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Abstract—In this work, we investigate the partitioning and
control problems on the 2—sphere, the set of all unit vectors
in R3. Specifically, we present a spherical-polytope-based parti-
tioning for the 2—sphere and then propose a novel approach to
construct a feedback control law over a given set of spherical
polytopes. Instead of designing the control law directly on
the sphere, we propose a smooth atlas on it based on the
gnomonic projection. We further show that the gnomonic
map projects the spherical polytopes to Euclidean polytopes.
Moreover, the kinematics evolving on a spherical polytope can
be transformed via feedback into a single integrator in the
Euclidean space. Thanks to these properties, control algorithms
that were originally developed for polytopes in Euclidean spaces
can now be applied to spherical polytopes on the 2—sphere. We
conclude this paper by showing a control construction on the
sphere with cluttered obstacles.

[. INTRODUCTION

The motivation for studying the dynamical systems evolv-
ing on a 2—sphere, the set of all unit vectors in R3, comes
from two aspects: on the one hand, many practical systems
contain state components that are constrained to evolve on
the sphere. The rigid-body reduced attitude model is an
important example, where only two (instead of three axis)
rotational movement are of interest [1]. This model has
broad applications in aerospace and robotics, for example,
a spacecraft with one axis actuation failure [2]. In these
cases, the controlled two degrees of freedom are naturally
identified as the 2—sphere. Other applications include the
spherical pendulum [3] and the visual tracking task [4].

On the other hand, the underlying configuration space is
not diffeomorphic to any Euclidean space, and this nontrivial
topology results in interesting and complicated nonlinear
dynamics. One well-known theoretical result in this field
is that there exists no time-invariant continuous control
law that can globally stabilize a state on the sphere [5].
Many control strategies [1], [4], [6] are proposed in the
literature by inherently considering the nonlinear manifold
characteristics to avoid singluaries and ambiguities of other
representations, and almost globally asymptotic stability is
generally achieved.

One more challenging problem is to control dynamical
systems that the states are constrained to ‘local’ regions of
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the 2—sphere. This is motivated by applications where the
state can only evolve on a subset of the sphere due to safety
reasons. For example, the attitude maneuvering of a space
telescope observing galaxies requires to actively avoid the di-
rect exposure to sun [7]. The constrained attitude problem is
generally solved by considering the full attitude model (i.e.,
rotational space SO(3), quaternion representation, etc) [8]-
[10]. However, in an under-actuated scenario, solutions for
a full attitude is not applicable to a reduced attitude model.
There exist very few results that deal with the constrained
control problem on the 2—sphere. [11] solves the problem
by extending a barrier-function based method on manifolds
where an online state-dependent quadratic programming is
incorporated. [12] uses a stereographic projection strategy
that transforms conic constraints on the n—spheres to spheri-
cal obstacles in Euclidean spaces, where we study a spherical
polytope shape of constraints on the sphere here.

In this work, we consider the constrained control problem
on the 2—sphere within the framework of partitioning, plan-
ning and control modules [10]. More specifically, we propose
a spherical polytope decomposition of the feasible region
and develop control laws over these spherical polytopes. The
spherical-polytope based partitioning is directly performed
on the 2—sphere without resorting to any local parameteri-
zations. Compared to [11], [12], our method can be applied to
general shapes of feasible regions. We further present a novel
approach to construct a feedback control law that enables
two state behaviors over a set of spherical polytopes: the
transition between two adjacent spherical polytopes and the
convergence to a goal state. The control construction relies
on the gnomonic projection that maps spherical polytopes
into polytopes in R? and, more importantly, the transformed
dynamics can be linearized to a single integrator via feed-
back. Thanks to these nice properties, control algorithms
[13], [14] that were originally designed for Euclidean poly-
tope navigation can now be utilized for spherical polytopes.
We conclude this paper with two numerical examples.

II. NOTATIONS AND SPHERICAL POLYTOPE
PARTITIONING

The set of real, non-negative real, and positive integer
numbers are denoted as R,R>, N, respectively. R™ denotes
the n-dimensional Euclidean space. For any vectors x,y €
R™, their inner product is defined as x -y := \/x "y. The
2-norm of a vector  is ||z|2 :== V& Tx. I,,,n € N is the n-
dimensional identity matrix; 0,,«1 is a n-dimensional vector
with all entries zero, and ez = (0,0,1) is a vector in R3.
The map [(-)]x : R® — R3*3 for any = (x1,22,23) is
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explicitly defined as [z], = ( T 0o ).

Let S? denote the unit sphere S ::1{33 eER3: x|z = 1}
The tangent space to S? at a given point x is given by
T.S? = {y € R : y"x = 0}. Let z,y € S% The
spherical distance is defined as dg(z,y) := arccos(z y),
denoting the length of the shortest curve, i.e., geodesics, on
S? between = and y. A pair of points x,y of S? is said
to be proper if and only if * # y,x # —y. If the pair
x,y is proper, then there exists a unique shortest curve,
i.e., geodesic segment, in S? joining = to y, denoted by
seg(x, y). An interesting property is that a geodesic segment
of S? is an arc of a great circle [15]. Here a great circle of
S? is the intersection of S? with a plane passing through
the center of the sphere. A subset C' of S? is convex if and
only if for each pair of proper points x,y in C, the geodesic
segment seg(x,y) is contained in C. The convex hull of a
subset S of X, where X is a metric space, is the intersection
of all the convex subsets of X containing S. A set S is called
connected if for every pair of points p,q € S, there exists a
continuous map f : [0,1] — S such that f(0) = p, f(1) = q.

A spherical polytope P in S? is a convex subset of S?
such that P has only finitely many vertices; P is the convex
hull of its vertices; and any pair of distinct points in P is
proper [15]. Given a finite set of points {x;} that lie in a
hemisphere U, := {x € S? : a"x > 0} for some vector
a € S?, the spherical polytope is then Conv({z;}), where
Conv(-) is a function that gives the convex hull of all its
elements. Every spherical polytope P can be written as P =
{xcS?: k;'x >0}, where k; € S%,i =1,2,--- ,n.

A finite collection of spherical polytopes P = {P;} is
called a spherical polytope partitioning on S? if 1) the
interiors of any spherical polytopes P;, P; € P are mutually
disjoint; 2) the union of the spherical polytopes in P is S2.
One common example of a spherical polytope partitioning
is the soccer ball, where each spherical polytope is bounded
by 5 or 6 geodesic segments.

III. CONTROL PROBLEM FORMULATION

In this work, we consider a dynamical system whose state
evolves on the 2-sphere S?

z=I(x)u ey

where & € S? is the state, u € R™ is the control input,
IT : S? — R3*™ is a smooth matrix-valued function that
projects u onto the tangent space T,S?. We assume that the
system (1) is fully-actuated. That is,

Assumption 1. For all z € S?, Im(Il(z)) = TS~

Since dim(T,S?) = 2, Assumption 1 implies m > 2.

One well-known example of (1) is the reduced attitude
kinematic model & = [z]xw [1], where x denotes a fixed
unit vector in the inertia frame resolved in the body frame,
and u € R? is the angular velocity expressed in the body
frame.

Many applications need the states to evolve only in a
subset of the 2—sphere due to safety reasons. For example,
the attitude maneuvering for a space telescope may be

required to perform in a small feasible region. In general,
with a spherical polytope partitioning P, the feasible region
can be approximated by a subset of P. In this case, we need
to constrain the state behavior on a given set of spherical
polytopes. This constrained control problem on the 2—sphere
is described in Problem 1.

Problem 1. (Control over spherical polytopes) Given a
spherical polytope partitioning P. Let P’ be a subset of P,
M := U;P;,VP; € P’, and x, € M. Assume that M is
connected. Construct a feedback control input u such that
1) all integral curves starting in M and under the control
input w are smooth.
2) for all initial states (0) € M, x(t) € M for all ¢t > 0
and z(t) reaches x, asymptotically.

In what follows, we call P; an intermediate spherical
polytope if P; € P’/ x4 ¢ P;; and P; is the goal spherical
polytope when x4 € F;.

Fig. 1. (a) A subset of S? decomposed into spherical polytopes. The
black regions are the obstacles in the environment. (b) The corresponding
connectivity graph, which is constructed with spherical polytopes to be the
nodes and the adjacency relations to be the edges. (c) A path over all the
spherical polytopes that ultimately leads to the goal one.

We solve Problem 1 in two steps: 1) find a path over
spherical polytopes that leads to the goal spherical polytope,
2) construct a feedback control law that enables every
transition in the path. In the first step, given spherical
polytopes {P;} and the goal state x5 as shown in Fig.
1(a), a search algorithm could be utilized to find a sequence
of adjacent spherical polytopes that leads to the spherical
polytope containing x4, see Fig. 1(b)(c). Note that a path
with minimal hops to the goal polytope is chosen here.
Further modifications could be done in this step by taking the
size or the traveling time into account. The second step is to
construct a feedback control law for each spherical polytope
(Problem 2) with a smooth blending between successive
spherical polytopes (Problem 3).

Problem 2. (control over one spherical polytope) Given
a spherical polytope P. Construct a feedback control input
u such that

1) all integral curves starting in P and under the control
input u are smooth in P.



2) if P is an intermediate spherical polytope, then all
integral curves starting in P stay in P until they reach
the exit face seg,, in finite time;

3) if P is the goal spherical polytope, then all integral
curves starting in P stay in P and asymptotically
converge to the goal point x.

Problem 3. (smooth blending condition) For any two
successive spherical polytopes P, P’ € P, the feedback
control input u(x) should be smooth for € seg, where
seg is the shared boundary of P, P’.

In the following sections, we discuss some properties
of gnomonic projection that will facilitate the construction
of feedback control laws on spherical polytopes and then
proceed to solving Problems 2~.3.

IV. PROPERTIES OF GNOMONIC PROJECTION
A. Gnomonic projection

For a point @ € S?, the gnomonic projection projects a
point  on the hemisphere U, := {x € S? : a'x > 0}
from the center of the sphere o to the unique point &’ on
the plane S, = {x € R3 : a'x = 1} that is tangent to S?
at a [16]. An illustration of the gnomonic projection when
a = eg is shown in Fig. 2.

Fig. 2. Gnomonic projection of a point/geodesic segment on a hemisphere
onto a plane tangent to S2.

For any point & € Uy, the corresponding point &’ under
the gnomonic projection lies both on the radial line ox and
the plane S,. Thus, ' = _F_. We define the gnomonic
projection mapping for a € s 10 be ta:x €Uy € €R?

axx):ahRa5$57 ®)

where Jo := [Io 0Oax1]|, R is a matrix that provides a
rotation along axis [a]xes with angle dg(a,es), and is
explicitly given by R, = Is + sin(ds(a, 63))[[a]xe3] +
(1 — cos(ds(a,es)))[[a]xes])%. For any given a € S?, R,
is a constant orthogonal matrix. Geometrically speaking, Rg,
rotates &’ = —F— from the plane S, to the point Rq -%- on
the plane Se,. Thus, the third entry of the point R, 7 is
1. Note that ¢q(+) is well-defined on U, thanks to the fact
that for any x € U,, a'z>0.

It can be verified that the inverse map ¢,
x €U, is

cEeR?

Ry (J3 € + es)

VETE+1

From (2) and (3), ¢ and ¢, ! are continuous, and then ¢,
is a homeomorphism. Thus, (Uy, ¢4) is a chart for S%.

0a' (&) = 3)

Proposition 1. A collection of charts A = {(Uq, $a)}acs?
is a smooth atlas for S?.

Proof. See Appendix.

B. The gnomonic projection of spherical polytopes

In addition to providing a smooth atlas for S2, the
gnomonic projection projects spherical polytopes from S?
to Euclidean polytopes in R? as shown in this subsection.

Since any spherical polytope is contained in a hemisphere
[15], without loss of generality, we consider a spherical poly-
tope P that is contained in U, = {x € S? : e3 'z > 0}.
Consider also the gnomonic projection mapping ¢e, () =
Jo Jy Etes
VI+ETE
¢es () 18 well-defined on Ue, as discussed (as a special case
a = e3). This scenario is illustrated in Fig. 2.

with the inverse map ¢, (&) = Here

_T
ez x

Proposition 2. For any proper pair 1,2 € Ue,, the
gnomonic projection of seg(x1,T2) forms a line in R>.

Proof. Let x3 be a unit vector that is orthogonal to 1, 2,
and ' € R3 be the mapped point of & € seg(x1,T2). As the
geodesics on S? are great circles, for any x € seg(x1, T2),
we have a:l, X2, 0,x are on the same plane Sziozs = {Y €
R3: x5 " y = 0}. In view of 2’ = %, we have ngm’ =
0, i.e., «’ also lies on the plane Sm10m2 Recall that x’ lies
on the plane S, = {y € R®: eg 'y = 1}. Note again that
es Jt x3 (otherwise, we derive es 'x1 = 0, which violates
the fact that @1 € U, ), and «’ thus lies in the intersection
of two nonparallel planes, i.e., a line. O

Proposition 3. Given a spherical polytope P C Ue,, the
gnomonic projection of the spherical polytope is a Euclidean
polytope in R2.

Proof. Let the spherical polytope P bounded by m geodesic
segments, denoted as P = {x € S? . kiTw > 0 fori =
1,2,--- ,m}. Correspondingly, for any point x € P C
Ue3, we have 63TSC > 0, which leads to k; T @rm >0
for all 1 = 1 2,---,m. By applying the 1dent1ty I3 =
J2—|—J2 + egzes ! and the prOJected point £ = Jge o, we
have kiTe@rw >0<k; (J2 Jo + ezes )e@rw >0
(Jzki)TJze t—tes'k; 6372 >0 (Joki) €+es Tk >
0 for ¢ = 1,2,--- ,m. This forms m linear inequality
constraints on € € R2. Thus, the region subject to these
constraints forms a convex polytope in R2. O

Consider a spherical polytope P = Conv({z;}) in S2,
where the vertices x; are contained in Uy, a € S?. With the
projected points &; = ¢4 (x;), the corresponding projection
is Q = Conv({&;}) in R? with vertices {¢&;}.

C. Mapping of the dynamics and feedback linearization

In this subsection we investigate the projected dynamics
in the Euclidean space. To do so, we consider the change
of state variable & = ¢q(x),x € U,. In view of (1), the
derivative of £ with respect to time is given by

€ =Voo(x) = Voo (z)l(z)u := Oq(z)u (4



where Vg () denotes the Jacobian matrix of ¢4 (+). From

(2), the Jacobian matrix is given by
JoRg(aTxlz —xal)
a = 5

Voa(2) et ©

Lemma 1. If Assumption 1 holds, then ©,(x) € R?*™ has
full row rank for all x € U, and all a € S?.

Proof. Note that since ¢4 (+) is a diffeomorphism, its Jaco-
bian matrix is full rank and therefore rank(V¢q(x)) = 2 for
all x € U,. Specifically, By the rank-nullity theorem, we
have dim(ker(Ve(x))) = 1. Observe that
JoR,(a xl; — xa’
Véa(z)n = = ( (aT;)z )
B JgRa(aTacfgw — :EaTac) (6)
B (a'x)?

=0
Thus ker(Veq(z)) = {ax : o € R}.
Moreover, under Assumption 1, we have rank(II(x)) = 2
and therefore by applying Fact 2.10.14 in [17], one obtains

rank(04(z)) = rank(VogIl(x))
= rank(II(x)) — dim(ker(Veg4) N Im(II(x)))
=2 — dim(ker(Veq) N TS?)

With the fact that T,S?> = {y € R® : 2’y = 0}, we
know ker(Veg) L T5S?, thus dim(ker(Vgg) NTxS?) = 0.
Therefore, rank(Oq(x)) = 2 for all x € U,,. O
Since ©4 () is full row rank, its Moore-Penrose pseudo-
inverse can be explicitly calculated as
-1
(Oa(x))! = Oa(@)" (Oa(x)Oalz)") . ()
Therefore, we can apply a feedback control law to render the
dynamics in (4) to a single integrator, summarized below.

Proposition 4. Consider the kinematic model (1) evolving
on the 2-dimensional hemisphere U, under the following
feedback control law

u=(04(z))v (8)

where v € R? is a virtual control input. Then, the dynamics
of the new variable & = ¢q(x), evolving in the Euclidean
space R2, is '
§=v. ©)
Proof. This is a straightforward conclusion by substituting
(8) into (4) and noticing that O4(x)(Oq(x))" = L. O
To sum up, we have shown that 1) the gnomonic projection
defines a smooth altas on the 2—sphere; 2) the spherical
polytopes are projected to Euclidean polytopes in R? by
the gnomonic projection mapping; and 3) the first-order
dynamics on the 2—sphere can be locally mapped into a
single integrator in R2. Propositions 2~4 provide us an
explicit way to change the state coordinates and map the
dynamical system constrained in spherical polytopes to a
single integrator system constrained in Euclidean polytopes.
Proposition 1 further provides a theoretical foundation that
the feedback control laws obtained from different charts can
be blended together without loss of smoothness.

V. FEEDBACK LAW CONSTRUCTION OVER SPHERICAL
POLYTOPES

In this section, we present how the gnomonic projection
tool is integrated with the existing reach control algorithms.
We use the algorithm in [14] as a guiding example. First
recall the following results from [14].

A. Previous results on vector field construction over Eu-
clidean polytopes

Consider a convex polytope decomposition {Q;} of some
connected region in R? with goal state £, € U;Q;. The goal
polytope is the polytope that contains £ and the intermediate
polytopes are the polytopes equipped with exit face f.,. The
generalized Voronoi diagram (GVD) of a convex polytope is
explained in Fig. 3(a).

()

Fig. 3. (a) The generalized Voronoi diagram (GVD) of a convex polytope
Q. GVD is formed by partitioning () into Voronoi regions, which is defined
for each face to be the set of points inside the polytope that are closer to that
face than to any other face. The GVD surface is the set of points which are
equidistant from two or more faces of the polytope. The dash lines are the
GVD surfaces, and the shaded region is the (Voronoi) region of the influence
of face f;. (b) An illustration of the cell vector field V. (£) = unit(p — &)
by choosing a fixed p € Q \ Q, where Q is the (possibly unbounded)
cell resulting from removal of fe; from Q. (c) An illustration of the face
vector field by simply choosing each face vector field perpendicular to its
face. (d) The goal polytope. The dash lines are the surfaces of the region
partitioning, and the shaded represents the region of influence of face f;.
The interpolating function b(&) goes from zero on that face to one on the
surfaces of the region partitioning. The cell vector field V. is constructed
as Ve (&) = b(||€g — &) unit(€g — &), and V, is a smooth unit vector field
such that, V, (§) points inwards for every § € f;, and Vy, (£)-(§g—€) > 0
for every £ in the region of influence of f;.

For an intermediate polytope @, a vector field V' over )
is constructed by smoothly blending a cell vector field V.
and a face vector field V7,, i.e.,

V(&) = unit(b(§)Ve(§) + (1 = b(£))V,(§))

for any point £ in the region of influence of face f;, where
unit(-) is a normalization function, ensuring that V' is a unit
vector field. The interpolating function b(€) is constructed
such that b(&) = 0 when £ is on the boundary of @ and
b(&) = 1 when £ is on the GVD surface. b(€) has the
property that all derivatives equal zero for {£ : b(§) = 0}
and {& : b(&) = 1}. In [14], the authors gave several
requirements for constructing the cell vector field V. and
the face vector field V,. One simple and efficient way to
construct V; and V7, is shown in Fig. 3 (b,c).

If @ is the goal polytope, i.e., £ € @, then the region of
influence of a face is shown in Fig. 3 (d). The vector field

(10)



on the goal polytope is

V(&) = b(§)Ve(&) + (1 - b(£))Vy, (§) (11

for any point £ in the region of influence of face f;. The
region of influence of face f;, the face vector field and cell
vector field are explained in Fig.3(d).

Fact 1. Consider the single integrator kinematics 5 = v for
¢ € R2. Given a collection of polytopes {Q;} with Q; C R?
being connected, and a goal state &g € U;Q;. With the vector
field V in (10)~(11) applied as the control input, the closed-
loop system trajectories have the following properties:
1) if Q; is assigned with fey i, then all integral curves
starting in Q; reach the exit face f., ; in finite time;
2) if Qi is assigned with the goal point £, then all
integral curves starting in Q; stay in QQ; and asymp-
totically converge to &g;
3) all integral curves starting in \U;Q; are smooth, stay
inside U;Q;, and asympotically converge to the goal
point &g.

Here we note that the constructed vector field in R? is
smooth almost everywhere. More precisely, the constructed
vector field is smooth on U;Q; except for the polytope
vertices. Please refer to [14] for more details on the vector
field construction in R2.

B. Feedback law construction on spherical polytopes

Consider spherical polytopes { P;} that are connected and
jointly lie on one hemisphere U, (thus all P;s can be mapped
onto R? with one gnomonic projection mapping ¢q(+) in (2)).
Let P € {P,}, seg,, be the exit geodesic segment if P is
an intermediate spherical polytope, and x, be the goal state.
A straightforward construction of the feedback control law
u(x) for € P is stated in Algorithm 1.

Algorithm 1 A feedback law construction over spherical
polytopes {P;} given U;P; C U, .

IHPUt: Z, P’ Segeaj/mg’ QSCE(')’ H()
1: compute &, Q, fez/&g from x, P, seg,,. /x4 by ¢qa(-) in
(2)
2: compute v from &, Q, fe./€g by (10)~(11)
3: return u < O, (x)Tv where O4(x) = Vo Il(x)

Let {Q;} be the projected polytopes of {P;} under the
mapping ¢,. From Fact 1, we know that for single integrator
dynamics, with the vector field from [14] applied, any
integral curve s : R> — R? starting from s(0) € U;Q; is
smooth, contained in U;@;, and s(t) converges to & 4 asymp-
totically. Correspondingly, the integral curve on 2—sphere
is gzl os : Ry — S% As ¢!(-) is a smooth function
in the domain of U;Q; (since U;Q; C U,), any integral
curve starting from ¢, (s(0)) € U; P; is smooth, contained
in U; P;, and ¢, ' o s(t) converges to x, asymptotically.

However, the constructed control law from Algorithm 1
may lead to a slow motion in the spherical regions that
are away from the projection axis a. This is a result of

the length distortion of the gnomonic mapping. One remedy
would be to extend the Algorithm 1 with one more step
u — u/|II(z)ul|. As € = II(x)u, one obtains ||| = 1
when the extend step is applied, i.e., it generates a unit vector
field on U; P;.

Note that the denominator ||II(x)u|| =
ITI(x)(Oa(x)) | > 0 for any unit norm vector wv.
This property is due to the fact that IO, € R3*2 has full
column rank (equivalently, ker(TIO],) =) )

rank(I10],) = rank(110 (0,0 )~1) = rank(I110)
= rank(ITIT ' V¢, ) = rank(V, I ")
= rank(TIIT ") — dim(ker(Veg) N Im(ITIT "))
=2 — dim(ker(V¢ga) N T,S™) = 2.

by applying Fact 2.10.14 in [17] again.

One numerical example for the scenario in Fig. 1 is shown
in Fig.4. For illustrative purposes, the vector field & instead
of the feedback law w () is shown. This and the following
numerical example are performed with a reduced attitude

model. Due to space limits, further simulation details are
1

omitted here and can be found online
implementation code.

along with the

(a) (b)

Fig. 4. (a) This plot shows several system trajectories on the 2—sphere
under the constructed feedback control laws. The starting states are denoted
as circles and the goal state x4 as the star. (b) This plot illustrates the
constructed vector field on the given spherical polytopes.

Fig. 5. The two plots illustrate the constructed vector field on an obstacle-
cluttered spherical region from two viewpoints. The shared geodesic seg-
ment seg is in blue, and the goal state in red. The right part of spherical
polytopes of seg remains the same as in Fig. 4, while the left half are the
extended ones that lie in another chart domain.

A chart transition is needed when constructing a feed-
back law for spherical polytopes across different charts. As

Ihttps://github.com/xiaotanKTH/control_2sphere



analyzed in Section IV, for a proper pair a,b € S?, if
the integral curve s : R> — ¢q(Uq N Up) is smooth, the
corresponding integral curve ¢qp05s : R> — ¢p(Ug NUp) is
also smooth. Moreover, for any vector field 1V that is defined
to map an element from (a subset of) ¢4 (Uy N Up) to R2,
the corresponding feedback control law on the 2—sphere is
@LV“ in view of (8), and the vector field on ¢ (Us NUp) is
©pO!, Ve in view of (4). Since O, O], are smooth matrix-
valued functions, if V¢ is smooth at € € ¢o(Ug N Up),
then O V' and ©,0],V® are smooth at ¢ (€) and ¢ap (),
respectively.

Here we present one example of constructing smooth feed-
back laws for spherical polytopes in different chart domains.
Without loss of generality, let the spherical polytope P (P2)
be in Uq (Up), P1 successive to P; in the sense of the discrete
plan (see Fig.1(c)). seg is the shared boundary of P, and P.
Q1/Q2, [/ f° are the projections of P;/P», seg under the
mappings ¢4 /dp, respectively. The control law construction
over P, U P, is stated as follows: 1) for ¢ € P, U Py
and « is not in the region of influence of f, in P, the
control law is constructed following Algorithm 1; 2) for =
in the region of influence of f, in Pj, the control input
v at & = ¢q(x) is constructed as v = b(E)V.(€) + (1 —
b(E))@a@Zszb (€), where Vf%, denotes the face vector field
of f%in Qo, b(€), V.(£), Vbe(E) are calculated as before. The
control input u = O, (z)fv where O, (z) = Vo, Il(x).
Another numerical example is shown in Fig. 5, where the
spherical polytopes are across two chart domains and the
vector fields are smoothly blended together.

VI. CONCLUSION

This work presents a spherical-polytope-based pratitioning
on the 2—sphere and a novel control strategy that regulates
the states evolving on a given set of spherical polytopes. The
constructed control method relies on the gnomonic projec-
tion, for which it is proven that several favorable properties
hold: 1) the gnomonic projection defines a smooth altas on
the 2—sphere; 2) the spherical polytopes are projected to
Euclidean polytopes in R? ; and 3) the first-order dynamics
on 2—sphere can be locally mapped into a single integrator
in R? via feedback linearization. Thanks to these properties,
algorithms that were originally designed for polytopes in the
Euclidean space can be used to construct the feedback laws
over the spherical polytopes. Two numerical examples are
illustrated utilizing the feedback control algorithm from [14].

The future work involves applying the spherical-polytope
partitioning and gnomonic projection tools to under-actuated
second-order dynamical systems evolving on higher dimen-
sional spheres. Another direction would be to explore more
complex behavior specifications, e.g., attitude maneuvers
with temporal logic tasks.

APPENDIX
Proof of Proposition 1. Firstly, Uges2U, = S? is trivial
since for any point p € S?, p must lies in U,. Consider
a proper pair of points a,b € S? (thus U, N Up # 0
from definition). The overlap map ¢qp = ¢p © gb;l from

0a(Ua NUp) to ¢p(Ug NUp) can be explicitly calculated as

_ —1gy — Ry (J) étes)/VETEHL
Pab(§) = ¢bTO¢a &) = JszbTRg(J;eres)/\/sTsH =
JszRI%. For all & € ¢a(Us N Us),
Rl (JJ €& + e3) is parallel to ¢;(¢) in view of (3).
Note that ¢;'(£) lies in U, N Up, thus b’ ¢ (&) > 0,
which further implies that b' R} (J, &€ + e3) > 0. Thus
®ab(€) is well-defined. To show the smoothness of ¢gp,
re-denote ¢qp(€) := ?:gi‘; with the constant parameters
C := J,RyR]JS ,d := JyRyRles,f := b RLJ g :=
bTRIeg. The nominator and the denominator are thus
smooth functions of €. Further noticing that the denominator
of the n—th derivative (fTﬁ +g)""t > 0, n € N (due
to the fact that f'¢ + g > 0), we have ¢gp(-) is a
smooth diffeomorphism. Thus a collection of charts A =

Ua, ®a)}acs? is a smooth atlas for S2. O
{( €
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