Barrier Function-based Model Predictive Control under Signal
Temporal Logic Specifications®

Maria Charitidou and Dimos V. Dimarogonas

Abstract—1In this work a continuous-time MPC scheme is
presented for linear systems under Signal Temporal Logic
(STL) specifications and input constraints. The satisfaction
of the STL specifications is encoded by time-varying barrier
functions and a least-violating control law is designed for
cases when the satisfaction of the task with a given robustness
value is not achieved, e.g., due to actuation limitations. The
recursive feasibility of the proposed scheme is guaranteed
when a time-varying terminal constraint is introduced. This
constraint ensures a desired behavior for the system that
guarantees the satisfaction of the task with pre-determined
robustness.

I. INTRODUCTION

Nowadays, an increasing interest has been shown in
robotic-aided applications examples of which are coverage
[1] and search and rescue missions [2]. These applications
underline the need of autonomous systems capable of per-
forming a variety of complex, time-constrained tasks in
uncertain and dynamic environments. An important question
arising in this context is how to efficiently encode such
specifications for control. Signal Temporal Logic (STL)
[3] has been proven an expressive language for describing
complex tasks under strict deadlines. Contrary to Linear
Temporal Logic (LTL), it offers robust semantics [4], [5]
that allow the evaluation of the satisfaction of the task over
a continuous-time signal. Hence, abstractions of the system
dynamics, usually considered in LTL-planning [6]-[8] are
avoided.

Existing methods for planning under STL specifications
consider discrete-time systems and find plans as solutions
to computationally demanding MILP problems [9]-[12].
Although suggestions towards reducing the computational
load have been made [13], the complexity of the problem
remains. This is partially related to the choice of the opti-
mization horizon length which is often considered at least
as large as the duration of the task [9], [11]. In addition
to the computational complexity, [9]-[12] lack of feasibility
guarantees. Authors in [9] ensure feasibility on a subset of
the horizon by making use of past solutions while least
violating solutions are proposed in [11] as a remedy when a
feasible control law guaranteeing the satisfaction of the STL
formula does not exist.
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Another important limitation of the aforementioned meth-
ods is the lack of guarantees for the satisfaction of the
task in continuous time. A solution to this problem is given
in [12] with the design of a possibly non-convex problem.
A different approach to STL planning is presented in [14]
where the STL specifications are encoded using time-varying
barrier functions and feedback control laws are designed
for continuous-time, input-affine systems. Although compu-
tationally efficient, this method does not consider actuation
limitations found for example, in every real mechanical
system.

Aiming at overcoming the limitations of the aforemen-
tioned methods, we propose a continuous-time model pre-
dictive control scheme (MPC) for the satisfaction of a set of
STL tasks by a linear system subject to state and input con-
straints. Although originally designed for linear systems, the
proposed framework can also be applied to nonlinear, input-
affine systems under some extra controllability assumptions.
Motivated by [14], we encode the STL specifications using
a time-varying barrier function and design a least-violating
control law for the cases when the satisfaction of a task
with a pre-determined robustness ry is not possible due to
input limitations. The recursive feasibility of the proposed
scheme is guaranteed by a time-varying terminal constraint
the satisfaction of which ensures the satisfaction of the task
with a pre-determined robustness rr < 7. Contrary to
existing approaches [9], [11] here the optimization horizon
length can be chosen arbitrarily small and independent of the
STL formula provided that the problem is initially feasible.

The remainder of the paper is as follows: Section II
includes the preliminaries and problem formulation. Section
IIT introduces the time-varying barrier functions and Section
IV the proposed MPC scheme. Simulations are shown in
Section V and conclusions are summarized in Section VI.

II. PRELIMINARIES AND PROBLEM FORMULATION

True and false are denoted by T,_L respectively. Scalars
and vectors are denoted by non-bold and bold letters respec-
tively. The partial derivative of a function b(x, ¢) evaluated at

(x',t") with respect to ¢ and x is abbreviated by M
0b(x,t) d ob(x',t") Bb(xt
ot ‘x x,’ an dx

latter is considered to be a row vectgrt An extended class
K function o : R — Ry>¢ is a locally Lipschitz continuous
and strictly increasing function with «(0) = 0. The function
u : [t1,t2] — R™ has a property a.e. (almost everywhere)
if the property holds everywhere in [t1,t2] except from a
set of points of measure zero. The weighted Euclidean norm
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of a vector ¢ € R™ is given by [[{|lo = /¢TQ¢ where

Q@ is a positive definite matrix of appropriate dimensions.
The induced 2-norm of a rectangular matrix C' is defined as:
ICIl = omax(C), where opmax(C) is the maximum singular
value of C. Given a,b € R, a divides b, denoted by alb if
there exists an integer k£ # 0 such that b = ka.

Signal Temporal Logic (STL) determines whether a pred-
icate u is true or false by evaluating a continuously differ-
entiable function h : R™ — R as follows:

T, h(x)>0
1, h(x)<O0

for x € R”. The basic STL formulas are given by the
grammar:

=T pl =9 1 A2 | Glap® | Flap® | 1 Uap) P2

where ¢1, ¢2 are STL formulas and Gjq 4], Fla,p), Uja,p) are
the always, eventually and until operators defined over the
interval [a,b] with 0 < a < b < oco. Let x = ¢ denote the
satisfaction of the formula ¢ by a signal x : R>o9 — R"™.
The formula ¢ is satisfiable if 3 x’ : R>o — R™ such
that x’ = ¢. The STL semantics are defined in [3]. STL
is equipped with robustness metrics determining how
robustly an STL formula ¢ is satisfied at time ¢ by a
signal x. These semantics are defined as follows [4], [S]:
pr(x,t) = h(x(t), p70(x,1) = —p?(x, 1), p?1"*2(x, ) =
min(p‘z’l (x,1), p¢2 (x,t)). p¢>1 Uia,0) 92 (x,t) =
MAXy, [ 4a,e4b) MIN(P?2 (X, 1), ming, ce.1,] P2 (X, 12)),
pF[a‘I)](b(X?t) = maxtle[t—i-a,t—i-b] p¢(X, tl)? pg[a'b]¢(xvt) =
ming, efta,t44] p?(x,t1). Finally, it should be noted that
x | ¢ if p?(x,0) > 0.
Consider the dynamical system:

x = Ax + Bu (1)

where x € R", u € R™ are the state and input vectors of the
system respectively, A € M, (R), B € M, xm(R). Given a
control signal u : [t1,¢3] — U a solution x : [t1,ts] = X
of (1) with x(¢;) = x; is an absolutely continuous function
such that: x(t) = x1 + fttl (Ax(7) + Bu(7))dr holds a.e. in
[t1, t2].

Assumption 1. The matrix B has full row rank (n < m).

In this work the state and input of the system are con-
strained, i.e., x € X, u € U where:

X={xecR": ||x]| <d,} CQ
U={ueR™: ||ju| <d.}

(2a)
(2b)

with d, d, > 0 and 2 C R™ is an open, connected set.

Assumption 2. Consider the dynamical system (1) subject
to state and input constraints of the form x € X, u € U
where X,U are defined as in (2a)-(2b). Then, it holds:
dyomin(B) > 0max(A)dz, where omin(B), 0max(A) is the
minimum and maximum singular value of B, A respectively.

Assumption 2 ensures that the allowable control input is
high enough to account for the worst case scenario, i.e., when

the state of the system is about to leave the environment. This
Assumption is necessary for guaranteeing the existence of a
terminal controller as will be seen in Section IV.

A. Problem Formulation

In this work we consider an expressive fragment of STL
defined as follows:

V=T |p|-p (3a)

0= Glap)¥ | Flap¥ | Y1 Uja,p) 2 (3b)
ng

¢" = N\ (3c)
=1

where 11, 15 are STL formulas of the form (3a), ¢;, | =
1,...,ng are STL formulas of the form (3b), ny, > 1 and
0 <a <b< oo Let [a,b] be the time interval of the
temporal operator of ¢;,! € {1,...,n4} in (3c). Consider
the finite set of time instants {Tj}jzo with 79 = 0, 7; =
JjAT, j=1,...,J where 757 = max;b; and A7 > 0 is a
given constant. Observe that by definition of 7 it holds that
ATt|max; b; with J = %;bl. Based on the above we may
define the Problem considered in this paper as:

Problem 1. Consider the dynamical system (1) subject to
state and input constraints x € X, u € U with X, U defined
by (2a)-(2b). Given an STL formula ¢" as in (3c), a positive
prediction horizon length N and a sampling rate At with
AT|max; by, design a control input u such that any solution
x : [0,77] = X of (1) with initial condition x(0) guarantees
p?" (x,0) > p where p is maximized with respect to .

III. BARRIER FUNCTIONS FOR TASK SATISFACTION

In this Section we introduce the control barrier functions
(CBFs) the value of which determines the satisfaction or
violation of a given STL formula. Here, we consider the
formula G, p) Y1 AFppp) 2 the satisfaction of which implies
the satisfaction of the until formula Ulap) 1o of (3b).
Based on that, we design a CBF function evaluating the
satisfaction of ¢ which is defined as follows:

p
o=\ & ©)
=1

where p = ng + ny, ng is the total number of STL
tasks in (3c) and n, the number of until operators in
(3c). The STL formula ¢; has one of the following forms:
Glai vV Flaipi¥s Glaibi) V1,2, Fb, piV2,2- The first two
expressions account for the always and eventually formulas
existing in (3c) while the last two are considered since the
satisfaction of their conjunction implies the satisfaction of
the z-th until formula of (3c). We denote the time interval

associated with the temporal operator of @; as [a;,b;].

For simplicity we will call [a;,b;] as the time interval of
satisfaction of ;.

Let by (x,t) with by, : Q X [0,00) = R, w € {H, F}
be two differentiable functions on Q x (of,ck*1) where

{o® p,;“:’O is a finite set of points at which discontinuities with
respect to ¢ may occur. The set of points {¢* } is chosen such



that 00 = 0, 0P» = co and oF < ¥+l k=0...,p, — 2
where pr < p+ 1+ 1|Z%], pr < pg +2, Iy, = {i €
{1,...,p} : & = g[ai,gi]wi} is the set of indices of the
always formulas in (4) and |Z¥,| its cardinality. Based on
b, w € {H, F} we may define the level set of b,,(x,t) as:

Colt) = {x € X by(x, 1) > 0} )

Let N > 0 be the prediction horizon length.The function
b (x,t) is evaluated at each ¢ € [r;,7; + N| for planning
the agents’ future actions towards the satisfaction of ¢. The
barrier function by (x,t), called the terminal barrier function
is designed for guaranteeing the recursive feasibility of the
MPC scheme. This is achieved by introducing the constraint
x(7j+ N) € Cp(1; + N) in the MPC problem. In that way,
we can ensure the satisfaction of ¢ = ¢ A @,41 over time
where:

Pp+1 = g[0’5p+l]wp+l (6a)
T7 h +1 (X) Z 0

Vpi1 = P (6b)
J_7 hp+1(X) <0

bpi1 = 77+N and hy,, 1 (x) = d2—||x||>. The task expressed
by (6a)-(6b) is introduced for guaranteeing the satisfaction
of the state constraints x € X.

Let Ty = {1,...,p},Zr = Iy U {p + 1} be the
set of indices of the formulas associated with the de-
sign of by (x,1), bp(x,t) respectively. The barrier functions
bw(x,t), w € {H, F'} are defined in two steps. In step A and
for every i € Z,,, w € {H, F'} a desired, temporal behavior
is introduced for the system guaranteeing the satisfaction of
@;. Then, a barrier function b’ (x,t) is defined as the error
between the actual and desired temporal behavior of the sys-
tem for every ;. At step B, the CBF b,,(x,t),w € {H, F}
is defined as a function of the different bl (x,t), i € Z,.
By construction, a non-negative value of b,,(x,t) at a time
instant ¢ implies b?,(x,¢) > 0 for any i € Z,, contributing to
b (x,t). Hence, guaranteeing b,,(x,t) > 0 for every ¢ > 0
ensures the satisfaction of ¢, ¢’ for w = H, F' respectively.
Based on that, we may describe the two step procedure as
follows:

a) Step A: The barrier function b, : Q x [0,00) — R
corresponding to the STL formula ¢;, i € Z,,,w € {H, F'}
defined as:

bl (x, 1) = —7i,(t) + hs(x) (7)

where h; Q — R is the predicate function of the
predicate 1); associated with the temporal formula ¢; and
vi(t),w € {H,F} a designer-defined function describing
a desired temporal behavior for the system. This behavior
ensures the satisfaction of ; with a maximum robustness
Ty at a desired time instant, denoted by tfj. The functions
h;(x) are assumed to be continuously differentiable in (2.
Since X C 2 is compact the restriction of i; on X admits a
maximum value. Let A" = maxyex hi(x). As in [15], we

consider 7 () functions of the form:

i i
Yw,co ™ Yw,0

b4l g, ifE <t

T =19 , - ®
’qu,oca ift >
where 7@,70,75,700 are parameters depending on the robust-

ness value 7, and the time instant ¢’ and satisfy:

Yo € (=00, hi(x(0))) (9a)
fYZ),oo € (maX<rw773u,O)7 h;nax) (9b)
4 bi, if@;=F. ;Ui
= { A %)
Ag, if Y; = g[ahgi] wz
0, hi(x(0))),  ift5i =0
L foneon, e o0
(0, Rjr>x), if 7} >0

From (9a) v}, is chosen such that bl,(x(0),0) > 0 for
every w € {H, F'}. In addition, due to (9b), for every time
instant ¢ > ¢! we have that b’ (x,t) < —r, + h;(x). Thus,
bé,(x,t) > 0 implies h;(x) > r,, forall t > ¢**. Note that for
every i € Z,, the function . (t) is piecewise differentiable.
b) Step B: The barrier functions b’ (x,t), i € Z,,, w €
{H, F} introduced above ensure the satisfaction of @; when
their value is non-negative for every ¢ > 0. However, satis-
fying each ¢, separately does not imply the satisfaction of ¢
or ¢'. This motivates the design of a single barrier function
bw(x,t),w € {H,F} the value of which may determine
whether ¢, ¢’ is satisfied when w = H, F respectively. This
function is formally introduced for any ¢ > 0 as follows:

bu(x,t) = —In ( 3 exp(—b;(x,t)))

1€ZLy

(10)

For this particular choice of b, (x,t) it is known [15, Eq.
2] that by, (x,t) < minez, b (x,t) for any w € {H, F}.
Therefore, by, (x,t) > 0 = bl (x,t) > 0 is always true
for all ¢ € Z,,,w € {H,F} and ¢ > 0. In this paper the
barrier functions b, (x, t) are designed such that rg > rp is
true. To reduce conservatism when a large number of tasks
is considered, authors in [14] propose removing b (x,t)
from b, (x,t), w € {H, F'} when the corresponding task is
satisfied, i.e., at t = Ei. Additionally, based on [15] for any
i € I9 the function b’ (x,t) is also deactivated at t = a;,
where 79 = 7 U{p+1}. Let T; denote the time interval at
which bl (x,t) contributes to b, (x,t), w € {H, F}. Based

on the above, T; = [0, ;) if ¢; = ]:[in 5] v, T; = (0,b;) if
$i = G, Vi or T; = [0, a;) U~(ai7bi) if o5 = Gz, 5,) Vi
Furthermore, i, = arg max;c7, b; for any w € {H, F'}. The
deactivation may be considered by making use of the integer
functions o’ (t) € {0,1} defined as:

1, teT

Oiu(t)={0, e,

for any t > 0 and i # i/,. When i = i/, we set o (t) = 1.
The latter rule is introduced to avoid cases when the barrier
function b, (x,t) becomes undefined, i.e., when 0!, (t) =

(an



0,Vi € Z,,. Based on the above, the modified barrier function
bw(x,t),t >0, we {H, F} can be written as:

J))) (12)

In this section we present a novel MPC scheme for the
satisfaction of the STL formula ¢ under actuation and state
constraints. Here, the optimization horizon can be chosen
arbitrarily small as long as initial feasibility, a common
assumption in MPC literature is assumed. The recursive
feasibility of the proposed scheme is guaranteed by the
satisfaction of a time-varying terminal constraint x(7;+N) €
Cr(tj + N) where Cp(7; + N) is defined by (5) with
respect to the terminal barrier function by (x,t). Motivated
by the work in [14], a terminal controller is also designed
guaranteeing that x(¢) € Cp(t) for any t > 7; + N if
x(1; + N) € Cp(1; + N) holds.

bw(xa t) =—In ( Z O;L-u (t) exp (7bfu(x

1€ Ly

IV. CONTROL APPROACH

Definition 1. The function bp(x,t) is a valid control barrier
function (vCBF) within each time interval (o, o%t), k =
0,...,pr — 1, if there exists an extended class IC function
ap such that for all (x,t) € Cp(t) x (ok, ok, k =
Oy...pr — 1 it holds:

. {(%F 051) x4 1) + 222 C01)
uEU ot

+ ap(bp(x, t))} Z 0

(13)

Assumption 3. Consider the differentiable function bp(x,t)
on X x (a}?,a?‘l) k=0,...,pr — 1 and let Assumption
2 hold. Consider further an extended class K function
ap and a given, positive constant 01 satisfying 61 >
duamifzg)‘iigﬂ(x‘l)dm’ where Ly = max;cz, %hzo and
X < inf(x¢)exxio, 75+N] 1br(x,t). Then, for any (x,t) €
X x ([0, 75 + N\{ok}7rot) with || 225050 | < 6y it holds

that: abF(x D Ax + 9 F(x i) + ap(bp(x,t)) > 0.

Assumption 3 ensures that br(x,t) is non-negative when
the control input u = 0 is applied to (1) for any (x,t) €
X % ([0, 77 + N\ {127 1) with || 225050 < 5, Notice
that the value of &, depends on the actuation capabilities of
the system and the minimum STL performance requirements.
A high value of §; may induce conservatism on the design of
br(x,t) when compared to, e.g., [15] not surprisingly given
the input constraints present here.

Theorem 1. Consider the system dynamics (1) subject to
input constraints u € U with U defined as in (2b) and the
STL formula ¢' = ¢ N\ @pi1 With ¢, ppi1 defined by (4) and
(6a)-(6b) respectively. Let Assumptions 1-3 hold. Consider an
extended class K function ap and a control law u(x,t) := u
with u given by:

arg min u’ u
uclU

u=

(14)

subject to:
0bp(x,1) 0bp(x,1)
- ' 7 -~ >
B (Ax + Bu) + T ar(bp(x,t))

(14a)

Then, the function x : [0,7; + N]| — X satisfying (1) for u
a.e. guarantees p® (x,0) > rp > 0 provided that x(0) €
Cr(0).

Proof. We provide only a sketch of the proof here due to
space limitations. The full proof will be presented in an
upcoming journal submission. For (x,t) € X x ([0,7; +
N\{c }pF ') with ||MH > 47 it can be shown that
Ugas = Bt ( AX + Vi) is a feasible solution of (14)
where BT is the Moore-Penrose matrix of B and Vi =
(L —ap(x))|| 20u0et) | 20007 By (16 Prp 3.3.9] and
due to the convexity of (14) we may conclude that the KKT
conditions of (14) are necessary and sufficient. Finally, it
can be shown that the proposed control law is continuous in
(x,1). [ |

The proposed MPC problem is solved at pre-determined,
equidistant time instants 7; based on the current state of
the system x(7;). The resulting control law is applied over a
finite time interval [7;, 7;1) until the next state measurement
x(7j+1) becomes available at 7;,,. The aforementioned
procedure is repeated for a finite number of times J with
J = %ﬁbl. Given the actuation limitations of the agents
satisfaction of ¢ might not be possible at all times as
this decision might lead to excessive state and input costs.
Therefore, we propose the relaxation of by (x,t) > 0 by
introducing a slack variable € = ¢(¢) > 0 and imposing the
constraint by (x,t) > —e for every ¢t € [1j,7; + N). The
relaxation factor € is considered as an MPC variable and
the goal is to minimize its value within [7;,7; + N], j =
0,...,J. The proposed framework can accommodate any
differentiable cost function L(u,x,¢€) such as the quadratic
one, ie., L(u,x,¢) = [[ullg, + [x|[3, + [l€]l3,. Based on
the above, we may define the MPC problem as follows:

Ti+N
HIPEH/T L(u,x,€)dt (15)
s.t. %X =Ax+ Bu, ae.[rj,7;+N] (15a)
br(x,t) > —€, te[r,m+N) (15b)
x(75) = x; (15c¢)
x(1; + N) € Cp(1; + N) (15d)
xeX, telr, 17+ N] (15e)
uel, telr,7+N] (15%)
e€0,00), telr, 7+ N] (15g)

Equation (15a) defines the system dynamics while (15b)
ensures that x() lies in the interior or at the closest possible
distance from Cp(t). Constraints (15¢), (15d) express the
initial and terminal conditions of the states respectively. As
discussed earlier (15d) ensures that the system behaves in



a desired way towards the satisfaction of ¢’ with robustness
rr. Finally, (15e)-(15g) ensure that x, u, € take values among
the admissible.

For the optimal control problem (15) we make the follow-
ing assumption on the regularity of u(¢) on any time interval
[, 7 +NJ], j=0,...,J:

Assumption 4. Any control input u : [7;,7;,+N] =T, j =
0,...,J satisfying (15a)-(15g) is continuous a.e. in [1;,T; +
N].

Theorem 2. Consider the system (1) and the STL formula
¢ defined by (4). Let Assumptions 1-4 hold. Assume that
the MPC problem (15) is feasible at 7o = 0. Then, (15) is
recursively feasible.

Proof. Assume that (15) is feasible at 7;, 7 > 1. Let u; :
[75,7 + N] = U, ¢ : [rj,7; + N] — [0,00) denote the
control input and the violating factor respectively, found as
a solution of (15) over the time interval [7;, 7;4+N]. Consider
the candidate control input:

u;1(t) = {uj(t)7

u(t),

where u : (7; + N, 741 + N] — U is the optimal solution
of (14). By Theorem 1, there always exists an admissible,
control law u(x(t),t) that is continuous in X, where X :
[7; + N,Tj+1 + N] — X is a solution of (1) for a(x(¢),t).
The solution X(¢) is an absolutely continuous function in
t. Hence, the feedback control law u(x(t),t) = u(t) is
continuous a.e. in (7; + N, 7j11 + NJ]. Additionally, by
feasibility of (15) at [r;, 7;+ V] the feasible control u;(t) sat-
isfies Assumption 4. As a result the proposed control signal
u,41(t) satisfies Assumption 4 guaranteeing the existence
of solutions of (1) over the interval [7;y1,7;41 + N]. By
Theorem 1 bp(X(t),t) > 0 is true for any solution x(¢) of (1)
for () and for all t € [7;+ N, 7j41 + N]. Therefore, (15d)-
(15e) is satisfied. In addition, since u;(t),t € [7j41, 7; + N]
is a feasible input for the MPC at 7;, any solution x; of
(1) for u; satisfies the state constraints, i.e., x;(t) € X, ¢t €
[Tj+1, Tj +N] Note also that Uj+1(t) elUte [Tj+1, Tj+1+
N]. Hence, (15¢)-(15f) are satisfied. Let by (X,t) be the
value of the barrier function for X(¢), ¢t € (7;+N, Tj41+N].
Consider the violation factor €;11(t), t € [Tjq1, Tj+1 + N:

€j41(t) = {ej(t)’

te [Tj+1,’7’j+N]
te (Tj+N,Tj+1+N]

te [Tj+1,7'j -‘rN}

€t), te(rj+N,7j1+ N]
where € := €(t) is defined as:
~ 0, br(x,t) >0
- {—bH(x,t), by (%,1) < 0

By feasibility of (15) at 7; it holds that: 1) €;(t) > 0 is
true for every t € [r;, 7;4+NN] and 2) (15b) is satisfied for any
solution x;(¢) of (1) when applying u;(¢) a.e. in [7;, 7;+N].
By definition, € > 0. For by (X,t) > 0, €41 = 0 implies
the satisfaction of (15b). Finally, setting €11 = —by (X, )
when by (X,t) < Oresultsin €;41+bg(X,t) = 0. Therefore,

(15b) is satisfied as equality. Based on the analysis above
the candidate solution (u;41,¢€;41) satisfies the constraints
(15a)-(15g). As a result, (15) is feasible over |71, 741 +
N]. Since the above hold for any j > 1, (15) is recursively
feasible. ]

Theorem 3. Let the Assumptions of Theorem 2 hold. Let
xcr : [0,77] = X be a solution of (1) under the control law

llj(t), tE[Tj,Tj+1),j:O,...,J—1
K(x(t)) = :
llj(lf), t= T
Then, p®(xcr,0) > minj—g,.. yp; with p; >

infte['rj,'errN] br(xcL(t), t), Z, J o= 0,....J
where €,c = MaX;—o,....J € Ehe = SUDser, 4] €(t) and
p; is maximized over [Tj,T; + N].

—€wey

Proof. By Theorem 2, (15) is feasible for every j =0, ..., J.
This implies that x(x(t)) is always defined and due to
Assumption 4 it is continuous a.e. in [0, 7]. Hence, there
always exists a solution xcr, : [0,77] — X to (1) satisfying
(15b) for every t € [0, 7]

The formula ¢, defined by (4) is a conjunction
of always and eventually formulas ¢;, ¢ € ZIp.
Hence, by definition of the robust semantics we have:
p®(xcL,0) = minjez, p¥ (XcL,0). By construction,
br(x,t) < minsez, bl (x,t). Hence, for ¢t € T; it holds
that:

hi(xcL(t)) = v (t) 4 b (xcL(t), t) (16)

By design of ~i (¢) it holds that: ~%(t) > ~i(t5) >
ry for every t € T, where t?} is the time instant at
which the formula ¢; is satisfied with robustness 7y and
T; is the time interval over which b% (x,t) contributes to
b (x,t). Equation (16) implies that h;(xcL(t)) > rg +
br(xcL(t),t) > ru + infyey, ron bu(xcl(t'),t), t €
T;. Let p; = rg + inft’e[fj.,fj+N] bH(XpL(tl),t/). If
@; is an always formula it holds that: p%i(xcr,0) =
mintle[dhgi] hi(XCL(tl)) > ﬁj > minj:o, ,,,,, J ﬁ{ If the for-
mula @; is an eventually formula it holds that: p%®i (xcr,0) =
mathe[ahgi] hi(XCL(tl)) > Hlathe[a“t;Ii] hi(XCL(tl)) >
min;—g, .. s p;. Considering the aforementioned results, we
may conclude that p?(xcr,0) = minsez, p% (xcL,0) >
,,,,,, 7 p;. Note that ry > 0 is true, and thus p; >
inft/e[.,-jy,,-ijN] bH(XCL(t/),t/). By (15b) bH(XCL(t/),tl) >
—€e> —€, t' € [7j, Tj + N]. Considering this result and for
€we = MaX;j—q,...J Ewe We have that by (xcL(t'),t') > —€we.

[ ]

V. SIMULATION RESULTS

In this section we present a simulation scenario for a
system with dynamics X = —Ax + Bu where x € R?,

1 0
A= and B = ) 1] . The initial condition of the
system is x(0) = [—0.4 —0.15]T. The system is subject to
state and inputs constraints with d, = 1.5 and d,, = 9. Next
consider the formula ¢"” = /\f’:1 ; with the subformulas
@i, i =1,...,3 defined as: p1 = G 41, Y2 = V2 U5 813
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Fig. 1: The evolution of the barrier function by (xcr(t),t), the closed loop trajectory xcr(t) and the maximum violation
factor €%c,j = 0,...,.J obtained by the proposed MPC scheme.

and 3 = Fg 10)%4. The predicate functions corresponding
to 1;, i = 1,...4 are defined as: hy(x) = 0.2 — ||x — pal?,
ho(x) = [-10 1]x 4+ 2, hy(x) = 0.2 — [|x — pp[*%
hy(x) = 0.2 — [|x — pc||* where pa = [—0.3 O.Q]T PR =
(035 0.5]" ,pc = [0.35 —0.5]". Based on ¢” the state
of the system needs to stay close to p4, approach pp while
respecting a safety requirement and finally reach pc. The
optimization horizon and sampling rate are chosen as N = 3
and A7 = 0.1 respectively. The robustness value correspond-
ing to the barrier function by (x,t),bp(x,t)is 7y = 0.1 and
rr = 0.01 respectively. The closed loop trajectory of the
system xcr(¢) is shown in Figure 1b for ¢ € [0, 10]. Based
on Theorem 3 and Figure lc we have p?(x,0) > —0.1344
which is a more conservative bound when compared to
the results of Figure la from which we can deduce that
p?(x,0) > 0.1 since inf;e(g,10) bar (xcL(t), t) = 0.0026. The
jumps shown in Figure la at times t =0, ¢t =4, t = 5 and
t = 8 sec occur due to the deactivation policy described in
section III. The simulations were performed in an Intel Core
17-8665U with 16GB RAM with the average computational
time of the MPC being equal to 4.7375 sec.

VI. CONCLUSION

A model predictive control framework is proposed for a
linear system under STL specifications. The satisfaction of
the STL tasks is imposed within the MPC scheme using a
time-varying barrier function, designed offline. The recursive
feasibility of the proposed scheme is proven by introducing
a time-varying terminal constraint that ensures a worst-case
temporal behavior for the system guaranteeing the satisfac-
tion of the task. Future work will extend the framework to
multi-agent systems.
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