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Abstract— This paper studies the construction of dynamic
symbolic abstractions for nonlinear control systems via dynamic
quantization. Since computational complexity is a fundamental
problem in the use of discrete abstractions, a dynamic quantizer
with a time-varying quantization parameter is first applied
to deal with this problem. Due to the dynamic quantizer, a
dynamic approximation approach is proposed for the state
and input sets. Based on the dynamic approximation, dynamic
symbolic abstractions are constructed for nonlinear control sys-
tems, and an approximate bisimulation relation is guaranteed
for the original system and the constructed dynamic symbolic
abstraction. Finally, the obtained results are illustrated through
a numerical example from path planning of mobile robots.

I. INTRODUCTION

The use of discrete abstractions [1], [2] has gradually
become a standard approach for the design of hybrid systems
due to two main advantages. First, because of discrete
abstractions of continuous dynamics, one can deal with
controller synthesis problems efficiently via techniques de-
veloped in the fields of supervisory control [3] or algorithmic
game theory [4]. Second, with an inclusion or equivalence
relationship between the original system and the discrete
abstraction, the synthesized controller is guaranteed to be
correct by design, and thus formal verification is either
not needed or can be reduced [5]. To construct discrete
abstractions, it is essential to find an equivalence relation on
the state set of dynamic systems. Such equivalence relation
leads to a new system, which is on the quotient space and
shares the properties of interest of the original system.

In the literature on the construction of discrete ab-
stractions, the commonly-used approach is based on
(bi)simulation relation and its variants in [6]–[8]. The
(bi)simulation relation and its variants lead to equivalences
of dynamic systems in an exact or approximate setting. On
the other hand, because of time-invariant quantization regions
and the resulting simple structures [9], static quantizers are
applied in the construction of discrete abstractions [6], [7].
For instance, the uniform quantizer, which is a simple static
quantizer [10], is used extensively in the construction of
discrete abstractions. Since the uniform quantizer partitions
the state set with equal distance, a huge computational com-
plexity may occur in the construction of discrete abstractions
[6], [7]. To reduce the computational complexity, dynamic
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quantizers can be instead applied such that the state and input
sets can be partitioned locally with different distances, which
is the main motivation of this paper.

This paper studies symbolic abstraction for nonlinear
control systems via dynamic quantization. To this end, we
apply a dynamic quantizer to approximate the state and
input sets, then construct dynamic abstraction for nonlinear
control systems, and establish an approximate bisimulation
relation between the original system and the constructed
abstraction. The main contributions of this paper are two-
fold. To begin with, the dynamic quantizer is first applied to
approximate the state and input sets. The applied dynamic
quantizer is the zoom quantizer [11], which has a quantiza-
tion parameter to adjust quantization level dynamically. Since
the zoom quantizer is only applied for bounded regions, we
propose a discrete-event based choosing strategy to generate
new bounded region and update the quantization parameter.
Hence, a dynamic approximation approach is proposed for
the state and input sets, and only a sequence of bounded
regions needs to be approximated. Compared with the static
approximation in [6], [7], [12], the computational complexity
is reduced greatly. Second, using the proposed dynamic
approximation, a dynamic abstraction is constructed for non-
linear control systems. We further establish the approximate
bisimulation relation between the original system and the
constructed dynamic abstraction.

II. CONTROL SYSTEMS AND STABILITY PROPERTY

A. Notations

R := (−∞,+∞); R+
0 := [0,+∞); R+ := (0,+∞);

N := {0, 1, . . .}; N+ := {1, 2, . . .}. Rn denotes the n-
dimensional Euclidean space. Given two sets A and B,
B\A := {x : x ∈ B, x /∈ A}. Given a, b ∈ R ∪ {±∞} with
a ≤ b, we denote by [a, b] a closed interval. Given a vector
x ∈ Rn, xi denotes the i-th element of x, , |xi| denotes the
absolute value of xi, and ‖x‖ denotes the infinite norm of
x. Given a matrix A ∈ Rn×n, we denote by ‖A‖ the infinity
norm of A. The closed ball centered at x ∈ Rn with radius
ε ∈ R+ is defined by B(x, ε) = {y ∈ Rn : ‖x− y‖ ≤ ε}.

Given a measurable function f : R+
0 → Rn, the (essential)

supremum (sup norm) of f is denoted by ‖f‖∞; ‖f‖∞ :=
ess sup{‖f(t)‖ : t ∈ R+

0 }; f(t+) = lims↘t f(s); f+ =
f(t+) when the time argument is omitted. A function α :
R+

0 → R+
0 is of class K if it is continuous, zero at zero, and

strictly increasing; α(t) is of class K∞ if it is of class K and
unbounded. A function β : R+

0 ×R
+
0 → R+

0 is of class KL if
β(s, t) is of class K for each fixed t ∈ R+

0 and decreases to
zero as t→∞ for each fixed s ∈ R+

0 . Id denotes the identity



function, and IdX denotes the identity function from the set
X to X . Given two sets A,B ⊂ Rn, a relation R ⊂ A×B
is a map R : A → 2B defined by b ∈ R(a) if and only
if (a, b) ∈ R. R−1 denotes the inverse relation of R, i.e.,
R−1 := {(b, a) ∈ B ×A : (a, b) ∈ R}.

B. Nonlinear Control Systems

Definition 1 (see [6]): A control system Σ is a quadruple
Σ = (Rn, U,U , f), where, (i) Rn is the state set; (ii)
U ⊆ Rm is the input set; (iii) U is a subset of all piecewise
continuous functions of time from the interval (a, b) ⊂ R to
U , with b > 0 > a; (iv) f : Rn × U → Rn is a continuous
map satisfying the following Lipschitz assumption: there
exists a constant L ∈ R+ such that for all x, y ∈ Rn and all
u ∈ U , we have ‖f(x, u)− f(y, u)‖ ≤ L‖x− y‖.

A curve ξ : (a, b)→ Rn is said to be a trajectory of Σ if
there exists u ∈ U such that, for almost all t ∈ (a, b),

ξ̇(t) = f(ξ(t),u(t)). (1)

Different from the trajectory defined above over the open
domain, we refer to the trajectory x : [0, τ ] → Rn defined
on a closed domain [0, τ ] with τ ∈ R+ such that x = ξ|[0,τ ].
Denote by x(t, x,u) the point reached at time t ∈ (a, b)
under the input u from the initial state x. Such a point is
determined uniquely because the assumptions on f ensure
the existence and uniqueness of the trajectory; see [13,
Appendix C.3]. The system Σ is said to be forward complete
if every trajectory is defined on an interval of the form
(a,+∞). Sufficient and necessary conditions can be found
in [14] for the forward completeness of a control system.

Definition 2: The system Σ is incrementally globally
asymptotically stable (δ-GAS), if there exists β ∈ KL such
that for all t ∈ R+

0 , x1, x2 ∈ Rn and all u ∈ U ,

‖x(t, x1,u)− x(t, x2,u)‖ ≤ β(‖x1 − x2‖, t). (2)
Since it is not easy to check (2) directly, we can charac-

terize the δ-GAS property via the Lyapunov function.
Definition 3 (see [7]): A smooth function V : Rn×Rn →

R+
0 is called a δ-GAS Lyapunov function for the system Σ,

if there exist α1, α2, ρ ∈ K∞ such that for all x1, x2 ∈ Rn
and u ∈ U ,

α1(‖x1 − x2‖) ≤ V (x1, x2) ≤ α2(‖x1 − x2‖),
∂V (x1, x2)

∂x1
f(x1, u) +

∂V (x1, x2)

∂x2
f(x2, u)

≤ −ρ(V (x1, x2)).
From [7], [15], for a compact set, the system Σ is δ-GAS

if and only if it admits a δ-GAS Lyapunov function.

III. APPROXIMATE EQUIVALENCE NOTIONS

In this section, we recall the notion of approximate
(bi)simulation relation.

Definition 4 (see [8]): A transition system is a sextuple
T = (X,X0, U,∆, Y,H), consisting of: (i) a set of states
X; (ii) a set of initial states X0 ⊆ X; (iii) a set of inputs
U ; (iv) a transition relation ∆ ⊆ X × U × X; (v) a set
of outputs Y ; (vi) an output function H : X → Y . The
transition system T is said to be metric if the output set Y

is equipped with a metric d : Y × Y → R+
0 , and symbolic

if the sets X and U are finite or countable.
The transition (x, u, x′) ∈ ∆ is denoted by x′ ∈ ∆(x, u),

which means that the system can evolve from a state x to a
state x′ under the input u. An input u ∈ U belongs to the
set of enabled inputs at the state x, denoted by enab(x), if
∆(x, u) 6= ∅. If enab(x) = ∅, then x is said to be blocking,
otherwise, it is said to be non-blocking. The transition system
T is said to be deterministic, if ∆(x, u) has exactly one
element for all x ∈ X and all u ∈ enab(x). In this case, we
write x′ = ∆(x, u) with a slight abuse of notation.

Definition 5 (see [8]): Let Ti = (Xi, X
0
i , U,∆i, Y,Hi),

i = 1, 2, be two metric transition systems with the same
input set U and output set Y equipped with the metric d.
Let ε ∈ R+

0 , a relation R ⊆ X1 × X2 is said to be an
ε-approximate simulation relation from T1 to T2, if for all
(x1, x2) ∈ R and all u ∈ U : (i) d(H1(x1), H2(x2)) ≤ ε;
(ii) for each x′1 ∈ ∆1(x1, u), there exists x′2 ∈ ∆2(x2, u)
such that (x′1, x

′
2) ∈ R. A relation R ⊆ X1 ×X2 is said to

be an ε-approximate bisimulation relation between T1 and
T2, if for all (x1, x2) ∈ R and all u ∈ U , the conditions
(i)-(ii) hold, and (iii) for each x′2 ∈ ∆2(x2, u), there exists
x′1 ∈ ∆1(x1, u) such that (x′1, x

′
2) ∈ R.

Denote by T1 �εS T2 if there is an ε-approximate simu-
lation relation from T1 to T2. Denote by T1 'ε T2 if there
is an ε-approximate bisimulation relation S between T1 and
T2 such that R(X1) = X2 and R−1(X2) = X1.

IV. DYNAMIC APPROXIMATION

In this section, a dynamic quantization based approxima-
tion approach is proposed for the state and input sets. To
this end, we work on the time-discretization of the system Σ
with the sampling period τ > 0 as a design parameter. The
sampled-data system can be written as a transition system
Tτ (Σ) := (X1, X

0
1 , U1,∆1, Y1, H1), where,

• the state set is X1 := Rn;
• the set of initial states is X0

1 := Rn;
• the input set is U1 = {u ∈ U :

x(t, x, u) is defined for all x ∈ Rn};
• the transition relation is given by: for x ∈ X1 and u ∈
U1, x′ = ∆1(x, u) if and only if x′ = x(τ, x, u);

• the output set is Y1 := Rn;
• the output map is H1 = IdX1

.
Tτ (Σ) is non-blocking, deterministic, and metric when Y1 is
equipped with the metric d(y, y′) = ‖y− y′‖ for y, y′ ∈ Y1.

A. Zoom Quantizer

A static quantizer is a piecewise constant function q :
Rn → Q, where Q is a finite subset of Rn; see [11]. That is,
the quantizer divides Rn into a finite number of quantization
regions of the form {z ∈ Rn : q(z) =  ∈ Q}. For the
quantizer q, assume that there exist M > Λ > 0 and Λ0 > 0
such that the following conditions are satisfied [9], [11]: (i)
‖z‖ ≤ M ⇒ ‖q(z) − z‖ ≤ Λ; (ii) ‖z‖ > M ⇒ ‖q(z)‖ >
M − Λ; (iii) ‖z‖ ≤ Λ0 ⇒ q(z) ≡ 0. M is called the range
of the quantizer, and Λ is called the upper bound of the
quantization error q(z)−z. Item (i) implies that if the signal



does not saturate, then the quantization error is bounded by
Λ. Item (ii) provides an approach to detecting whether the
signal saturates or not. Item (iii) implies that it is reasonable
to quantize a signal as zero directly if such signal is small.
The quantizers satisfying the items (i)-(iii) can be found in
the existing works; see for instance [10], [16], [17].

Following the static quantizer q, the applied dynamic
quantizer is the zoom quantizer defined as follows.

Qµ(z) := µq(z/µ)

=


MΛµ, z ≥ (M + 0.5)Λµ;

kΛµ, (k − 0.5)Λµ ≤ z < (k + 0.5)Λµ;

−MΛµ, z < −(M + 0.5)Λµ,
(3)

where, µ ∈ R+ is called the quantization parameter ini-
tialized at µ0 ∈ R+; and k ∈ M := {−M, . . . ,M}.
The quantization parameter µ is time-varying instead of
constant. For instance, µ is constant in the transmission
interval and updated at the transmission times for networked
control systems; see [18]. For the zoom quantizer (3), the
quantization range is MΛµ and the upper bound of the
quantization error is Λµ. Both MΛµ and Λµ depend on the
quantization parameter, which implies that the quantization
regions of Qµ are dynamic.

According to simple geometrical considerations, we can
check that for all z ∈ R, ‖z−Qµ(z)‖ ≤ Λµ if ‖z‖ ≤ (M +
1)Λµ and ‖z−Qµ(z)‖ > Λµ if ‖z‖ > (M + 1)Λµ. That is,
the quantization error is bounded in the quantization region
{z ∈ R : ‖z‖ ≤ (M + 1)Λµ}. If the system state escapes
from the bounded quantization region, then the quantization
error may be large enough to lead to the failure of the desired
performances and specifications. In addition, even within
the quantization region, if the quantization parameter µ is
too large, then the quantization can be so coarse that the
control strategy is not applicable or even does not exist. As
a result, the larger the quantization parameter is, the larger
the bounded quantization region is, the coarser the quanti-
zation is, which leads to a tradeoff between the bounded
quantization regions and the approximation accuracy.

B. Discrete Event based Choosing Strategy

To apply the quantizer (3) with the bounded quantization
region into the construction of symbolic abstractions, an
approach is to choose finite bounded regions, whose sizes are
not larger than those of the quantization regions, such that
the state trajectory is covered by these chosen regions. That
is, a new region is chosen before the system state escapes
from the current chosen region. Hence, the union of these
chosen regions is a cover or a subset of the state set.

Given an initial state x0 ∈ X1, we can choose a bounded
region S0 ⊂ X1 such that x0 ∈ S0, and thus S0 is set as the
initial chosen region. Next, a discrete-event based approach
is proposed to choose the bounded regions starting from S0.

Given a bounded region Si, i ∈ N, we introduce an
auxiliary region given by Sωi := {x ∈ Si|d(x, x′) ≤ ω ⇒
x′ ∈ Si}, where ω ∈ (0, 1) is an parameter that depends

on the desired precision. We can in fact choose ω as the
desired precision for the sake of simplicity. Sωi is called an ω-
contraction of Si. With the introduction of Sωi , the generation
rule for the next region is given as follows: if and only if
x ∈ Si\Sωi , a new bounded region Si+1 is generated such
that x ∈ Sωi+1. Since x ∈ Si\Sωi and x ∈ Sωi+1, we have
that Si+1 ∩ Si 6= ∅. That is, the ω-contraction of the new
region is only required to intersect with the current one, and
the reason lies in that the intersection Si ∩Si+1 provides an
admissible region for the state trajectory in Si+1 to avoid
the Zeno and chattering phenomena; see also [19], [20]. In
addition, a discrete event a ∈ {0, 1} is defined to measure
whether the system state is in Si\Sωi . That is, a = 1 if
x ∈ Si\Sωi ; otherwise, a = 0.

Remark 1: A similar technique was applied in [20], where
quantized control systems are modeled as a discrete-event
system. In [19], [20], Sωi is the quantization region, whereas
Si is the quantization region with additional border to mea-
sure the discrete events or to avoid chattering phenomena.
Let ω := (M + 1)−1, then Sωi := {z ∈ R : ‖z‖ ≤ MΛµi}
and Si := {z ∈ R : ‖z‖ ≤ (M+1)Λµi}, which are the same
as in [19], [20], and can be a choosing strategy. Note that the
quantization regions are not required to have any particular
shapes, and thus the choosing strategy is not unique. �

Since the choosing strategy of Si+1 is not restricted and
just requires that Sωi+1 ∩ Si 6= ∅, the determination of the
size of Si+1 has effects on the controller design, which in
turn affects the achievement of the desired performances
and specifications. In the following, for a given safety
specification, we provide an update strategy to determine the
size of the new region Si+1.

For many dynamic systems like embedded systems and
multi-agent systems [21], safety and reachability are two
fundamental problems, which require the system to avoid
the obstacle region O :=

⋃
l∈LOl (where Ol is a single

obstacle and L is finite set) and to reach and then remain
in a specific region; see [5], [22], [23]. Given a safety
specification, there exists a safe region Os, which may
consist of finite subregions. To capture the relations among
the chosen regions Si, obstacle region O, safe region Os,
the following three discrete events are defined.

b =

{
0, Si ∩ O = ∅,
1, Si ∩ O 6= ∅,

c =

{
0, Si ∩ Os = ∅,
1, Si ∩ Os 6= ∅.

Combining all the discrete-event variables yields an aug-
mented variable e := (a, b, c) ∈ N3. The variable e ∈ N3

is well-defined due to the choosing strategy, and updated
with the generation of the new region.

The size of the new region Si+1 depends on e ∈ N3.
Conversely, the update of e also depends on the choice of the
region Si+1. In the following, an update strategy is derived
for both the size of the region Si+1 and the variable e ∈ N4.
• If ∆1(x, u) ∈ Sωi , then no new region is generated and

the variable e is not updated, that is, e+ = e.
• If ∆1(x, u) ∈ Si\Sωi , then a+ = 1, and a new region
Si+1 is to be generated such that ∆1(x, u) ∈ Si∩Sωi+1.
The size of Si+1 is decided by the strategy below.



– If b = 1 or c = 1, then Si+1 is contracted with the
contraction of the quantization parameter, that is,

µi+1 = Ωinµi, (4)

where Ωin ∈ (0, 1) is a given constant.
– If b = 0 and c = 0, then Si+1 is expanded with the

expansion of the quantization parameter, that is,

µi+1 = Ωoutµi, (5)

where Ωout ≥ 1 is a given constant.
Once Si+1 is determined, e ∈ N3 is updated based on
the relations among the regions Si+1, O and Os.

In the above update strategy, there is no need to generate a
new region and discrete events are not changed if x ∈ Sωi . If
not, a new region is generated; e and µ are updated. Note that
the update of µ (i.e., µi+1) is based on the current value µi,
and thus the size of the new region Si+1 is determined via
µi+1; see also Remark 1. The new region Si+1 is contracted
if b = 1 or c = 1. b = 1 means that the region Si
intersects with the obstacle region. Thus, the new region Si+1

is contracted to avoid the obstacle region. c = 1 means that
the region Si intersects with the safe region, and thus the
new region Si+1 is contracted to drive the system state to
reach the safe region. On the other hand, the region Si+1 is
expanded if b = 0 and c = 0. b = c = 0 means that the
region Si is admissible for all the states and enabled inputs,
and then it is reasonable to expand the new region to allow
more admissible states and inputs. Such a setting is able to
guarantee the satisfaction of the safety specification.

C. Approximation of State and Input Sets

According to the sequence of the regions chosen in
Subsection IV-B, the approximation of the state and input
sets is presented in this subsection. Here, we focus on the
approximation of a chosen region Si ⊂ X1, i ∈ N.

For each region Si, there exists µi ∈ R+. Using the
zoom quantizer (3), the region Si is approximated by a finite
sequence of embedded lattices [Si]µi , where

[Si]µi :=

{
q ∈ Si : ql =

klΛµi√
n
, kl ∈M, l ∈ {1, . . . , n}

}
.

Based on geometrical considerations, the region Si can be
covered by the set

⋃
q∈[Si]µi

B(q, λi) with λi ≥ Λµi/2. We
associate a quantizer Qµi : Si → [Si]µi such that Qµi(x) =
q if and only if for x = (x1, . . . , xn) ∈ Si, l ∈ {1, . . . , n},

(kl − 0.5)
Λµi√
n
< xl ≤ (kl + 0.5)

Λµi√
n
, kl ∈M.

In the following, the set U1(Si) is approximated by
U2(Si) :=

⋃
q∈[Si]µi

U2(q), where the set U2(q) captures
all the inputs that can be applied at the state q ∈ [Si]µi . To
show the reasonability of U2(Si), we explain the definition
of U2(q) in detail. The definition of U2(q) is based on the
notion of reachable sets. Given any state q ∈ [Si]µi (thus
q ∈ Si), the reachable state set of Tτ (Σ) from q is obtained
by Ri(τ, q) := {x′ ∈ Si : x(τ, q, u) = x′, u ∈ U1(Si)}. The
set Ri(τ, q) is well defined due to the definition of U1(Si).

The reachable set Ri(τ, q) is approximated as follows.
Given any ηi ∈ R+, consider the following set Zηi(τ, q) :=
{y ∈ [Si]ηi : ∃z ∈ Ri(τ, q) such that ‖y − z‖ ≤ Ληi/2}.
Here, the choice of ηi is not related to µi, and limited by
the desired precision; see Section V. Define the function
ψi : Zηi(τ, q) → U1(Si), which is defined such that for
any y ∈ Zηi(τ, q), there exists an input u1 = ψi(y) ∈
U1(Si) such that ‖y − x(τ, q, u1)‖ ≤ Ληi/2. Note that the
function ψi is not unique. The set U2(q) can be defined by
U2(q) := ψi(Zηi(τ, q)). Since the set U2(q) is the image
through the map ψi of a countable set, we have that U2(q)
is countable, which implies that U2(Si) is countable. Hence,
the set U2(Si) approximates the set U1(Si) in the following
way: given any q ∈ [Si]µi , for any u1 ∈ U1(Si), there exists
u2 ∈ U2(q) such that ‖x(τ, q, u1)− x(τ, q, u2)‖ ≤ Ληi.

Using a similar mechanism, the approximation can be ob-
tained for all the chosen regions. In the intersection regions,
two approximations may overlap, and both are available for
the proceeding construction of the symbolic abstraction.

V. SYMBOLIC ABSTRACTION

Following Section IV, we are ready to construct a sym-
bolic abstraction for Tτ (Σ). Since the union of all the
bounded regions chosen in Subsection IV-B is a cover of the
state trajectory, we only focus on the union of these chosen
bounded regions. Define the region S :=

⋃
i∈N+ Si ⊂ Rn.

That is, the state set is constrained in a subset of Rn, which
is the case in physical systems. As a result, the system Tτ (Σ)
can be rewritten as T̄τ (Σ) := (X̄1, X

0
1 , Ū1,∆1, Y1, H1) with

X̄1 = S and Ū1 = U1(S). The region S is not fixed, but
varies with the choosing strategy in Subsection IV-B.

Define the vectors µ̄ := (µ0, µ1, µ2, . . .) and η̄ :=
(η0, η1, η2, . . .). The symbolic abstraction of T̄τ (Σ) is de-
scribed by the transition system

Tτ,µ̄,η̄(Σ) = (X2, X
0
2 , U2,∆2, Y2, H2), (6)

where,
• the set of states is X2 =

⋃
i∈N+ [Si]µi ;

• the set of initial states is X0
2 = Rn;

• the set of inputs is U2 =
⋃
i∈N+ [U1(Si)]ηi ;

• the transition relation is given by: for q ∈ X2 and u ∈
U2, q′ = ∆2(q, u) if and only if q′ = Qµi(x(τ, q, u));

• the set of outputs is Y2 = Rn;
• the output map is H2 = IdX2

.
Tτ,µ̄,η̄(Σ) is non-blocking, deterministic. It is metric if Y2 is
equipped with the metric d(y′, y) = ‖y− y′‖ for y, y′ ∈ Y2.

Theorem 1: Consider the system Σ and given a desired
precision ε ∈ R+, if Σ is δ-GAS, and there exist τ, ηi, µi ∈
R+, i ∈ N, such that

β(ε, τ) + Ληi + 0.5Λµi ≤ ε, (7)

then T̄τ (Σ) 'ε Tτ,µ̄,η̄(Σ).
Proof: Define the relation R := {(x, q) ∈ X̄1 ×X2 :

‖x − q‖ ≤ ε}. We will show that R is an ε-approximate
bisimulation relation between T̄τ (Σ) and Tτ,µ̄,η̄(Σ).

From the relation R, we have that R(X̄1) = X2. In
addition, X̄1 ⊆

⋃
q∈X2

B(q,Λµi/2), which implies that for



any x ∈ X̄1, there exists a q ∈ X2 such that ‖x − q‖ ≤
Λµi/2. From the relationR, Λµi/2 ≤ ε holds for all i ∈ N+.
Next, we only consider the region Si, where i ∈ N+.

Consider any (x, q) ∈ R with x ∈ Si and given any
u1 ∈ U1(Si) such that x′ = ∆1(x, u1) ∈ Sωi . Let x̄ =
x(τ, q, u1) ∈ Si. Since Si ⊆

⋃
q∈[Si]ηi

B(q,Ληi/2), there
exists v ∈ [Si]ηi such that ‖x̄ − v‖ = ‖x(τ, q, u1) −
v‖ ≤ Ληi/2. Since x̄ ∈ Ri(τ, q), v ∈ Zηi(τ, q) from
the definition of Zηi(τ, q). Given any u2 ∈ U2(Si) with
u2 = ψi(v), there exists w = x(τ, q, u2) ∈ Si such that
‖w − v‖ = ‖x(τ, q, u2) − v‖ ≤ Ληi/2. In addition, since
X̄1 ⊆

⋃
q∈X2

B(q,Λµi/2), there exists q′ ∈ X2 such that
‖q′ − w‖ = ‖q′ − x(τ, q, u2)‖ ≤ Λµi/2. Choose q′ =
∆2(q, u2). Since the system Σ is δ-GAS, we have

‖x′ − q′‖ ≤ ‖∆1(x, u1)− x̄‖+ ‖x̄−∆2(q, u2)‖
≤ β(‖x− q‖, τ) + ‖x̄− v + v − w + w −∆2(q, u2)‖
≤ β(ε, τ) + Ληi + Λµi/2.

Therefore, we conclude from (7) that (x′, q′) ∈ R. If
x′ = ∆1(x, u1) ∈ Si\Sωi , then it follows from the choosing
strategy in Section IV that x′ ∈ Si+1. In this case, since (7)
holds for all i ∈ N, we can proceed the analysis along the
similar fashion, and obtain that (x′, q′) ∈ R.

Consider any (x, q) ∈ R with x ∈ Si. Choose any u2 ∈
U2(Si) such that q′ = ∆2(q, u2) ∈ Si. From the construction
of Tτ,µ̄,η̄(Σ), we have that q′ = Qµi(x(τ, q, u)), which
implies that ‖q′−x(τ, q, u2)‖ ≤ Λµi/2. Since x(τ, q, u2) =
∆1(q, u2), we have that x(τ, q, u2) ∈ X̄1. Pick u1 = u2, and
let x′ = ∆1(x, u1) ∈ Si. It follows from δ-GAS of Σ that

‖x′ − q′‖ ≤ ‖x′ − x(τ, q, u2)‖+ ‖x(τ, q, u2)− q′‖
≤ β(‖x− q‖, τ) + ‖x(τ, q, u2)− q′‖
≤ β(ε, τ) + Λµi/2,

which implies from (7) that (x′, q′) ∈ R. Similarly, if q′ ∈
Si+1, then the analysis can be continued in a similar fashion
to obtain that (x′, q′) ∈ R.

Since the quantization parameter µ evolves with the rules
given in (4)-(5), the value of µ in each chosen region is only
related to the initial µ0 and the coefficients Ωin and Ωout.
In addition, the update of µ corresponds to the choice of the
new region. Set S0 as the first chosen region, then Si is the
(i+ 1)-th chosen region with i ∈ N. In these i+ 1 times of
choosing regions, the number of the updates of µ via (4)-(5)
is i. Denote by p ∈ N the number of the updates of µ via (4),
and thus the number of the updates of µ via (5) is i−p ∈ N.

Theorem 2: Consider the system Σ and given any desired
precision ε ∈ R+. If Σ is δ-GAS, and there exist τ, η0, µ0 ∈
R+, Ωin ∈ (0, 1) and Ωout > 1 such that for all i ∈ N,

β(ε, τ) + ΩpinΩi−pout (Λη0 + Λµ0/2) ≤ ε, p ≤ i, (8)

then T̄τ (Σ) 'ε Tτ,µ̄,η̄(Σ).
Let µi := ΩpinΩi−pout µ0 and ηi := ΩpinΩi−pout η0 for i ∈ N+,

then Theorem 2 is equivalent to Theorem 1. Condition (8)
provides an alternative criterion for the choice of the bounded
regions: the update of µ is required to satisfy (8).

According to the discussion in [24, Section 4], given a
compact set C ⊂ Rn with nonempty interior, the number
of symbolic states in X2 ∩ C is θCη−n, where θC ∈ R+

is a positive constant proportional to the volume of C, and
η is the state space sampling parameter. Comparing with
[6], [22], [23], the number of symbolic states obtained via
the proposed approach in this paper is smaller due to the
following reasons: (i) the state space sampling parameter is a
constant in [5], [6] due to the uniform quantization, whereas
varies with the quantization parameter here; (ii) the chosen
region is a subset of the state set, which leads to a smaller
θC due to its proportionality to the volume of C. Hence,
the number of symbolic states is

∑
i∈N θi(Λµi)

−n with the
volume-related coefficient θi ∈ R+ for the region Si.

VI. ILLUSTRATIVE EXAMPLE

Consider an autonomous vehicle, whose dynamics is as-
sumed to be the bicycle model; see [25, Chapter 2.4]. The
dynamics is of the form (1) with f : R3×U → R3 given by

f(x, u) =

u1 cos(α+ x3) cos−1(α)

u1 sin(α+ x3) cos−1(α)

u1 tan(u2)

 , (9)

where x := (x1, x2, x3) ∈ R3 is the system state with the
position (x1, x2) and the orientation x3, u = (u1, u2) is the
control input with the rear wheel velocity u1 and the steering
angle u2, and α := arctan(tan(u2)/2). In addition, the state
set is limited in the set X = [0, 10]× [0, 10]× [−π, π], and
the control input is given by the set U := [−1, 1]× [−1, 1].

The control problem to be studied is formulated with
respect to the sampled system Tτ (Σ) associated with (1)
and the sampling time τ = 0.3. Here, our objective is to
design a controller such that certain patrolling behavior is
enforced on the vehicle in a given complex environment.
The vehicle is initialized at the state A1,0 = {(0.4, 0.4, 0)},
needs to avoid the obstacles A1,a (that is, the black regions
in Fig. 1) and to patrol infinitely often between two target
regions A1,r1 = [0, 0.5]× [0, 0.5]×R and A1,r2 = (9, 0, 0)+
A1,r1 . For the obstacle regions, the third component of A1,a

equals to R. Therefore, the specification O1
s is defined as:

{(u, x) ∈ (U1 × X1)N
+

: x(0) ∈ A1,0 ⇒ ∀t∈N+(x(t) /∈
A1,a ∧ ∀i∈{1,2}∃t′∈[t,∞)x(t′) ∈ A1,ri)}, where U1 = U and
X1 = R3. Hence, the control problem is to design a control
strategy for Tτ (Σ) such that the specification O1

s is satisfied.
To deal with such a control problem, we aim to solve

its abstract version based on the developed results in the
previous sections. To this end, we first construct the symbolic
abstraction for Tτ (Σ). According to the initial state A1,0,
we choose the initial region S0 := [0, 0.6] × [0, 0.6] ×
[−4π/35, 4π/35] and the constant ω = 0.1. For the applied
dynamic quantizer, let (Λ1,Λ2,Λ3) = (0.2, 0.2, 2π/35),
µ = 1 and Ωin = Ωout = 1. That is, all the chosen regions
are the same and quantized uniformly. The quantized states
are given by ı(Λ1,Λ2)× Λ3 with ı ∈ N and  ∈ ±N. There
are 80 abstract states in S0. Given a precision ε = 0.2,
we choose η0 = 0.2, and then construct a local symbolic
abstraction Tτ,µ,η0(Σ) for the initial region S0. Along the



Fig. 1. Projection of the states of Σ and Tτ,µ̄,η̄(Σ) to R2 × {0}. The
black regions are the obstacles, and the green lines are the optimal path
planning strategies, which is searched via the RRT algorithm. The upper
figure is for the path planning from A1,r1 to A1,r2 , and the lower figure
is for the path planning from A1,r2 to A1,r1 .

same mechanism and the chosen region, the local symbolic
abstraction can be constructed for all the chosen regions.

Using the RRT algorithm in [26], the path planning of the
autonomous vehicle is presented in Fig. 1 and the number of
the chosen regions is 103. As a result, there are 8240 abstract
states in all the chosen regions, whereas there are 91035
abstract states in [12], which implies that the computation
time for the abstraction are reduced greatly. Note that the
designed controller is optimal in each chosen region; see
Fig. 1. In the chosen regions, all the possible paths are
searched. A possible case is that the designed controller is
not optimal after finite chosen regions. In this case, we can
choose the suboptimal path to continue the searching process
until the vehicle reaches into the target regions. We need to
emphasize that, different path planning strategies have great
effects on the satisfaction of the desired specification. For
instance, if another path planning strategy is chosen at certain
abstract states (e.g., the red dots in Fig. 1), then the longer
computation time is needed.

VII. CONCLUSION

In this paper, we proposed a dynamic abstraction for non-
linear control systems via dynamic quantization. To reduce
computational complexity in the construction of symbolic
abstractions, a zoom quantizer with bounded quantization
regions was applied. Using the zoom quantizer, a dynamic
approximation approach was proposed for the state and input
sets. Based on this dynamic approximation, the dynamic
symbolic abstractions were constructed. Finally, a numerical
example was presented to illustrate the derived results.
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