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Abstract—For a class of spatio-temporal tasks defined by
a fragment of Signal Temporal Logic (STL), we construct a
nonsmooth time-varying control barrier function (CBF) and
develop a controller based on a set of simple optimization prob-
lems. Each of the optimization problems invokes constraints
that allow to exploit the piece-wise smoothness of the CBF for
optimization additionally to the common gradient constraint in
the context of CBFs. In this way, the conservativeness of the
control approach is reduced in those points where the CBF
is nonsmooth. Thereby, nonsmooth CBFs become applicable to
time-varying control tasks. Moreover, we overcome the problem
of vanishing gradients for the considered class of constraints
which allows us to consider more complex tasks including
disjunctions compared to approaches based on smooth CBFs.
As a well-established and systematic method to encode spatio-
temporal constraints, we define the class of tasks under con-
sideration as an STL-fragment. The results are demonstrated
in a relevant simulation example.

I. INTRODUCTION

In applications, one often encounters spatio-temporal con-
straints which impose both state- and time-constraints on
a system. Logic expressions can be used to express such
constraints. For example, one can form out of elementary
rules Robot 1 must move within 5 seconds to region A
(R1), or Robot 2 must move within 5 seconds to region B
(R2), and Robot 1 and Robot 2 must keep a distance of
at most d to each other (R3) the overall rule (R1 V R2) A
R3 where A,V denote logic AND and OR, respectively.
Temporal logics like STL (Signal Temporal Logic) [14]
allow the specification of such spatio-temporal constraints
and increase the expressiveness of boolean logic by the
temporal aspect. In the sequel, we call a composition of
various spatio-temporal constraints by logic operators a fask.
Although STL originates from the field of formal verification
in computer science, it is becoming increasingly popular as a
well-established and systematic method to formulate spatio-
temporal tasks in the field of control. Therefore, we also
define the class of tasks under consideration as an STL-
fragment in this paper. Most available control approaches
for spatio-temporal tasks as [3], [6], [13] are based upon
automata theory, which is often computationally expensive
due to state discretization. Thereby, potential field based
methods can be a computationally efficient alternative for
some classes of spatio-temporal constraints [10], [11].
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Potential field based methods have a long tradition in
control theory and have been successfully applied to tasks
as collision- [4] and obstacle-avoidance [16] as well as
spatio-temporal tasks [10], [11]. In the latter case, smooth
time-varying Control Barrier Functions (CBF) are employed.
CBFs, introduced in [17] and [19], are a control concept for
ensuring the invariance of sets and proved to be a suitable
tool for guaranteeing the satisfaction of state constraints on
control problems [1]. By now, a broad range of results on
CBFs can be found in the literature. Whereas first approaches
on CBFs [19], [2] consider systems with relative degree one,
[15], [21] also consider systems with higher relative degree.

With view to constraints specified via logic expressions
in the context of CBFs, especially two approaches must
be named: For state-constraints specified via boolean logic,
[9] employs nonsmooth CBFs. On the other hand, [10]
constructs a smooth time-varying CBF that ensures the
satisfaction of specified spatio-temporal tasks defined via
an STL-fragment. However, since [10] uses a smoothed
approximation of maximum and minimum operators, there
exist points where the gradient of the CBF vanishes. This
may be problematic when considering disjunctions (logic
OR) in the context of time-varying CBFs.

In this paper, we resolve this problem by using a non-
smooth CBF approach and can therefore take also disjunc-
tions into account when considering spatio-temporal tasks.
In contrast to [9], it is too conservative to require that
a control action results in an ascend on multiple “active”
CBFs at the same time. Therefore, although inspired by [7],
[8], we do not base our control approach on the Filippov-
operator and differential inclusions as [9], and employ a
somewhat different approach in those points where the CBF
is nonsmooth. In fact, we can circumvent the usage of
differential inclusions by basing our controller on a set of
optimization problems that exploit the piecewise smoothness
of the CBF and we can show that the solutions to the
closed-loop system are Carathéodory solutions. Thereby, we
make the nonsmooth approach less conservative and thus
applicable to time-varying CBFs.

The sequel is structured as follows: Section II introduces
the considered dynamics, nonsmooth time-varying CBFs,
and reviews STL; Section III constructs a nonsmooth CBF
candidate for the STL-fragment under consideration, presents
the control approach and proves set invariance; Section IV
presents a relevant simulation example and demonstrates
applicability of the proposed control scheme; Section V
summarizes the conclusions of this paper. Proofs to the
derived theoretic results can be found in the appendix of [20].



Notation: Sets are denoted by calligraphic letters. Let
ACR"™ BCR™, and let d(-, -) define a metric on .A. The &-
neighborhood of x € A is B.(z) := {y € A|d(z,y) < €},
Int A the interior, 0.A the boundary of A; the Lebesgue
measure of A’ C A is u(A’), and if a property of a
function f : A — B holds everywhere on A ~ A" with
u(A’) = 0, we say that it holds almost everywhere (a.e.).
Let Z C N be a finite index set with cardinality |Z| and
{a;}iez := {a;|i € T}. Let f; : A — B. The maximum and
minimum operators are denoted by min;c7 f; and max; ez f;,
respectively, and we define min;cz f; := 0, max;ez f; := 0
for T = (. A function @ : R>g — Ry¢ is a class K
function if it is continuous, strictly increasing and «(0) = 0.
The left and right sided derivatives of a function f(¢) with
respect to ¢t where f : R — R are defined as d;— f(t) :=
lim, o~ =IO and dyy f(2) = lim, o LI
respectively. For a vector-field g and a smooth real-valued
scalar function h, we denote the Lie-derivative by Lgh. The
inverse unit step is o~ 1(x) = {1 » <0 Togic and and or

0 z>0"

are denoted by A and V, respectively.

II. PRELIMINARIES

At first, we introduce the system dynamics under con-
sideration, redefine the concept of control barrier functions
(CBF) in order to suit the control problem, and review
STL-formulas as a formalism for defining complex spatio-
temporal constraints on a control problem.

A. System Dynamics
We consider the input-affine system

&= f(z) +g(@)u, x(to) =0 (1)
on the closed time-interval 7 = [t1,t2] C R, t9 € T,
where x € X C R”, u € R™, and f,g are continuous
functions with respective dimensions. Besides, we say that
a time-varying set C(t) C X is forward time-invariant for
system (1), if z(t) € C(t) Vt > t¢ for z(ty) = zo € C(to).
B. Non-Smooth Time-Varying Control Barrier Functions

Let b(t,x) be a real-valued function b: 7 x X — R, and
we define 7' € T as the time for which b(¢,z) = 0 for all
t > T'. We assume that b(t,x) is continuous and piecewise
continuously differentiable in z, almost everywhere contin-
uously differentiable in ¢, and

lim b(r,z) < lim b(7,z) ()
Tt Tt
holds for discontinuities at ¢ < I". Due to their role in what

follows, we call a function b(t,x) with the aforementioned
properties a barrier function (BF).
Definition 1 (Safe Set). Let 7 be the time-interval where
(1) is defined. The set-valued function C(t) {z €
X |b(t,x) > 0} is called a time-varying safe set where b
is a barrier function. If z(t) € C(t) for all times ¢ € T, we
call x feasible.

Note that C(t) = X for t > T, i.e., the condition b(¢, x) >
0 is trivially satisfied as b(¢,z) = 0. Next, we derive from

UIf there is no ¢ € T such that b(t,x) = 0 holds, then we can still set
T = to.

the continuity properties of b(¢,z) the following continuity
properties of the set-valued function C(t).
Lemma 1. The time-varying superlevel sets C'(t) := {z €
X |b(t,z) > c}, ¢ € R, of b(t,z) are continuous a.e. with
respect to ¢, and at a discontinuity at time ¢ it holds
lim C'(7) C lim C'(7). (3)
Tt T—tt
For details on the continuity of set-valued functions, we
refer to [18, Ch. 5B]. By (3) it is ensured that for a
discontinuity at time ¢ it holds = € lim,_,;- C(7) = x €
lim,_,;+ C(7), i.e., a feasible state stays feasible. Finally,
we define control barrier functions for the nonsmooth time-
varying case as follows.
Definition 2 (Control Barrier Function (CBF)). A barrier
function b(t, z) is a control barrier function for system (1)
if there exists a class K function « such that
supds+ b(t+0, x+6(f(x)+g(x)u))| > —a(b(t,
u 6=0
for all z€C(t) and all t€T where b is continuous.

z)) (4)

Remark 1. The derivative on the left is a right sided di-
rectional derivative similar to [8, p. 155]. The advantage
of this formulation is that it is well-defined for Lipschitz-
continuous functions b which are not necessarily everywhere
differentiable. As we are concerned with forward invariance,
we consider the right-sided directional derivative. In the
proof of Proposition 7, we relate (4) to other commonly used
CBF gradient conditions as the one in [10].

C. Signal Temporal Logic (STL)

Next, we briefly review Signal Temporal Logic (STL), and
specify the considered class of tasks as an STL-fragment.
STL is a predicate logic with temporal operators. A predicate
p has a truth value which is defined by p := {I iﬁi:; 0
where T and 1 denote True and False, respectively, and
h: X — R a predicate function. The grammar of a general

STL formula is given as [14]

0= T|p|ﬁ9|91 \ 92|91U[a’b]92 &)
where 61,05 are STL formulas, and 0 < a < b with a,b €
R>o. The satisfaction relation (z, t) F 6 indicates that a time-

dependent function x satisfies § from time ¢ onwards. It is
inductively defined as

(z,t) F p & h(z(t)) = 0 (6a)
(x,t) E < ((z,t)EFO) < (z,t) E 0 (6b)
(z,t) E 01 Vly < (x,t)E0 or (z,t) F 6 (6¢)
(z,t) E 01ljq )02 < 3t'€lt+a,t+b]s.t. (s,t') F Oy (6d)

and (z,t") F 61, Vt" € [t,1].

Instead of (x,0) F 6, we also write x F 6 in the sequel. Due
to De Morgans law, this grammar also includes conjunctions,
defined as 61 A 6 := =(—0;1 V —63). Moreover starting with
the until operator, the eventually and always operators can be
defined as (z,t) F Fiq40 := TU[ 40 and (2,t) F Gjo )0 =
—F(a,5 0, respectively, and it equivalently holds

(x,t) F Flapf < 3t € [t+a,t+0] st (z,t')EO, (Ta)

(z,t) E Glapf < (z,t') E O, V' € [t +a,t+b]. (7b)



In the sequel, we consider the STL-fragment

Y= Tplh1 V ol Ao (8a)

¢ = 1V 2|1 A P2| Flap)¥|Ga,p) 0 | 01lhjapb2 (8b)
where a,b € T and a < b, which is the fragment considered
in [10] extended by disjunctions. Below we denote STL-
formulas satisfying grammar (8a) or (8b) by v; or ¢,
respectively. As we see later, the problem of vanishing
gradients in the presence of disjunctions as encountered
in [10], [11] can be resolved with a non-smooth approach.
Assumption 1. We assume that & : X — R is a continuously
differentiable and concave function. Let H be the set of all
maximum points of h(x), ie., H = {xg € X' |Fe > 0 :
llzo — z|| < € = h(z) < h(z¢)}. We additionally assume
that Lyh(z) # 0Ve € X \H and Lyh(z) # 0 if Lyh(x) #
0 for x € H (first-order condition on h).

ITI. MAIN RESULTS
In the sequel, we present the construction of a BF which
parallels [9], [10] in parts, and show that it satisfies the
properties assumed in Section II-B. Thereafter, we outline
the proposed control approach and prove the invariance of
safe sets for the closed-loop system.
A. Construction of BFs
Consider an STL-formula ¢( that satisfies grammar (8)
and comprises predicates {p; };cze where Z¢ C N is an index
set; the corresponding predicate functions are {h;(x)}icze.
In this section, our goal is to construct a BF by (¢, ) for the
STL-formula ¢ such that bo(t,z(t)) > 0 V¢ € T implies
x F ¢p; then we say that by implements the STL-formula ¢g.
In a first step, we construct the BFs {b;};cze for each
of the predicates {p; };cze which we call elementary barrier
functions:
RO: For t; =p;, the corresponding BFs are b;(t, ) :=h;(z).
Using the set of elementary BFs as a starting point,
we can recursively construct a BF by implementing ¢g.
Therefore, we introduce rules for the construction of BFs
b; which implement STL-formulas ; and ¢; satisfying
grammar (8a) and (8b), respectively, as a composition of
already constructed BFs {b;: },;/cp, where B; C N is a finite
index set. The construction rules are given as follows:
RI: If ¢ = \;icp, Yir choose b;(t, x) = minyep, by (¢, 7).
R2: If ¥; = Vs, tir, choose b;(t, ) =maxyep, bir (t, 7).
R3: For ¢; = Fap¢i, we have B; = {i'} and choose
bi(t,x) = (bir(t,2)+7;(t))o~1(t—pB;) where o1 is the
inverse unit step as defined in the notation section, ~; :
T—TR is a continuously differentiable function such that
3t €a, b]: v:(t') <0, and time §; :=min{t'|v;(t') <0}.
R4: For ¢; = Gjq ¥, we have B; = {i'} and choose
bi(t,x) = (by(t,z) + v (t))o~L(t — B;) where o1 is
the inverse unit step, v; : 7 — R is continuously
differentiable, ;(t") <0 for all t’€ [a, b], and time S3;:=b.
R5: If ¢ :/N\i’eBi @i, choose b;(t, x) =min, g, by (t,x)
where B;(t):={i’ € B;|t < B;} which means that b;
is deactivated at time (;:, i.e., b; does not depend on
by for t > (B anymore. In addition, set time 3; :=
maxi e, Bir-

b211 = h211 b212 = h212

.
AN

S,

bi1 = h11 bo1 = fnéx{ljzlh ba12}

by =bi1+m by = ba1 + 72

Pttt
-7
P

Fig. 1.

R6: If ;=\ g, i choose b; (t,x)=max;,z bilt,x) o (t—0;)
with B;(t)={i’ € B; | by (7,2(7)) > 0 ¥r€[ty, ]} and
time f3;:= mini’egi(t) ﬂi/.

R7: For ¢; = 1,/)1/1/{[@71]]1/)7;//, note that (z,t) F 1,/),‘/U[a7b]¢i// =
3t € [t+a,t+0b] s.t. (w,t) F Gio b A Fla,ptbir and
construction rules R2, R3 and R5 can be applied.

For BFs b; constructed in RO, we define B; = 0; for b,

constructed in RO, R1, R2, R3 and R4, we set v;(t) = 0

and B;(t) = B;; and for b; constructed in RO, R1 and R2,

we set §; =o0. We call a scalar (; deactivation time of b;.

Deactivation times reduce the conservativeness of bg, cf. [10].

The set containing the indices of all BFs b; constructed in

intermediate steps of the construction of by is denoted by Z

and must be distinguished from Z¢ Besides, we require that

B, N B;, =0 for all i1,is €Z, iy #1o, i.e., every BF might

be used for the construction of at most one other BF and

hence by assumes a tree structure as illustrated by Figure 1.

We illustrate the application of the construction rules RO-R7

with an example.

Example 1. Consider¢o=Gq p)(h11(2)>0)AFc g (ho11(z) >

0V ha12(z) >0); here, we have Z¢={11, 211, 212}. Accord-

ing to RO, define ©11 :=p11, Y211 :=p211, and Y212 :=pa12
with hi1, ho11, heio as the respective predicate functions
of predicates pi1,p211,p212. Then, we start the recursive
construction by choosing the elementary BFs as by (¢, z):=
hll(fﬂ), bgll(t,l’) = thl(Z'), bglg(t,x) = hglg(l‘). More-
over, we define (251 = Q[mb]?/)l, 1/}21 = 1/}211 V 1/}212, d)g =

F[a7b]1/)21, and construct by, be1, bo by applying R4, R2, R3,

respectively. Since ¢g =1 A @2, we finally obtain by(t, z) =

min{h11 () +71(t), max{ho11(x), ha12(x)} +72(t)} by ap-

plying R3. Besides, Z={0, 1,2, 11,21, 211, 212}. Figure 1

illustrates the successive construction of bg; the chosen

indices emphasize the relation of the BFs among each other.

Tllustration of the recursive construction of bg.

Now, we show that b, exhibits the assumed properties from
Section II-B and thus constitutes a BE.

Lemma 2. The function by(¢, x) is a BE.

Next, we prove that the satisfaction of the time-dependent
state-constraint bo(¢,x(t)) > 0 for all t € T implies the
satisfaction of the STL-formula ¢g. In the next theorem, let
by implement an STL-formula ¢ satisfying grammar (8a),
and by implement ¢ satisfying grammar (8b).

Theorem 3. If by(t,z(t)) > 0 for all ¢t € T, then = F ¢.
Besides, by (t,z(t)) > 0 = (z,t) F 4.

In the sequel, we require the following assumption in
addition to the fact that by is a BF.

Assumption 2. Let  be a maximum point of by at a given



time ¢, i.e., bo(t,z) > bo(t,z") V' € B(x) for some € > 0.
We assume that there exists a constant by, € R such that
bo(t, &) > bmin > 0 for any maximum point x of by at any
given time ¢ > T

Remark 2. Assumption 2 excludes STL-formulas that require
predictions in order to ensure forward invariance. Such
control tasks are beyond the scope of this paper. In particular,

Assumption 2 implies that there exist connected sets C;/ (t)

such that C(t) =J,, Ci (t) where Int(C;/ (t))#0 for all t€T.
In the next section, we present a control scheme based on

the constructed BF by and show that it is a CBF.

B. Controller Design

In related CBF literature [1], [9], [10], an optimization
problem is solved that ensures the satisfaction of a CBF
gradient condition. However, directly solving

u* = argminu’ Qu (9a)

s.t. dg+ bo(t + 0,7+ 0(f(2) + g(z)u)) —a(bo(t, @),
5=0

(9b)

where (9b) ensures the satisfaction of the CBF gradient
condition (4), is numerically difficult as by is nonsmooth.
Therefore, we subdivide (9) into multiple basic optimization
problems with a simplified gradient condition which can be
numerically easily solved.

At first, we define some index sets that help us to describe
the tree structure of the BFs constructed in Section III-A.
Recall that we denote the index set of all BFs as Z and

the index set of elementary BFs as Z°. For any ¢,k € Z°¢,
we define the index set QF(t) ::{ék} wi=n
? otherwise

ke 1¢and i € T~ Z° we define

O (1) i {Uilegm Q(nU{i} if 3i'e Byt): Qk(t) #0

and for any

0 otherwise (10)
Note that there exists at most one i'€ B{t) such that QF(t)
() because B;,NB;, = 0 Viy, iy € T with iy # is which is due
to the tree structure of all BFs. Therefore, index set OF can
be interpreted as a branch in the tree structure that connects
the BFs with indices i and k. Moreover, we call bir(t, ),
i’ € B;(t) with ¢ € Z, an active BF of b; at (t,2) € T x X
if b;(t,z) = by (¢, ) +;(t). Correspondingly, we define the
active index set of a BF b;(t,x) as
To(t,x) = {i' € Bi(t) | b;(t,z) = by (t,x) + v (t)}. (11)
The active elementary BF index set for ¢ € T is defined as
IOt x):={k € I°| Q4 (t) # O A
bi(t, x) = hi(x) + 3 i corpy 1 (1)}
Index sets Z* and Z;"“ allow to simplify by for a given time ¢
and state z, and in the following we take advantage of the fact
that for k € Z;""(t, x) the BF b; can be written as b;(¢,z) =
hi(z) + Zi'egf(t) ~;/ (t). Furthermore for each pair k,l €
Z5“, there exist unique indices 4y, jr; and gg; such that
Tkly Tkl el qm’ ke Ifk:l,l gé Ifkjl,l € Ie " and k ¢ Ie a. The
tree structure of the BFs and the recurswe deﬁn1t10n of the
index sets allow for their efficient computation. We illustrate
the meaning of the definitions by revisiting Example 1.

(12)

Example 2. Consider ¢y in Example 1. As all expres-
sions are considered for the same time ¢ and state x, we
omit state and time arguments. According to (10), Q3!! =
{0,2,21,211} specifies the indices of the branch connecting
BFs with indices 0 and 211. Correspondingly, Q3% =
{0,2,21,212}, Q311={211}, Q312={212}. Let Z¢ = {2},
Ig = {21}, T¢, = {211,212} be active index sets. Then,
as it can be seen from Figure 1, we have Iy = 75" =

I3 ={211,212}, Z5;7 = {211} and 151(;—{212} according
to (12). From these active elementary index sets, we can
determine iy, = 211, ji; =212, qi; =21 for k = 211 and
[=212. Loosely speaking, b,,, denotes the BF from which the
branches leading to by and b; emanate, and iy, ji; are chosen

such that qu and Qé—kl do not contain common indices.

Next, we define subsets Si(t) C X on the state space as
Si(t) == {z|k € I3 (¢, x)} (13)
which can be equivalently written as S (t) = {z|bo(t,z) =
bE(t,z) = hi(z) + >, ek Vir(t)}. Since for all times
t < T and all states z € X there exists at least one active el-
ementary BF k € Z5“(t, x), it holds that X = | J, .7 Sk(t).
The sets Si(t) enjoy the favorable property that bo(t, ) is
continuously differentiable with respect to z in the interior
Int S, (¢) and possibly non-smooth only on Sy (t) N IS (t)
for some [ € Z¢. Furthermore, it holds for some k,l € Z¢
that b5 (t,z) = b (t,z) for all x € Si(t) N S;(t), and in
particular for x € 9S8y (t) N IS, (¢).
Given z(t) € 0S,(t) N 0S;(t) for some t 6 T ~A{Bitiez,
we can therefore formulate the condition (t o) (bE(t, ) —

b (t, 2)[1, (f(2) + g(x)u) )T % 0 to constrain u such that
x(71) € Sk(1) or x(7) € S;(7) (depending on the choice of
> or <) for all 7 € [t,t + 6] and a § > 0. By ensuring
that x stays for some time in the interior of one of the
subsets Sk (t) or S;(t), we can take advantage of the piece-
wise differentiability of by. In the sequel, we generalize this
idea for z(t) € keTo oSk (t) and formulate an optimization
problem for each k € Z" with a gradient condition which
is simplified in comparison to (9b).

For determining the boundary between Si(t) and S;(¢),
we define

{bé-m( x)—bl (t,x) if bg,,=min,, eB,, b
Skl(t Z) k ! .
b, (6 x) =0, (t,z) if b b
(14)
where b} (t,2) = hi(2) + Yyeory vw(t) fori € I, k €
Z7“(t, ). Then for a given time ¢, s (¢, z) = 0 determines
those = on the boundary between Si(t) and S;(t), i.e., z €
O8NS, & € 8,NIS,, or x € S, NAS, if L (t,x) # 0.
Especially the set 0S, NAS; is of interest as it can be shown
that only there by is non-differentiable in x. The directional
derivative of sy; along the trajectory of (1) is given as
Oski 1
oGt o) ) {f(:v) + g(w)u] '
For an illustration of (15), consider Figure 2. If z(t) €
081(t) NOS5(t), sia(t,x,u) > 0 only admits inputs u such
that © = f(x) + g(z)u points into S;(t), thus z(7) € S1(7)

—1max.,

CL % EB

Sp(tywyu) = (15)



Fig. 2. Tllustration of bo(t,z) for a given ¢, x € X C R? and ¢9 =
Gla,p)(h1(x) > 0) A Fie q(ha(z) > 0V hz(z ) > 0). The lines between
the sections 81, Sz, S3 indicate si; = 0 for k,1 € Z¢ = {1, 2, 3}.

forall T € [t,t+ 6] and a § > 0.
Using this insight, we define optimization problems with
a simplified gradient constraint as

up(t) = argmin u” Qu (16a)
bk Obk
st O (1, 0)(7 @) + o)) + D0 (1,2) > ~a(bolt, )
(16b)
st z,u) >0 VIeIy(tz), | # k. (16¢)

for k € Z"(t,x) where Q € R™*™ is a positive-definite
matrix and « a class K function. If (16) has no feasible
solution, we set uj, = oo. Finally,
u*(t) = argmin ()T Qup(t) (17)

uy with keZ§“(t,x)
is applied as control input to (1). Note that in (15) and (16b)
the time derivatives of s;; and b% only exist on 7~.{f; ik
At times ¢ € {B;};cqr, sw and bk might be discontinuous
and we consider the left sided derivative instead, i.e., d;— si;
and d,- bf, respectively. As it can be seen from the proof in
Theorem 8, this choice is arbitrary and does not impact the
invariance result. Next, we show that there always exists a
feasible solution to (17) if the class K function « satisfies
the following condition.
Assumption 3. It holds a(byin) > — 67‘( )Vt e T,Viel.

Note that since ~; is contlnuously differentiable and de-
fined on a closed interval, a’f; is bounded. As the class K
function « can be freely chosen, there always exists a class
K function « such that Assumption 3 is fulfilled.
Lemma 4. Let Assumption 3 hold. For all (¢,z) € T xC(¢),
there exist k € Z5*(t, ) such that (16) has a feasible and
finite solution.

As it can be seen from the proof, in Assumption 3
the class I function « is chosen such that no increase
in by is required in (16b) by varying the system’s state
x if bo(t,z) > bmpn. This is especially important when
x is already a maximum point of by for a given time ¢
and a variation of x does not lead to an increase on by.
Loosely speaking, - determines when b (¢, x) is sufficiently
close to zero such that the controller reacts in order ensure
the invariance of the safe set C(t), whereas functions ~;
determine how “quickly” state x has to change. Thereby,
v, 1s decisive for the magnitude of the control input wu.

In the remainder of this section, we prove the forward
invariance of C(t). Therefore, consider a solution ¢ : 7 —
X to the closed-loop system (1) when control input (17) is
applied. At first, we investigate the continuity properties of

the control input trajectory u: 7 — R™ of the closed-loop
system and show that ¢ is a Carathéodory solution. However,
this is not obvious as u(¢, x) is discontinuous both in ¢ and z.
Lemma 5. The control input trajectory u* : 7 — R™
of the closed-loop system (1) with controller (16)-(17) is
continuous a.e.

Corollary 6. A solution ¢ : 7 — & to the closed-
loop system (1) with controller (16)-(17) is a Carathéodory
solution. Moreover, it holds for the right sided derivative that

dp+o(t) = f(o(t) + g(p(t))u”(t) for t & {B;}icz.

Remark 3. Solution ¢ is not necessarily unique. If multiple
uy, minimize the objective in (17), then any of the inputs
could be applied. Depending on which input is chosen,
different solutions ¢ are obtained.

Next, we compare the controllers (9) and (16)-(17). This
result facilitates the proof of forward invariance of the safe
set in Theorem 8, and allows us to compare the proposed
non-smooth CBF approach to other CBF-based controllers.
Proposition 7. The optimization problem (9) is equivalent
to (16)-(17) for all t € T ~ {B; }iez-

In contrast to (9), the constraints in (16) can be more easily
evaluated since b% is differentiable contrary to by. Based on
the previous results, we can prove forward invariance of C(t).
Theorem 8. The control law (16)-(17) renders C(t) forward
invariant for all ¢ € T, and by is a CBF.

IV. SIMULATIONS

Similarly to [10], we consider a multiagent system com-
prising three omnidirectional robots which are modeled as
in [12] and use a collision avoidance mechanism as in [10].
The state of agent i is given as x; = [p!,p;]’ where
pi = [x;,1,%; 2] denotes its position and p; its orientation;
the state of all agents together is given as z = [z, 22" 21T,
The dynamics of agent ¢ are

cos(p;) —sin(p;) 0
= fi(z) + [sin(p;) cos(p;) 0| (Bf) ' Riu
0 0 1
wh?f:re fi(x) = [fii(z), fiz(2),00T with fir(z) =
Yimvizi Mipp derboooor: ki > 0, B =
O e el with Ly = 0.2 as the radius

o?the rf;bot b0d§,t R, = 0.02 is the wheel radius, and u;
is the angular velocity of the wheels and serves as control
input. As required, the system is input-affine and f;, g; are
continuous. Besides, we admit sufficiently large inputs to
the system.

The task for the three agents comprises three parts: (1)
approaching each other: ¢1 := Fj19,20)(|[p1 — p2|| < 10V
llpr — psl| < 10V [[p2 — psl| < 10) A Gpao,60)(||p2 —
p3|] < 15); (2) moving to given points: ¢ = (||ps —
[—5, =5]"[| < 10)Uis,20)(|[p1 — p2ll < 10) A Frio,20)(Ilp1 —
[0,30]"|| < 10) A Grso.601(/lpr — [30,0]7|] < 10) A
(Gps0,601([lp2 — [=30,=30]" || < 10) V Giso,60)(Ilp3 —
[30, —30]T|| < 10)); and (3) staying within a defined area:
63 = Gosoy(|llp]p5.p4]]loc < 40). The norms || - |
and || - ||oo denote the euclidean and the maximum norm,
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Fig. 3. Trajectories of the mobile agents. Orientation is denoted by the

triangles’ orientation.
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Fig. 4. Control barrier function bg (t, ¢(¢)) and control inputs w over time.

respectively. The overall task is given as the conjunction
@0 := ¢1 N P2 A ¢3. In contrast to [10], the considered task
also contains disjunctions.

For the construction of the CBF bq(t, x), all rules from
Section III-A (RO-R7) are applied; the controller is designed
according to Section III-B. The simulation is implemented
in Julia using Jump [5] and run on an Intel Core i5-10310U
with 16GB RAM. The controller is evaluated with 50Hz
and the control input is applied using a zero-order hold; the
computation of the control input took 16ms on average. The
trajectories of the agents resulting from the simulation are
depicted in Figure 3, the evolution of by and the applied
inputs in Figure 4. Since bo(t, p(¢)) > 0 Vi € [0,60], we
conclude that the specified constraints are satisfied. Besides,
the inputs are indeed continuous a.e.

V. CONCLUSION

In this paper, we constructed a nonsmooth time-varying
CBF for Signal Temporal Logic tasks including disjunctions
and derived a controller that ensures their satisfaction. By
using a nonsmooth approach, we avoided the problem of
vanishing gradients on the CBF that occurs when employing
smoothed approximations of the minimum and maximum
operators. Moreover, by partitioning the state space into
sections and designing an optimization problem for each of
them, we could determine the respective elementary barrier
function “of relevance”. This allowed us to avoid the usage

of differential inclusions in our derivation, thereby to reduce
the conservativeness of our results and to apply a non-smooth
approach to time-varying CBFs.
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