e2 · · · A3e2] ∈ R11×4,
and Pz = [e11 A

0e3 A
1e3] ∈ R11×3, it follows that PAP−1 =

Ax ⊕Ay ⊕Az (see Notation), where

Az =

 0 1 0
0 0 1
−ki,z −kp,z −kp,z

 . (17)

and, for h ∈ {x, y},

Ah =


0 1 0 0
0 0 1 0
0 0 0 1

− g
Lkp,h − g

Lkv,h −(kp,h + kθ + g
L
M+m
M ) −kv,h

 .(18)

We have thus one chain of three integrators, related to the z
motion of the load; and two chains of four integrators, related
to the horizontal motion of the load; i.e., the linearized
motion of the load satisfies

p(4)

h (t) = ah,0p
(0)

h (t) + · · ·+ ah,3p
(3)

h (t), h ∈ {x, y},
p(3)

z (t) = az,0p
(0)

z (t) + · · ·+ az,2p
(2)

z (t),

where ah,i = eT4Ahei+1 for i ∈ {0, 1, 2, 3} and az,i =
eT4Azei+1 for i ∈ {0, 1, 2}. For the roots of the characteristic
polynomial of (17) to have negative real part, it suffices that
ki,z < kp,zkv,z (Routh’s criterion). For finding the location
of the roots of the characteristic polynomial of (18) w.r.t. the
imaginary axis, we apply the Routh’s criterion to (18) [24,
Chapter 7], and obtain (these are the numbers in the first
column of the Routh’s table)[

1 kv,h kv,h
(
g
L
m
M + kθ + kp,h

)
g
L

(
g
L
m
M + kθ

)
k2
v,h

g
Lkp,h

]
,(19)

which guarantees exponential stability of the equilibrium
(z?, ξ?) = 011 of (16), provided that kθ > −

(
g
L
m
M + kp,h

)
for h ∈ {x, y}, since in that case all entries in (19) are
positive (recall that kp,h > 0 and kv,h > 0). Notice that
exponential stability is guaranteed if kθ = 0; however,
including the gain kθ in the control law (14) provides a
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Fig. 3: Roots of characteristic polynomial of Ax, in (18),
in complex plane (conjugate poles are omitted); all other
constants are those provided in Section VII.

means of augmenting stability [24, Chapter 7], i.e., of placing
the roots of the characteristic polynomial of the linearization
matrix in better locations, in the sense that they lead to a
better transient response (faster convergence and/or fewer
oscillations). More importantly, we can look at the roots of
the characteristic polynomial of (18) for different values of
kθ, as done in Fig. 3. As can be seen, increasing kθ (for
example, from 0 to 10 see Fig. 3) has the benefit of making
the system faster, i.e., of increasing the speed of convergence
to the equilibrium. As such, kθ can be tuned so as to augment
the stability of the closed loop.

Remark 2: If the load’s mass is unknown, and the control
law (15) is implemented with m = 0, the equilibrium be-
comes (x?, ξ?) =

(
Le9, σ

−1( g
ki,z

m
M+m , σi,z)

)
(well defined

if mg < (M + m)ki,zσi,z), since uclξ?(x?) = (M + m)g,
which corresponds to the combined weight of the UAV and
load necessary for maintenance of the equilibrium. As such,
for an unknown mass, the steady state integral action can
compensate for the model mismatch.

VI. ATTITUDE CONTROL INNER LOOP

Previously, in Section III, we assumed that the UAV
provides the requested input without delay. However, that
is not the case in a real physical system, and it is important
to study the effect of the attitude inner loop dynamics in the
closed loop stability for the proposed control law. From here
on, we work with augmented states and use a bar notation
to denote those. Consider then the augmented state,

x̄ = (x, r) ∈ Ωx × S2 =: Ωx̄ (20)

where r ∈ S2 is the quadrotor’s direction where input thrust
is provided (see Fig. 1). The state x̄ : R≥0 7→ Ωx̄ evolves
according to

˙̄x(t) = fx̄(x̄(t),u(t)), x̄(0) ∈ Ωx̄

where fx̄ : Ωx̄ × (R3\{0}) 3 (x̄,u) 7→ fx̄(x̄,u) ∈ Tx̄Ωx̄ ⊂
R15 is given by

fx̄(x̄,u) :=

[
fx(x,u

Trr)
fr(r,u)

]
:=

[
fx(x,u

Trr)
kθ̄Π (r) u

‖u‖

]
, (21)

with fx as in (5), and with kθ̄ as a positive gain that relates to
the fastness of the attitude inner loop ( 1

kθ̄
may be interpreted

as a time constant of a first order system).
Let us provide some intuition for (21). Consider a constant

r? ∈ S2 and the function V : S2 3 r 7→ V (r) := 1 −

rTr? ∈ [0, 2]. Then, along solutions of ṙ(t) = fr(r(t), r?),
it follows that V̇ (r(t)) = −kθ̄V (r(t))(2 − V (r(t))); this
suffices to conclude that t 7→ V (r(t)) converges to either
0 or 2. In fact, it converges to 0 as long as r(0) 6= −r?,
and it converges exponential fast. Thus, loosely speaking, if
kθ̄ is big and t 7→ u(t) is slow varying, t 7→ r(t) − u(t)

‖u(t)‖
converges exponentially fast to 0; this in turn guarantees that
t 7→ uT (t)r(t)r(t)− u(t) converges to 0, in which case the
model in Section III is recovered. Note that fr models the
attitude inner loop of the quadrotor in (21), but there are
more ways of modeling that inner loop.

As done in Section IV, it is convenient to work in a new
coordinate system. For that reason, denote

z̄ = (z, θ̄) = (z, (φ̄, θ̄)) ∈ Ωz̄

z as in (11)
= Ωz × Ωθ, (22)

and consider gz̄x̄ : Ωx̄ 3 x̄ 7→ gz̄x̄(x̄) ∈ Ωz̄ and gx̄z̄ : Ωz̄ 3 z̄ 7→
gx̄z̄ (z̄) ∈ Ωx̄ defined as

gz̄x̄(x̄) :=

[
gzx(x)

θ̂(r)

]
, gx̄z̄ (z̄) :=

[
gxz (z)
n̂(θ̄)

]
, (23)

with x̄ and z̄ as in (20) and (22); and with θ̂ and n̂ as in
(8). Geometrically, we parametrize the quadrotor unit vector
r (see Fig. 1) by two angles θ̄ = (φ̄, θ̄) ∈ Ωθ similarly
to the parametrization of the cable unit vector n by θ =
(φ, θ) ∈ Ωθ (see Fig. 2). From (23), one can construct the
open loop vector field for the augmented system, fz̄(z̄,u)

(22)
:=

dgz̄x̄(x̄)fx̄(x̄,u)|x̄=gx̄z̄ (z̄), for which it holds that fz̄(012, (M +
m)ge3) = 012 (and thus 012 is an equilibrium).

Consider then the control law (15), which leads to
the closed loop vector field ( ˙̄z, ξ̇) ≡ f clz̄ ((z̄, ξ)) =
(fz̄(z̄,u

cl
ξ (x)), eT3 p)|x=gxz (z) and to the jacobian matrix Ā =

df clz̄ (013). Similarly to as in Section V, consider the sim-
ilarity matrix P̄ = [P̄x P̄y P̄z]

T ∈ R13×13 with P̄x =[
Ā0e1 · · · Ā4e1

]
∈ R13×5, P̄y =

[
Ā0e2 · · · Ā4e2

]
∈ R13×5,

and P̄z =
[
e13 Ā

0e3 Ā
1e3

]
∈ R13×3, for which it follows that

P̄ ĀP̄−1 = Āx ⊕ Āy ⊕ Āz, where Āz = Az (see (17)) and,
for h ∈ {x, y},

Āh =


 0 1 0 0

0 0 1 0
0 0 0 1
0 0 0 0


 0

0
0
1


kθ̄e

T
4A

2
h −

g
L
M+m
M eT4 −kθ̄

 . (24)

As such, when considering the system (21) with an attitude
inner loop, we have one chain of three integrators, related to
the z motion of the load (as in Section V); and two chains of
five integrators, related to the horizontal motion of the load
(as opposed to four, as in Section V). For finding the location
of the roots of the characteristic polynomial of (24) w.r.t. the
imaginary axis, we apply the Routh’s criterion, and obtain,
by setting kθ = 0 (for convenience, denote γ = kθ̄kv,h−kp,h)[

1 kθ̄ kθ̄γ k2
θ̄γ
(
g
L
m
M + kp,h

)
k2
θ̄

g2

L2
m
M γ2 g

Lkp,h

]
. (25)

Thus exponential stability of the equilibrium is preserved for
as long as γ > 0⇔ kθ̄ >

kp,h
kv,h

, i.e., provided that the attitude
gain is big enough. Since, we do not have control over kθ̄,
preserving stability amounts to guaranteeing that kp,h

kv,h
, for
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Fig. 4: Roots of characteristic polynomial of Āx, in (24),
in complex plane, for kθ̄ ∈ [0.1, 10]s−1 (conjugate poles are
omitted); all other constants are those in Section VII.

h ∈ {x, y}, remains small enough.
Theorem 3: Consider the quadrotor-load system with the

open loop vector field (21), and the control law (14) with
kθ = 0. Then, the equilibrium x̄? = (Le9, e3) ∈ Ωx × S2 of
Ωx̄ 3 x̄ 7→ f clx̄ (x̄)

(20)
:= fx̄(x̄,u

cl(x)) is exponentially stable iff
kθ̄ > max

h∈{x,y}

kp,h
kv,h

, i.e., iff the attitude inner loop is sufficiently
fast.

Proof: Linearizing f clz̄ (z̄) := dgz̄x̄(x̄)f clx̄ (x̄)|x̄=gx̄z̄ (z̄)

around z̄? = gz̄x̄(x̄
?) = 0 yields the matrix (24) with kθ = 0.

Exponential stability of the equilibrium follows from the
Routh’s criterion through equation (25).

If we apply the Routh’s criterion for arbitrary kθ, we obtain[
1 kθ̄ kθ̄(kθ̄kv,h − (kp,h + kθ)) γ1 γ2

g
Lkp,h

]
, (26)

where γ1 and γ2 are quadratic expressions on kθ and kθ̄,
which we omit for brevity. Thus the equilibrium is exponen-
tially stable only if (the condition below is necessary, but not
sufficient: for sufficiency, positiveness of all entries in (26)
must be guaranteed.)

kθ̄ > (kp,h + kθ)/kv,h ⇔ kθ < kθ̄kv,h − kp,h. (27)

In Section V, it was deduced that choosing a positive kθ aug-
mented the closed loop stability; however, notice from (27)
that a larger kθ requires a larger kθ̄, and, consequently, for a
slow attitude inner loop (where kθ̄ is small), choosing a large
positive kθ, instead of augmenting stability, may actually
render the equilibrium unstable.

In Fig. 4, the roots are plotted for different kθ and for
kθ̄ ∈

[
1
10 , 10

]
s−1. As can be seen, choosing a positive kθ

may actually render the equilibrium unstable (see Fig. 4 with
kθ = 2s−2). As expected, notice that the equilibrium becomes
unstable when kθ̄ → 0, i.e., when the attitude inner loop
becomes too slow. In fact, for each kθ̄ > 0 there is an interval
for kθ where exponential stability is preserved.

VII. EXPERIMENTAL RESULTS

For the experiments, a commercial quadrotor was used,
namely an IRIS+ from 3D Robotics, weighting M = 1.442
kg, with a maximum payload of 0.4 kg. For the load, a wood
block weighting m = 0.145 kg (corresponding to ≈ 10%
of the UAV’s weight) was chosen, attached to the UAV
by a cable of L = 0.9 m. The commands for controlling
the quadrotor are processed on a ground station, developed
in a ROS environment, and sent to the on-board autopilot,
which allows for remotely controlling the aerial vehicle

through a desired three dimensional force input. A wireless
radio communication between ground station and autopilot
is established through a telemetry radio, using a MAVLink
protocol that directly overrides the signals sent from the radio
transmitter. The quadrotor’s and load’s position and velocity
are estimated by 12 cameras from a Qualisys motion capture
system.

The control law (15) is applied, with ki,z = 0.25s−3 and
σi,z = 0.5ms−2; with kθ = −2s−2; with kp,x = kp,y =
3.5s−2, kv,x = kv,y = 5.5s−1, σp,x = σp,y = 0.5m and
σv,x = σv,y = 0.5ms−1; with kp,z = 1.0s−2, kv,z = 1.2s−1,
σp,z = 0.5m and σv,z = 0.5ms−1 (see (14)). We provide three
experiments displayed in the companion video submitted
with the paper, and figures for two of those experiments in
Figs. 5–6.

In Fig 5, the load is required to hover at 0.5e3m, and
the control law is tested for robustness with respect to
disturbances; first, the load is disturbed in the x-direction (at
t ≈ 8s); then disturbed in the y-direction (at t ≈ 18s); and,
finally, the UAV is disturbed in the x-direction (at t ≈ 28s).
The effect of these disturbances is seen in all Figs. 5(a)–5(d).
All these disturbances are well damped, as seen in Fig. 5(c).
In Fig 6, the load is required to hover at the consecutive
points in {[0 0 0.5], [1.2 1.2 0.5], [1.2 − 1.2 0.5], [−1.2 −
1.2 0.5], [−1.2 1.2 0.5], [0 0 0.5]}m. There is an interval of
ten seconds between consecutive points, which correspond
to the corners of a square (see Fig. 6(a)). The tracking
performance is shown in Fig. 6(b), and the larger standard
deviation of the cable angles is around 3.2◦ – see Fig. 6(c).
An extra experiment, where the load is required to describe a
circle, is shown in the companion video but figures showing
the tracking performance and cable sway are omitted due to
space constraints.

In Fig .7(b), the actual input requested to the IRIS vehicle
is presented for the first experiment, the one in Fig. 5. It
is comprised of three PWM signals (we omit the signal for
the yaw channel): one for the pitch, one for the roll, and
another for the throttle. The pitch and roll PWM signals have
neutral values for which the quadrotor does not pitch nor roll,
regardless of battery level; while the throttle PWM signal
results in a propulsive power which decays as the battery
drains. Figure 7(a) shows the integral action for all three
experiments. There is a trend, where the integral term grows
larger while the experiments are running, which stems from
the fact that, as the batteries drain, a larger throttle PWM
signal needs to be requested from the IRIS+.

VIII. CONCLUSIONS

We proposed a control law for stabilization of a quadrotor-
load system, and provided conditions on the control law’s
gains that guarantee exponential stability of the equilibrium.
The UAV was modeled with an attitude inner loop, and a
lower bound on the attitude gain for which exponential sta-
bility of the equilibrium is preserved was provided. Finally,
we also included an integral action term in the control law so
as to compensate for battery drainage or model mismatches,
such as an unknown load mass. Experiments for different
scenarios demonstrate and validate the robustness of the
proposed control law.
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