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Abstract— We propose a distributed control strategy to allow
the control of a multi-agent system requiring k-hop interactions
based on the design of distributed state and input observers.
In particular, we design for each agent a finite time convergent
state and input observer that exploits only the communica-
tion with the 1-hop neighbors to reconstruct the information
regarding those agents at a 2-hop or more distance. We then
demonstrate that if the k-hop based control strategy is set-Input
to State Stable with respect to the set describing the goal, then
the observer information can be adopted to achieve the team
objective with stability guarantees.

I. INTRODUCTION

A multi-agent system consists of multiple autonomous
agents, each with individual goals, capabilities, and decision-
making processes, that interact to achieve collective or
individual objectives. Their advantages in redundancy and
flexibility over single-agent systems have led to extensive
research over the years, particularly due to their ability to
perform multiple simultaneous actions [1]–[4]. The main
drawback compared to single-agent systems is the increased
complexity in coordination and communication. Without
centralized memory, agents rely on local 1-hop neighbor
information, even though goals depend on the global sys-
tem state. For this reason, when communication is limited,
allowing agents to estimate state of agents beyond their 1-hop
neighborhood can improve the overall system performance.

Several works concerning distributed state estimation in
network systems are available in the literature [5]–[7]. In [5],
a decentralized observer for a system of agents with discrete-
time dynamics is proposed, where knowledge of the model
and local information are exploited to estimate the plant
state by means of a consensus based filter. In [6] instead,
an asymptotic observer in which each agent estimates the
global state by exploiting the communication interaction with
its 1-hop neighbors is proposed. The main drawback of
these approaches is the need to estimate the entire system
state, irrespective of the specific information required by
each agent. As a result, in large-scale network applications
where agents may only require partial information about the
global state, these approaches become difficult to implement
due to their poor scalability with respect to the number of

This work was supported in part by the Wallenberg AI, Autonomous
Systems and Software Program (WASP) funded by the Knut and Alice
Wallenberg (KAW) Foundation, the Horizon Europe EIC project SymAware
(101070802), the ERC LEAFHOUND Project, and the Swedish Research
Council (VR), and Digital Futures.

Tommaso Zaccherini, Siyuan Liu, and Dimos V. Dimarogonas
are with the Division of Decision and Control Systems, KTH
Royal Institute of Technology, Stockholm, Sweden. E-mail:
{tommasoz,siyliu,dimos}@kth.se.

agents. Alternative approaches rely on the decomposition of
the network into subsystems with local controllers where
the information exchange between subsystems may or not
be allowed as in [8] and [9], respectively. Other results
regarding decentralized observers include [10], where dis-
tributed Kalman filters are adopted, [11] where both linear
and nonlinear interconnected systems are considered and
[12], which introduces a distributed, finite-time convergent
k-hop observer where each agent in the network only needs
to communicate with its 1-hop neighbors to estimate its own
state and input, as well as those of the agents which resides
up to k-hops away.

This paper is inspired by the k-hop observer-based dis-
tributed control strategy proposed in [12]. By the observation
that each agent in the network knows its own state and input
and may be able to receive those of its 1-hop neighbors
through communication, we develop a distributed observer
by restricting the estimation only to the state and input of
those agents which are 2-hop distant or more. Compared to
the work in [12], our results increase the speed of conver-
gence of each agent’s observer estimation by exploiting the
value, provided by the common 1-hop neighbors, of the state
of those elements that are 2-hop distant. In particular, we
propose a finite time k-hop distributed observer for nonlinear
systems where each agent estimates the state and the input
of the agents 2-hop or more distant, by interacting only with
the agents belonging to its 1-hop neighborhood. Moreover,
we show that under a bounded input, the state observer
convergence results to be independent of the input observer
dynamics. We also show that by adopting a set-ISS feedback
control law it is possible to exploit the state estimation
information to drive the system towards an equilibrium rep-
resenting the team objective. Furthermore, given the reduced
number of estimates that each observer needs to update
compared to those in [12], the proposed solution results more
scalable while dealing with large-scale networks.

The paper is organized as follow: Section II presents
the preliminaries and the problem setting. Section III and
Section IV respectively propose the results concerning the
k-hop distributed state and input observers. In Section V we
introduce the feedback control structure and provide the con-
ditions that guarantee the convergence of a k-hop estimation-
based feedback controller towards the team objective. In
Section VI we provide a simulation result to demonstrate the
convergence towards the goal when k-hop estimation is used
in the feedback controller, and in Section VII we provide
final remarks and future work.



II. PRELIMINARIES AND PROBLEM SETTING

Notation: We denote by R and R≥0 the set of real
and non-negative real numbers, respectively. Let |S| be the
cardinality of a set S, Rn be an n-dimensional Euclidean
space and Rn×m be a space of real matrices with n rows and
m columns. Denote by In the identity matrix of size n and by
1n the vector of ones of size n. Given a matrix B ∈ Rn×n,
we represent with λi(B), λmin(B) and λmax(B) respectively
the i-th, minimum and maximum eigenvalues belonging to
the spectrum σ(B) of matrix B. Given a positive definite
matrix B = B⊤ ≻ 0 and a vector x ∈ Rn, ∥x∥B =√
x⊤Bx, with the convention ∥x∥ = ∥x∥I . Additionally,

∥x∥1 =
∑n

i=1 |xi|. Given a matrix B, we use B ≺ 0 to
denote that B is negative definite. Let diag(a1, . . . , an) be
the diagonal matrix with diagonal elements a1, ..., an and
let ⊗ be the Kronecker product. We represent with sign(x)
the non-smooth function defined as: sign(x) = 1 if x ≥ 0
and sign(x) = −1 if x < 0. Given the presence of the
sign(·) function in the observers’ dynamics, non-smooth
analysis is required to study their convergence. For this
purpose, as in [13, (1.2a)], we denote by K[f ] : Rm →
Rm the set-valued map of a measurable, locally bounded
function f(y) : Rm → Rm, i.e. the function defined
as K[f ](y) :=

⋂
δ>0

⋂
µ{M}=0 co{f(B(y, δ)/M)}, where

B(y, δ) denotes the ball of radius δ centered at y, ∩µ{M}=0

the intersection over all sets M of Lebesgue measure zero,
B(y, δ)/M the set difference between B(y, δ) and M and co
the convex closure. Moreover, we further define ∥K[f ]∥ =
supz∈R(K[f ])∥z∥, where R(K[f ]) =

⋃
y∈Rm K[f ](y). We

use notations K and KL to denote the different classes
of comparison functions, as follows: K = {γ : R≥0 →
R≥0 : γ is continuous, strictly increasing and γ(0) = 0};
KL= {β : R≥0× R≥0 → R≥0 : for each fixed s, the map
β(r, s) belongs to class K with respect to r and, for each
fixed nonzero r, the map β(r, s) is decreasing with respect
to s and β(r, s) → 0 as s→ ∞}.

A. Multi-agent systems

Consider a multi-agent system composed of a set of n
interacting agents V = {1, 2, . . . , n}. Suppose each agent
i ∈ V behaves according to the nonlinear dynamics:

ẋi(t) = f(xi) +Axi + ui, (1)

where xi ∈ X ⊂ RN with X denoting the state space,
A ∈ RN×N , f : RN → RN is a Lipschitz nonlinear
function with Lipschitz constant lf and ui ∈ U ⊂ RN

is a measurable and essentially locally bounded function
satisfying Assumption 1.

Assumption 1: One of the following conditions holds:
1) ui is bounded with known upper bound dui

∈ R≥0 for
all i ∈ V .

2) The derivative K[u̇i](·) is bounded with known upper
bound du̇i

∈ R≥0 for all i ∈ V .
Furthermore, denote with x and u the stacked vector of
agents’ state and input:

x =
[
x⊤1 , . . . , x

⊤
n

]⊤
, u =

[
u⊤1 , . . . , u

⊤
n

]⊤
. (2)

B. Communication graph

Let the communication capabilities among the agents be
described by an undirected graph G = (V, E), where V is the
set of nodes and E ⊆ V ×V is the set of edges representing
the set of established communication among the agents.

Define a path between agent i ∈ V and j ∈ V as the set
of non-repeating edges through which j can be reached by i.
Under this definition, a k-hop path between agents i, j ∈ V
is a path involving k edges from i to j.

Denote with N k-hop
i the set of k-hop neighbors of agent

i ∈ V , i.e., the set of nodes j ∈ V for which there exists a
p-hop path from j to i with 2 ≤ p ≤ k. Moreover, indicate
the elements of this set with N k-hop

i = {ni1, . . . , ni
ηi
}, where

each nij with j ∈ {1, . . . , ηi} is the global index of the j-th
k-hop neighbor of i and where ηi = |N k-hop

i | represents its
cardinality. For brevity, we indicate with Ni the set of 1-hop
neighbors of agent i ∈ V .

Denote with xi and ui the vectors containing respectively
the state xj and input uj of the agents j ∈ N k-hop

i :

xi =
[
x⊤ni

1
, . . . , x⊤ni

ηi

]⊤
, ui =

[
u⊤ni

1
, . . . , u⊤ni

ηi

]⊤
(3)

and let:

x̂i =
[
x̂i ⊤
ni
1
, . . . , x̂i ⊤

ni
ηi

]⊤
, ûi =

[
ûi ⊤
ni
1
, . . . , ûi ⊤

ni
ηi

]⊤
(4)

be the vectors containing their estimate carried out by the
agent i, i.e. x̂ij and ûij are the estimates of the state xj and
input uj of agent j ∈ N k-hop

i done by i. Furthermore, denote
with x̃i and ũi the estimation errors:

x̃i = xi − x̂i, ũi = ui − ûi. (5)

Indicate with xi and ui the vectors defined as
xi = 1ηi

⊗ xi, ui = 1ηi
⊗ ui and denote with x̂i and

ûi the stacked vector estimates of xi and ui computed by
each of the agents j ∈ N k-hop

i :

x̂i =

[
x̂
ni
1⊤

i , . . . , x̂
ni
ηi

⊤
i

]⊤
, ûi =

[
û
ni
1⊤

i , . . . , û
ni
ηi

⊤
i

]⊤
. (6)

Similar to (5), we can define the estimation errors on x̂i and
ûi, computed by all j ∈ N k-hop

i as:

x̃i = xi − x̂i, ũi = ui − ûi. (7)

For each i ∈ V , denote with P̂i the matrix selecting the
states estimated by agent i, i.e. xi = P̂ix, where P̂i =
P̂i ⊗ IN and P̂i = [eni

1
eni

2
. . . eni

ηi
]⊤ is a ηi × n binary

matrix where each ej with j ∈ N k-hop
i is a vector with all

zeros except from the j-th element which is equal to 1. In
a similar way, let Pi be the |Ni| × n matrix selecting the
components of the states of the 1-hop neighbors of agent i.

Example 1: Consider a network of 4 agents communicat-
ing according to the graph in Fig. 1. Suppose N = 1 and k =
3. Denote the global state with x = [x1, x2, x3, x4]

⊤. Then,
the set of 3-hop neighbors of agent 1 is N 3-hop

1 = {n11, n21} =

{3, 4}, x̂1 =
[
x̂13 x̂14

]⊤
, x̂1 =

[
x̂31 x̂41

]⊤
, P̂1 =[

0 0 1 0
0 0 0 1

]
and P1 =

[
0 1 0 0

]
.



Fig. 1: Example for a path communication graph and k=3.

Suppose the following hold for the communication graph:
Assumption 2: Each i ∈ V knows which are the agents

belonging to Ni and N k-hop
i .

Assumption 3: Each agent i ∈ V has access and can
propagate at each time instant the state and input of the
agents j ∈ Ni to its 1-hop neighbors Ni.

Note that, while the last assumption on the state is
reasonable if we consider sensing capabilities of the agents,
the one on the input requires the communication to be fast
enough with negligible time delays.

With the given notation, the first problem is formalized as:
Problem 1: Design a finite-time convergent distributed

observer such that there exists Tx,i > 0 for which ∥x̃i(t)∥ =
0 for all t ≥ Tx,i and all i ∈ V .

III. DISTRIBUTED k-HOP STATE OBSERVER

In this section a finite-time distributed observer to solve
Problem 1 is introduced. For this purpose, assume that the
state estimate x̂i is updated following (8):

˙̂xi = f(x̂i) +Aix̂i +ΩiGiξi +Θisign(Giξi) + ûi

ξi =
∑
j∈Ni

[P̂i(−P̂⊤
j P̂jP̂

⊤
i x̂i + P̂⊤

i P̂iP̂
⊤
j x̂j)+

+ P̂i(−P⊤
j PjP̂

⊤
i x̂i + P̂⊤

i P̂iP
⊤
j Pjx)],

(8)

where f(x̂i) =
[
f⊤(x̂i

ni
1
) . . . , f⊤(x̂ini

ηi

)
]⊤

, Ai = Iηi
⊗ A,

Ωi = Ωi ⊗ IN ,Θ
i = Θi ⊗ IN and Gi = Iηi ⊗G with:

Ωi = diag(ωni
1
, . . . , ωni

ηi
) , Θi = diag(θni

1
. . . , θni

ηi
), (9)

ωj ∈ R≥0 and θj ∈ R≥0 observer parameters to be tuned
for all j ∈ V and where G ∈ RN×N is a positive symmetric
matrix to be designed. In (8), each agent i ∈ V updates
its state estimate x̂i of all l ∈ N k-hop

i based on the real
state information xl transmitted by the agents j ∈ Ni ∩Nl :
P̂i(−P⊤

j PjP̂
⊤
i x̂i + P̂⊤

i P̂iP
⊤
j Pjx) and on the estimation

x̂jl shared by those j ∈ Ni ∩ N k-hop
l : P̂i(−P̂⊤

j P̂jP̂
⊤
i x̂i +

P̂⊤
i P̂iP̂

⊤
j x̂j) .

Remark 1: Since for any graph G and any value of k
it is always possible to find a full rank permutation matrix
T of proper dimension such that

[
(x̃1)⊤, . . . , (x̃n)⊤

]⊤
=

T
[
x̃⊤
1 , . . . , x̃

⊤
n

]⊤
, the convergence of x̃i(t) as per (7) im-

plies the one of x̃i(t) as per (5).
As a result, Problem 1 can be reformulated as:

Problem 2: Design a finite-time convergent distributed
observer such that there exists Tx,i > 0 for which ∥x̃i(t)∥ =
0 for all t ≥ Tx,i and all i ∈ V .

Denote with x̃li and ũli the l-th component of vectors x̃i

and ũi, i.e., the estimation errors on the i-th agent state and
input when the estimate is performed by agent l ∈ N k-hop

i

and define with ξli the update, associated to ξl in (8), on the

estimation of the i-th agent state done by agent l. Then, from
˙̂xl, (1) and (7), the dynamics of x̃li results into:

˙̃xli = f̄(x̂li) +Ax̃li − ωiGξ
l
i − θisign(Gξli) + ũli,

ξli =
∑

k∈(Nl∩Nk-hop
i )

(x̃li − x̃ki ) +
∑

k∈(Nl∩Ni)

x̃li, (10)

where f̄(x̂li) = f(xi)− f(x̂li).

By defining the vector ξi :=
[
(ξ

ni
1

i )⊤, . . . , (ξ
ni
ηi

i )⊤
]⊤

:

ξi =
(
(Lkc

i +Hkc
i )⊗ IN

)
x̃i = (M kc

i ⊗ IN )x̃i, (11)

where Lkc
i is the Laplacian matrix of the sub-graph Gi =

(N k-hop
i , Ei) induced by the k-hop neighbors of agent i, with

Ei = {(p, q) ∈ E : {p, q} ∈ N k-hop
i } [1, pp. 24], Hkc

i =

diag
(
|N

ni
1
∩Ni|, . . . , |Nni

ηi

∩Ni|
)

and Mkc
i is defined as:

M kc
i = Lkc

i +Hkc
i . (12)

By means of the mixed-product property of the Kronecker
product in [14] and (11), the vector form of (10) results into:

˙̃xi = (f(xi)− f(x̂i)) + (Ai − ωi(M
kc
i ⊗G))x̃i+

− θisign((M kc
i ⊗G)x̃i) + ũi,

(13)

where f(x̂i), A
i, G, ωi and θi come from the dynamics in

(8), and f(xi) = 1ηi
⊗ f(xi).

Lemma 1: Consider an undirected graph G = (V, E). If
G is connected, |Ni ∩ N k-hop

j | > 0 or |Ni ∩ Nj | > 0 for
all j ∈ V and all i ∈ N k-hop

j . Furthermore, for all j ∈ V
and for each connected component in the sub-graph Gj =

{N k-hop
j , Ej}, there exists at least one agent i ∈ N k-hop

j for
which |Ni ∩N k-hop

j | > 0 and |Ni ∩Nj | > 0.
Proof: The first part of Lemma 1 can be proved by

contradiction. Assume there exists j ∈ V and i ∈ N k-hop
j

such that |Ni∩N k-hop
j | = 0 and |Ni∩Nj | = 0. If |Ni∩Nj | =

0 and i ∈ N k-hop
j , agent i is connected to agent j by means

of a path of length l > 2. This implies that |Ni∩N k-hop
j | ≠ 0,

which however results to be in contradiction with the initial
assumption. In a similar way, |Ni ∩ N k-hop

j | = 0 and i ∈
N k-hop

j implies that agent i is connected to j by means of a
path of length 2. Therefore, there must exist an agent k ∈
Ni ∩Nj , which contradicts |Ni ∩Nj | = 0.

To prove the second statement, suppose by contradiction
that for an agent j ∈ V , all i in a connected component of
Gj = (N k-hop

j , Ej) are such that |Ni ∩Nj | = 0. This implies
that there does not exist a l-hop path, with l ≤ k, between i
and j, which contradicts the assumption i ∈ N k-hop

j .
Lemma 2: Consider an undirected graph G = (V, E). If

G is connected, M kc
i ≻ 0 for all i ∈ V with N k-hop

i ̸= ∅.
Proof: Since M kc

i is the sum of two real positive semi-
definite symmetric matrices (12), it results to be Hermitian
[15, Def. 4.1.1]. Therefore, according to [15, Corollary
4.3.12], its eigenvalues satisfy λj(L

kc
i ) ≤ λj(M

kc
i ) for all

j ∈ {1, . . . , ηi}, with equality for some j if and only if Hkc
i is

singular and there exists a nonzero vector x such that Lkc
i x =

λj(L
kc
i )x, Hkc

i x = 0 and M kc
i x = λj(M

kc
i )x. Since Lkc

i is



the Laplacian matrix of the sub-graph Gi = (N k-hop
i , Ei),

its smallest eigenvalue is equal to zero and the algebraic
multiplicity of the null eigenvalue is related to the number
of connected components in the graph Gi. For this reason,
since the eigenvectors associated to the zero eigenvalue of
Lkc
i represent a base for the null space of Lkc

i , the positive
definiteness of M kc

i is directly guaranteed if none of the
vectors in the null space of Lkc

i is orthogonal to Hkc
i . In this

case indeed, from [15, Corollary 4.3.12], 0 < λj(M
kc
i ) for all

j ∈ {1, . . . , ηi}. Since Lkc
i represents the Laplacian matrix

of a graph characterized by several connected components,
each eigenvector associated with the zero eigenvalue belongs
to the span of the vectors of ones representing the consensus
among the agents of the connected sub-graphs. Therefore,
since for Lemma 1 each connected component has at least
one associated non-zero element in the diagonal matrix Hkc

i ,
none of the eigenvectors of Lkc

i is orthogonal to Hkc
i , leading

to the strict inequality 0 < λj(M
kc
i ) for all j ∈ {1, . . . , ηi},

and therefore to the positive definiteness of the matrix M kc
i

defined as in (12).
Lemma 3: Consider matrices Ai and M kc

i as per (8) and
(12), respectively. Assume (14), (15) holds, i.e.:

ωi ≥
1

λmin(M
kc
i )

(
1 +

lf∥(M kc
i ⊗G)∥

λmin(M
kc
i )λmin(G⊤G)

)
, (14)

G⊤A+A⊤G− 2G⊤G ≺ 0. (15)

Then:

(M kc
i ⊗G)(Ai −ωi(M

kc
i ⊗G)) + lf∥(M kc

i ⊗G)∥INηi
≺ 0.
(16)

Proof: Given the positive definiteness of the sym-
metric matrix M kc

i , it is always possible to find a matrix
Ti ∈ Rηi×ηi with respect to which M kc

i can be written as
TiΛ

kc
i T

⊤
i = M kc

i , where Λkc
i = diag(λ1, . . . , ληi

) and λj =
λj(M

kc
i ) for all j ∈ {1, . . . , ηi} [15]. By replacing M kc

i =
TiΛ

kc
i T

⊤
i in the term (M kc

i ⊗G)(Ai−ωi(M
kc
i ⊗G)) in (16), it

results (TiΛkc
i T

⊤
i ⊗G)Ai−ωi(TiΛ

kc
i T

⊤
i ⊗G)(TiΛkc

i T
⊤
i ⊗G).

Since for matrices A, B, C and D of proper dimensions
(A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD) holds, Ai, INηi

and
(TiΛ

kc
i T

⊤
i ⊗ G) can be rewritten as Ai = (Ti ⊗ IN )(Iηi ⊗

A)(T⊤
i ⊗IN ), INηi = (Ti⊗IN )(T⊤

i ⊗IN ) and (TiΛ
kc
i T

⊤
i ⊗

G) = (Ti ⊗ IN )(Λkc
i ⊗G)(T⊤

i ⊗ IN ). By introducing these
formulations in (16), after some manipulation it results:

(Ti ⊗ IN )[(Λi ⊗GA)− ωi(Λ
2
i ⊗G⊤G)+

+lf∥(M kc
i ⊗G)∥INηi

](T⊤
i ⊗ IN ) ≺ 0,

(17)

whose validity can be studied by neglecting the outer terms
Ti ⊗ IN and T⊤

i ⊗ IN . Then, since [(Λi ⊗GA)− ωi(Λ
2
i ⊗

G⊤G) + lf∥(M kc
i ⊗ G)∥INηi

] is a block diagonal matrix
with elements λj

(
G⊤A− ωiλjG

⊤G+
lf∥(M kc

i ⊗G)∥
λj

IN

)
, to

prove (17) it suffices to prove:

λj

(
G⊤A− ωiλjG

⊤G+
lf∥(M kc

i ⊗G)∥
λj

IN

)
≺ 0, (18)

for all eigenvalues λj ∈ σ(M kc
i ). In this regard, if ωi is

tuned as in (14), the positive term lf∥(M kc
i ⊗G)∥
λj

IN in (18) is

dominated and since, from Lemma 2, λj > 0 for all j ∈
{1, . . . , ηi}, (18) is satisfied for all λj ∈ σ(M kc

i ) if G⊤A−
G⊤G ≺ 0. For this reason, since the negative definiteness
of G⊤A−G⊤G follows from its symmetric part 1

2 (G
⊤A+

A⊤G−2G⊤G) [15, pp. 231], to guarantee (18), and therefore
(16), it suffices to design ωi and G as in (14) and (15).

Remark 2: The existence of a matrix G that satisfies
(15) is guaranteed by assuming (A, IN ) stabilizable and
observable [16, Th. 2].
By Lemma 3, the convergence of the state estimation can be
stated in Theorem 1.

Theorem 1: Consider the multi-agent system (1) with
connected graph G and distributed state observer (8). For
i ∈ V , consider the error dynamics in (13) and assume that
∥K[ũi]∥ is bounded by dũi

. Then, x̃i(t) as per (7) reaches
the origin in finite time Tx,i > 0 given that the gain θi as
per (9) is tuned such that:

θi >
λmax(M

kc
i )λmax(G)

λmin(M
kc
i )λmin(G)

dũi
, (19)

and that ωi and G are designed so that conditions (14) and
(15) in Lemma 3 hold. Furthermore:

Tx,i ≤
λmax(M

kc
i )λmax(G)

ϕi
∥x̃i(0)∥ (20)

with:

ϕi = θiλmin(M
kc
i )λmin(G)− ∥(M kc

i ⊗G)∥∥K[ũi]∥. (21)
Proof: Since the proposed observer and the error

dynamics are discontinuous, non-smooth analysis must be
used to prove the finite-time convergence of (13) [13], [17].

Consider the following candidate Lyapunov function:

Vi(x̃i) =
1

2
x̃⊤
i (M

kc
i ⊗G)x̃i. (22)

Given the continuous differentiability of (22), its time
derivative satisfies V̇i(x̃i)

a.e.∈ V̊i(x̃i), where the general-
ized derivative V̊i(x̃i) assumes the expression V̊i(x̃i) =
∇Vi(x̃i)

⊤K[ ˙̃xi](x̃i, ũi), where ∇Vi(x̃i) denotes the gradi-
ent of Vi(x̃i). By introducing (13) and the gradient expres-
sion, after some manipulations resulting from properties of
the Kronecker product and of the set-valued map K[ ](·)
[13, Th. 1], V̊i(x̃i) can be rewritten as V̊i(x̃i) ⊂ x̃⊤

i (M
kc
i ⊗

G) (f(xi)− f(x̂i))+x̃⊤
i (M

kc
i ⊗G)(Ai−ωi(M

kc
i ⊗G))x̃i−

θi∥(M kc
i ⊗G)x̃i∥1+ x̃⊤

i (M
kc
i ⊗G)K[ũi]. Then, by noticing

∥(M kc
i ⊗G)x̃i∥1≥∥(M kc

i ⊗G)x̃i∥≥λmin(M
kc
i )λmin(G)∥x̃i∥

and that Lemma 3 holds due to the validity of (15) and
(16), i.e. x̃⊤

i [(M
kc
i ⊗G)(Ai − ωi(M

kc
i ⊗G)) + lf∥(M kc

i ⊗
G)∥INηi

]x̃i ≤ 0 for all x̃i ∈ RNηi , the generalized
derivative of the Lyapunov function can be upper bounded
by:

V̊i(x̃i) ≤ −ϕi∥x̃i∥, (23)

where ϕi is defined as per (21). Then, if θi is designed
according to (19), ϕi results to be strictly positive, thus
proving the convergence of (13).

By recalling the definition of the Lyapunov function in
(22), Vi(x̃i)

1
2 ≤

√
1
2λmax(M

kc
i )λmax(G)∥x̃i∥, from which



(23) results into V̊i(x̃i) ≤ −Vi(x̃i)
1
2

ϕi

√
2√

λmax(M kc
i )λmax(G)

. By

solving this inequality with respect to time, we can compute
the upper bound on the convergence time, i.e. Tx,i ≤
λmax(M

kc
i )λmax(G)
ϕi

∥x̃i(0)∥, which guarantees the finite time
convergence of (13) [18].

Given the equivalence between Problem 1 and Problem 2,
the following can be stated from Theorem 1:

Corollary 1: Consider the multi-agent system (1) with
connected graph G and distributed state observer (8). Under
Assumption 1, ∥x̃i(t)∥ ≤ ∥x̃i(0)∥ for all t ≥ 0 and i ∈ V .
Furthermore, there exists a Tx > 0 such that ∥x̃i(t)∥ = 0
for all t > Tx with Tx = maxi∈V{Tx,i}.

Proof: Given Theorem 1 and the equivalence between
the convergence of x̃i(t) and x̃i(t) from Remark 1, there
exists a time Tx,i, for all i ∈ V , that satisfies ∥x̃i(t)∥ = 0
for all t > Tx,i. As a result, for every t > Tx with Tx =
maxi∈V{Tx,i}, ∥x̃i(t)∥ = 0 for all i ∈ V .

IV. DISTRIBUTED k-HOP INPUT OBSERVER

In this section, we present a finite-time distributed input
observer to allow each agent i ∈ V to estimate the input
of all j ∈ N k-hop

i , i.e. ûi(t) as per (4). For this purpose,
consider the following dynamics for the input estimations:

˙̂ui = Πisign(ρi)

ρi =
∑
j∈Ni

[P̂i(−P̂⊤
j P̂jP̂

⊤
i ûi + P̂⊤

i P̂iP̂
⊤
j ûj)+

+ P̂i(−P⊤
j PjP̂

⊤
i ûi + P̂⊤

i P̂iP
⊤
j Pju)],

(24)

where Πi = Πi ⊗ IN , Πi ∈ Rηi×ηi is a diagonal matrix
of the form Πi = diag(πni

1
, . . . πni

ηi
), and πni

j
∈ R≥0 with

j ∈ {1, . . . , ηi} is a design parameter to be tuned. Similarly
to the state estimation case, the convergence of the input
estimation error ũi can be equivalently formulated in terms
of ũi. Starting from (24) and following similar manipulations
to those performed for the state observer from (10) to (13),
the estimation error dynamics on the i-th agent input results
into:

˙̃ui = u̇i − πisign((M kc
i ⊗ IN )ũi), (25)

with M kc
i defined as in (12). Then, the convergence behavior

of (25) can be formulated as in Theorem 2.
Theorem 2: Consider the multi-agent system (1) with

connected graph G and distributed input observer (24). For
i ∈ V , consider the error dynamics in (25) and assume that
∥K[u̇i]∥ is bounded by du̇i as per Assumption 1. Then, ũi

reaches the origin in finite time Tu,i > 0 given that the gain
πi is tuned such that πi >

λmax(M
kc
i )

λmin(M kc
i )

√
ηidu̇i . Furthermore:

Tu,i ≤
λmax(M

kc
i )

ψi
∥ũi(0)∥, (26)

with ψi =
[
πiλmin(M

kc
i )− ∥(M kc

i ⊗ IN )∥√ηidu̇i

]
.

Proof: The proof follows similar reasoning as the one
of Theorem 1 with Vi(ũi) =

1
2 ũ

⊤
i (M

kc
i ⊗ IN )ũi and is not

reported here due to space limitation.
Given the relation between ũi and ũi, resulting from similar
reasoning as the one in Remark 1, ũi satisfies Corollary 2.

Corollary 2: Consider the multi-agent system (1) with
connected graph G and distributed input observer (24). Under
Assumption 1, ∥ũi(t)∥ ≤ ∥ũi(0)∥ for all t ≥ 0 and all i ∈ V .
Furthermore, there exists a Tu > 0 such that ∥ũi(t)∥ = 0
for all t > Tu, with Tu = maxi∈V{Tu,i}.

Remark 3: Note that similarly to the matrix Mi in [12],
M kc

i is positive definite. However, thanks to the smaller
number of required estimations, the spectrum of M kc

i results
to be improved in term of estimation requirements. Given
the smaller maximum and the higher minimum eigenvalues
indeed, the convergence time and observer parameters are
smaller compared to those in [12].

Consider for example the graph in Fig. 1 with k = 3. Since
the eigenvalue of a scalar is unique and is the scalar itself,
and given the matrices definition in [12, (45)] and (12), M2,
M kc

2 and their eigenvalues are:

M2 =


1 −1 0 0
−1 3 0 −1
−1 0 2 −1
0 0 −1 1

 , M kc
2 = 1, (27)

λmin(M2) = 0.17, λmax(M2) = 3.96 and λmin(M
kc
2 ) =

λmin(M
kc
2 ) = 1. As a result, thanks to the smaller maximum

and to the bigger minimum eigenvalues, for fixed θ2, π2, G
and ∥K[ũ2]∥, (20) and (26) prove smaller time convergence
upper bounds compared to those obtained in [12].

V. k-HOP ESTIMATION-BASED FEEDBACK CONTROLLER

The k-hop distributed observer presented in the previous
sections allows the control of each agent i ∈ V by indirect
exploitation of the state of those agents j ∈ N k-hop

i . Although
Corollaries 1 and 2 prove the convergence of the two
observers, additional analysis needs to be performed for
the composite behavior. For this purpose, in Lemma 4 we
present the behavior of the k-hop estimation-based closed-
loop controller.

Lemma 4: Consider the multi-agent system (1) with con-
nected graph G and distributed state and input observers
(8) and (24). Under the assumption ∥K[u̇i]∥ ≤ du̇i

for
all i ∈ V , there exists a Tu > 0 and X > 0 such that
∥x̃i(t)∥ < X for all t > Tu, with Tu = maxi∈V{Tu,i}
and X = maxi∈V

{
sup0≤τ≤Tu

∥x̃i(t)∥
}

. Furthermore, there
exists Txu > 0 such that ∥x̃i(t)∥ = 0 for all t > Txu with
Txu = Tu + Tx.

Proof: From Corollary 2, there exists a time Tu such
that ∥ũi(t)∥ = 0 for all t > Tu and all i ∈ V . Therefore,
starting from Tu, (19) is satisfied independently of θi and
x̃i decreases for all i ∈ V according to Theorem 1, i.e.,
x̃i(t) < x̃i(Tu) for all t > Tu.

To prove Lemma 4 however, further analysis is required
for the time interval [0, Tu], where there is no guarantee on
the validity of (19). To this end, consider the inequality in
(23) and note that if (19) is not valid, ϕi defined as in (21)
turns out to be negative. As a result, the Lyapunov function
in (22) can increase, and so can the state estimation error x̃i.
However, even in this case, since the generalized Lyapunov
derivative is upper-bounded from above by a continuous



positive function, i.e. V̊i(x̃i) ≤ −ϕi∥x̃i∥, and the time
interval is finite, the Lyapunov function, and therefore x̃i,
will remain finite over [0, Tu]. From this reasoning, given
the equivalence between x̃i and x̃i, it follows that an upper
bound on the norm of the state estimation error x̃i of any
agent i can be found as X = maxi∈V

{
sup0≤τ≤Tu

∥x̃i∥
}

,
which is the largest value in norm that an error may have
achieved over [0, Tu]. To prove the last part, note that for
any time t > Tu, as said at the beginning of the proof, the
conditions of Corollary 1 holds. Therefore, for all i ∈ V ,
∥x̃i(t)∥ < ∥x̃i(Tu)∥ ≤ X for all t > Tu and ∥x̃i(t)∥ = 0
for all t > Tu + Tx.

Remark 4: According to Theorem 1, in case of bounded
input, the convergence of the state observer is guaranteed by
the existence of an upper bound on ∥K[ũi]∥ resulting from
the one on ui. In this case, for all i ∈ V , it is possible to
adjust θi in accordance with (19), ensuring that the dynamics
of the state estimates remains independent of the convergence
of the input estimation errors. Alternatively, if only an upper
bound on ∥K[u̇i]∥ is known, the state observer convergence
depends on the input observer, which will drive the input
estimation errors towards values satisfying (19) even if an
upper bound on ∥K[ũi]∥ is unknown a priori.

Consider the vectorized version of the multi-agent dynam-
ics in (1):

ẋ = f(x) + (In ⊗A)x+ u, (28)

where x is defined as in (2) and the input vector u is a
general nonlinear state-feedback function of the form u =

q(x) =
[
q1(x̄1,x

1)⊤, . . . , qn(x̄n,x
n)⊤

]⊤
, where xi for

each i is given in (3) and each x̄i is the vector containing
the state information of agent i and of its 1-hop neighbors.
To satisfy the condition on the upper bound of the input
derivative required for the input observers, let’s assume there
exists a known upper bound on K[q̇i](·).

Due to the lack of local information regarding the k-hop
neighbors’ state xi for all i ∈ V , the previous controller is
implemented by using their estimates x̂i:

u = q(x̄, x̂) =
[
q1(x̄1, x̂

1)⊤, . . . , qn(x̄n, x̂
n)⊤

]⊤
. (29)

However, by noticing that x̄i is a selection of the components
of x and that x̂i = xi − x̃i, (29) can be rewritten as u =
q(x,x− x̃), where x̃ = [x̃1⊤, . . . , x̃n⊤]⊤.

By defining Φ(x, x̃) = f(x) + (In ⊗ A)x + q(x,x −
x̃), (28) becomes ẋ = Φ(x, x̃), where x̃ is interpreted as
an input disturbance for the system with nominal unforced
dynamics ẋ = Φ(x, 0Nn).

Definition 1 ([19]): A system ẋ = f(x, u), with f :
Rn × Rm → Rn is set-Input to State Stable (set-ISS) with
respect to a set A if there exists a KL function β and a K
function γ such that, for each initial condition and any locally
essentially bounded input u satisfying supt≥0∥u(t)∥ ≤ ∞,
∥x(t)∥A ≤ β(∥x(0)∥A, t)+γ

(
sup0≤τ≤t∥u(τ)∥

)
holds with

∥x(t)∥A = dist(x,A) = infa∈A{∥x− a∥}.
Assumption 4: Under perfect state knowledge, the non-

linear state-feedback u = q(x) ensures convergence of the
multi-agent system to an equilibrium representing the system
objective, e.g. consensus, formation and flocking.

Fig. 2: Graph GT used for consensus.

Theorem 3: Consider the multi-agent system (1) with
connected graph G and distributed state and input observers
(8) and (24). Assume that each agent runs the local control
input (29) under the assumption of bounded K[q̇i](·) for all
i ∈ V . Then, if Φ(x, x̃) is set-ISS with respect to a set A
representing the system objective and Assumption 4 holds,
the multi-agent system reaches an equilibrium representing
the team objective.

Proof: From Lemma 4, there exists an upper bound
X > 0 such that ∥x̃i(t)∥ ≤ X for all i ∈ V and
t ∈ R≥0. As a result, ∥x̃(t)∥ ≤ √

nX holds for all
t ∈ R≥0. Furthermore, Lemma 4 guarantees the existence
of Txu > 0 such that ∥x̃i(t)∥ = 0 for all t > Txu. Then, by
exploiting the set-ISS assumption on Φ(x, x̃) and that from
t = Txu the multi-agent system evolves from x(Txu) under
the dynamics Φ(x, 0Nn), we can conclude that ∥x(t)∥A ≤
β(∥x(Txu)∥A, t− Txu) for all t > Txu. As a result, thanks
to the convergence to the origin of β(∥x(Txu)∥A, t− Txu),
resulting from the set-ISS definition, convergence towards
the objective represented by the set A is guaranteed.

VI. SIMULATIONS

Consider a multi-agent system composed of n = 4 agents
communicating according to the path graph GC = (V, EC)
depicted in Fig. 1. Assume each agent behaves according
to the single integrator dynamics ẋi = ui, where xi ∈
[xmin, xmax] ⊂ R2 and the input ui is designed in order to
drive the agents towards consensus by exploiting only the
edges of the graph GT = (V, ET ) shown in Fig. 2, i.e.:

ui(t) =
∑

j∈(NC
i ∩NT

i )

(xj(t)−xi(t))+
∑

j∈NT
i /NC

i

(x̂ij(t)−xi(t)), (30)

where NC
i and N T

i are the neighbors of agent i ∈ V
respectively in graphs GC and GT . It is worth noticing that,
for the purpose of testing the observer-based controller, the
proposed consensus approach differs from the traditional
one, as edges not belonging to the communication graph are
exploited to achieve the team objective.

Given the boundedness of the state and of the state esti-
mations, it is possible to prove that ui(t) ≤ |N T

i |dmax, with
dmax = xmax − xmin. As noted in Remark 4, this implies that
θi can be tuned to satisfy (19) from initialization, ensuring
that each agent’s state observation converges independently
of the input observer’s dynamics.

To claim the applicability of Theorem 3 to this case study,
Assumption 4 and the set-ISS property of ui with respect
to the set A representing the consensus along the state’s
components must be checked. For this purpose note that,
given the connectivity of GT = (V, ET ), the input uideal

i (t) =∑
j∈NT

i
(xj(t) − xi(t)) guarantees the convergence of the

multi-agent system towards consensus [1]. Furthermore,
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Fig. 3: Simulation results when the proposed k-hop observer-based
control strategy is used to drive the system towards consensus. (a)
and (c) contain respectively the agents’ state and input, (b) and (d)
the state and input estimation errors.

since ui can be rewritten as ui(t) =
∑

j∈NT
i
(xj(t) −

xi(t)) − vi with vi(t) =
∑

j∈NT
i /NC

i
x̃ij bounded, it is

possible to prove that the vectorized state dynamics ẋ(t) =
−(LT ⊗ I2)x(t) − v(t), where LT is the Laplacian matrix
of the graph GT and v(t) = [v⊤1 (t), . . . , v

⊤
n (t)]

⊤, fulfill the
following:

∥x(t)∥A ≤ e−λ2(LT )t∥x(0)∥A+
1

λ2(LT )
sup

0≤τ≤t
∥v(τ)∥, (31)

where λ2(LT ) is the smallest positive eigenvalue of LT .
Then, given the convergence of the state observer, (31) is
consistent with the set-ISS definition. As a result, Theorem
3 holds, and the state and input observers with k = 3 can be
used to control the system towards consensus.

For simulation purposes, a sampling time dt = 10−3s and
parameters satisfying Theorems 1 and 2 have been chosen.
Fig. 3 shows the results obtained with g = 20, ω1 = ω4 =
2.62, ω2 = ω3 = 1.0, θ1 = θ4 = 3.4, θ2 = θ3 = 0.5,
π1 = π4 = 9.7 and π2 = π3 = 1.0. While the agents’
input vector is initialized using (30) and according to the
states and state estimation information, the estimated input
vector is initialized to zero for every agent. Fig. 3b shows the
convergence of the state estimations, which is independent
of the input observer behavior in Fig. 3d as per Remark 4.

VII. CONCLUSION AND FUTURE WORK

We proposed a communication-based k-hop distributed
observer in which each agent estimates only the state and

input of agents within a k-hop distance. The distributed state
and input observers result to be finite time convergent and
provide state estimations that, under set-ISS condition of the
feedback control law, can be used to drive the agents towards
an equilibrium representing the team objective.

As presented in Section II, while Assumption 3 is rea-
sonable for the state if agents are equipped with sensors,
it seams more restricting for the input. For this reason, in
addition to study possible disturbance effects, future works
will be oriented towards analyzing how the delays on 2-hop
input propagation may affect the observer convergence.
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