LOGO

IEEE TRANSACTIONS ON AUTOMATIC CONTROL 1

Controller Synthesis of Collaborative Signal
Temporal Logic Tasks for Multi-Agent Systems
via Assume-Guarantee Contracts

Siyuan Liu, Adnane Saoud, Member, IEEE, and Dimos V. Dimarogonas, Fellow, IEEE

Abstract—This paper considers the problem of con-
troller synthesis of a fragment of signal temporal logic
(STL) specifications for large-scale multi-agent systems,
where the agents are dynamically coupled and subject to
collaborative tasks. A compositional framework based on
continuous-time assume-guarantee contracts is developed
to break the complex and large synthesis problem into
subproblems of manageable sizes. We first show how to
formulate the collaborative STL tasks as assume-guarantee
contracts by leveraging the idea of prescribed performance
control. The concept of contracts is used to establish our
compositionality result, which allows us to guarantee the
satisfaction of a global contract by the multi-agent system
when all agents satisfy their local contracts. Then, a closed-
form continuous-time feedback controller is designed to
enforce local contracts over the agents in a distributed
manner, which further guarantees global task satisfaction
based on the compositionality result. The effectiveness of
our results is demonstrated by two numerical examples.

Index Terms— Multi-agent systems, signal temporal log-
ics, formal methods, assume-guarantee contracts, dis-
tributed control, prescribed performance control.

[. INTRODUCTION

Over the last few decades, multi-agent systems have re-
ceived increasing attention with a wide range of applications in
various areas, including multi-robot systems, social networks,
autonomous driving, and smart grids. Revolving around the
control of multi-agent systems, extensive research works have
been established in the past two decades that deal with tasks
such as formation control [1], consensus [2], [3], and coverage
[4]; see [5] for an overview.

In recent years, there has been a growing trend in the
planning and control of single- and multi-agent systems under
more complex high-level specifications expressed as temporal
logics. Temporal logic, including linear temporal logics (LTL)
and signal temporal logics (STL), resembles natural languages
and offers a powerful framework for rigorously reasoning
about the temporal behaviors of systems. Thus, they can be
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used to express complex high-level specifications that extend
beyond standard control objectives [6]. One potential solution
that appeared more recently is the correct-by-construction
synthesis scheme [6], [7], which is built upon formal methods-
based approaches to formally verify or synthesize certifiable
controllers against rich specifications given by temporal logic
formulae. Planning and control of temporal logic formulae
are addressed in [8], [9] for single agent and in [10]-[12]
for multi-agent systems. However, when encountering large-
scale systems, most of the above-mentioned approaches suffer
severely from the curse of dimensionality due to their high
computational complexity, which limits their applications to
systems of moderate size. To tackle this complexity issue,
different compositional approaches were developed for the
analysis and control of large-scale and interconnected systems.
The most common types of compositional approaches are
based on input-output properties (e.g., small-gain or dissi-
pativity properties) [13]-[17] and assume-guarantee contracts
[14], [15], [18]-[22], respectively. Specifically, the notion
of assume-guarantee contracts (AGCs) prescribes properties
that a component must guarantee under assumptions on the
behavior of its environment (or its neighboring agents) [23].

The main goal of this paper is to develop a compositional
framework for the controller synthesis of signal temporal
logic (STL) formulae on large-scale multi-agent systems. The
synthesis of STL properties for control systems has attracted
a lot of attention in the last few years. Compared to LTL,
which is a propositional temporal logic that deals only with
discrete-time signals, STL [24] is a predicate logic interpreted
over continuous-time signals that allows to formulate more
expressive tasks with real-time and real-valued constraints.
Moreover, STL naturally entails space robustness [25] which
enables one to assess the robustness of satisfaction. Despite
the strong expressivity of STL formulae, the synthesis of
control systems under STL specifications is known to be
challenging due to its nonlinear, nonconvex, noncausal, and
nonsmooth semantics. In [26], the problem of synthesizing
STL tasks on discrete-time systems is handled using model
predictive control (MPC) where space robustness is encoded as
mixed-integer linear programs. The results in [27] established
a connection between prescribed performance control (PPC)
and the robust semantics of STL specifications, based on
which continuous-time feedback control laws are derived for
multi-agent systems [28]. Barrier function-based approaches
are proposed for the collaborative control of STL tasks for
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multi-agent systems [29]. The recent results in [30] developed
efficient decentralized and distributed control frameworks to
enforce a prescribed-time stability property for multi-agent
systems, which allows dynamical interactions with limited
communications among agents.

In this paper, we consider continuous-time and intercon-
nected multi-agent systems under a fragment of STL spec-
ifications. In this setting, each agent is subject to a local
STL task that may depend on the behavior of other agents,
whereas the interconnection of agents is induced by the
dynamical couplings between each other. In order to provide a
compositional framework to synthesize distributed controllers
for a multi-agent system, we first formulate the desired STL
formulae as prescribed performance control problems, and
then introduce assume-guarantee contracts for the agents by
leveraging the derived prescribed performance functions for
the STL tasks. Two concepts of contract satisfaction, i.e., weak
satisfaction and uniform strong satisfaction (cf. Definition
8) are introduced to establish our compositionality results
using assume-guarantee reasoning, i.e., if all agents satisfy
their local contracts, then the global contract is satisfied by
the multi-agent system. In particular, we show that weak
satisfaction of the local contracts is sufficient to deal with
multi-agent systems with acyclic interconnection topologies,
while uniform strong satisfaction is needed to reason about
general interconnection topologies containing cycles. Based
on the compositional reasoning, we then present a controller
synthesis approach in a distributed manner. In particular,
continuous-time closed-form feedback controllers are derived
for the agents that ensure the satisfaction of local contracts,
thus leading to the satisfaction of global contract by the multi-
agent system. To the best of our knowledge, this paper is the
first to handle STL specifications on multi-agent systems using
assume-guarantee contracts. Thanks to the derived closed-
form control strategy and the distributed framework, our ap-
proach requires very low computational complexity compared
to existing results in the literature, which mostly rely on
discretizations in state space or time [6], [7].

Related work: While AGCs have been extensively used
in the computer science community [23], [31], new frame-
works of AGCs for dynamical systems with continuous
state-variables have been proposed recently in [18], [20]
for continuous-time systems, and [15], [32, Chapter 2] for
discrete-time systems. In this paper, we follow the same be-
havioral framework of AGCs for continuous-time systems pro-
posed in [18]. In the following, we provide a comparison with
the approach proposed in [18], [20]. A detailed comparison
between the framework in [18], the one in [15] and existing
approaches from the computer science community [23], [31]
can be found in [18, Section 1].

The contribution of the paper is threefold:

o At the level of compositionality rules: The authors in [18]
rely on a notion of strong contract satisfaction to provide a
compositionality result (i.e., how to go from the satisfaction of
local contracts at the component’s level to the satisfaction of
the global specification for the interconnected system) under
the condition of the set of guarantees (of the contracts) being
closed. In this paper, we are dealing with STL specifications,

which are encoded as AGCs made of open sets of assumptions
and guarantees. The non-closedness of the set of guarantees
makes the concept of contract satisfaction proposed in [18] not
sufficient to establish a compositionality result. For this reason,
in this paper, we introduce the concept of uniform strong
contract satisfaction and show how the proposed concept
makes it possible to go from the local satisfaction of the
contracts at the component’s level to the satisfaction of the
global STL specification at the interconnected system’s level.
e At the level of the considered control objectives: When the
objective is to synthesize controllers to enforce the satisfaction
of AGCs for continuous-time systems, to the best of our
knowledge, existing approaches in the literature can only deal
with the particular class of invariance AGCs! in [20], where
the authors used symbolic control techniques to synthesize
controllers. In this paper, we present a new approach to
synthesize controllers for a more general class of AGCs,
where the set of assumptions and guarantees are described by
STL formulae, by leveraging tools in the spirit of prescribed
performance-based control.

e At the level of distributed control of STL tasks: Compared
to the results in [28] which use similar PPC-based strategies
for the control of STL tasks for multi-agent systems, our
proposed control law allows for distinct collaborative STL
tasks over the agents, whereas [28] is restricted to identical
STL tasks shared by all neighboring agents. A preliminary
investigation of our results appeared in [33]. Our results here
improve and extend those in [33] in the following directions.
First, the compositional approach developed in [33] is tailored
to interconnected systems without communication or collab-
oration among the components, and thus can only deal with
non-collaborative STL tasks. Here, we deal with general multi-
agent systems with three types of interactions among agents,
including dynamical couplings, communication/sensing, and
task dependencies, which facilitate the handling of collabo-
rative STL tasks. Second, different from the result in [33],
we present two different compositionality results which show
that weak satisfaction of contracts is sufficient to deal with
acyclic interconnections (in terms of dynamical couplings)
while strong satisfaction is needed to reason about general
interconnections containing cycles.

Il. PRELIMINARIES AND PROBLEM FORMULATION

Notation: We denote by R and N the set of real and non-
negative integers, respectively. These symbols are annotated
with subscripts to restrict them in the usual way, e.g., Ry
denotes the positive real numbers. We denote by R™ an n-
dimensional Euclidean space and by R™*™ a space of real
matrices with n rows and m columns. We denote by I,, the
identity matrix of size n, and by 1,, = [1,...,1]T the vector of
all ones of size n. We denote by diag(as, ..., a,) the diagonal
matrix with diagonal elements being ai,...,a,. Consider
sets S1,S2,...,5,. We denote by ]I, S; the Cartesian
product of Sy, S59,...,S5,. For a set K, the cardinality of K
is denoted |K|. For each j € {1,2,...,n}, the jth projection
on S =[[;_, S; is the mapping proj’ : S — S; defined by:

Iwhere the set of assumptions and guarantees of the contract are described
by invariants.
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PrOj7 (81,82, 84,---,8n) = 8; for all (si,s2,...,8,) €
S. Moreover, we further define Proj’ (S) = S; for all j €
{1,2,...,n}.

A. Signal Temporal Logic (STL)

Signal temporal logic (STL) is a predicate logic based on
continuous-time signals, which consists of predicates p that are
obtained by evaluating a continuously differentiable predicate
function P : R™ — R. Specifically, P is the predicate
function associated with g which assigns the respective true
or false boolean value of p as: p := T %f Pla) 20 for

1 if P(z) <0,
x € R™, where T and L denotes true and false, respectively.
We consider in this paper an STL fragment that is defined as

Y= T ] o] A, M
¢ = G[a,b]lﬁ | F[a,b]w | F@MG[ﬁ:E]w’ &)

where p is the predicate, v in (2) and ¥, ¥5 in (1) are formu-
lae of class ¢ given in (1). The operators =, A\, G[q 4], Fla.p)
denote the negation, conjunction, always, and eventually op-
erators, respectively, with a,b € R>( and a < b. The meaning
of these operators will be specified later by the definition of
STL semantics. We refer to ¢ given in (1) as non-temporal
formulae, i.e., boolean formulae, while ¢ is referred to as
temporal formulae due to the use of always- and eventually-
operators. We use (x,t) |= ¢ to denote that the state trajectory
x : Ry>g = X C R” satisfies ¢ at time ¢, where E denotes
the satisfaction relation. The trajectory x : Ry — X C R"
satisfying formula ¢ is denoted by (x,0) = ¢. The STL
semantics [24, Definition 1] of the fragment in (1)-(2) can
be recursively given by:

(x,t) = = Px(t)) 20
(1) = ¢ = =((x,1) = ¢)
(x,1) E 1A ¢ = (x,1) E 1A (x,1) = ¢
(x,t) F Flap¢ <= 3t c[t+a,t+b] st (x,t) ¢

The always-operator can be derived as Giq )¢ = ~F[q,p 79

Next, we recall that STL is naturally equipped with a quan-
titative semantics, called robust semantics [25, Def. 3] (also
referred to as space robustness). This quantitative semantics
can be interpreted as “how much (robustly) a signal x satisfies

or violates a STL formula ¢”. Formally, space robustness for
the STL operators considered in this work is defined as:

pr(x,t) := P(x(t))

p0(x,t) = —p?(x,1)
D1 AP2 (X, t) = mln(pd)l (X; t)a p¢2 (X’ t))
pF[“’b]qﬁ(X,t) = max P¢(Xa tl)
t1€[t+a,t+b]
pG[a‘b]¢(X,t) = min p¢(xa tl)
t1E[t+a,t+b]
pflan@an?(x t) ;=  max min _ p?(x,tp)

t1€[t+a,t+b] ta€[t1+a,t1+b]

where p?(x,t) are real-valued functions mapping from X x
R>o to R and are referred to as robustness functions. Note
that every STL formula ¢ is equipped with a robustness

function p?(x,t) for which it holds that: (x,t) = ¢ if
p?(x,t) > 0 [34, Proposition 16]. The robustness functions
will be employed in the controller design process to en-
force STL satisfaction. Similarly to [35], the non-smooth
conjunction can be approximated by smooth functions as
p?1192(x,t) ~ — 1 In(exp(—np® (x, t)) +exp(—np??(x,t))).
Note that — In(exp(—np?t (x,t)) + exp(—np?*(x,1))) <
min(p® (x,t), p?2(x,t)) holds for any choice of 7 > 0, and
the equality holds as 7 — co. Thus, we have (x,t) E ¢1 A ¢
as long as —% In(exp(—np®t(x,t)) + exp(—np®2(x,t))) > 0.

Note that the considered STL fragment allows us to encode
concave temporal tasks, which is a necessary assumption
used later for the design of closed-form, continuous feedback
controllers (cf. Assumption 18). It should be mentioned that
by leveraging the results in e.g., [36], it is possible to expand
our results to full STL semantics.

B. Multi-agent systems and interconnection topologies

Consider a team of N € N agents 3;, i € I = {1,...,N}.
Each agent ¥; is a tuple ; = (X, U;, W3, fi, g:, hi ), where

e X, =R" U, =R™ and W; = RP: are the state, external
input, and internal input spaces, respectively;

o f; : R" — R™ is the flow drift, g; : R™ — R™i*™
is the external input matrix, and h; : RPi — R™ is the
internal input map.

A trajectory of ¥; is a uniformly continuous map (x;, w;) :
R>o— X; x W; such that for all £>0

%i(t) = fi(xi(t)) + gi(xi(t)wi(t) + hi(wi(t)),  (3)

where u; : R>g — U, is the external input trajectory, and
w; :R>o — W; is the internal input trajectory. Note that u; €
U, are “external” inputs served as interfaces for controllers,
and w; € W, are termed as “internal” inputs describing the
physical interaction between agents which may be unknown
to agent >;. Note that the considered nonlinear control affine
systems as in (3) have been extensively studied in nonlinear
control theory [37], [38]. Control affine systems with drift
terms are very general, since they can model a wide range of
real-world physical systems, including various types of vehicle
dynamics and control systems, e.g., dynamical systems subject
to underactuation or nonholonomic motion constraints.

Assumption 1: Consider agent X; as in (3). The functions
fi i R% — R™, g; : R" — R™>*™i and h; : RPi — R™
are locally Lipschitz continuous, and g;(x;)g;(x;) " is positive
definite for all x; € R™:.

Remark 2: We assume that the functions that appeared in
the system dynamics (3) are locally Lipschitz continuous,
which will be used later in Theorem 22 to ensure the bounded-
ness of f;(x;), gi(x;), hi(x;) in bounded domains. Note that
any continuously differentiable function is locally Lipschitz.
Remark that g;(x;)g;(x;) " is positive definite if and only if
g:(x;) has full row rank, which implies that m > n. Note that
in the case where m = n, it implies that the system is fully
actuated. This assumption captures for instance the dynamics
of omnidirectional robots or room temperature regulation as
in Sec. V, and other practical control applications including
robotic manipulators with one actuator per degree of freedom.
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A multi-agent system consisting of N € N agents ; is
formally defined as follows.

Definition 3: (Multi-agent system) Given N € N agents
Y, i€{l,..., N}, as described in (3). A multi-agent system
denoted by ¥ = Z(¥q,...,Xy) is a tuple ¥ = (X, U, f,9)
where

o X =][,c;Xsand U =[]
input spaces, respectively;

e f: R" — R" is the flow drift and g : R — R™*™
is the external input matrix defined as : f(x(t)) =
[fix1(t)) + ha(wi(?));.. s fn(xn(?) + hy(wi (D)),
g(x(t)) = diag(gi(x1(1)), - .., g (xn (1)), where n —
DierMis mo= D> my, X o= [Xi5.. . XN], wi(t) =
[, (£); - 5% v, (B)], for all i € I, where N denotes
the set of agents providing internal inputs to %;.

ic1 U; are the state and external

A trajectory of ¥ is then a uniformly continuous map x :
R>p — X such that for all ¢ > 0, %(¢t) = f(x(¢)) +
g(x(t))u(t), where u = [uy;...;up]| is the external input
trajectory.

C. Interaction topologies among agents

Note that the interaction topology plays an important role
in the analysis and synthesis of networked multi-agent sys-
tems [5]. In this paper, we consider a general setup in the
synthesis of multi-agent systems by considering three types
of interactions among agents, which are determined by the
dynamical interconnection topology, communication topology,
and task dependency topology, respectively. Throughout the
paper, we will use the graph-based representations of these
network topologies, as described in the following.

Dynamical interconnection graph G* = (I, E*): In this
paper, we consider the existence of physical interactions in
terms of unknown dynamical couplings between agents, cap-
tured by h;(w;) as in (3). We denote by a directed graph G* =
(I, E™) as the inferconnection graph capturing the dynamical
couplings among the N agents, where I = {1,..., N}, and
(j,1) € E%, indicate that agent j provides internal inputs to
agent ¢ through dynamical couplings in (3). Thus, we formally
have N = {j € I|(j,i) € E*}. Given an interconnection
graph G%, we define I’ = {i € I|N® = (0} as the set of
agents who do not have any adversarial neighbors that impose
unknown dynamical couplings on them. Note that in Definition
3, the interconnection structure indicates that the internal input
w; of an agent 3; is the stacked state [X;,;...; Xy, . ] of its
adversarial neighbors ¥;, j € ./\fz-“. '

Communication graph G° = (I, E°): We denote by an
undirected graph G¢ = (I, E€) the communication graph
among the N agents, where I = {1,...,N}, (¢,j) € E*,
V4,4 € I are unordered pairs indicating communication links
between agents ¢ and j. The existence of a communication link
between agents ¢ and j reflects the fact that these two agents
can exchange information directly through communication
channels or active sensing, and thus the control input of agent
i can depend on the state of agent j and vice versa.

Task dependancy graph G' = (I, E'): We consider a
multi-agent system subject to a global STL specification ¢,

which is decomposed into local ones ¢;, i = 1,...,N 2.
Note that the satisfaction of task ¢; do not only depend on
the behavior of 3;, but may also depend on the behavior of
other agents I\ {i} 3. If the satisfaction of ¢; depends on
the behavior of more than one agent, ¢; is referred to as a
collaborative task. If ¢; only depends on one agent 3;, ¢;
is called a non-collaborative task. To characterize the task
dependencies in the multi-agent system, we define the fask
dependency graph as G' = (I, E*), which is a directed graph
with I = {1,...,N}, and (i,j) € E' if and only if the
formula ¢; depends on ;.

Assumption 4: For each ¢; depending on agent X;, j € I,

agent X; can communicate with ¥;, i.e., we have Gt C g°
with (4, j) € B = (i,5) € E°.
Assumption 4 implies that the task dependencies are compati-
ble with the communication graph topology of the multi-agent
system. If this assumption does not hold, one can leverage
communication-aware task decomposition techniques, such as
the one proposed in our recent work [39], to decompose the
global STL task such that the resulting task dependency graph
is compatible with the given communication topology.

Note that a path is a sequence v;v5 . ..v,, of nodes in the
graph, such that (v;,v;41) € E, Vi € {1,...,m — 1}, ie,
every consecutive pair of nodes is an edge in the graph. A
cycle is a path vjvsy...v, where v,, = v; and the vertices
v1,...,Um—1 are distinct. A directed acyclic graph (DAG) is
a directed graph with no directed cycles [40].

The following assumption will be used only in Theorem 22
for the design of the distributed control law.

Assumption 5: The task dependency graph G! = (I, E?) of

the multi-agent system is a directed acyclic graph.
Note that although Assumption 5 imposes the task dependen-
cies to follow a tree structure, one can leverage existing task
decomposition or assignment approaches to rewrite cyclic task
graphs into acyclic ones under mild assumptions [39].

D. Problem statement

We now have all the ingredients to provide a formal
statement of the problem considered in the paper:

Problem 6: Consider a multi-agent system = (X, U, f, g)
as in Definition 3, consisting of N agents ¥;, 7 € {1,..., N},
and given a global STL specification ¢, where ¢ = AN | &;
and ¢; are local STL tasks of the form in (2). Synthesize
local controllers u; for agents ¥; such that X satisfies the
specification ¢.

In the remainder of the paper, we first introduce the concepts
of assume-guarantee contracts and contract satisfaction in
Section III-B. Based on these notions of contracts, our main
compositionality results are presented in Sections III-C and III-
D, which are used to tackle acyclic and cyclic interconnection
graphs, respectively. Then, we show that STL tasks can be
casted as prescribed performance functions in Section III-F,
and then formulated as assume-guarantee contracts in Section

2By “global” and “local” STL specifications, we mean the tasks defined
for the entire network and individual agents, respectively.

3By saying that the satisfaction of a task ¢; “depends” on the behavior of
an agent Y;, we mean that the predicate function P; of ¢; (as defined in
Sec. II-A before (1)) is a function of x;.
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Fig. 1: A multi-agent system with two clusters [; = {1,2}
and I = {3}.The solid lines indicate the communication links
between agents, and the dotted lines with arrows indicate the
dynamical couplings between clusters.

III-G. A closed-form continuous-time control law will be
derived in Section IV to enforce local contracts over agents in
a distributed manner.

1. ASSUME-GUARANTEE CONTRACTS AND
COMPOSITIONAL REASONING

In this section, we present a compositional approach based
on assume-guarantee contracts which enables us to reason
about the properties of a multi-agent system based on the those
of its components. We will first introduce the new notions
of assume-guarantee contracts and contract satisfations for
multi-agent systems. Then, two compositionality results will
be presented which are tailored to multi-agent systems with
acyclic and cyclic interconnection topologies, respectively.

In the next subsection, we first split the agents into clusters
induced by the task dependency topology among the agents.
Clusters will be leveraged to define assume-guarantee con-
tracts representing the desired collaborative STL tasks.

A. Clusters induced by the task dependencies

Consider a multi-agent system with task dependency graph
G' = (I,E"). We say that I’ C I is a maximal dependency
cluster [41] if I' is a weakly connected component [5] in G¢,
ie, Vi,j € I’, i and j are connected* G* and #i € I',i' €
I'\ I’ such that 7 and 4’ are connected. Thus, a multi-agent
system under tasks {¢y,...,¢n} induces K < N maximal
dependency clusters I, k € I = {1,...,K}. Note that
these clusters are maximal, i.e., there are no task dependencies
between different clusters.

Example 7: Consider a multi-agent system of three agents
¥, i € {1,2,3}, as shown in Fig. 1. Agent X; is subject
to a collaborative STL task ¢ := Go 10)([[x1 — x2f| < 3),
i.e., agents 1 and 2 should always stay close to each other by
3 within time interval [0,10]; agent 5 is subject to a non-
collaborative STL task ¢g := Fj5 19(|[x2 — [50,20]T|| < 5),
and agent X3 is subject to a non-collaborative STL task ¢3 :=
Glo,10](Ilx3 —[20,80]T|| < 10). The task dependency graph of
the multi-agent system thus induces two maximal dependency
clusters I; = {1,2} and I, = {3}.

Let us denote a cluster by £y = Z(Zy,,..., %y, ) =
(X, Uk, W, fx, Gk, hi.), which results from the interconnec-
tion of agents ¥, i € Iy = {k1,..., ki }, k€ {1,..., K},
induced by the task dependency graph. The formal definition
of maximal dependency clusters is provided in Definition 25 in

4Here, 7 and j are said to be connected if there is an undirected path
i,k1,...,km,j such that: (i,k1) € E? and/or (k1,i) € E?! hold;
(k1,k2) € E' and/or (k1,k2) € E?! hold;...; (km,j) € E! and/or
(km,j) € E hold.

the appendix for completeness. A cluster’s dynamics capture
the collaborative behavior of all the agents involved within the
same group whose tasks depend on each other. We define by
NF = I\ {i} the set of cooperative neighbors of each agent
>, ¢ € I, and the cooperative internal input by the stacked
state z;(1) = [xj, (¢);...5x, |, ()], with Z; = HjeNf X;.
For the sake of simplicity, we assume that N*NN¢ = ), which
implies that there are no dynamical couplings among agents in
the same cluster. However, the proposed results can be readily
extended to handle the case that N* N N¢ # () by deriving
one more layer of compositional reasoning for each cluster; see
detailed discussions at the end of Sec. III-B. Note that, since
an agent can only belong to one cluster, it can be shown easily
that the interconnection of all the clusters forms the same
multi-agent system as the interconnection of all the single
agents as in Definition 3, i.e., Z(31,...,Xn)=Z(Z1,. .., 2K)
where 3, =Z(3y, ..., Xy, |) are the clusters.

We further define for each cluster >;, the STL formula as
bp = /\fil@. If the satisfaction of ¢;, for each cluster I, is
guaranteed, it holds by definition that the satisfaction of all
the individual formulae ¢;,i € I}, is guaranteed as well. As
defined earlier, the satisfaction of ¢y, k € {1,..., K}, depends
on the set of agents I, C I. Note that we have by the definition
of maximal dependency cluster that [y U --- U Ix = I and
Iy Iy =0 forall k, k' € {1,..., K} with k # k’. Induced
by the task dependency graph, the global STL specification
can be written as ¢ = AKX ;. Although there are no task
dependencies between agents in different clusters I and [,
these agents might be dynamically coupled as shown in each
agent’s dynamics (3) based on the interconnection graph G*.

As mentioned in Subsection II-B, we defined the inter-
connection graph G* = (I, E*) for the multi-agent system
with each agent ¥; being a vertex in the graph. Fur future
use, we further denote by a directed graph G* = (I, E%)
as the cluster interconnection graph capturing the dynamical
couplings among the K clusters in the multi-agent system,
where I = {1,...,K}, and (j,i) € E indicate that cluster
1; provides internal inputs to cluster I;, i.e., 3j; € I;,i € I;
such that (ji, i) € E°.

B. Assume-guarantee contracts for multi-agent systems

In this subsection, we introduce a notion of continuous-
time assume-guarantee contracts to establish our composi-
tional framework. A new concept of contract satisfaction is
defined which is tailored to the PPC-based formulation of STL
specifications as discussed in Subsection III-F.

Definition 8: (Assume-guarantee contracts) Consider an
agent ; = (X;, U;, Wy, fi, g, hi), and the cluster ¥, that X
belongs to as in Definition 25. An assume-guarantee contract
for 3; is a tuple C; =(AZ, G;) where

o A : Ryg = W, = HjeN; X is a set of assumptions
on the adversarial internal input trajectories, i.e., the state
trajectories of its adversarial neighboring agents;

° GYz : RZO — Xk = Xkl X ... X X; X ... X Xk\lk\ is a
set of guarantees on the state trajectories and cooperative
internal input trajectories.

We say that 3; (weakly) satisfies C;, denoted by ¥; |= C;, if
for any trajectory (x;, w;) :R>o— X;xW; of &, the following
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t tt+0;

(a) Weak satisfaction. (b) Strong satisfaction.

Fig. 2: An illustration of weak and strong satisfaction of a
contract. Top: trajectories of the internal inputs w;. Bottom:
trajectories of the state x;. Intuitively, the weak (or strong)
satisfaction states that if the assumptions A¢ are satisfied up
to time ¢ € R, the system’s state belongs to G; at least until
time ¢ (t 4+ d; with &; > 0 in the case of strong satisfaction).

holds: for all ¢t € R, if w;(s) € A(s) for all s € [0,¢], then
we have (x;(s),z;(s)) € Gi(s)® for all s € [0,t].

We say that X; uniformly strongly satisfies C;, denoted by
Y FEus G, if for any trajectory (x;, w;):Rso— X; xW; of
>;, the following holds: there exists §; > 0 such that for all
t € Rxq, if wi(s) € A%(s) for all s € [0,t], then we have
(xi(s),2i(s)) € Gi(s) for all s € [0,¢+ &;].

Intuitively, an assume-guarantee contract in Definition 8
states that if the restriction on the adversarial internal input
trajectories to the agent belongs to A{, then the restriction
of the state trajectories of the agent belongs to G;. Note
that 3, .5 C; implies 3; | C;. An illustration of weak
and strong satisfaction of a contract is depicted in Fig. 2.
We say that the assumption set A¢ (or guarantee set G;)
of a contract C; = (A, G,) is closed if for all t € Rx,
A%(t) (or G;(t)) is closed, i.e., each AZ(t) (or G,(t)) contains
all of its limit points; otherwise, it is open. As it can be
seen in the above definition, the set of guarantees G; for
each agent X; is on both the state trajectories of Y; and the
cooperative internal input trajectories, i.e., the state trajectories
of its cooperati_ve neighbors ¥, j € ./\/'f. For later use, let
us define Proj (G;(t)) := {z; € X;|[Fzy, € Xy,,Vk; €
Tpysit [Ty o520 xk‘m] € G;(t)}.

It should be mentioned that multi-agent systems have no
assumptions on internal inputs since they have trivial null
internal input sets as in Definition 3. Hence, an AGC for a
multi-agent system ¥ = Z(¥;,...,Xy) will be denoted by
C = (0,G) with G C X. The concept of contract satisfaction
by a multi-agent system X is similar to those for the single
agents by removing the conditions on internal inputs: We say
that X (weakly) satisfies C, denoted by ¥ = C, if for any
trajectory x : R>g — X of X, and for all s € R>g, we
have x(s) € G(s). Similarly, we can define assume-guarantee
contracts for clusters of agents in the multi-agent system.

Definition 9: Consider a cluster of agents X, =
(Xk, Ux, Wi, f, G, hi) as in Definition 25. An assume-
guarantee contract for the cluster can be defined as Cp =

SFrom here on, we slightly abuse the notation by denoting (x;(s), z;(s))
as the stacked vector [Xj, (s);...; X1, (s)] € Xy, for the sake of brevity.

(A%, Gy), where A% : Rsg — Wi = [Lic;, Wi and Gy, :
RZO — X k-
The concept of contract satisfaction by the clusters can be
defined similarly as in Definition 8 and is provided in the
appendix in Definition 26. The following proposition will be
used to show the main compositionality result of this section.

Proposition 10: Consider a cluster of agents Y, =
Z(Xky; - - gy, )» where each agent is associated with a local
assume-guarantee contract C; = (A%, G;), i € Ii. Consider
the assume-guarantee contract Cj, = (A%, Gy) for the cluster
Sk, as in Definition 9 constructed from the local assume-
guarantee contracts C;, i € I as follows: A} = [[;c; A?
and Gy = Nier,, G;. Then, we have 3; = Cy if X; | C; for
all i € Iy; S FEus Cr if B [=us C; for all i € I,

Proof: The proof can be found in the appendix. [ ]

Let us remark that Proposition 10 holds under the assumption
that N* N N¢ = 0. In the case that N* NN # 0, one can
derive similar compositionality results for each cluster with
acyclic or cyclic dynamical interconnections among agents
in the same cluster by following the same reasoning as in
Theorems 11 and 12. In the following subsections, we present
our main compositionality results by providing conditions
under which one can go from the satisfaction of local contracts
at the agent’s level to the satisfaction of a global contract for
the multi-agent system.
C. Compositional reasoning for acyclic interconnections

In this subsection, we first present the compositionality
result for multi-agent systems with acyclic interconnections
among the clusters, i.e., the cluster interconnection graph is a
directed acyclic graph (DAG).

Theorem 11: Consider a multi-agent system X =
Z(%¥4,...,XN) as in Definition 3 consisting of K clusters
induced by the task dependency graph G!. Assume that the
cluster interconnection graph G¢ = (I, E%) is a directed
acyclic graph. Suppose each agent X; is associated with a
contract C; = (A%, G;). Let C = (0,G) = (0,T1,,c7 Gr) be
the corresponding contract for X, with G, = Nier, Gy, k € 1.
Assume the following conditions hold:

i) foralliel, ¥, =C;;
ii) forall i € I, [T Proj’ (G;())CA{ (¢) for all ¢ € Rxo.
Then, ¥ = C.

Proof: The proof can be found in the appendix. [ ]

The above theorem provides us a compositionality result
for multi-agent systems with acyclic cluster interconnection
graphs via assume-guarantee contracts. However, we should
mention that weak satisfaction is generally insufficient to
reason about general networks with an interconnection graph
containing cycles. Interested readers are referred to [18, Ex-
ample 6] for a counter-example. A more general result is
presented in the next subsection which allows us to deal
with cyclic interconnections. An illustration of multi-agent
systems with acyclic and cyclic cluster interconnection graphs
is depicted in Fig. 3.

D. Compositional reasoning for cyclic interconnections

i€l

Next, we present a compositionality result on multi-agent
systems with possibly cyclic interconnections between clus-
ters.
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BN e-close to z1, if for all ¢ € Rxq, [|21(t) — z2(¢)|| < e. We
| ’® E’ L @ define the e-expansion of z; by : B.(z1) = {#' : Ryg —
) Z | # ise-closeto z1}. For set A = {z : Ryg — Z},

> T

‘@ z; @ ........ ,@

(b) Cyclic cluster in-
terconnection graph.

(a) Acyclic cluster inter-
connection graph.

Fig. 3: An illustration of a multi-agent system with acyclic or
cyclic cluster interconnection graphs. The solid lines indicate
the communication links between agents, and the dotted lines
with arrows indicate the dynamical couplings between clusters.

Theorem 12: Consider a multi-agent system X =
Z(¥1,...,XN) as in Definition 3 consisting of K clusters
induced by the task dependency graph G!. Suppose each
agent ¥; is associated with a contract C; = (A%, G;). Let
C = (0,G) = (0,T1c; Gx) be the corresponding contract

for 3, with G = Nicr, Gi, k € 1. Assume the following
conditions hold:

i) for all i € I, for any trajectory (x;, w;) : R>g — X; x W;

of 3, x;(0) € Proj (G;(0));

ii) foralli € I, ¥; =us Cis
iii) foralli € I, T jc e Proj’ (G (t)) CA%(t) forall t € Rxg.
Then, ¥ = C.

Proof: The proof can be found in the appendix. ]

Note that condition (ii) in Theorem 11 and condition (iii)
in Theorem 12 impose a compatibility condition between the
local contracts of neighboring agents, which is essential for
the compositional reasoning. Intuitively, this condition requires
that for each agent ¢, the guarantee set of its adversarial
neighboring agents j €N is a subset of the assumption set
of agent .

Remark 13: Tt is important to note that while in the defini-
tion of the strong contract satisfaction in [18] the parameter
0 may depend on time, our definition of assume-guarantee
contracts requires a uniform § for all time. The reason for
this choice is that the uniformity of ¢ is critical in our
compositional reasoning, since we do not require the set of
guarantees to be closed as in [18]. See [18, Example 9] for
an example, showing that the compositionality result does
not hold using the concept of strong satisfaction when the
set of guarantees of the contract is open. Indeed, as it will
be shown in the next section, the set of guarantees of the
considered contracts are open and one will fail to provide a
compositionality result based on the classical (non-uniform)
notion of strong satisfaction in [18].

E. From weak to strong satisfaction of contacts

Now, we provide an important result in Proposition 15 to
be used to prove the main theorem in the next section, which
shows how to go from weak to uniform strong satisfaction of
AGCs by relaxing the assumptions. The following notion of
e-closeness of trajectories is needed to measure the distance
between continuous-time trajectories.

Definition 14: (e-closeness of trajectories) Let Z C R™.
Consider ¢ > 0 and two continuous-time trajectories 2 :
R>o — Z and 2y : R>g — Z. Trajectory z» is said to be

B (A) = UzeaB:(2).

Now, we introduce the following proposition which will be
used later to prove our main theorem.

Proposition 15: (From weak to uniformly strong satisfac-
tion of AGCs) Consider an agent ¥; = (X;, U;, Wy, fi, gi, hi)
associated with a local AGC C; = (A¢, G;). If trajectories of
>J; are uniformly continuous and if there exists an € > 0 such
that X; ): ng with Cf = (BE(A?), Gl), then X; ’:us C;.

Proof: The proof can be found in the appendix. [ ]

In the next subsection, we show how to cast STL formulae
into time-varying prescribed performance functions which will
be leveraged later to design continuous-time assume-guarantee
contracts.

F. Casting STL as prescribed performance functions

As mentioned earlier, we consider that each agent in the
multi-agent system is subject to an STL task ¢; which does
not only depend on the behavior of agent 3;, but also on
other agents ¥;, j € I. We denote by Iy, = {i1,...,ip,}
the set of agents that are involved in ¢;, where P; indicates
the total number of agents that are involved in ¢;. We further
define x4, (t) = [xi,(t);...;Xip, ()] € R"Pi, where np, :=
m—l + ... +7’L7;P1_.

In order to formulate the STL tasks as assume-guarantee
contracts, we first show in this subsection how to cast STL
formulae into prescribed performance functions. Note that the
idea of casting STL as prescribed performance functions was
originally proposed in [27].

First, let us define a prescribed performance function
vi(t) = (1) — ) exp(—Lit) + v, where [;,t € Rso,
10,420 € Ry with 49 > 42°. Consider the robust semantics
of STL introduced in Subsection II-A. For each agent with
STL specification ¢; in (2) with the corresponding non-
temporal formula v; inside the F, G, F'G operators as in (2),
we can achieve 0 < r; < pf (x4,,0) < p"*® by prescribing a
temporal behavior to p;* (x4, (t)) through a properly designed
function ~y; and parameter p}***, and the prescribed region

—3i(t) + P < P (x4, (1)) < pOT
= —i(t) < pl (x4, (1) — I < 0. )

Note that functions v; : R>g — Rsg, i € {1,...,N},
are positive, continuously differentiable, bounded, and non-
increasing [42]. The design of «; and p[*“* that leads to the
satisfaction of 0 < r; < pf’ (x4,,0) < p* through (4) will
be discussed in Remark 23 in Section IV-A.

To better illustrate the satisfaction of STL tasks using PPC-
based strategy, we provide the next example.

Example 16: Consider STL formulae ¢; := F]og%1 and
G2 := Go,g1%2 With 11 = p; and g = pg, where iy and po
are associated with predicate functions P;(x) = Pa(x) = x.
Figs. 4a and 4b show the defined region in (4) prescribing a
desired temporal behavior to satisfy ¢; and ¢9, respectively.
Specifically, it can be seen that pi'(x(t)) € (—7(t) +

P, g and pd* (x(1)) € (—a(t) + pie®, p3*a*) for all
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(a) Prescribed region (—vi(t) + p7"*", p7***) (dashed
lines) for ¢1 := Fjg g1, s.t. qul (x,0) > ry withr; =
0.1 (dotted line).

P2,max

(b) Prescribed region (—vy2(t) + pgwx , P57 (dashed
lines) for g2 = Gg g2, st pa2(x,0) > ro with
ro = 0.1 (dotted lineg.

Fig. 4: Prescribed regions for STL formulae.

t € R>o as in Fig. 4. This shows that (4) is satisfied for
all t € R>(. Then, the connection between atomic formulae
pg’i (x(t)) and temporal formulae pf” (x,0), is made by the
choice of i, 72, p"**, and p5'®*. For example, the lower
bound —~;(t) + p** in Fig. 4a ensures that pi (x(t)) >
r1 = 0.1 for all ¢ > 6, which guarantees that the STL task ¢,
is robustly satisfied by pfl (x,0) > ry.

In the sequel, STL tasks will be formulated as contracts
by leveraging the above-presented PPC-based framework. We
will then design local controllers enforcing the local contracts
over the agents (cf. Section IV, Theorem 22).

G. From STL tasks to assume-guarantee contracts

The objective of the paper is to synthesize local controllers
u,, for agents ¥; to achieve the global STL specification ¢,
where ¢ = /\{\qu’)i and ¢; is the STL task of 3J;. Hence, in
view of the interconnection between the agents and the dis-
tributed nature of the local controllers, one has to make some
assumptions on the behaviour of the neighbouring components
while synthesizing the local controllers, formalized in terms
of assume-guarantee contracts. In this context, and using the
concept of prescribed performance function to cast the STL
tasks as presented in Section III-F, a natural assignment of the
local assume-guarantee contract C; = (A%, G;) for the agents
>, can be defined formally as follows:

o Af = ILiene{xs + Rao = X [ —75(8) + p** <
Pl (x4, (1) < P4Vt € Rol

° Gl = {(Xi,Zi) : RZO — Xl X Zl | 7’)/1(t) +p;naz <
P (%4, (1)) < piem, ¥t € Rao};

where —v, p¥, p*® are the functions discussed in Subsection

III-F corresponding to their STL tasks. Notice that the above

definition of the local contracts C; = (A?, G;) readily satisfies

condition (ii) in Theorem 11 and (iii) in Theorem 12.
Once the specification ¢ is decomposed into local contracts®

%Note that the decomposition of a global STL formula is out of the scope of
this paper. In this paper, we use a natural decomposition of the specification,
where the assumptions of a component coincide with the guarantees of its
neighbours. However, given a global STL for an interconnected system,
one can utilize existing methods provided in recent literature, e.g., [43], to
decompose the global STL task into local ones.

and in view of Theorems 11 and 12, Problem 6 can be solved
by considering local control problems for each agent 3J;. These
control problems can be solved in a distributed manner and
are formally defined as follows:

Problem 17: Given an agent ¥; = (X;,U;, Wy, fi, gi, hi)
associated with an assume-guarantee contract C; = (A?, G;),
where A¢, and G; are given by STL formulae by means of
prescribed performance functions, synthesize a local controller
u; Xk X RZO — U, such that 3; ’:us Ci.

IV. DISTRIBUTED CONTROLLER DESIGN

In this section, we first provide a solution to Problem 17 by
designing controllers ensuring that local contracts for agents
are uniformly strongly satisfied. Then, we show that based
on our compositionality result proposed in the last section,
the global STL task for the network is satisfied by applying
the derived local controllers to agents individually. First, we
utilize the idea of prescribed performance control (PPC) [42]
in order to enforce the satisfaction of local contracts by
prescribing certain transient behavior of the prescribed regions
that constrain the closed-loop trajectories of the agents.

A. Local controller design

As discussed in Subsection III-F, one can enforce STL tasks
via PPC-based strategy by prescribing the transient behavior
of p;*(x4,(t)) within the predefined region in

i) < pl (x4, () — P <0, )

where ; is the corresponding non-temporal formula inside
the F, G, F'G operators as in (2). In order to leverage the idea
of prescribed performance control to achieve this, an error
term is first defined for each p;" (x4, (t)) as e;(x4,(t)) =

pi (x4,(t)) — p}"‘“g . We can then define the modulated error
e;(xq,. (T
S
performance region D; := (—1,0). Notice that the regions
D; = (—1,0) defined for é;(x,,,t) are equivalent to the
desired prescribed performance bounds for p:b (x4,(t)) in (5).
The transformed error is then defined as

_éi(x(m,t) + 1

as é;(xg,,t) = and the corresponding prescribed

€i(xg,, 1) = Ti(ei(xg,, 1)) = In( éi(xg,,1) ©
Let us also define
oT;(é;) 1 1
ety =T 2 ?

ge; vi(t)  wt)e(l+é)’

which is the normalized Jacobian of the transformation func-
tion. The basic idea of PPC is to derive a control policy
such that €;(x4,,¢) is rendered bounded, which implies the
satisfaction of (5). A more detailed description of the PPC-
based strategy is provided in the appendix.

We make the following two assumptions on functions p,
for formulae 1);, which are required for the local controller
design in the main result of this section.

Assumption 18: Each formula within class ¢ as in (1) has
the following properties: (i) pip : R™ — R is concave and (ii)
the formula is well-posed in the sense that for all C' € R there
exists C' > 0 such that for all x,, € R"7 with pzb (x4,) > C,
one has ||x4,| < C < oco.
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Remark 19: Part (i) of Assumption 18 imposes that p;”
is concave. Concave functions contain the class of linear
functions as well as functions which express, e.g., reachability
tasks using predicates such as ||x; — [50,20]T|| < 5 as
in Example 7, for which p!*(x;) = 5 — ||x; — [50,20]T]|.
This assumption is required since the controller that will be
proposed in Theorem 22 uses the gradient information of
W. Hence, local optima or saddle points may lead
the sglstem to get stuck at them. Part (ii) of Assumption
18 ensures bounded solutions of x,,(t) , and thus the well
definedness of x4,(t) for all ¢ > 0. This assumption is not
restrictive in practice since one can combine a new formula
Y™ = (||x4,]| < C) with v; for a sufficiently large C' so
that 4™ A 1); is well-posed.

Define the global maximum of p'%(xg,) as p?' =

bupxd)iGR"Pz pz (X¢z)
Assumption 20: (i) The global maximum of p;*(xy,) is

ap! (qsq)

t .
positive, i.e. p;¥" > 0 and (ii) is a non-zero vector.

Remark 21: The global maximum of p;”(x4,) being pos-
itive guarantees that the local STL formula 1); is satisfiable,
since p?”* > 0 implies that pl "(x¢;,0) > 0 is possible. Note
that p?¥" is easy to compute since pf( X¢,;) is concave. The

assumption on M being a non-zero vector is used to
avoid local optlma Wthh can cause infeasibility issues. Note
that since pl ‘(x4,) is concave under Assumption 18, one has

6’)87,(() 0 if and only if p¥(x,,) = p*', thus (ii) of
Assumptlon 20 can be guaranteed by choosmg pi®* such that
0 < pinax < p%" < 0 holds as in (10), under the assumption
that p?”* > 0 as in part (i) of Assumption 20.

Now, we are ready to present the main result of this section
solving Problem 17 for the local controller design.

Theorem 22: Consider an agent Y; as in (3) belonging to
cluster ¥ and satisfying Assumption 1. Given that %; is
subject to STL task ¢;, and is associated with its local assume-
guarantee contract C; =(A¢, G;), where

. A“ = Iene{xi + Roo = X; | —5(8) + pj"*" <

p] 5 (x5, (1)) < P2, VE € Rao);
{(Xza z) RZO — X1 X Zz | -

Pz (x4, (1) < pi"*,VE € Rxo}
where 1); is an atomic formula as in (1) satlsfymg Assump-
tions 18 and 20. Assume —7;(0) 4 p** < p! “(x4,(0)) <
pnar < poPt, * for all i € I,. If the task dependency graph
G' = (I, E) is a directed acyclic graph as in Assumption 5,

and all agents ; in the cluster apply the controller

W)+ o <

Ip:? (X4,
w,)= 0] 0) S (P2 6 0 0,000, ®

MIS

where J;(é;,t),€;(xg,,t) are defined in (7) and (6), respec-

tively, then we have X; =, C; for all ¢ € I.
Proof: The proof can be found in the appendix. ]
As can be seen from (8), the presented control strategy
is distributed, but not fully decentralized, as it requires the
information from its cooperative neighbors w.r.t. their states
and prescribed performance functions. From an implementa-
tion perspective, such a distributed approach is realistic since

communication between neighboring agents is feasible and
efficient in many practical applications, and is often necessary
to achieve coordinated behavior.

Remark 23: (Parameter design for the prescribed re-
gions) Remark that the connection between atomic formulae
pi (x4,(t)) and temporal formulae p;*(x4,,0) is made by ~;
and p;"** as in (4), which need to be designed as instructed
in [27]. Specifically, suppose plp > 0 holds as in part (i) of
Assumption 20, and select

a; if ¢y =
;€4 [ai, b if ¢;
la;, +a;,b; +a;) if ¢;

G[a“bl]’l/)l
= F[aubi]wi )
= FMWZ]G[TII"EJ#}"

g (max(0, " (x4,(0))), ) (10)

ri €(0, pi"*) (11)

o (PP = ! (x4,(0)), 00) ite; >0 o

’yl max 1/) max ( )

(P = p; " (x4, (0)), pi"™ — 1] else

5% € (0, min(vy), pi™ —ry)] (13)
R if — Y + pax > g

l; € _1n<%> (14)

else.

7

Note the choice of 4 ensures the satisfaction of the assump-
tion on initial conditions —v;(0) + p"** < p¥(x4,(0)) <
Pt < pfp as stated in Theorem 22. With ~; and pmar
chosen properly (as shown above), one can achieve 0 <r; <
p‘f (x4,,0) < p"®* by prescribing a temporal behavior to
pf’ (x4,(t)) as in the set of guarantees G; in Theorem 22,
Le., —vi(t)+p** < p!* (x4, (t)) <pi** for all t>0.

B. Global task satisfaction

Here, we show that by applying the local controllers to the
agents, the global STL task for the multi-agent system is also
satisfied based on our compositionality result.

Corollary 24: Consider a multi-agent system > =
Z(X4,...,2Xy) as in Definition 3 consisting of K clusters
induced by the task dependency graph G' = (I, E'). Suppose
Assumption 5 holds. Suppose each agent ¥; is associated
with a contract C; = (A%, G;), and each cluster of agents is
associated with a contract C; = (A%, G},) as in Definition 9.
If we apply the controllers as in (8) to agents X;, then we
get ¥ f= C = (0,T];c; Gr)- This means that the control
objective in Problem 6 is achieved, i.e., system X satisfies
signal temporal logic task ¢.

Proof: The proof can be found in the appendix. [ ]
According to the above corollary, we remark that the global
task satisfaction holds for multi-agent systems with acyclic
task dependency graphs, irrespective of whether the dynamical
interconnection graph is acyclic or cyclic.

V. CASE STuUDY

We demonstrate the effectiveness of the proposed results on
two case studies: a room temperature regulation and a mobile
multi-robot control problem.
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Fig. 5: Trajectories of the temperature (a) and control input
(b) of the closed-loop agents 31, Yo, Y xy_1 and X, where
N = 1000, under control policy in (8).

A. Room Temperature Regulation

Here, we apply our results to the temperature regulation of a
circular building with N = 1000 rooms each equipped with a
heater. The evolution of the temperature of the interconnected
model is described by the differential equation:

¥ T(t) =AT(t) + anThv(t) + acTe, (15)

adapted from [44], where A € R™ is a matrix with
elements {A}“ = (—20[—0&6 —O[hl/i), {A}i,i+1 = {A}i-‘rl,i =
{Ahv={A}n1 =0« Vi e {1,...,N — 1}, and all other
elements are identically zero, T(k) = [T1(k);...; Tn(k)],
T.=[Te1;...;Ten], v(k)=[v1(k);...;vn(k)], where v;(k) €
[0,1], Vie{1,..., N}, represents the ratio of the heater valve
being open in room ¢. Parameters o= 0.05, a, = 0.008, and
ap = 0.12 are heat exchange coefficients, T,; = —20°C' is
the external environment temperature, and 7y, =55°C' is the
heater temperature. Now, by introducing >; described by

%, : Ti(t) = aTy(t) + dw;(t) + apThvi(t) + e Tei,

where a = 20— o, —apy;, d = 0.8a, and w;(t) =
[Tifl(t);Ti+1(t)] (with To = Tx and TN+1 = T,), one
can readily verify that ¥ = Z(X4,...,Xy) as in Definition
3. The initial temperatures of these rooms are, respectively,
T,(0) = 20°C, T9(0) = 25.5°C, T;,(0) = 21°C if
1 € {iisodd|i € {3,...,N}}, and T;(0) = 27°C if
ie{iiseven|i € {4,...,N}}.

The room temperatures are subject to the following STL
tasks ¢1: Flo 5/G10,20] ([|'T1 — Togol| < 2) A (|[T1 — T3 <
2) A (ITy = 23| < 0.5), ¢2: Flo,5/G 10,20 (| T2 — T1o00l| <
2) A (T2 = Tuff < 2) A (T2 = 29 < 05), ¢
F[0’5]G[10’20}(HT2* - TH_QH < 2), for ¢ € {3, oo, N — 2}, and
¢n-1: Flo25/(|Ty-1 — 23| <0.5), and ¢n: Fig 25 (| Ty —
29|| < 0.5). Intuitively, the STL tasks require the controllers
(heaters) to be synthesized such that the temperature of ev-
ery other rooms should eventually get close to each other,
and the temperature of the rooms reach the specified region
([22.5, 23.5] for rooms ¥; and ¥ _1, or [28.5,29.5] for rooms
Y9 and X ) in the desired time slots. In this setting, the
circular building consists of two clusters: I; = {i is odd |i €
{1,...,N}} and I, = {iiseven|i € {1,...,N}}. The
cluster interconnection graph is cyclic due to the dynamical
couplings between the neighboring rooms.

To enforce the STL tasks on this large-scale multi-agent
system, we apply the proposed compositional framework

i (Ti(t)) P8’ (Ta(t))
0
T J——— s, 5
< /7 < o~
/
10 15 20 25 10 % 10 15 20 2§
() + ppe —nlt) + g
-15 15
0 5 10 15 20 25 0 5 10 15 20 25
time (min) time (min)

(a) Prescribed region for (b) Prescribed region for o
1 PR 1 PR

— v (t) + PR

0 5 10 15 20 25 0 5 10 15 20 25

time (min) time (min)

(c) Prescribed region for X1  (d) Prescribed region for X5

Fig. 6: Prescribed regions for the STL tasks for agents Xp,
Yo, Xn—1 and X, where N = 1000. Performance bounds
are indicated by dashed lines. Evolution of the prescribed
performance of p{*(T;(t)) are depicted using solid lines.

by leveraging the results in Theorem 12 and applying the
proposed PPC-based feedback controllers as in (8). Note
that Assumptions 18-20 and 1 on the STL formulae and
the system dynamics are satisfied, and the task dependency
graph also satisfies Assumption 5. We can thus apply the
feedback controller as in (8) on the agents to enforce STL
tasks in a distributed manner. Numerical implementations were
performed using MATLAB on a computer with a processor
Intel Core i7 3.6 GHz CPU. Note that the computation of
local controllers took on average less than 0.1 ms, which
is negligible. The computation cost is very cheap since the
local controller u; is given by a closed-form expression and
computed in a distributed manner. The simulation results
for agents 31, Yo, Xny_1 and X are shown in Figs. 5-6.
The state and input trajectories of the closed-loop agents are
depicted in Fig. 5. The shaded areas represent the desired
temperature regions to be reached by the systems. As can
be seen from Figs. 5, all these agents satisfy their desired
STL tasks. In Fig. 6, we present the temporal behaviors of
p?’i (T1(t)) for the four rooms 31, Yo, X1 and X . It can
be readily seen that the prescribed performances of pj’ (Ti(t))
are satisfied, which indicates that the time bounds are also
respected. Remark that the design parameters of the prescribed
regions are chosen according to the instructions listed in (9)-
(14), which guarantees the satisfaction of temporal formulae
pf (T;,0) by prescribing temporal behaviors of atomic for-
mulae pj’ (T;(t)) as in Fig. 6. We can conclude that all STL
tasks are satisfied within the desired time interval. Note that
the proposed compositional framework allows us to deal with
multi-agent systems in a distributed manner, thus rendering the
controller synthesis problem of large-scale multi-agent systems
tractable. Moreover, the proposed local controller allows us to
deal with STL tasks that not only depends on single agents
but may also depend on multiple agents. Unlike the methods
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Fig. 7: The multi-robot system with two clusters ¥;
{21,%9,%3} and ¥y = {4, %5}. The solid lines indicate
the communication links between agents and the dotted lines
indicate the dynamical couplings between clusters.

in [28] which require all agents in a cluster to be subject to
the same STL task, our designed local controllers can handle
different STL tasks in the same cluster. Therefore, the methods
in [28], cannot be applied to deal with the considered problem
in this paper.

B. Mobile Robot Control

In this subsection, we demonstrate the effectiveness of the
proposed results on a network of N 5 mobile robots,
where the dynamic of each robot is adapted from [45] with
induced dynamical couplings. Each mobile robot has three
omni-directional wheels. The dynamics of each robot %,
1€ {1,2,...,5} can be described by

i di=A; (BY) Rowi—fi(=),

where the state variable of each robot is defined as x; :=
[i1;%i2; T3] with p;, := [z;1;x;2] indicating the robot
position and state x;3 indicating the robot orientation with
respect to the z;;-axis; R; := 0.02 m is the wheel ra-

cos(x;3) —sin(z;3) 0

dius of each robot; A; := |sin(z;3) cos(z;3) Of, and
0 0 1
0 cos(m/6) —cos(m/6)
B; := |—-1 sin(w/6) —sin(7/6)| describes geometrical
L; L; L;
constraints with L; := 0.2 m being the radius of the robot

. [p; —p,:0] :
bOdy, the term fl(as) = Zje/\ff klm is the

induced dynamical coupling between agents that is used for
the sake of collision avoidance, where x [®1;...;2N],
k; = 0.1, and Djs j € M“, are the positions of X;’s
adversarial neighboring agents with N§* = {4}, N§ = {4,5},

= {2,3}, N& = {3}. Each element of the input vector
u; corresponds to the angular rate of one wheel. The initial
states of the robots are, respectively, x1(0) = [2;2; —7 /4],
w2(0) = [4;0;0], ®3(0) = [6;2;7/4], x4(0) = [8;0;0],
x5(0) = [10;2; —7/4].

The robots are subject to the following STL tasks:

¢1 := Flg,40)G0,20] (([[P1 — p2ll < ) A ([lp1 — p3ll < 1)
b2 = Flg 40)G0,20) (([IP2 — p3]l < 1)

A (| deg(x2,3) — deg(z3,3)| < 7.5)
¢3 := Fl9,40]G0,20] (([|P3 — [14; 7]|| < 0.1) A (| deg(x33)| < 7.5)
¢4 := Fio,40)G0,20) ((IP4 — [14; 7.5][| < 0.1) A (| deg(za,3)| < 7.5)
¢5 1= Fio,40)Gl0,20] (([Ps — P4l < 1)

where deg(-) converts angle units from radians to degrees.
Intuitively, robots 3 and 4 are assigned to move to their
predefined goal points [14;7] and [14;7.5], respectively, and
stay there within the desired time interval, while satisfying

—-—-—-Robot 1 .
81 |-~— Robot 2 1

Robot 3 L

L TN i
[y Robot 4 /«/,/’\‘\, 5‘> !
6|~ Robot 5 S AN
s % p
A o
/

Zi2 (m)

Iy ER/ 5/
P P
0 . . . . . . .
0 2 4 6 8 10 12 14 16
zi1 (m)

Fig. 8: State trajectories of the closed-loop robot systems on
the position plane. Triangles indicate the orientation of robots.

60

—Uus1

Us,2
us3

20 /_\
]

control input

0.95]

3 N o) o

35 40 405 %5 a0 405
2 \ -20
! N

0 10 20 30 40 50 60
time (min)

0 10 20 30 40 50 60
time (min)
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Fig. 9: The evolution of the relative distances between the
agents (or between an agent and its goal position) (a) and
control input for robot 5 (b) as time progresses.

the additional requirements on the robots’ orientation; robot
2 is required to chase and follow robot 3 within the desired
time interval, in the meanwhile keeping a similar orientation
as robot 3; robot 2 is required to chase and follow robots 2
and 3 within the desired time interval; and robot 5 is required
to chase and follow robot 4. Induced by the task dependency
graph, we obtain two clusters from the multi-agent system:
B ={%1,%2, 33} and X9 = {X4, U5}, as depicted in Fig. 7.
The cluster interconnection graph in Fig. 7 is cyclic due to the
dynamical couplings between the agents in different clusters.

To enforce the STL tasks on this 5-robot system, we
apply the proposed compositional framework by leveraging
the results in Theorem 12 and the proposed feedback con-
trollers as in (8). Note that Assumptions 18-20 and 1 on
the STL formulae and the system dynamics are satisfied,
and the task dependency graph also satisfies Assumption 5.
We can thus apply the feedback controller as in (8) on the
agents to enforce the STL tasks in a distributed manner.
Numerical implementations were performed using MATLAB
on a computer with a processor Intel Core i7 3.6 GHz CPU.
Note that the computation of local controllers took on average
0.1 ms, which is negligible since u; is given by a closed-form
expression and computed in a distributed manner. Simulation
results are shown in Figs. 8-10. The state trajectories of each
robot are depicted as in Fig. 8 on the position plane. The initial
positions and final positions of the agents are represented
by solid circles, the solid lines between the circles indicate
communication links, and the dotted lines between the circles
indicate dynamical couplings between the agents. In Fig. 9,
we show in subfigure (a) the evolution of the relative distances
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Fig. 11: Summary of the main results.

between the agents (or between an agent and its goal position)
and in subfigure (b) the trajectory of control inputs for robot
5 as time progresses. As it can be seen from Figs. 8 and 9,
all agents satisfy their desired STL tasks. In particular, agents
3 and 4 finally achieved their tasks to reach and stay around
their goal point within a certain distance (0.1 meter) after 40
minutes; agents 1, 2, and 5 achieved their tasks to chase and
stay close to their desired agents within a certain distance (1
meter). In Fig. 10, we further showcase the temporal behaviors
of pf (x4, (t)) for the robots. It can be seen that the prescribed
performances of p?*(x,(t)) are satisfied, which verifies that
the time bounds are also respected. We can conclude that all

STL tasks are satisfied within the desired time interval.
VI. CONCLUSIONS

We proposed a compositional approach for the synthesis
of signal temporal logic tasks for large-scale multi-agent

systems using assume-guarantee contracts. The notions and
main results proposed in the paper and their relationships are
sketched in Fig. 11. Each agent in the multi-agent system
is subject to collaborative tasks in the sense that it does not
only depend on the agent itself but may also depend on other
agents. The STL tasks are first translated to assume-guarantee
contracts so that the satisfaction of a contract guarantees the
satisfaction of the signal temporal logic task. Two concepts
of contract satisfaction were introduced to establish our com-
positionality results, where weak satisfaction was shown to
be sufficient to deal with acyclic interconnections, and strong
satisfaction was needed for cyclic interconnections. We then
derived a continuous-time closed-form feedback controller to
enforce the uniform strong satisfaction of local contracts in a
distributed manner, thus guaranteeing the satisfaction of global
STL task for the multi-agent system based on the proposed
compositionality result. Finally, the theoretical results were
validated via two numerical case studies.
APPENDIX

Definition 25: (Maximal dependency clusters) Consider a
cluster of agents ¥;, i € I = {k1,..., ki1, }, ke {l,..., K},
with each agent as described in (3). The product system for
the cluster of agents denoted by ¥ =Z(Zg,,. . ., Sy, ) is a
tuple Xj, = (Xk, Uk, Wi, fr, Gk, hk) where

° ch = Hielk Xi, Uk = Hielk Ui, and Wk = Hielk Wi
are the state, external input spaces, and internal input
spaces, respectively;

° fk is the flow drift, g, is the external input matrix,
and hj is the internal input matrix defined as:

fk<ik(t)) = [fkl (Xkl (t));"';fkuk\(xkuk\(t))]’
gk()_{IC(t)) = diag(gkl (Xk'l (t)), s 7gkuk| (Xkuk\ (t))’
h(Wi(t)) = [y (Wiy (8))5 -3 Py (W ()]
where Xp = [xp;...i%g,,] € R"™ with
N = Nk, +++ + Tkip, | Wi = [Wkl;...;wk“kd € RPx

with pp = pg, +--- + Pyp -
A trajectory of ¥, is a uniformly continuous map (X, W) :
R>— X3 x Wy, such that for all t>0

X (t) = feXZk(t) 4+ ge(Xe () k(t) + hi (Wi (),

where G = [up,;. .. ug, ]

Definition 26: (Satisfaction of assume-guarantee contracts
by the clusters) Consider a cluster of agents ¥, an assume-
guarantee contract C, = (A%, Gy) as in Definition 9.

We say that 3 (weakly) satisfies Ci, denoted by Xy, = Cy,
if for any trajectory (Xx, W) : R>g — Xy x Wy, of ¥y, the
following holds: for all ¢+ € R>( such that Wy (s) € A¢(s) for
all s € [0,t], we have %;(s) € Gy(s) for all s € [0,1].

We say that ¥ uniformly strongly satisfies C, denoted by
Y FEus Cp, if for any trajectory (X, Wy) ‘Ryo— X X Wy
of ¥, the following holds: there exists 5 > 0 such that
for all t € R>q, Wi(s) € A%(s) for all s € [0,t], we have
%1 (s) € Gi(s) for all s € [0, + ).

A. Supplementaries on prescribed performance control

(16)

In order to design feedback controllers to prescribe the
transient behavior of p;" (x4, (t)) within the predefined region:

i) < pl (x4, (1)) — P <0, (17)
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one can translate the prescribed performance functions into
notions of errors as follows. First, define a one-dimensional
error as e;(xg,(t)) = p;p (x4,(t)) — p**. Now, by nor-
malizing the error e;(xg,(t)) with respect to the prescribed
performance function <;, we define the modulated error as
éi(xg,,t) = P(%(tgt)) Then, (17) can be rewritten as —1 <
éi(t) < 0. We use D; := (—1,0) to denote the performance
region for é;(t). Next, the modulated error is transformed
through a transformation function 7; : (—1,0) — R defined as

~ éi(x i 7t)+1
Ti(@i(xg,,1)) = In(—=3 =5
tion function T; : (—1,0) — R is a strictly increasing function,
bijective and hence admitting an inverse. By differentiating the

transformed error €; := T;(é;(x4,,t)) w.r.t time, we obtain

). Note that the transforma-

€ = \Z(é“t)[el + ai(t)ei], (18)
where Ji(é:,1) = S50 Sty = — = petreey > 0. for all

€;€(—1,0), is the normalized Jacobian of the transformation
function, and «;(t) = —1’8 > 0 for all ¢t € R>q is the
normalized derivative of the performance function ;.

It can be seen that, if the transformed error ¢; is bounded
for all ¢, then the modulated error é; is constrained within the
performance region D;, which further implies that the error e;

evolves within the prescribed performance bounds as in (17).

B. Proofs not contained in the main body

Proof of Proposition 10. We only provide the proof for
the case of strong satisfaction of contracts. The case of weak
satisfaction can be derived similarly. Suppose that ; =, C;
holds for all ¢ € Ij,. Consider an arbitrary trajectory (Xx, Wy ):
R — X x Wy, of the cluster $x. Let us show the existence
of 8 > 0 such that for all t € R>q with Wy (s) € A%(s) for
all s € [0,t], we have Xx(s) € Gi(s) for all s € [0, + &)

First, given the trajectory (Xg, Wi) : Rso — Xj x W,
we have by Definition 25 that Xx = [Xp,;...;Xk, ] and
Wi = [Wgy. .- ;wkukl], and thus, (x;,w;) : R>¢9 — X; x W;
is a trajectory of X; for all ¢ € Ij,. Now, consider any arbitrary
t € Rsq, such that wi(s) € A%(s) for all s € [0,], it
follows that w;(s) € A? for all s € [0,¢] for all ¢ € I}, since
AZ = Hielk A¢. Using the fact that ¥; =, C; for all ¢ € I,
we have by Definition 8 that for each i € [}, there exists J;
such that (x;(s),z:(s)) € Gi(s) for all s € [0,¢ + §;], where
z;(t) = [x; (t);...;x;, . ()] is the cooperative internal
input (the stacked state of its cooperative agents that are
involved in the same cluster). Let us define &5 = min;eg, 6;.
Then, using the fact that Gj, = N;cz, G; we get that X (s) =
(ki (8); - 5%k, (8)] € Gr(s) for all s € [0,t + 6], where
Gi(s) C X =Xp, Xx.o.ox Xy X ... X Xk\zk\' Therefore, we
obtain that X3 =4 C. [ |

Proof of Theorem 11. Let x:R>¢— X be a trajectory of
the multi-agent system X. Then, from the definition of multi-
agent systems, we have for all ¢ € I, (x;, w;) : Ry = X; x
W, is a trajectory of X;, where x = [X1;...;Xy], and w;(t) =
[xj,(); - - -3 Xj e  (t)]- Since the cluster interconnection graph
G = (I,E%) is a directed acyclic graph, there exists at least
one initial cluster that does not have adversarial internal inputs.
Now, consider the initial clusters {¥;} pefrnie. First, we have

by condition (i) that 3; |= C; holds for all ¢ € I, and thus we
obtain that X5, = Cj by Proposition 10. This implies that for
all t € Rso with wy(s) € A%(s) for all s € [0,t], we have
%1(s) € Gi(s) for all s € [0,¢]. Now consider an arbitrary
t € Rx>q with wy(s) € A%(s) for all s € [0, ¢]. Since the initial
clusters do not have adversarial internal inputs, this implies:

%1 (s) € Gi(s),Vs € [0,t],Vk € '™, (19)
Next, let us prove by contradiction that for all k € I, %(s) €
G (s), for all s € [0,¢]. Let us assume that there exists k €
I\ T'™ such that % (s) ¢ Gx(s), for some s € [0,]. Since
by condition (i) we have ¥; = C; for all ¢ € I, which implies
that 3, = Cx, by Proposition 10, we have that Wy (s) ¢ A%(s)
for some s € [0,¢]. Since Wy, = [Wy,;...; Wy, ], this means
that for some i € Iy, w;(s) ¢ A{(s). Then using the fact that:
wi(s) = [x5, ()51 X500 (5)] and [[jepe Proj’ (Gj(s) <
Af (s), we deduce the existence of j € N such that x;(s) ¢
Proj’ (G;(s)), which further implies that X4 (s) ¢ G (s),
for some s € [0,t] where j € I;s. Note that k' # k, since we
assumed that the agents in the same cluster are not dynamically
coupled via adversarial internal inputs, i.e., N N Nf = 0.
Consider the cluster Ii/. If k' € I this readily leads to
a contradiction with (19); in the case that ¥’ € I\ I'™*, by
leveraging the same argument as above, we get that there exists
k" € I\{k,k'} (due to the structure of a DAG and N*NN¢ =
M) such that %3 (s) ¢ Gy (s), for some s € [0,¢]. By further
iterating this argument and the structure of DAG, there exists
| € I guch that %;(s) ¢ Gi(s), which contradicts (19).
Hence, we have for all k € I, %;,(s) € Gy(s), forall s € [0, 1],
and thus, x(s) = [X1(5);...; Xk (5)] € [[cr Gr(s) = G(s)
for all s € [0, ¢]. Therefore, ¥ |= C. |

Proof of Theorem 12. Let x:R>¢— X be a trajectory of
the multi-agent system Y. Then, from the definition of multi-
agent systems, we have for all i € I, (x;,w;) : R>o —
X; x W; is a trajectory of X;, where x = [x1;...;Xxn],
and w;(t) = [xj,(t);...; X\ (1)]. We prove X = C by
inductively showing the existence of & > 0 such that x(s) €
G(s) for all s € [0,nd] for all n € N. First, we have from
(i) that for all i € I, w;(0) = [Xj1(0)3"'?XJ\Ng|(O)] €

[Liene Proj’ (G;(0)) C A%(0), where the set inclusion fol-
lows from (iii). Now, consider the clusters £, £ € I, in
the multi-agent system. We have from (ii) that ¥; =5 C;
holds for all i € I, and thus ¥, f=,s Cy for all k € T by
Proposition 10. Note that by the definition of clusters, we have
we(0) = Wi, (0);..wy,, ()] € AL(0) = [Liey, AX(0),
since w;(0) € A%(0) holds for all i € I. Given that Xy, =y
Cr., we thus have the existence of §;, > 0 such that for wy,(0) €
A3;(0), we have Xi(s) = [xp, (8);-.. Xk, (5)] € Gy(s) for
all s € [0, dg]. Let us define 6 > 0 as § :=minyc7d;. Then,
it follows that x(s) = [X1(s);...;Xx(s)] € [Tpe; Gr(s) =
G(s) for all s € [0, 0].

Next, let us show that if x(s) € G(s) holds for all s €
[nd, (n + 1)0)], then it implies that x(s) € G(s) holds for all
s € [(n+1)d, (n+2)d)]. First, let us assume that x(s) € G(s)
for all s € [nd, (n+1)d)] and show that x(s) € G(s) forall s€
[(n+1)d, (n+2)d)]. By x(s) € G(s) for all s € [nd, (n+1)J)],
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we obtain that %(s) € Gi(s) for all s € [nd,(n + 1)J)]
for all k € I, since x(s) = [X1(8);...;Xk(s)] € G(s) =
[Tic7 Gr(s). This further implies that (XZ( ),zi(s)) € Gi(s)
for all s € [nd,(n + 1)d)] for all ¢ € I, since Xi(s) =
[Xk1< ) Xk\fkl( )] < Gk(S) = ﬂie[kGi(S>, where
Gi(s )CXk—X,cl .xXix...xXk‘Ik‘.Then,weobtain
that for all ¢ € I, and for all s € [n5 (n + 1)d], wi(s) =
5, ()5 i %X, ()] € TLjens Proj’ (Gy(s)) C A¥(s),
where the set inclusion follows from (iii). This implies that
Wk( ) = [Wkr( )7"'7W}€\rk\( )] € Hze_lk z( )_ Aa( ) for
all s € [nd,(n + 1)d]. Again, since ¥j =5 Ck, one gets
for all k € I, %(s) = [Xp, (5); 3%k, (5)] € Gils) for all

€ [(n+1)8, (n+1)5+6x], whrch further implies that X, (s) €
Gyr(s) for all s € [(n + 1) (n + 2)d] since & :=ming¢j 6.
Hence, x(s) = [X1(5);...; Xk (5)] € [[1c1 Gr(s) = G(s) for
all s € [(n+1)4, (n+ 2)5)]. Therefore, by induction, one has
that x(s) € G(s) for all s € [0,nd] for all n € N, and thus
for all s > 0, which concludes that 3 = C. |

Proof of Proposition 15. Consider £ > 0 such that 3; =
C;. From uniform continuity of w; : R>g — Wj;, and for
¢ > 0, we have the existence of §; > 0 such that for all
t > 0, if wi(s) € A%(s), for all s € [0,¢], then w;(s) €
B.(A%)(s), for all s € [0,t+0;]. Let us now show the uniform
strong satisfaction of contracts. Consider the 6, > 0 defined
above, and consider any ¢ > 0 such that w;(s) € A%(s) for
all s € [0, t]. First we have by the uniform continuity of w;,
wi(s) € B(A?)(s), for all s € [0,¢+ d;]. Hence, from the
weak satisfaction of Cf, one has that (x;(s),2;(s)) € Gi(s)
for all s € [0, ¢+ d;], which in turn implies the uniform strong
satisfaction of the contract C; according to Definition 8. Hence,

Proof of Theorem 22. We prove the uniform strong satis-
faction of the contract using Proposition 15. Let (x;, w;) :
R>o — X; x W, be a trajectory of ¥;. Since —v;(0) +
ot < pPi(x;(0)) < pi"*® holds, we have x;(0) € Gi.
Now, consider ¢ > 0. Let us prove X; E Cf, where
C: = (B:(A?),G;). Consider any w; = [x,;...;
with w;(t) € B.(A%)(t) for all t € Rso. By Definition 14,
w; € B.(A?) implies that EIVT/Z = [Xj,;... XJ\N“} € A
such that V& > 0, ||w; (t) — W; (t)|]| < e, which further
leads to ||x; (t) —x; (t)]] < e, Vt > 0, Vj € N Let
us recall that the STL robustness functions p}/)j are contin-
vously differentiable in x, thus there exists a real constant
D € R>q such that for any x; (t) and X; (¢), it holds that
Py (% (1) = py" (%; ()| < Dllx; () =% (1) < De.
Also note that by the definition of A%, w;(t) € A? gives us for
all j € N, —v;(t) +p'e* < p?j (X;(t)) < p**®, ¥t > 0. As
a consequence, we get —v;(t) + p}"** — De < p;pj (x5 (1) <
P + De, ¥t > 0.

Next, we show that x4, (t) € G;. The underlying idea of
proving this is based on showing that the transformed error
€; is bounded. This is proved by showing that the prescribed
performance region D; = (—1,0) for é; is forward invariant.
Consider the cluster of agents Y, with ¢ € I, where each
agent is subject to STL task ¢;. Let us define the stack vectors
€ = [e1;...;€,)s € = [é15...;€1,|], and the prescribed

xju\/’;l\]

performance region D := Dy X ... X 75‘ 1| for Aé, where
D; := (—1,0). Consider a potential function V' : D — R
defined as V(é) = 2e(é)Te(é) with ¢;(é;) defined as in
(6). By differentiating V' with respect to trme we obtain
V = €' ¢, where each ¢; can be obtained by ¢ 61 = \71(61, t)[e+

e
ai(t)e] :Z(éi,t)[%:‘“) %5, (t) —4i(t)é:]. Thus, we get

V=ecé=eJTx—p), (20)

where J € RIxIXIxl is a diagonal matrix with diagonal
i () — —_— 1L In| X7y
entries Ji(€:) = —5aarey ¢ € I I € RHUkIX7ik ig o

b T

matrix with row vectors (%T(j:"”‘) ,and p € RI"*l is a column
vector with entries +;()é;. By inserting the dynamics of Xy
(16) into (20), we obtain that
V =" T (fr(%k) + Gr(Xe) 0k + hie(Wi)) — D)

=" T (D(fr(Xk) + hi(Wi)) = p) + € TTg(x)x, (1)
where Uy = [ug, ;.. 'u’fu ‘] with the local control law u; =

(x . .

_giT(Xi)ZjeIk( Pag 22 73(e5,t)es(xs,. 1)) as in (8), i €
Iy = {k1, ... ki }- Then we get
V= e T(0(fr (%) + hr(Wy) - p) — ¢ JTOATe, (22)

where © = diag(gki(xki)g;(xki)) € R™XT d ¢

R™ is a column vector with entries h;(d;), and A
_ v

R >kl js a matrix with column vectors (MT(:‘”) =

Vi (x _
% (0] Recall that T € RIFIX7x js a

(9xiP’

ed) —

m

[8/’;/}i (x4, .

axil geeey

s T
. . 9pV (x4,
matrix with row vectors %’:“’*) , we get that ' = AT,

Then by (22), and thus —e' JTOATe = —e' JATOATe.
Note that by Assumption 5, we get that A is a block matrix
that can be converted to an upper triangular form. Moreover,
the diagonal entries of the block matrix A are non-zero since

P
%87)((4”) are non-zero. Therefore, we can obtain that the
rank of matrix A is rank = |I;|. Note that according to
Assumption 1, gz(x, gi(x is positive definite. Therefore,
the matrix A'©OA is posrtrve definite. Then, we can obtain
that ATOA > arply, for some ay > 0. Recall that J €
R'I’C‘X‘I” is a dragonal matrix with positive diagonal entries
Ji(é;) = thus, J2 > ajl,, where a; =
miniejk { ST

obtain that feTJATGAje < —apage'e < —2apa;V.
Hence, we get the chain of inequality

(t)e (1+6 )’ L 5
o7 Ming o, (m) } > 0. Hence, we

V = T (fr(xy) + hy(wy,) — ©d) —p) — ¢ TATOATe,
<e" T (fr(Rp) + hy(Wi) — ©d) — p)
— " T(ag - )T~ T
< — &V +n(t) (23)

for some ¢ satisfying 0 < § < az, where k = 2(ar — §)ay,

n(t) = e ITIAL &)+ e (Fe) |+ 0d]) + [lpl])?.
Now, we proceed with finding an upper bound 7 of 7(t) for

all € € D and all times ¢ € R>(. Let us recall the definition

v
pi ' (xp;)—pi"*”

of the modulated error é;(x4,,t) = “—— iy and its

corresponding prescribed performance region D; := (—1,0)

for each i € Ij;,. Next, we define X;(t) :=




AUTHOR et al.: TITLE

Py _  max
éi(xp,,t) = %

such that é;(x4,,t) € 151- at time ¢ € R>g. One can also
observe that X;(¢) has the property that for ¢t; < to, X;(t2) C
X;(t1) holds since 7;(t) is non-increasing in ¢. Thus, &;(0)
collects all states x4, such that &;(x4,,t) € D; at all times
t € R>¢. Note also that X;(0) is bounded due to condition
(i1) of Assumption 18 and -y; is bounded by definition, for all
i € Ix. Thus, by the continuity of functions f;, g; and h;,
it holds that || f;(x;)|| and ||g;(x:)g:(x:) "hi(d;(t))| are up-
per bounded, where d;(t) = [v;, (t)1n; ;-3 Vjn, (D Lnpn, ]-
Thus, ||fx(Xx)|| and ||©d| are bounded. Note that p is a
column vector with entries ;(¢)é;. Since |¥;(t)é;| < |%:(0)]
and |%;(0)] is bounded by definition, ||p|| is bounded as well.
Moreover, recall from the beginning of the proof that by the
definition of A¢ in the assume-guarante contract, we have
w;(t) = [le(t);...;xjwf‘(t)] € B.(A?), which implies

=75 () +p*%" — De < p;? (%, (t)) < pj*** + De,Vt > 0. By

further combining this with Assumption 18, we get that w;(¢)
is bounded, and thus it holds that ||;(w;)|| and l|ﬁk(v’vk)|| are
and only if p;" (x4,) = p;*" since p;p(x@) is concave under
Assumption 18. However, since p.” (x4, (0)) < pi®* < po",

and for all states x4, € X;(0), p?’ (x4,) < pi"** holds, then,
L x
we have for all states x,, € X;(0), (%gxi:"”) # 0,,, and

|2 ) 2
Bx%

< 0} as the set of states xg,

also upper bounded. Additionally, note that
t

> k, > 0 holds for a positive constant k,. Since
s T

I is a matrix with row vectors %(’:‘”) , we get that ||T||

is bounded. Consequently, we can define an upper bound 7 of

n(t), for all x4, € X;(0) for all i € Ij.

Next, we show that D is forward invariant. To do this, we
first introduce a function S(é) = 1 — e~V(®) for which 0 <
S(é) < 1,Vé; € D; , Vi € I, and S(¢) — 1 as é — OD. By
differentiating S(é) we get

S(t) = V(e)(1 - S)).

By substituting (23) and inserting V(é) = —In (1 — §(é)) in
(24), we get

$(t) < —k(1—=8@))(In (e ™) —In (1 - 8(e))).

Note that by definition, we have £ > 0 and 1 — S(é) > 0.
Now define the region Q; = {¢ € D|S(é) < 1 — e *
Since —v;(0) + p7"** < p¥i(x4,(0)) < p™ holds Vi € I,
then we obtain that é;(x4,(0)) € D; = (—1,0) Vi € Iy, and
consequently, S(é(0)) < 1 holds. Let us define ¢ = S(é(0))
and the set Q. = {é € D|S(é) < ¢}. Now, consider the case
when ¢ < 1 — e %. In this case, . C €, and by (25),
S(t) < 0 for all & € g, therefore, é(t) € Qq, Vt € Ry,
Next, consider the other case when ¢ > 1 — e~ #. In this case
Qs C Qg, and by (25), S(t) < 0 for all é € Q. \ Qg, hence,
S(é) = Q. Thus, starting from any point within the set ..,
S(é(t)) remains less than 1. Consequently, the modulated error
é always evolves within a closed strict subset of D (that is,
set )z in the case that ¢ < 1 — e~ %, or set (). in the case
that ¢ > 1 — e~ *), which implies that é is not approaching

the boundary OD. Tt follows that € is bounded, and thus, ¢; is

(24)

(25)

bounded for all ¢ € Ij,. Thus, we can conclude that p; * (x4, (t))
evolves within the predefined region (4), i.e., x4, (t) € G; for
all t € R>(. Therefore, we have ¥; |= C{. By Proposition 15,
it implies that &, =, C;. |

Part of the proof above was inspired by [46, Thm. 1], where
similar Lyapunov arguments were used in the context of PPC-
based control of multi-agent systems. However, the results
there deal with consensus control of multi-agent systems only
and cannot handle temporal logic properties.

Proof of Corollary 24. From Theorem 22, one can verify
that the closed-loop agents under controller (8) satisfy: for all
i €1, % [Fus Ci, and for all i € T, [[ ;¢ Proj’ (G;) C Af.
Moreover, for all i € I and for any trajectory (xi, W;)
R>op — X; x W; of X;, the choice of parameters of
the prescribed regions as in (9)-(14) ensures that x;(0) €
Proj' (G;)(0). Hence, all conditions required in Theorem 12
are satisfied. Note that since 3; |=,s C; implies 3; | C;,
the conditions required in Theorem 11 hold as well. Thus,
irrespective of whether the dynamical interconnection graph is
acyclic or cyclic, we can conclude that X |= C = (0, [T, Gx)
as a consequence of Theorems 12 and 11. Therefore, the
multi-agent system ¥ satisfies the STL task ¢ = AY ;¢,. W
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