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Abstract—This paper studies the tracking control problem of
networked multi-agent systems under both multiple networks
and event-triggered mechanisms. Multiple networks are to con-
nect multiple agents and reference systems with decentralized
controllers to guarantee their information transmission, whereas
the event-triggered mechanisms are to reduce the information
transmission via the networks. In this paper, each agent has
a network to communicate with its controller and reference
system, and all networks are independent and asynchronous and
have local event-triggered mechanisms, which are based on local
measurements and determine whether the local measurements
need to be transmitted via the corresponding network. To address
this scenario, we first implement the emulation-based approach
to develop a novel hybrid model for the tracking control of
networked multi-agent systems. Next, sufficient conditions are de-
rived and decentralized event-triggered mechanisms are designed
to guarantee the desired tracking performance. Furthermore,
the proposed approach is applied to derive novel results for
the event-triggered observer design problem of networked multi-
agent systems. Finally, two numerical examples are presented to
illustrate the validity of the developed results.

Index Terms—Event-triggered control, Lyapunov functions,
networked multi-agent systems, observer design, tracking control.

I. INTRODUCTION

In the era of the Internet of Things, smart devices are able to
interconnect and interplay to link the physical world to the dig-
ital world [1]. The sensing, communication, computation and
control are integrated into different levels of operations and
information. In particular, the introduction of wired/wireless
networks to connect multiple agents leads to networked multi-
agent systems (MAS). The presence of networks improves ef-
ficiency and flexibility of integrated applications, and reduces
installation and maintenance time and costs [2]-[4]. Since
multiple agents are physically distributed and interconnected
to coordinate their tasks and to achieve overall specifications,
cooperative control of MAS has attracted numerous attention
from various communities [5], [6]. The main challenge in
cooperative control is how to design control schemes to limit
transmission delays and packet dropouts to avoid the deteriora-
tion of the desired performances and to achieve an agreement
for multiple agents by exploiting information from each agent
and its neighbors. One attractive approach in this context is pe-
riodic event-triggered control (PETC) [7]-[9], combining time-
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triggered control (TTC) (where the information is transmitted
at discrete-time instants [10], [11]) and event-triggered control
(ETC) (where the information is transmitted only when the
triggering condition is satisfied [12]-[14]). In the PETC, the
triggering condition is evaluated with a predefined sampling
period to decide the information transition, thereby resulting
in a balance between TTC and ETC to avoid the continuous
evaluation of the triggering condition [7], [9].

Many existing results on cooperative control of (networked)
MAS focus mainly on consensus to a common point. Both
TTC and ETC/PETC have been addressed [13]-[15]. How-
ever, tracking control, as a fundamental problem in control
theory [16], [17], received few attention [18]-[20]. The main
objective of the tracking control is to design controllers such
that multiple agents can track the given reference trajectories
as close as possible [21], [22]. In the tracking control, the
controller consists of two parts [23]: the feedforward part
to induce the reference trajectories for the agents, and the
feedback part to drive the agents to converge to the reference
trajectories. In MAS, each agent only has the local information
from its neighbor agents, while being able to take actions
independently without having to wait for a central control
signal. These properties affect many system performances
including the tracking performance, and thus may result in
some challenges for the tracking control. Besides, as opposed
to the traditional tracking problem, another main challenge
of the tracking control of networked MAS is that only lo-
cal/partial information is transmitted to the agents due to the
limited capacity of communication networks. The information
transmission via networks may be an error source affecting
the tracking performance [23]. From the above discussion,
both network-induced errors and local interaction rules need
to be considered simultaneously, which results in the main
difficulties in tracking performance analysis.

In this paper, we study the event-triggered tracking control
problem for networked MAS. To this end, we implement
an emulation-like approach as in [3], [16], [17] and develop
a novel hybrid model using the formalism in [24], [25] to
address the tracking control for networked MAS, which is our
first contribution. Specifically, a general scenario is considered:
multiple independent and asynchronous networks are applied
to ensure the communication among different components.
Such setting is reasonable due to the connection among
sensors, controllers and actuators via different communication
channels, and allows to recover the architectures in [16],
[17], [23] for networked control systems (NCS) and [19],
[20] for MAS as particular cases. Based on this setting, a
general hybrid model is developed to incorporate all cases
caused by multiple network and decentralized event-triggered
mechanisms (ETMs), which further lead to different types of



jumps in the developed hybrid model. To investigate these
types of jumps and the network-induced errors, a novel
Lyapunov function is proposed for the tracking performance
analysis. Furthermore, both Lyapunov-based conditions and
decentralized ETMs are derived. The tradeoff between the
maximally allowable sampling period (MASP) and the max-
imally allowable delay (MAD) is derived to guarantee the
convergence of the tracking errors with respect to the external
disturbance and the network-induced errors.

Since the controller design is usually based on the state
estimation [26]-[28] and the observer design can be connected
with the tracking control in terms of synchronization [17],
[29], our second contribution is to apply the derived results to
the event-triggered observer design for networked MAS. To
show this, we address the following two cases: an indepen-
dent observer is designed for each agent based on the local
information from this agent; multiple observers are designed
for an agent (group) based on the partial information from
the agent (group). In these two cases, the agents are not
required to be stable (as in [30]) due to their own nature,
and the robust decentralized estimation is ensured under the
derived decentralized ETMs and MASP bounds. In particular,
we envision a hybrid model similar to [31], which however
is on the linear time-triggered case. Therefore, the obtained
results are novel in the context of robust distributed estimation,
in which case the estimation is based on either TTC/ETC or
the centralized fashion [17], [26], [28], [32].

The remainder of this paper is organized below. Preliminar-
ies are given in Section II. The tracking problem is formulated
in Section III, and the hybrid model is developed in Section
IV. The main results are derived in Section V. The obtained
results are applied to the event-triggered observer design in
Section VI. Numerical examples are presented in Section VIIL.
Conclusions and further research are stated in Section VIII.

II. PRELIMINARIES

R = (—00,400); R>¢ = [0,400); Rsg = (0,+00);
N:={0,1,2,...}; Ny := {1,2,...}. Given two sets .4 and
B, B\A :={z : x € B,x ¢ A}. | -| denotes the Euclidean
norm. Given two vectors z,y € R", (z,y) = (z7,y")7T
for simplicity of notation, and (x,y) denotes the usual inner
product. IE denotes the vector with all components being 1,
I denotes the identity matrix of appropriate dimension, and
diag{ A, B} denotes the block diagonal matrix made of the
matrices A and B. Given a function f : R>;, — R”, f(t1) :=
limsup,_,o+ f(t+ s). A function o : R>¢g — R is of class
KC if it is continuous, a(0) = 0, and strictly increasing; it is
of class K if it is of class K and unbounded; it is of class £
if it is continuous, strictly decreasing, and lim;_, o, a(s) = 0.
A function 3 : R% ) — Rx is of class KL if (s, t) € K
for fixed ¢t > 0 and (3(s,t) € L for fixed s > 0. A function
B: R, — Rxg is of class KLL if B(r, s, t) € KL for fixed
s> 0and B(r,s,t) € KL for fixed t > 0.

A. Hybrid System

The basic concepts of hybrid systems are introduced below;
see [24] for the details. Consider the following hybrid system

= F(z,w), (z,w) € C,
T =G(z,w), (x,w) € D,

where x € R"” is the system state, w € R™ is the external
input, ' : C — R™ is the flow map, G : D — R™ is
the jump map, C' is the flow set and D is the jump set.
For the hybrid system (1), the following basic assumptions
are presented: the sets C,D C R" x R™ are closed;
F' is continuous on C; and G is continuous on D. In
(1), x € R™ is defined on hybrid time domain, which is
denoted by domx C Ry>¢ x N with the following structure:
for each (7,J) € domz, domz N ([0,7] x {0,...,J})
can be written as (Jy<;<;_;([tj;tj+1],j) for some finite
sequence of times 0 = t;, < t; < < ty. Given
(tl,jl), (tg,jQ) € RZO x N, we denote by (thjl) = (tg,jg)
(or (t1,71) < (ta,j2)) if t1+j1 < ta+j2 (or t1+71 < ta+7j2).
A solution (z,w) to (1) is a function on the hybrid time
domain satisfying the dynamics in (1) with the following
property: domxz = domw; z(-,j) with fixed j is absolutely
continuous; and w(-,j) with fixed j is Lebesgue measurable
and locally essentially bounded. A solution (z,w) is
maximal if it cannot be extended. Define [wl| ;) =

(D

ess. sup w(®', 1),

max
(t,5") €domw\E(w),(0,0) X(t',5") X(,5)

sup sup |w(t',j')| p where ZE(w) :=
(t,4)€E(w),(0,0)=X(¢,5") =(¢,4)

{(t,j) € domw : (t,j+1) € domw}. &, (o) denotes the set
of all maximal solutions to (1) with o = x(0,0) € C U D
and finite H'LUH = Sup(t,j)edomw ||w‘ (t,4)"

Definition 1 ( [24]): The hybrid system (1) is input-to-state
stable (ISS) from w to x, if there exist 5 € KCLL and v €
Koo such that |z(t, j)| < B(|x(0,0),t,5) +~(||w||,;) for all
(t,7) € domz and all (x,w) € &, (xo).

B. Graph Theory

A directed graph is defined as G = {V, &}, where V =
{1,2,...,N} is the set of nodes and £ C V x V the set
of edges. Each edge directly links two nodes. An edge from
node i to node j is denoted by (i, ), and implies that node
1 can receive information from node j. The adjacency matrix
is denoted by A = [a;;]nxn, Where a;; = 1 if (¢,j) € £ and
a;; = 0 otherwise. The neighbor set of node ¢ is denoted by
N;={jeV:(i,j) € E}. The directed graph G is undirected
if a;; = ay; for all 4,5 € V; and G is connected if for all
1,7 € V, there exists a path connecting ¢ and j, which is
an ordered list of edges, i.e., (i, k1)(k1,k2) ... (ko, kn)(kn, j)
with finite n € N . A directed graph is all-to-all connected if
two distinct nodes are connected by a unique edge.

III. PROBLEM FORMULATION

In this section, we first state the tracking control problem
for networked MAS studied in this paper, and then present the
detailed information transmission among all agents, references
and controllers via multiple networks.



A. Tracking Problem of Networked MAS

Consider the nonlinear MAS with N € N, agents, whose
dynamics is described as

it = filzp,ui,wy),  yp = gp(z)), )

where i € N := {1,..., N}; for the i-th agent, xf, c R™ is
the agent state, u; € R™: is the control input, w, € R™ is
the external disturbance, and yé € R™ is the output. For the
i-th agent, its reference system to be tracked is given by

it = folweup,we), Y= ghlah), 3)

where xﬁ € R™ is the reference state, u% € R" is the
feedforward control input of the reference system, w, € R™2 is
the external disturbance, and yﬁ € R™v is the reference output.

Let zp := (z},...,2)) € R™ and 2 := (z},...,2]) €
R™ with n, := Zfil n]i). In (2)-(3), fg (or f1) is written
as a function related to the overall vector z, (or ), but it
depends only on the states of the ¢-th agent (or reference) and
its neighbor agents (or references); see Fig. 1. The physical
coupling among all agents is characterized by a graph G, :=
(N, &), whereas the physical coupling among all references is
characterized by a graph G, := (N, &). For these two graphs,
the following assumption is made; see also [8]-[10].

Assumption 1: G, and G; are undirected and connected.

The graphs G, and G, are not necessarily the same, and will
not play a central role in our results. To track the reference
system (3), assume that in the absence of the network, the
controller for the i-th agent is designed as

U; = uz + uf, %)

where ul € R™. is the feedback control input, and is generated
by the following feedback controller

where xé € R™ is the controller state, and w. € R™ is the
external disturbance. Therefore, in the absence of the network
and under the controller (4), xf’ should converge to ! as close
as possible. That is, the tracking goal is achieved, if

|zp(t) — 2z ()] < B(|a(0) = 27 (0)] £) +([wl]),  (6)

where € KL,v € Ko, and w := (wp, wy, w) € R™ with
Ny ‘= N1 + Ng + N3.

Remark 1: For each agent, the dynamics (2) is general and
recovers the single/double integrators [13]-[15] and heteroge-
nous models [19], [33] as special cases. The controller (5)
depends only on the corresponding agent and reference system,
which implies that the controllers are not affected by other
agents and reference systems. Such controller exists for both

MAS [33], [34] and NCS [4], [35], [36]. (I

We denote z. := (z},...,2Y) € R™, u = (uy,...,uyn) €
R, up = (ud, .. ul) € R, e o= (ul, ..., ul) € R,
Yp = (yp,--»y)) € R, and y; := (y},...,5") € R,

where ne := 310 nl, ny, == SN nf and ny = SN 0l
Hence, the dynamics of all agents can be written unifiedly as

Ep = fo(Tp,uswp),  Yp = gp(Tp), )

.
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Fig. 1. Tllustration of the information transmission in a single network.
{z}}jen;, is the set of states from the i-th agent’s neighbors, and {@! } e n7;
is the set of states from the i-th reference’s neighbors.

where f, == (fy,..., f) € R™ and g, :== (g5, ..
R™. Accordingly, the reference system is given by

) €

jf'r = fp(xry us, wr); Yr = gp($r)~ (8)

Assume that the system (8) has a unique solution for any initial
condition and any input. All controllers (4) are stacked as

U = U + Ug, )

and the feedback control input u, € R™ comes from the
following feedback controller

Te = fc(xca Z/p,yr,wc), Ue = gc(xc)~ (10)

We assume that f, and f. are continuous; g, and g. are
continuously differentiable.

Our objective is to implement the designed controller (9)
over both ETMs and multiple networks, and to demonstrate
that the assumed tracking performance of the system (7)-
(10) will be preserved approximately for the networked MAS
under reasonable assumptions and the designed ETMs. To be
specific, in the network-free case, the tracking performance
in (6) for MAS is achieved under the controller (9). How-
ever, in the networked case, (6) may be not achieved due
to network-induced constraints, which will be introduced in
the next subsection. In addition, to mitigate the unnecessary
waste of communication resources, the ETM is designed
for each network to balance resource utilization and control
performance. Therefore, our goal is to establish conditions
on both the networks and the system (7)-(10) and to design
decentralized ETMs to guarantee the approximate convergence
of z, towards z, in the presence of the network-induced
constraints and designed ETMs. Here, ‘approximate’ means
that the convergence region depends not only on the external
disturbance as in (6) but also on the network-induced errors.

B. Information Transmission over Multiple Networks

As shown in Fig. 1, the information is sampled via the
sensors and then determined (by the ETM to be designed in
Section V) to be transmitted via the network. For different
agents and references, the information may be transmitted
via different networks (e.g., wired/wireless networks [2], [4]),
and is transmitted only when the information is needed.
Whether the information is needed is evaluated by the ETM.
Hence, the information transmissions via multiple networks
are independent and may not be synchronous.



Assumption 2: In the case that the ETM is implemented, all
sensors and actuators are connected via N € N independent
and asynchronous networks.

If some agents can be composed as a agent group sharing
a common network, then the number of multiple networks
can be reduced and be smaller than the number of the
agents. The information to be transmitted is denoted by
zi o= (Yo ui uf,ul) € R with nl := 2n! + 2ni,. From
(2)-(5), the dynamics of z; € R™: can be written as

Y

Zi = (23, @p, Tr, Ty Wp, Wr, We)-
Stacking all z; leads to z := (z1,...,2n) € R™ with n, :=
SV ni, and we denote 2 = f. = (f},...,fN) € R™.
Because of the band-limited capacity of each network and
the spatial locations of its sensors and actuators, all sensors
and actuators of each network are grouped into ¢; € Ny
nodes to access to the network, where i € A see also
[37], [38]. Correspondingly, z; is partitioned into ¢; parts.
For the i-th network, its sampling time sequence is denoted
by {t : i € N,j € Ny}, which is strictly increasing. At
the sampling time t*, one and only one node is allowed to
access to the i-th network, and this node is chosen by the
time-scheduling protocol, which will be introduced in Section
III-C. For the i-th network, the sampling intervals are defined
as hY :=t}, | — %, where i € N and j € N. Since it takes
time to compute and transmit the information, each agent may
not receive the transmitted information instantaneously. Hence,
there exist transmission delays T; > ( such that the transmitted
information is received at the arrival time r; = ¢} + 7;. For
all networks, the following assumption is to bound sampling
intervals and transmission delays.

Assumption 3: For the i-th network with ¢ € N, there exist
constants 7; > A; > 0and ¢; € (0,7;) such thate; < h; <T;
and 0 < T; < min{A;, h;} hold for all j € N,

In Assumption 3, T; > 0 is called the maximally allowable
sampling period (MASP) for the i-th network, A; > 0 is
called the maximally allowable delay (MAD), and ; > 0 is
the minimal interval of two successive transmissions. Both
MASP and the MAD are the design parameters and will be
upper bounded in Section V-C. ¢; > 0 is determined by the
hardware constraints [3], and thus ensures the exclusion of
Zeno phenomena. In the network-free case [9], ¢; = 0 and
0 < hé- < T;. If ¢;, = 0 in the networked case, the results
derived in this paper are available for the periodic ETC case
[9], [39]; otherwise, the ETM needs to be re-designed; see,
e.g., [4] for the continuous ETC case.

To reduce the transmission frequency, a local ETM is im-
plemented for each network. That is, at each sampling time t¢,
only when the event-triggered condition for the ¢-th network is
satisfied can the sampled information be transmitted via the i-
th network. Denote by 2 := (4, ¥, tc, Ur) € R™* the received
measurement after the transmission, and thus the control
input received by the agents is 4 := U, + us. The network-
induced errors are defined as e, := @p — Yp, & = Y — Y
€. := U, — ue and ef := U — us. From N networks, we denote
2=(%4,....,2v)and e : =z — 2 = (e1,...,ey) € R"=.

In the arrival interval [r, 7%, ], the received measurement Z;
is assumed to be implemented via the zero-order hold (ZOH)
mechanism, that is,

5(t) =0, Vtelrlri,] (12)

At the arrival time ré, j € N4, whether Z; is updated via the
latest information depends on the local ETM at ¢%. Here, we
assume that the event-triggered condition for the i-th network
is given by I'; > 0, where the function I'; : R>g — R will
be designed explicitly in Section V-B. I'; > 0 implies that
the sampled measurement needs to be transmitted, and 2; is
updated with the latest measurement. That is, Z; is updated by

ZA’i(’I’iJr) _ {ij(t;) + hi(’%i(t;‘Lei(tj‘))v Fz(t;) 20,

2i(r3), Li(t5) <0,

where k; : R>9 — N is a counter to record the number of the

successful transmission events. That is, x; (t§-+) = ri(th) +1

if T;(t)) > 0, and r;(t)") = r;(t}) otherwise. hi € R" is

the update function and depends on the protocol. Let h! :=
(hy, h{, h{, h{), and then we can rewrite (13) as

5 (i i)Y 5. (e
zi(rj ) = (1 =T (T5(t5)))2:(r5)

+ T(I3(t5))[2:(t5) + b (wi(t5), €s(t5))],  (14)
where T : R — {0, 1} is defined as Y(I';) =1 if I'; > 0 and
T(T';) = 0 otherwise. From (14), the error e; is updated by

i) = a0 =)

ei(rj )
ei(ry) + YT () (milt)), ei(8)) = eslt))].

13)

C. Time-Scheduling Protocols

Since each network has ¢; nodes with i € N, the time-
scheduling protocol is introduced to determine which node
to access to the network. Similar to the analysis and the
terminology in [3], the function hi(k;,e;) in (14) is referred
to as the protocol. Based on ¢; nodes for the i-th network,
e; is partitioned into e; = (e}, ..., e} ). If the /;-th node is
granted to access to the i-th network, where I; € {1,...,¢;},
then the corresponding component efi is updated and the other
components are kept constant. In the literature [3], [38], many
time-scheduling protocols can be modeled as h’ (x;,e;), and
two classes of commonly-used protocols are recalled.

The first protocol is the Round-Robin (RR) protocol, which
is a periodic protocol [38]. The period of the RR protocol is
¢;, and each node has one and only chance to access to the
i-th network in a period. The function hi is given by

hl (ki,e;) := (I — Uy(k;))eq(t}), (15)

where, W;(k;) = diag{¥}(x;),..., ¥} (ks)} and U (k;) €
R, S g, =k W (ki) = 1 if Ky = 1+ g¢; with
gJ€Nand l; € {1,...,4;}; otherwise, U] (r;) = 0.

The second protocol is Try-Once-Discard (TOD) protocol,
which is a quadratic protocol [37]. For the TOD protocol,
the node with a minimum index where the norm of the local
network-induced error is the largest is allowed to access to the
network. The function h? is given by

b (rs, €5) i= (I — Wieq))es(t), (16)



where, U;(e;) = diag{¥{(e;),..., ¥} (e;)}, and U] (e;) = I
if mi <k<t, |e}]} = lis otherwise, W} (e;) = 0.
Remark 2: Beside RR and TOD protocols, the TOD-tracking
protocol was introduced in [17] by refining the TOD protocol.
If u} is generated by the controller [23], then h! is associated
to (ef, el + ef) instead of e;. If y, — y} is transmitted via the
network [16], then h? is related to (e} — ef, el — ef). O

IV. DEVELOPMENT OF HYBRID MODEL

After the detailed analysis in previous section, we construct
the hybrid model for the event-triggered tracking control of
networked MAS in this section. To this end, our objective is
to guarantee the convergence of x, towards z, in the presence
of ETMs and multiple networks. To measure the convergence
of x, towards x;, define the tracking error 7 := xp, —x, € R"™,
and the variable e, := (e, e.) := (e, — €, e.) € R™ with the
network-induced errors e, e, €. defined in Section III, where
n, = np+ne. Combining all variables and analyses in Section
III, we derive the following impulsive model:

7'7 = F, (0,1, Tc, Xy, €q, €5, €r, W)
F (0,1, e, Xy, €4, €, €, W)
_ ?f(fs e el @7
= Gi(0,1, T, Xy, €4, €F, €1, W)
é = Gf(5 1, Tey Ty, €q, €F, €, W)
ei(ri) = el(rt) + T(Ti(t))[—el(t)
+ hy(Ri(t5), e4(t5), e (t5), ef(£5)],
(r; ) = €l(ry) + TTi(t)) [ (1) 17
+ R (wi(5), eq(t5), e (1), e (t5))],
ch(rj ") = ei(r}) + T(0u(t) [ei(t))
+ R (R (t5), €4(85), er (£5), i (t)],
where hi = (hi — hi,hi),hi = hi and hi = hi with

(h,hi, h{, h{) defined in Section IIL. In addition, § :=
(81,...,6n) € RN, and §; € R>¢ is to model the ‘continuous’
time of the i-th network with &; (7";+) = 0;(r%) and depends
on ug and/or its differential [16], [17]. All functions in (17a)
are derived by detailed calculations and given in Appendix
A. Now, our objective is to derive reasonable conditions and
ETMs synchronously to guarantee ISS of the system (17)
from (e;, er, w) to (1, e,). Here, (e, ef) is the network-induced
errors, and may not be vanishing with the time line [17], [23].

A. Hybrid Model of Networked MAS

To facilitate the analysis afterwards, the impulsive model
(16) is further transformed into a formal hybrid model in the
formalism of [25]. For the sake of convenience, define = :=
(n, 2, ) € R™ and e := (e, €, ) € R™ with n, = n, +
ne+np and ne = ng+ny +ny. Define m := (my,...,my) €
R™ with m; := h;(ki,e;) —e; € R™ storing the information
for the update, where e; := (el,el, el) and h; := (hi, hi, hi)
are defined in (17). Let s := (k1,...,xy) € RY with x; €
N defined in (13); 7 := (7q,...,7n) € RY with 7, € R

defined as a timer to keep track of both sampling intervals and
transmission delays for the i-th network; b := (by,...,bxn) €
RY, where b; € {0,1} is a logical variable to show whether
the next event is a sampling event or an update event. That is,
for the i-th network, b; = 0 means that the next event will be
the sampling event, while b; = 1 means that the next event
will be the update event. Denote X := (z,e,m,d,7,k,b) €
R =R x R x R x RN x RN x RN x {0,1}¥, and the
hybrid system is developed below.

X=F(Xxw), XeC, a8)
Xt =GXx), X eD,

where

N N

c:=|Jc, D:= U(Dh U Dy;), (19)

Ciim X € 2 (b, 7)€ (10} x [0, 7)) U ({1} x [0, A},

Dy ={Xe%: (bi,m) € {0} x [&;, T3]},

Dy :={X €% (bi,m) € {1} x [0, A]},

with 7; > 0 and A; > 0 from Assumption 3. The map F' is
F(X,w) = (f(,z,e,w), 9

where f = (F,, F}, F;) and g := (G,, Gy, Gy) are derived
from (17a). The mapping G in (18) is defined as

G(:{) — {Gl(x)a

(6, z,e,w),0,E,IE,0,0), (20)

X e Dy,

21
X € Do, @

GZ(x)a

with

N N
= JGu®), =Dy,
i=1 i=1

x

e
Myi(z,e,m, k)
4 )

AiT

k4T - A)E
| b+ (I —-AN)E |
oz, X ¢ Dy,

N N
= J Gau(%), = J D2,
i=1 i=1

T
Ei(CE, €, m, K:)
MQi(:L'v €, m, H)
J :

(22)
X € Dy,
Gli(x) = !

(23)
X € Doy,
Ggi(%) = 2

@, X ¢& Dy,



where A; = diag{A},...,AN} € RV*N with A¥ = 0 if
k=1i€ N and A¥ = 1 otherwise, and

Myi(xz,e,m, k) == ®;m + (I — ;) My, (x,e,m, K),
Moi(z,e,m, k) := &;m + (I — &;) My;(e, m),
Ei(z,e,m, k) :=P,m+ Y(T,)(I — ®;)E;(e,m).

Here, ®; := diag{®},..., ®N} € Re*ne My, == (M, ...,
MY) € R, My = (Mg,,...,MY) € R" and E; :=
(E}Y,...,EN) € R". If k = i, then ®F = 0, MF =
(1 — T(Fl))ml + T(Fi)(hi(ﬁli, ei) — ei), MQkZ = —e; —m; and
EF = e;+m;; otherwise, ®¥ = I and M{, = M}, = EF = 0.
For the hybrid model (18), the sets C' and D are closed.
Since fp, fe, gp and g. are assumed to be continuous in Section
II-A, f and g in (20) are continuous, and thus the flow map F'
in (20) is continuous. The jump map G in (21) is continuous
and locally bounded from the continuity of G in (22) and G5
in (23). As a result, we can verify easily that the hybrid model
(18) satisfies the basic assumptions introduced in Section II.

V. TRACKING PERFORMANCE ANALYSIS

In this section, the main results are established. We first
present some necessary assumptions, then design the event-
triggered condition for each network, and finally establish the
convergence of the tracking error.

A. Assumptions

Two types of assumptions are presented for the system
(18). The first type shows the properties of the e;-subsystem
in the flow and jumps, whereas the second type implies the
stabilization property of the x-subsystem under the designed
controller. We first present the first type of assumptions.

Assumption 4: There exist a function W : R" x R" x N x
{0,1} — R>( which is locally Lipschitz in (e;, m;) for all
ki € Nand b; € {0,1}, a); € Koo, g€ {1,...,6}, and \; €
[0, 1) such that for all (e;, m;, ki, b;) € R xR™ xNx{0,1},

ari(|el]) < Wiles,ms, ki, b;) < ani(|es]), (24)
Wi(ei, hi(ki,e;) — e, ki +1,1)

< NiWilei, mi, i, 0) + agi(|ef]) + asi(lef]), (25
Wi(ei, mq, ki, 1) < Wilei, my, k4, 0), (26)
Wi(e; + mi, —e; — my, ki, 0)

< Wilei,mi, ki, 1) + asi(lef]) + agi(lef])- 27)

Assumption 5: There exist a continuous function H;p, :
R™ x R™ — R0, O1ib,;» 02ib,, 03ib, € Koo and Ly, € Rxo
such that for all (x,w, K;,b;) € R™ x R™ x N x {0,1} and
almost all (e;,m;) € R x R™,

8Wi(ei7mi7’{i7bi)

6€i
+ Hip, (z,€) + o1, (|ef]) + o2, (lef]) + o3, (Jw]).

agi((sv e, ’LU)> < LibiWi(eiv My, Koy bl)
(28)

Assumptions 4-5 are on the e;-subsystem, whose properties
are described via the function W;. Assumption 4 is to estimate
the jumps of W; at the discrete-time instants. Specifically, (25)
is for the successful transmission jumps (i.e., I'; > 0) at t%,

(26) is for the failure transmission jumps (i.e., I'; < 0) at t,
and (27) is for the update jumps at r; Assumption 5 is to
estimate the derivative of W; in the continuous-time intervals,
and the coupling is shown via the function H;,,. Since As-
sumptions 4-5 are applied to the e;-subsystem, (25)-(27) hold
with respect to the additional items e’ and e}, which are parts
of e; and treated as the internal disturbances caused by the
network. Similar conditions have been considered in existing
works [16], [17], where however only a common communica-
tion network and TTC are studied. In addition, «3; (or ay;) and
as; (or ag;) in Assumption 4 can be the same. For instance,
(25)-(27) hold with as;(v) = a@s;(v) := max{as;(v), asi(v)}
and ay;(v) = ag;(v) := max{ay;(v), agi(v)}.

Assumption 6: There exist a locally Lipschitz function V :
R — Rxo, a1v, v, Crib; s C2ib, s C3ib; » Cib, » Coibi > Coib; €
Koo, and p, 0;p,, viv, > 0, Lsp, € R such that

arv(|nf) <V(z) < agv(|zf), Vo eR™,

and for all (e;, m;, k4, b;) € R™ xR xNx {0,1} and almost
all x € R"=,

(29)

N
<VV<.’17), f(5,$, e,w)) < —MV(CL‘) + Z [_Hizbi (.’17, 6)

+ (’yfbi — Hibi)Wf(ei,mi, Kiybi) — Kip, (z, €, m, w)

— @i (21) + Crin, (lef]) + Coan: (|€]]) + G, (Jw])],  (30)
(Vi (2:), fL(6,z,e,w)) < Ly, 0i(2:) + K, (z,e,m, w)

+ HE, (. €) + Can, (lef]) + Csiv, (leb]) + Coan, (Jw]), (1)

where H;p, is defined in Assumption 4, g, : R — R>o
is a locally Lipschitz function with ¢;,(0) = 0, and Ky, :
R™ x R™ x R™ x R™ — R>( is a continuous function.

Assumption 6 is on the x-subsystem, whose properties are
described via the function V. Under the designed controller
(9)-(10), (29)-(30) imply that the n-subsystem satisfies the
ISS-like property from (Zf\i Wi, ef, er,w) to n, and the
Ly-stability property from (}°."; W;, ef, e, w) to Zfil Hy,.
This assumption is reasonable due to the implementation of
the emulation-based approach, where the controller is assumed
to be known a priori to ensure the tracking performance
robustly in the network-free case. Hence, in the presence
of the networks, (Zf\il Wi, eg, e, w) is treated as a whole
disturbance from the interior and exterior of the agents.
Moreover, (31) provides the growth bound on the derivative
of the function ¢;,, on the flow. Note that the information of
multiple networks is not required in Assumption 6, and that
wip, Will be applied to design the ETMs.

Remark 3: Assumptions 4-6 depend on the existence of the
functions W; and V, which were investigated in [3], [16], [17],
[39] in the context of stabilization. In particular, Assumptions
4-6 are reformulated into linear matrix inequalities in the linear
case [39]; W, and V were constructed explicitly in [4] for the
event-triggered stabilization problems. On the other hand, in
Assumptions 4-6, the parameters \;, L;p,, Ixibi are to facilitate
the design and analysis afterwards. If the time-scheduling
protocols are specified, then A; can be computed explicitly;
see [3], [16], [17], [38]. Eibi is applied to design decentralized
ETMs, and L, is used to determine the MASPs and MADs.




In (30), the term pV (x) can be relaxed into a(V(z)) with
a € Ky [39], and the following analysis is still valid. The
existence of these parameters has been extensively studied for
different cases; see, e.g., [3], [4], [9], [16], [17], [37]-[39]. OO

B. Decentralized Event-Triggered Mechanisms

With Assumptions 4-6, we next show how to design the
ETM for each network. For this purpose, the fqnction I'; in
(13) is defined as a mapping from R™= x R™e x R" xNx {0, 1}
to R, and given explicitly by

Li(zi, €1, mi, ki bi) = (1 — 2b;)vip, W7 (€, m4, K, b7)
— (1= b;)pidiiv; (2i), (32)

where W; and ¢;, are from in Assumptions 4 and 6, respec-
tively. p; € [0, p;), and

X := max {A pw_} : (33)
1—piLio
_ 1, Lio < =0,
Pi = . = 1 = (34)
min{1, (Lo + vi0) "} Lio > —7io,

with \; from Assumption 4 and 7o, Lo from Assumption 6.

With the function (32), the event-triggered condition is
Ti(zi, i, m4, ki, b;) > 0. The proposed event-triggered con-
dition is similar to those in [12], [14], [39] for the ETC
in different contexts. Note that the function I'; is related to
the local measurements and thus only for the single network,
which in turn leads to the decentralized ETC setting in this
paper. One difference between (32) and the existing ones lies
in the local logical variable b;, which leads to two cases in
(32). Since the case b; = 1 implies that the update event
will occur at the arrival instant, the ETM is not needed
and T;(2i, e;,m;, ki, 1) = =y W2 (ei,my, ki, 1) < 0, which
thus implies that the ETM will not be implemented in this
case. In contrast, for the case b; = 0, the next event is the
transmission event, and the ETM is implemented to determine
whether the sampled measurement will be transmitted. Hence,
Fi(zh €4y My Ky, 0) - PyiOWz?(eia Mg, Ki, 0) - pl;‘lgplo(zl) >0
will be verified in this case. As a result, the parameters in (33)-
(34) only depend on the case b; = 0, and all designed event-
triggered conditions are consistent with the transmission setup
and decentralized since only local information is involved in
each event-triggered condition.

Remark 4: In (32), if p; = 0 for some ¢ € N, then T'; is
always positive, and thus the proposed ETC is reduced to the
TTC as in [16], where T; is called the maximally allowable
transmission interval. Since all networks are independent,
both TTC and ETC can be combined by allowing that some
networks perform the TTC while the others perform the ETC,
which is a potential extension of this paper. (]

To establish the tradeoff between the MASP T and the
MAD A, consider the following differential equation

bivy = —2Lip, bin, — Yivs [(1 + 0ib; )03, + 1],
where ¢ € N, L;, > 0 is given in Assumption 5, and 7,5, > 0

is given in Assumption 6. In (35), g;, € (0, 5\;2@;”2(0) -1),
and thus the initial values ¢y, (0) € (1,\;'), where )\; is

» Y

(35)

given in (33). From Claim 1 in [40] and Claim 1 in [17], the
solutions to (35) are strictly decreasing as long as ¢;, > 0.

C. Tracking Performance Analysis

Now we are ready to state the main results of this section.
Theorem 1: Consider the system (18) and let Assumptions
1-6 hold. If the MASP T; and the MAD A; satisfy

%0@510(7}') > (1 + Qﬂ);\?%l(ﬁﬂ(o)a
Yir¢ir (i) = (1 + 0i0)vioPio(73),
where ¢;p, is the solution to (35) satisfying ¢, (0), ¢, (1) >
0, then the system (18) is ISS from (e, ef, w) to (7, e,). That

is, there exist 8 € KLL and ¢; € K such that for all
(t,j) € R>o x N,

[(n(t,5); ea(t, )| < BUX(0,0)[,2,5) + @1 (lleclle.))
+eallledleg) + ws(llwlles))-

7. €10, T3], (36a)
T € [O,Az], (36b)

(37

The proof is presented in Appendix B. In particular, a novel
Lyapunov function is proposed to investigate the effects on the
sampling, the designed ETMs and time delays on the tracking
performance. Comparing with existing works [4], [16], [17],
[39] on NCS and [18], [19] on MAS, the event-triggered track-
ing control problem is studied here for networked MAS under
both decentralized ETMs and network constraints. Theorem
1 implies the convergence of the tracking error to a region
around the origin, and the size of the convergence region
depends on the network-induced error (e, ef) and the external
disturbance w. If the external disturbance is not considered
here, then the convergence region is only related to (e;, ef). If
the feedforward control inputs are transmitted directly to the
agents and reference system, then e; = 0 and ¢; = 0, and
thus the convergence region can be further smaller.

Remark 5: From Theorem 1, the conservatism is from the
ISS gains @1, @9 in (37). Since the ZOH mechanism is applied,
the bounds on ||eg|| ¢ ), [|€:]|(+,5) can be obtained via a step-by-
step sampling approach [23], and the upper bounds on 1, p9
can be derived. From [16], [17], ¢1, 2 can be the functions
of the MASP, the MAD and ¢;. Since ¢; is from the hardware
constraints of the networks, the effects of ¢; are inevitable
but can be limited by choosing appropriate networks, thereby
leading to the lower bounds on 1, ©s. ]

Next, the special case of a single network is addressed, that
is, N = 1 and only a common network is implemented for
all agents. The following theorem shows how to ensure the
tracking performance under the designed centralized ETM.

Theorem 2: Consider the system (18) and let Assumptions
1-3 hold. If the following holds:

i) for all e € R™ x R! x R™ x R! x N x {0,1},

arw(lea]) < W(e,m, k,b) < aaw(le]), (38)
Wi(e, h(k,e) —e,k+1,1)

< AW(e,m, k,0) + asw (lef]) + caw (l&:]),  (39)
W(e+m,—e—m,k,0)

<Wi(e,m,k,1) + asw(lef]) + asw(le]).  (40)



ii) for all (z,x) € R™ x N and almost all e € R,
oW (e, m, Kk, b)

Oe
+ H(z,e) + ou(ler]) + oo (|er) + osp(w]);

6., ecw) ) < LV (e, )
(4D
iii) for all (e,m, k) € R™ xR"™ xN and almost all x € R"=,
(VV (), f(0,2,e,w)) < —pV (z) — Hj(z,e)
+ (’YI? - H)WQ(G, m, K, b) + Clb(|ef‘)
+ Cav(lex]) + Can(|wl);
iv) consider the following equation
v = —2Lygp — (1 + 0)9 + 1],
and the MASP T and MAD A satisfy
Y0¢o(T) > (1+ 0)A°1161(0), 7 €0,T],
Y1é1(7) = (14 00)70¢0(7), T € [0,A],

then the system (18) is ISS from (e, ef, w) to
the ETM designed below:

[(z,e,m,k,b) =

(42)
be{0,1}, (43)

(44a)
(44b)

(1, ea) under

(1 — 2b)y,W?2(e,m, k,b)

— (1 =b)pAV (), 45)

where X := Amax{1,you "'} and p < p = min{1, uy; ' }.

The proof of Theorem 2 is given in Appendix B. In Theorem
2, the assumptions and the upper bounds in (44) are simplified
and similar to those in [3], [16]. Although Theorem 2 is treated
as a special case of Theorem 1, (45) is based on the agent
states and is different from (32) based on the agent outputs.
In addition, Theorem 2 extends the results in [3], [16], [17]
from the TTC case to the ETC case.

Remark 6: The derived conditions can be verified in dif-
ferent cases. For the linear case, these conditions can be
transformed into linear matrix inequalities (LMIs) ( [17], [39])
and checked by solving these LMIs. For the nonlinear case,
the verification of these conditions depends on the considered
system and the applied network. For instance, Assumption 4
involves the jumps of the function W. If the network protocols
are specified, then the jumps of the network-induced errors
can be derived explicitly, and the jumps of W are established
such that the corresponding parameters and functions can be
determined [16], [17], [37]-[39]. In Assumptions 5-6, the
derivatives of W and V are related to the considered system,
and we present a relevant numerical example in Section VII-A
to show the satisfaction of Assumptions 5-6. (]

VI. EVENT-TRIGGERED OBSERVER DESIGN

In this section, we apply the obtained results in the previous
sections to the event-triggered observer design for networked
MAS in the delay-free case. Consider the following MAS

p = fp(wp, W), (46)

where x, € R™ is the system state, w € R" is the external
disturbance, and 7, € R™v is the system output. The system
(46) consists of N agents with the following form

1‘17) = f;(xp,U)),

Yp = gp(-%'p)a

Yo = g(x}), (47)

|Agent 1 l:_'lAgentZIZ o o

. |Agent N
N

¥ v
0
[ETM2| o o o
N N
) )
Network 1 Network 2 o o o
nlon Bl
Observer1| Observer2| o o o

Fig. 2. Configuration of the decoupled event-triggered observer design for
networked MAS.

where x;, == (z,,..., > N) e R™, and y, == (vp, ..
R™ with np :=

N N
Yoy npoand ny = Y70 0l

To design the distributed event-triggered observers for the
MAS (45), we consider the following two cases: the first case
is that each observer only receives the information of the
corresponding agent to estimate the state of this agent, and
thus is called the decoupled observer design case; the second
case is that multiple agents are treated as a whole plant as
(45) and all observers only receive partial information and
thus need to be coupled to construct the plant state, which is
called the coupled observer design case.

Y ) €

A. Decoupled Observer Design
Assume that the observer is designed as
- yo)a Yo = gp(xo)a (48)

where x, € R™ is the observer state, and y, € R™ is the
output. Specifically, the observer for each agent is given by

(49)

To = fo(xovyp

o = fol@o: Yp = Uo)s Yo = Gp(o)-
The designed observers are distributed and decoupled; see Fig.
2 for the general system structure.

Here we aim to guarantee the desired estimation precision,
that is, the convergence of x, towards x;,, under the implemen-
tation of the designed observer (49) over multiple networks,
which thus can be treated as a tracking problem with (46)
being the reference system to be tracked by (48).

1) System Model: Define the estimation error 1 := x, —
Tp € R™, ey = Gp — Yp» €0 = Yo — Yo, and €, = €, — €p.
Define = := (1,2,) € R" and e := (e4,€p) € R™, where
ea = (e}, ...,elN), ep = (e;,...,eév), Ng = 2np, and n, =
2n,. As a result, the impulsive model is given by

7;] = Fn(nvxpv eaaw)

By = Fp(ap, w w) i i i
ed:Gd(n’xPaeda ) be [j’ j+1]7 0
ép = Gp(n, Tp, €a, W)
ety ) = < YOG
TR DGO
") = < e
T(L3(8)) g (i (), €a(t5), € (t5)),
with F, (Tl,xp,eau ) fo(n + zp, gp(zp) — go(n + 2p) —
€a) — fp(xpv w), F ( w) = fp(Ip,W)yGa(ﬂvﬂfp,ea,w) =



—(Vgp(wo), fo(n  +  @p, gp(p) go(n + ) —
€a)) + (Vop(p), fo(wp,w)) and Gy, xp, €0, w) =
—(Vgp(xp), fo(@p,w)). In (51), the function I'; is to be
designed for the ETM afterwards. All functions in (50) are
assumed to be continuous. Following the same fashion in
Section IV-A, the impulsive model (50)-(51) can be further
reformulated as a formal hybrid model as (18).

2) Observer Design: Since the controller and time delays
are not considered here, uc,us do not exist and o, m, b are
not needed. Hence, ¢ = 0,z := (y&yé) { = e, and
e; == (el,e ) The following assumption is made for the €;-
subsystem, and is similar to Assumptions 4-5. ,

Assumption 7: There exist a function W; : N x R™ — R>g
which is locally Lipschitz in e;, a continuous function H; :
R x R — R>0, 15, 0025, 03, 015,02; € Ks and \; €
[0,1), L; > 0 such that for all (k;, z,w) € N x R x R™v,

o forall e; € Rni’ ozli(\eﬂ) < Wi(ni,ei) < 0521‘(‘67;|), and

Wiki + 1, hi(ki, e5)) < ANiWi(ki, i) + 043i(|€f, );

o for almost all e; € R", <%§7’6"),gi(az,e,w)) <

LiWi(rire1) + Hilw,€) + ovillei]) + ozi(wl).

Similarly to Section V-B, the function I'; : R™: x R™e xN —
R is defined explicitly below

Uiz, €0, k1) = YWl (ki €0) — pidigi(z:),  (52)
where W; is defined in Assumption 7, ¢; is the same as p;o
in Assumption 6, and p;, \; satisfy (33)-(34). With the event-
triggered condition I'; > 0, we next provide the bound on the

MASP T;. For any i € A/, consider the differential equation
¢i = —2Li¢i — vi[(1 + 01)$7 + 1,

where L; and ~; are given in Assumptions 6-7, respectively;
$:(0) € (1,A71Y), and o; € (0,);24;2(0) — 1). In the
following, the convergence of the estimation error can be
justified, which is stated in the following proposition.
Proposition 1: For the system (50)-(51), let Assumptions
1-3 and 7 hold. Let Assumption 6 hold with (1; = {4; = 0. If
the MASP T; satisfies ¢;(T;) > 0 with ¢; being the solution to
(53), then the system (50)-(51) is ISS from (ep, w) to (1, e,).
The proof follows the similar fashion as that of Theorem 1,
and thus is omitted here. In addition, we can derive the event-
triggered observer design for the centralized case by adjusting
Assumption 7 and the conditions (52)-(53) slightly.

(53)

B. Coupled Observer Design

In the coupled observer design case, each observer only
receives partial information, and thus all observers need to
exchange their information based on a pre-specified commu-
nication (di)graph [27], [31]. Assume that in the network-free
case, the distributed observers for (46) are designed as

i = fi(x0,0) + Fi(),
0i = bi(yi, 9;).

If the observer receives the latest information, the update is

i gi(gl),
Yo = Gp(75) (54)

'Z'f)+ = l’g’ 19:'_ - G'L(Ioa Yo, yp)7 (55)

Agent Group

N
yp y}’ ]/11)\]

[ET™1 | [ETM2] o ¢ o [ETMN
C N
v v
Network 1 Network2 e e e Network N
R 51 R 2
al 1o | %l |9
Observer 1 | Observer 2 | o

L

| Communication graph G,

Fig. 3. Framework for the coupled distributed event-triggered state estimation
for networked MAS.

where z, = (zl,...,2)) € R™N and y, = (yi,...,yY) €
R™N . In (54)-(55), ¥; € R™ is an auxiliary variable to store
the estimation errors of the ¢-th observer and its neighbor
observers. ; is a continuous mapping from R" to R™. The
function ©; determines the update of the variable 1J;. Although
©; is written as a function of the overall vectors xo, Yo, Yp, it
depends only on the ¢-th observer and its neighbors. Fig. 3
shows the general structure for the event-triggered observer
design in the coupled case. Here our objective is to guarantee
the convergence of ¢ towards z, under multiple networks and
ETMs, which is treated as another tracking problem with (46)
being the reference system to be tracked by (54).

1) System Model: Define the estimation error 7; := xl —
xp € R™, ef = J5 — ypo €4 = J5 — Yo» €4 = €4 —ep,and
Y =0, (xmyo»yp) ;. Denote 7 := (n;,...,nN) € € R™Y

and e, == (e}, ..., e e)N) € RN, Hence, the impulsive model

for the i-th observer is given by

i = Fp(n, xp, i, w)
ip = Fy(zp, ) = fi(2p, w)
& = Gi(mi, T, i, w) the [thth,,], (56)
'f, = Gf)(xp,w)
i = Gfp(nvfpvw»edaep’w)
eq(t) = T(Ls())hy(ri(t), e (t), e (), vi(t))
+ (1= T(03(1)))eq(t)
ep(tT) = T(Ti(6)hy(ri(t), €5(t), ep (1), 0i(t)) ¢ t =15,
+ (1= T(Ts(t)))ey (1)
Pi(t) = (1= T(T())it)
(57)
with Gf)(:z?p, w) = —<Vgé(mp), fo(zp, w)) and
Fy (i, @, s, w) = fo (i + 2, 0) — folp, w)
+ 5 (0:(n, zp, €p, €a) — Vi),
G;(Ui,$py¢ivw) = (Vgp(xp), Fy(zp, w))
— (Vi (zh), fi(ni + @, 0) + Fi(Oi(n, Tp, ep, €2) — 1)),

891‘ (777 xp> epa ea)
PEREA NN s SaiLa
oz, ) p(xpv w)

Fg(njvxpawjaw)>

Gzp (7% Tp, P, €p; Ca, w) = <

+ Z < ’r}axpaepaea)

JEN;U{i} Ons



00;(n, xp, €y, €, i
+<( 5‘; P ),Gp(xp,w)>

7, Tp, €p, € ) ]
+ Z <8PP3 Gejl(njaxpijvw)>
JENGU{i} €

- hi(gé(nl + xp) + e:) - 6;, 91(777 Tp, €p, ea) - 1/]2)7
where ©;(7, zp, €p, €,) is a rephrase of ©;(Zo, Yo, Yp) in (55).
Different from the overall model (50)-(51) in the decoupled
case, the model (56)-(57) is only for the single observer, and
the coupling is shown in the function g,,. Define x; := (n3, xp)

and ¢; := (ep, el 1;), and (56)-(57) can be written as

pivio) BTN
i (tF) = x;(t)
ei(t™) = T(Ti(t)hi(ri(t), ei(t)) o t =1, (59)
+ (1 =T (Tu(t)))ea(t)
where h; = (h;,h;,O). Let 2z = (yp,y), and

Z; = (<89p/8¢p>Fp(xpvw)>a (Ogp/ Do, By (0, wp, i, w) +
Fp(mlh w))) =: fi(x,e,w).

2) Observer Design: To ensure the convergence of the
estimation error, the following assumption is imposed, which
differs from Assumption 6 by allowing each observer to
possess a Lyapunov function V; with i € N.

Assumption 8: For each i € N, there exist a locally Lips-
chitz function V; : R — RZO’ Q;, O, Clh CQh C3i7 44,' € Koos
and 1, 6;,; > 0, L; € R, such that for all (e;, k;) € R™ x N,

o forall z € R™, @;(|z;]) < Vi(z:) < ay(Jx4]),

o for almost all z € R, (VVi(x;), fi(z,e,w)) <
—piVilz) + (7 — 0)W(kiei) — Hf(%e) -
Ki(z,e,w) — ¢i(z) + Guilleg]) + Cau(lw]), and
(Vei(zi), fi(z,e,w)) < Lipi(zi) + Ki(z,e,w) +
H(z,e) + Cillep]) + CaiJw]), where H; is given in
Assumption 7, ¢; is a locally Lipschitz function with
©i(0) = 0, and Kj is a continuous non-negative function.

From Assumption 8, Assumption 6 holds with V(z) :=
Zi]\il Vi(z;) and p := min;ea{p;}. In addition, we define
the function I'; as in (52), and bound the MASP T; via (53).
In this way, we can ensure the convergence of the estimation
error, which is stated in the following theorem.

Proposition 2: Consider all subsystems of (58)-(59) and
let Assumptions 1-3 and 7-8 hold. If the MASP T; satisfies
¢:(T;) > 0 with ¢; being the solution to (53), then the whole
system is ISS from (ep, w) to (1, €,).

The proof of Proposition 2 is similar to that of Theorem 1
and omitted here. The conditions derived in this section can
be verified and the discussion in Remark 6 is relevant here.

VII.
A. Tracking Control for Cooperative Manipulation

NUMERICAL EXAMPLES

Consider two connected single-link robot arms, whose dy-
namics are presented as (z = 1, 2)

= a7,
(60)

+ Cils,

qf = —a; sin qp + Z bij q;]

n21 ||
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Time ()
Fig. 4. Tracking errors under the RR protocol case and the ETMs (62), where
T1 =T =0.015 and Ay = Ay = 0.0025.

where qp (qp ,qp 2) € R? with the configuration coordinate
qp and the velocity qp2, both of which are measurable, u; €
R is the input torque, and a;,¢; > 0,b;; € R are certain
constants. The references are given by

<4l 2
qr _qr ?

i . . 61
qlz‘z = —a;sm qr + Zblj quj - qr + ciu%’ o1

where q¢ := (q'!,q??) € R? are the measurable reference
state, and uf = ¢;sin(5t) is the feedforward input. In the
network-free case, the feedback controller is designed as ué =
—¢; Mai(sin(ay') —sin(qi")) — (a5" — ai") — (q5° — 4{*)] such
that the tracking error is asymptotically stable.

Here we consider the case that the communication between
the controller and the plant is via the ETMs and two com-
munication networks. The controller is applied via the ZOH
devices and the networks are assumed to have ¢; = 3 nodes for
qy', g5 and u;, respectively. In this case, the applied feedback
controller is given by ul = —c; '[a;(sin(di!) — sin(gi')) —
(a5 — ai') + (a5% — §/%)]. uf is assumed to be transmitted to
(61) directly, and 4;", §;* are implemented in the ZOH fashion.
Hence, u! knows but does not depend on ¢!, ¢*2. In addition,
we con51der both the RR and TOD protocol cases. In the RR
protocol case, the node order of the network 1 is 1 =2 — 3
and the node order of the network 2 is 3 — 2 — 1. In the
TOD protocol case, the node to access to each network is the
one with a minimum index and the largest norm of the local
network-induced error; see Section III-C.

Based on (60)-(61), we obtain that F, = (Fg,Fg) with
Fy = (mi2, ~ailsin(mia +a;") —sin(qr") — sin(r +q; +eil +
er )—i—bm(qu—ke“)} (minren’) —(miate;?)+2 1 o bij (771]

ngj)—i—clef—i—cl 5, F (F!, F2) with F? = (qi%, —a; sin q*' +

> = 12bm(qr —q7 )+Czuf) Ga = (—F3,0), Gr = —F; and
Gy = —(uf,u?). In addition, |G%| < D; |e7| + Mia| + (i1 —
1)7121+(b12_ Ini2|+[birnz—iy1 | +[bi2n(s— Z)2|—|—2a1|6r|—|—q\ef|
with D; V3max{l + a;,c;}. From [16], we choose
the appropriate Lyapunov function W;(e;, m;, k;,7;,b;). For
instance, W; (ez,ml, Ki, Tiy b;) := |ei| for the TOD protocol.
|OW (€i,m, ki, T3, b)) /Oes| < M; with M; = +/¢; for the
RR protocol case and M; = 1 for the TOD protocol case.
Thus, Assumption 4 holds with A\; = /(¢; — 1)/¢; and ag; =
ay4; = as; = ag; = 0. Assumption 5 holds with L, = M;D;,
Ly = M?D;/X\;, Hio(z,e) = Hj(z,e) = Mi(|ni2| +



m
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Fig. 5. Tracking errors under the TOD protocol case and the ETMs (62),
where 77 = To = 0.015 and A; = Ao = 0.003.

|(bir — 1)nix + (biz — D)mia| + |birns—iy1] + |bianz—iy2|),
o1i0(v) = 01:1(v) = ;M;v, 02;0(v) = 02i1(v) = 2a;M;v,
and 0'31‘0(1}) = 0'31‘1(1}) =0 for v > 0.

To verify Assumption 6, define V(n) := Z?Zl dind +
PiaNitMiz + ¢1'377122, where ¢;1, @2, ¢;3 are chosen to make
V' satisfy (29). Assume that there exist time-varying pa-
rameters a;,a; € [—a;,a;] such that a;[sin(n;; + qit) —
sin(nin + qi" + el +el')] = ai(el + €f') and a;[sin(q}") —
sin(gf! + eY)] = e, Thus, using twice the fact that
22y < cx? +y?/c for all z,y > 0 and ¢ > 0, we get that
(VV(n), £ (0,7, e,w)) < 25:1[_@1771'21 + (201 — 2043 —
Gi2)nitiz — (20i3 — ¢ )% + (dizni + 2¢i3mi2) (bir (11 —
n21) + bi2 (M2 — m22)) + 0.5( 050" + 077" ) (dirmin + 2¢ismiz)* +
0.50i0Dilei|* + oir(4ai|ef]* + cilet|*)], where 0i, 001 >
0 are defined in (35). Therefore, if ¢1,¢2, 3 are chosen
such that (29) holds and —Hjj (x,e) — Ky, (x,e,m,w) —
Qiv, (z1) = —danfi + 20 — 2¢i3 — di2)niniz — (2¢i3 —
5151‘1)771'22 + (Pimin + 2¢ismi2) (bin(mr — m21) + biz(miz —
n22)) +0.5(0;g" + Qﬁl)(@mﬂ + 2@31712) then Assumption
6 is verified with 0, (v) = 7TZ , Yio = /T + 0ioD?,
Yil = VT + Qzlg D /)\z’ Clzb = 0i1a; |’U 27 §4ib¢(v) ==

oira?|v|? and 7; > 0 is arbitrarily small.

To satisfy the aforementioned conditions, we choose ¢11 =
8,¢12 = 12,¢13 = 6,¢21 = 5,([522 = 7,¢23 = 9, ay = 9.81 *
0.2, a9 = 9.81 % 03, Cc1 = 2, Cy = 4, T, = 0005, 0i0 = 20
and 0i1 = QzOMz/)\l ThllS, Ll() = 88860, L11 = 188501,
Lyg = 12, Loy = 25.4558, 19 = 22.9436, v11 = 53.8629,
Y20 = 30.9839, v91 = 72.7386 for the RR protocol; and Ly =
5.1303, L11 = 10.8831, Loy = 6.9282, Loy = 14.6969, 719 =
22.9436, v11 = 31.0978, v20 = 30.9839, v21 = 41.9956 for
the TOD protocol. By the detailed computation, we have that
p1 = 0.0501 and p = 0.0371 for RR and TOD protocols.
Hence, p; € (0, p;), and the event-triggered conditions are

Ti(ni, e5) = il (ep, e) |

Set ¢10(0) = ¢11(0) = 1.0956 and ¢20(0) = ¢21(0) =
0.8774 for the RR protocol case, and we have 77 = 0.0252,
A; = 0.0064, Tn = 0.01605, and Ay = 0.0029. Set
¢10(0) = ¢11(0) = ¢20(0) = (1521(0) = 1.0419 for the TOD
protocol case, and we have 77 = 0.02795, A; = 0.0067,
Ty, = 0.0211, and Ao = 0.0049. To simplify the simulation,
the transmission intervals and the transmission delays are con-
stants. Under the designed event-triggered condition (62), Figs.

— piXilni|* > 0. (62)

8 10
Time (t)

Fig. 6. Tracking errors under the mixed RR and TOD protocol case and the
ETMs (62), where 77 = T> = 0.015 and A1 = A = 0.003.

4-5 show the convergence and boundedness of the tracking
errors for both RR and TOD protocol cases, respectively. In
addition, different networks are allowed to have different time-
scheduling protocols. If the time-scheduling protocol in the
network 1 is the RR protocol and the time-scheduling protocol
in the network 2 is the TOD protocol, then Fig. 6 shows the
convergence of the tracking errors in this mixed protocol case.

B. Robust Distributed Estimation

Consider the following linear plant, which is borrowed from
[31] and can be treated as the leader agent,

ip = Az, + Bw, (63)
where z, = (x;,xﬁ,xg) € R? is the plant state, and w €

R? is the external disturbance. Assume that the plant (63)
has the oscillatory dynamics for (z} Ty, p) € R? and the trivial

dynamlcs for x € R. Therefore, we take A = {(1) 01 §]2 and
= diag{1,0. 5 —1}. The outputs of (63) are y = (yp,yp)

(Clil?p,CQIp) with Cl (1 1 0) and CQ (O 0 1)
According the outputs of the plant (63), we design two

observers, which can be treated as the follower agents and

assumed to be all-to-all connected, ie., Go = [9}]. These
two observers are design as the following form (: = 1, 2)
il = Azl 4+9;, 0, =0, yi=Cixl, (64)
with the update of ¥; € R? given by (k € ;)
OF = Jilye — vp) + Jiw (s — yb) + xa(xl — 2f). (69

Since (Cy, A) and (Cs, A) are not detectable, each follower
agent cannot estimate the full state of the plant by using
an observer without using the information from the other
follower agent. Hence, two observers in (64) are allowed to
communicate with each other to reconstruct the state xp.

To compare with [31], we choose the parameters in (65) as:

Jl = (_057 _027 —0. 1) J12 = (_O 2 —0. 2 —0. 5) J21 =
(02,03,08), J> = (~0.1,-05,02), and x; = x> = 0.4
Define n = LE ;Cp’ Z = yp — yp’ 0 = yo — yo’ '1)/)2 =

Ji(ys - Yp) + Jzk(yo - yp) + xi(zs — ) Vi, and e =
e — €. Note that y1,y2 € R, and thus ep =e, =€, =0 for
the successful transmission. Hence, we deﬁne the functlons
Vi = njni, Wi =[] and o(y;) = 0.5y7 for i = 1,2. By

the detailed computation, Assumption 4 is verified with \; =



Fig. 7. The state trajectories of (63)-(64) under the designed ETM (66). Here,

xp = (zg,;tg,:pg‘) and x? = (2l 222, 223), for i € {1,2}.

TABLE I
MASPS FOR TWO NETWORKS UNDER DIFFERENT pz/ﬁz
i/ pi 0 0.1 0.2 0.3 04 0.5
Ty | 05344 | 04781 | 04208 | 0.3634 | 0.3067 | 0.2511
T, | 07550 | 0.6418 | 0.5416 | 04518 | 0.3704 | 0.2962
i/ pi 0.6 0.7 0.8 0.9 1
T1 | 0.1971 | 0.1448 | 0.0945 | 0.0462 0
Ty | 02279 | 0.1648 | 0.1061 | 0.0514 0

Ao = 0; Assumption 5 is verified with L; = 1.8142, L, = 1.4,
Hy(z,e) := |C1]|(A+ J1C1 + xal)m + (J12C2 — x11)n2 +
Jized| +[xa|[(A+ (J1 = Jo1)Cr+ (x1 +x2) D) — (A+ (J2 —
J12)Ca+ (x1+x2) )12+ (J12 — Jg)e?) —¢2|, and Ho(z,e) :=
|Co|| (A4 JoCotx2D )02+ (J21 Crx2D)m+Ja1ed |+ x2| | (A+
(Jo— J12)Co+ (x1 + x2) 2 — (A+ (J1 — J21)C1 + (x1 +
x2)I)m + (Ja1 — J1)el —1b1|. Assumption 8 holds with p; =
0, = —04, uo = 6 = —0.2, v; = 1.7243, v, = 1.5045,
L1 =Ly =0, Kl(x,e) = 7710?01[(;]1202 — X1])772 +
Jleé + Jlgeg — ¢1]|, and Kg(a:,e) = ‘7720;02[(]2101 —
XoI)m +J2e2+ Jarel —1p5]|. Based on aforementioned values,
we have that p; = 0.5799 and ps = 0.6647. In addition, for
i =1,2 X €[0,1), p; € (0,p;), and the event-triggered
conditions are given by

L(ns, ek, i) = vilwil* — pidi| Cims|* = 0.

Obviously, different choices of X; and p; lead to different
event-triggered conditions. Under different values of p;, the
MASP T; is computed and illustrated in Table I.

From Table I, we choose p; = 0.2p; and set the MASPs
T) = 0.2 and T> = 0.4. Given the initial states x,(0) =
(1,1,1), z1(0) = (1,3,6), 22(0) = (-2,2,3.5), ¥1(0) =
(1,1,1), and 93(0) = (—1,—1,—1). In the PETC case, the
state trajectories of the plant and the observers are shown in
Fig. 7, which implies the convergence of the estimates z. =
(zd!, 2%, x3?) and 22 = (22,232, 23%) t0 x, = (zp, 25, 23).
Fig. 8 shows the evolution of the norms of two estimation
errors, and implies the convergence of the estimation errors.

Comparing with [27], [31] on time-triggered observers, the
distributed event-triggered observers are considered in our
setting. Note that the discrete-time LTI system is addressed
in [27] and that the sampling periods are the same for all
observers. On the other hand, even though the data in this
example would satisfy the conditions in [31], the MASPs here
are computed instead of given a priori. In addition, due to

(66)

|
5 [m21] ]

Norms of estimation errors
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Fig. 8. The evolution of the norms of the estimation errors.

the designed event-triggered condition (66), the numbers of
the event-triggering times are reduced, that is, 392 times for
the first observer and 204 times for the second observer (in
100 units of time), whereas the corresponding event-triggering
numbers are 500 and 250 in [31].

VIII. CONCLUSIONS

We presented a Lyapunov-based emulation approach for
the event-triggered tracking control problem of networked
MAS, where external disturbances are considered and the
information communication is via multiple asynchronous net-
works. To deal with the considered problem, we proposed a
new hybrid model, and then established sufficient conditions
and designed decentralized event-triggered mechanisms. The
tradeoff between the MASP and the MAD was determined to
guarantee the tracking performance. In addition, we showed
the direct employment of these obtained results to derive new
results for the event-triggered observer design problem for
networked MAS. The effectiveness of the proposed approach
was illustrated via two numerical examples.

Many extensions of the obtained results can be envisioned
in different directions. The results can be extended to the case
of LTI systems for the co-design of the event-triggering mech-
anisms and the decentralized controllers/observers. The event-
triggered tracking control for MAS under limited data rate can
be studied by modifying the derived model appropriately and
then combining the techniques in [16] and this paper.

APPENDIX A
EXPLICIT EXPRESSION IN (17a)

The functions in (17a) are presented below in detail.

1= fp(xwac + g, wp) - fp(xra s, wr)
= fp(n + xrvg«:(%) +ec +ur + e, wp)
— folae, ur + e, wr)
=: F,,(8,m, xr, ¢, €a, €r, €5, W),

where ¢ is a variable related to u¢ and/or it differential.

& = fol@e, e, we) = fi(@r, ur + e, wr)
=: F1(8,n, Tr, Tc, €, €, €1, W),

Te = fc(xcvgpagrvwc)
= fo(Te, gp(n + 1) + €p, ge(@0) + €0y W)
=: F.(6,n, Tr, T, €y, €, e, W),



€y =€p — €&
= —(Vgp(xp), fo(n + @1, ge(@e) + ec + us + er, wp))
+ (Vap(x:r), fo(@r, U + g, wr)),
—(Vge(ze), fe(we, gp(n + ) + €p, 9r(2:) + er,we)),

é €, — €
. _ |€n| _ |p .
€a = { ] = { . } =: Ga(0,n, Tr, Tc, €4, €, €5, W),
C

€c

ér = *<vgp(xr)a fp(xra us + ef, wr)>
= Gr(57 7y Ty T, €a, Er, Ef, w))
éf = _uf = Gf(67 7, Ty T, €a, Er, €f, w)

APPENDIX B
PROOFS OF MAIN RESULTS

A. Proof of Theorem 1

For X € C'U D UG(D), define the function as

(B.1)

with W;(X) = max{vip, dip, (T:)W3(es, mi, ki, b;), (1 —
bi)pipiv, (z:)} and ¢ € N, where ~;,, W; and @, are given
in Assumptions 3-4, and p; is given in (32). In the following,
we first show that U(X) is suitable Lyapunov function for the
system (18) (i.e., Steps 1-3), and then derive the convergence
of U(X) along the hybrid time line (i.e., Step 4).

Step 1: Positive Definiteness and Radial Unboundedness
of U(X). If b; = 1, then Wl(:f) = ’Yi1¢i1(7-i)Wi2(eia mi, Ki, 1)
and thus from (24) and (35), one has

Wi(X) = virhiod; (Jel]). (B.2)
If bl = 0, then WZ(:{) = max{’yio(bio(Ti)Wf(ei,mi, Iii,O),

piio(z;)}. From Assumption 6, ¢;, is locally Lipschitz
and positive definite and ;s (0) = 0. In addition, z; =

(ypvyr,uf? c) (gp( ) gp( ) uf7gc( c))’ where g;l)vgllg and

g¢ are continuous dlfferentlal Hence, there exits &; € K such
that ¢;p, (2;) < @;(|(x,€)|), and from (24) and (36),
Wi(%) < A rioad;(lei]) + pida(| (. e)]). (B.3)

From (B.2)-(B.3) and (29), there exist a1, as € Ko such that

ar(|(n; ea)]) < UX) < ao(|X]), (B.4)

where «i(v) = alv(v/Q) + Zl LYithiad;(v/2) and
Qs (v) = agv (v) + /L, N 7003, (v) + pidi (v)].

Step 2: Decreasing of U(X) on the Flow. From the
definition of U(X), we consider the following two cases.

Case 1: v, biv, (T:)WE(ei, m4, ki, bi) > pigin, (2:). For the
flow equation F in (20), we have!

(Vu(x ) F(X, w)) = (VV(2), f(6, 2, e, w))

(e’bumw K/’“ b’L)

+ Z Yib; ¢zb 7—7,)

=1
+ 275, Piv, (Ti) Wi(es, mi, K4, by)

X <8Wi(ei’m“m’bi) ,gi(&x’e’w)ﬂ

861'
N

< —pV (@) + Y [Ii(X) = 03, W7 (es,mi, ki, bi)],  (B.S)

i=1

where

I (X) := i, W7 (ei, ma, ki bi) — H, (z,€) —
— 0i(2:) + Cuiv, (lef]) + Ca, (I€]]) + Cain, (Jw])
+ Yiv, [~ 2Liv, Giv; (T:) — Yiv, (1 + 0iv, )3, (1) + 1))
x W2 (ei, mi, ki, bi) + 2%ip, Piv, (T7)
x Wi(es, ms, ki, bi) [Liv, Wi(es, mi, kg, b;)
+ Hpp, (z,€) + o1, (|€f]) + o2, (|€]) + o3, (|w])]
< —Hj (x,€) + Cuap, (lef]) + Coan, (|ef]) + Can, (J0])
+ Yiv, [—2Liv, Giv; (T:) — Yiv, (1 + 030, )03, (71)]
x W2 (es,mi, iy bi) + 2ib; Gin: (1) Wi(eq, ma, ki, by)
X [Lp, Wi(es, mi, ki, b;) + Hip, (z, €)]
+ 0ibi Vi, Do, (Ti) W7 (€3, M, i, by )
+ 305, 1073, (lef]) + 034, (ef]) + o33, (|w])]
< Cuin, (ef]) + Cav, (l€f]) + Cain, (Jw]) + 30,

% [0F i, (lei]) + o3, (lez]) + o3, (Jw])],

Ki(x7 €,m, ’lU)

(B.6)

where, the first “<” holds because of Assumptions 5-6, and
the second “<” holds due to the fact that 2ab < ca2 + [72/c
for all a,b > 0,¢ > 0. From (B.5)-(B.6), we have

N

*olzw ezvmuﬁwb)
i=1

+au(ler]) + a2(led) + as(|wl]), B.7)

(VU(X), F(X,w)) < —pV (z

where 6; = minzeN{’yZZl;\ﬂibi} and (v
1

) =
SN max{Crio(v) +3Qz_010-1310( ), Crir(v) + 3051 07 (v)}
with k € {1,2,3}.

Case 2: Vv, Giv, (7:) W7 (€, mis Kiy b;) < pipin, (2i). In this
case, the derivative of U(X) is given by

(VU(X), F(X,w))

= <VV(SC)7 f(6> Z,e, ’U))> + Z pi%bibi (Zz)

i=1

N
< —pV(z) + Y [i(X) = 03, W (es,mi, i, i), (B.8)
=1

WVU(%), F(%,w)) is used with a slight abuse of terminology since U is
not differential almost everywhere. This is justified by £; = b; = 0 in (20).



where
1:‘[1(:{) = ’YEbiWiQ(eia mi, Ki, bl) - Hz2b1 ($7 6) -

— i, (2) + Cuin, (lef]) + Cain, (|€X]) + Cain, (
+ pif/ibi@ib (2i) + Pszb (z,e) + pi K,

K, (z,e,w)
w)

(z,e,w)

+ piCaiv: (lef]) + piCsiv: (|€k]) + piCeiv; (Jw])
< %b W (€5, M4, Kiy bs) — win, (2i) + piLiv, in, (23)
— (1= py)[HE, (z,€) + Kip, (2, e, 0)]

(B.9)

W maxy, e (0,131C1ib,; (V) 4+ piCaiv, (v)},
Gi(v) = maxyeqo,1){Cin, (v) + piCsin,(v)} and
Gi(v) = maxy 0,131 (v) + piCeiv; (v)}.  Since
Yib,; Pib; (Ti)Wz(e“ml,m,b ) < piiv,(zi), we only need to
consider the case b; = 0, and have

+ Cuilles]) + Gailler]) + Cai(Jwl),
where (1;(v) =

VoWl (ei,mi, k5,0) < ¢i0' (7:)viopiio(zi)
< A Mviopigio(z:)
< (1 = piLio)pio(zi),
where, the second “<” holds from (36); the third “<” holds

clue to (33)-(34). From (B.9)-(B.10) and (33)-(34), we have
IT; (%) < C1(les]) + Ca(ler]) + C3(|w]). Therefore, we have

(B.10)

(VU(X), F(%,w)) < —uV(z —OQZW (eq, i, ki, ;)

=1

+ Ci(ler) + Ga(lexl) + Ca(lwl),

where 92 = minieN{Hio}, Cl(v) = Zz]il Ch‘(’l}), CQ('U) =
Zil Cai(v), and (3(v) := Zf\il C3i(v). Obviously, 05 > 6.

Step 3: Non-increasing of U(X) at Jumps. From the
definition of b;, we consider the following two cases.

Case 1: b; = 0. If the event-triggered condition is sat-
isfied, then ~v;oW2(e;, mi, ki, 0) > pz)\zgpzo(zz) combining
which with the fact that ¢;(7;) € [)\1,/\1 1 (see [17])
yields that ~;obi0 (i) W2 (ei, mi, ki, 0) > pigio(2i). There-
fore, Wi(X) = viobio (1) W2 (ei, mi, k4, 0) and

+ Z ’7zl¢11

+ 0431‘(|€f|) + a4i(|er|)]

N

2)+ > 7 (0)[(
=1

+(1+ 2951)(0431“@%\) +ad(ler])]

+ Z 710¢10 Tz

=1

=U(X) + as(les]) + aa(ler]),

where, ag(lef]) = 33Li(1 + 207" )y A oFi(ef]) and
as(le]) == Soim (14 205, )7\ T2, (|ei]). If the event-
triggered condition is not satisfied, then

(B.11)

U(G1(X)

617 m’m "<‘-‘Z7 0)

L+ 01)N2WE (e, my, ki, 0)

(B.12)

U(G1(X)

Jrzngoz (z) = U(X). (B.13)

7 (e, mi, ki, 0) + as(ler]) + da(fe

Case 2: b; = 1. In this case, U(X) = V(z) +
Zij\il ’Yz'1¢i1(7'i)W-2(€i7mi7 ki, 1) and G(X) = G2(%)

U(G2(X)) <

+ a5 (|ef]) +a6i(|6r|)]
N

+ Z%o@o Tz)[(l + QZO)W (6“ mi, ki, 1)

i=1
+(1+29Zol)(

+Z'YZO¢ZO Ti [ (ezamzvﬁzal)

silleil) + agi(ler]))]

+ Z ’Yzl(bzl Tz

=1
+ as(ler]) + aes(ler])
= U(X) + as(ler]) + as(|ex),
where the first “<” holds from Assumption 4, the second
“<” holds from the fact that 2ab < ca? + b%/c for all
a, b > 0,¢c > 0, the thlrd “<” holds from (29) as J\?d

i 1 (14 204 vioAi o3 (|efl). and a(le) -

2on )YioA; a61(|6r|)
Step 4: Convergence along the Hybrid Time Line. From

Steps 2 and 3, we have
(VU(X), F(X,w)) < —@U(X) + G (|ef])
+ Galex]) + Ga(lwl), (B.15)

U(X(tj,5 +1)) <UX(t5, 7)) + as(le]) + aalled),
(B.16)

where @ € (0, min{y, 01,62}), C(v) := max{Cx(v), 51 (v)}
with & € {1,2,3}, az(v) := max{az(v),as(v)}, and
ay(v) := max{ay(v), @g(v)}. Integrating (B.15)-(B.16) from
(0,0) to (t,7) in the hybrid time domain, one has

1
m[é&(\l@f\\(t,j))

+ Calllerll(t.5)) + was(llesll t.5))
+ wau(lledle,5)) + GUwll )],

where € := min;cpn{e;} and &; is given in Assumption 3.
From (B.4) and (B.17), we have

|(1(t,5), eat, 1))] < a7 ' (2¢” 7 ax(1X(0,0)])
+ai (@i lleclle.y) + Ca(lletll i) + Cs(8llwlle.p)),

where ¢i1(v) = (1 — e @) Yo 1G(w) + az(v)),
Cv) = (1 — e @) Yo 1GwW) + as(v)) and
C(v) = (1 — e @)~ lw1¢3(v). Thus, the system
(18) is ISS from (e, er,w) to (n,e,) with S(v,t,j) =
e =0000,0), () = o (),
Yo (v) := a7 }(8¢2(v)), and y3(v) := a7 *(8¢3(v)), where the
definition of 3 comes from the fact that ¢ > €5 (see [40]).

(elvmla KJZ? 1)

(B.14)

U(X(t, 7)) < e ='U(X(0,0)) +

(B.17)

B. Proof of Theorem 2

For all X € C U D U G(D), define the Lya-
punov function U(X) := V(z) + W(X) with W(X) :=
max{y,¢p(T)W?2(e,m, k,b), (1 — b)pV(z)}. Similar to the
proof of Theorem 1, there exist oy, s € Ky such that (B.4)
holds for all X € CU D UG(D).



Consider the evolution of U(X) on the flow. If (44), azw(v) :=71¢1(0)(1 + 207 a2y, (v), and auw (v) :=
Yo bu (T)W?2(k, ) > pV (), then we have from (39)-(40) that ;¢ (0)(1 + 207 ')y, (v). For the case b= 1,
(VU(X), F(X,w)) < —uV (z) — OW?(e,m, k,b) + II(X), U(G2(X)) = 1+ p)V(z) = U(X). (B.21)
For the case that b = 1, we have
U(G1(X)) < V(2) + y0d0(T)[W (e, m, k,1) + asw (|ex])
+ aew (Je)]?
< V(@) +7000(m)[(1 + 00)W?(e,m, 5, 1)

where

H(x) = *ngQ(e,m, Ky b) - H62<x7 6) + Clb(|6f|) + C2b(|€r‘)
+ G (Jwl]) + 7 [~2Lpgu(7)
— (14 0v) 93 (7) + 1)]W?(e,m, k,b)

—1y/,.2 2
2060 ()W (e, 5,5) LW (e, m. 5,5) + Hi(a. ) + {1+ 205 ) {Jedl) + ag (]
<V(z)+ W2(e,m, k, 1
+ on(lei) + omled) + o) = Vie) + man)Wem. 1)
< —(Hi(z,e) — ()W (e, m, k,b))? ;(O;S;Mile_f) —aaT)W_ile_r) (el) (B.22)
= a e a ed), .
+ Cin(les]) + Can(lex]) + Can(|w]) WA ow
_ T_ 1 _
+ 305 o2 lexl) + o2y lee) + o2, (). whete, @y (1) /= 703~ (1-+ 205 Jadyy (v) and g (v) =
A1+ 205 agy (v).
where, “<” holds due to the fact that 2ab < ca® + b/c for The remaining is the similar to the proof of Theorem 1, and
all a,b > 0,c¢ > 0. Hence, thus the system (18) is ISS from (e, e, w) to (7, €,).
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