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Abstract

In this paper, we present a robust distributed model predictive control (DMPC) scheme for dynamically decoupled nonlinear
systems which are subject to state constraints, coupled state constraints and input constraints. In the proposed control
scheme, all subsystems solve their local optimization problem in parallel and neighbor-to-neighbor communication suffices. The
approach relies on consistency constraints which define a neighborhood around each subsystem’s reference trajectory where
the state of the subsystem is guaranteed to stay in. Contrary to related approaches, the reference trajectories are improved
consecutively. In order to ensure the controller’s robustness against bounded uncertainties, we employ tubes. The presented
approach can be considered as a time-efficient alternative to the well-established sequential DMPC. In the end, we briefly
comment on an iterative extension. The effectiveness of the proposed DMPC scheme is demonstrated with simulations, and
its performance is compared to other DMPC schemes.
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1 INTRODUCTION

Model predictive control (MPC) algorithms are success-
fully employed in a wide range of applications and there
exists a broad body of literature. The fact that hard
constraints on states and inputs can be directly incor-
porated into the controller and a performance criterion
can be taken into account by means of solving an opti-
mization problem significantly contributes to their pop-
ularity. A basic approach for proving recursive feasibility
and convergence of the optimization problems has been
developed in [1] for continuous-time nonlinear systems,
and is the basis for numerous MPC algorithms proposed
since then. Similar results are derived for discrete-time
systems in [2], and an overview can be found in [3-5].

1.1 Distributed MPC

Since the presentation of initial distributed model pre-
dictive control (DMPC) schemes [6], their development
became a thriving branch in the research on MPC.
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The motivation behind the development of DMPC is
that centralized MPC [4] becomes computationally in-
tractable for large-scale systems, and a reliable commu-
nication with a central control-unit is difficult to realize
in the case of spatially distributed systems [7, 8].

In [9], the methods by which distributed MPC algo-
rithms compute control input trajectories are classified
into four groups: iterative methods, sequential meth-
ods, methods employing consistency constraints, and ap-
proaches based on robustness considerations. In iterative
methods, the local controllers exchange the solutions to
their local optimization problems several times among
each other until they converge. In sequential approaches,
local optimization problems of neighboring subsystems
are not evaluated in parallel but one after another. In al-
gorithms based on consistency constraints, neighboring
subsystems exchange reference trajectories and guaran-
tee to stay in their neighborhood. Other DMPC algo-
rithms consider the neighbors’ control decisions as a dis-
turbance. Examples can be found in [9]. As remarked
in [10], the task of distributing MPC algorithms is too
complex in order to solve it with one single approach.
Instead, for various types of centralized MPC problems,
distributed controllers have been taylored. A broad col-
lection of notable DMPC algorithms can be found in [11].

Especially the distribution of MPC problems subject to
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coupled state constraints turned out to be complicated
[12], and most available DMPC schemes that are capa-
ble of handling them cannot avoid a sequential scheme
[13-16]. However, sequential schemes have the drawback
that the computation of the control input for all subsys-
tems becomes very time-consuming for highly connected
networks. A notable exception that does not rely on a
sequential scheme can be found in [17], where a consis-
tency constraint approach is used instead. This admits
that even in the presence of coupled state constraints all
subsystems can solve their local optimization problem in
parallel and still retain recursive feasibility. In [18], this
approach is transferred to a continuous-time setup, and
in [19-21], it is extended to a so-called plug-and-play
MPC algorithm. However, [17,18] employ fixed reference
trajectories, i.e., reference trajectories that may not be
modified once defined. This is limiting and restricts the
possibility to optimize the system’s performance signif-
icantly. In this paper, we overcome this limitation for
dynamically decoupled systems subject to coupled state
constraints.

1.2 Contributions

We develop a generic DMPC scheme based on consis-
tency constraints that allows for the parallelized evalua-
tion of the local optimization problems in the presence of
coupled state constraints. In contrast to the consistency
constraint based approaches [17,18] with fixed reference
trajectories, we show that in the case of dynamically
decoupled systems this limitation can be overcome. In
particular, we show that recursive feasibility and asymp-
totic stability can be still obtained when invoking a less
restrictive assumption on reference trajectories and con-
sistency constraints. It allows the reference trajectories
and consistency constraints to be updated at every time-
step. As nominal MPC subject to constraints is sensitive
to model uncertainties and disturbances, we formulate
the proposed DMPC scheme via a constraint-tightening
approach using robust tubes.

The proposed DMPC scheme can be considered as
a time-efficient and scalable alternative to sequential
DMPC [15,22], and a more performant and less re-
strictive version of the consistency constraint based
DMPC in [17, 18] for dynamically decoupled systems.
The preliminary version of the proposed DMPC scheme
as presented in [23] is restricted to nominal dynamics
and the pairwise coupling of states through constraints
which are limitations that we overcome in this paper.

The remainder is structured as follows. In Sec. 2, we
present the partitioned system and the control objec-
tive. In Sec. 3, we define the local optimization problems
(Sec. 3.1), present assumptions that allow for their par-
allelized evaluation and ensure robust asymptotic stabil-
ity (Sec. 3.2), and derive guarantees of the closed-loop
system (Sec. 3.3). A brief discussion concludes the sec-
tion. In Sec. 4, we provide details on the initialization,
the computation of reference trajectories and summarize

the overall DMPC algorithm. In Sec. 5, the algorithm’s
effectiveness is demonstrated, and in Sec. 6 some con-
clusions are drawn.

1.3 Notation

A continuous function v : R, — R, is a class K function
if it is strictly increasing and +(0) = 0. If the domain of
a trajectory z[k] with k=a...,b, a,b € N, is clear from
the context, we also write z[-]. By z[-|k], we denote a
trajectory that is computed at time step k. The short-
hand z;cy is equivalent to {z;}cy where V is a set of
indices. Let A, B < R"™. Their Minkowski sum is A @
B:={a+beR"|aec A be B}, the Pontryagin
difference AOB = {a e R" | a+be A, Vbe B},
and A x B their Cartesian product. X, @, denote the
repeated evaluation of the respective operations over sets
of indices. The Hausdorfl distance dg is defined as the
minimal distance of a point x € R" to a set A, i.e.,
dg(z, A) := inf{||z — 2'|||2" € A}; || - || denotes the
Euclidean norm. Let A € R™*™ be a matrix, and a € R
a scalar. Then, aAd = {y|y = az,z € A} and AA :=
{yly = Az,z € A}. Finally, 0,1 denote vectors of all
zeros or ones, I an identity matrix, and for x € R™ and
P € R™ ™ positive-definite, we define the weighted norm

llz||p := VaT Pxz.

2 Preliminaries

In this section, we introduce the system dynamics of a
partitioned system and its constraints, define the net-
work topology, review robustness related concepts, and
finally state the control objective.

2.1 System Dynamics and Constraints

Consider a distributed system consisting of subsystems
i eV ={l,...,|V|} which are dynamically decoupled
and behave according to the discrete-time dynamics

wilk + 1] = fi(zi[k], wilk], wilk]),  2:[0] = @0, (1)
where x; € R™, u; € R™ denote the actual state and
input of subsystem i, respectively, and w; € W; < R% a
bounded uncertainty. In stack-vector form, the dynamics
of the overall system are correspondingly given by

wlk +1] = f(alk] ulk],wlk]),  2[0] =z (2)

where f : R" x R™ x R? — R" with n := ), n;, m :=

Zim'é: q = ZiQi: stack vectors z = [3??,-~-a~77\1;;\]T:
u = [’1[{7,,,711,?{)‘]71, w = [’UJ?,...,U)E;‘]T, and o =
[xOT,I""vaT,M]T

All subsystems may be subject to coupled and non-
coupled state constraints. If there exists a coupled state
constraint of subsystem i that depends on state x; of
subsystem j, then we call subsystem j a neighbor of sub-
system i and we write j € A; where N is the set of all



neighboring subsystems of i. Let subsystem ¢ be subject
to R; coupled state constraints. Then, we define the non-
coupled and coupled state constraints of subsystem i,
respectively, via inequalities as

hi (1’1)
Ci,r(l'i;l'je./\/}m) 5 r= ].,Rl (Sb)
where h; : R — R% and ¢; , : Xje{i}UNm R™ — RSi.r
are some continuous functions, and N; , € N; specifies
those neighbors of subsystem ¢ whose states are cou-
pled with subsystem ¢ via coupled state constraint r;
si,8ir € Ny are some constants. The corresponding
state constraint sets are defined as

X = {l‘z e R™
Xir(Tjen, ) ={zie R™

hi(z;) < 0}
Cir(Tis Tjenr, ) <0}

where X , is a set valued function. Moreover, all subsys-
tems 7€) are subject to input constraints

u; €Uy < R™. (4)

From the actual subsystem dynamics (1), we distinguish
the nominal dynamics of the undisturbed system which
are given by

ik + 1] = fi(ds[k], a[k]) == fi(ii[k]’[ﬂ]i[k]ﬁ),
.fi 0] = Zo,i

where Z; € R™, 4; € R™ denote the nominal state and
nominal input of subsystem i, respectively. The nominal
dynamics of the overall system are denoted by

&k + 1] = f(2[k], a[k]) := f(2[k], a[k],0). (6)

2.2  Network Topology

The coupled state constraints define a graph structure on
the distributed system under consideration. The graph
is given as G = (V,€) where € := {(:,7)|j € N;} de-
fines the communication links among the subsystems
in V. Hence neighboring subsystems can communicate
with each other. Throughout the paper, we assume that
graph G is undirected. ! Moreover, to avoid that subsys-
tems can behave in an adversarial way and “force” neigh-
boring subsystems to infeasible states, we assume that
neighboring subsystems have those constraints that cou-
ple their states in common. This is formally stated next.

Assumption 1 Let ¢; (2, zjen; ), T€1{1,..., R;}, be
any coupled state constraint of a subsystem i€ V. Then
all neighbors j € N, € N; are subject to a constraint

i (T Tjren, ) = Cior(Ti Tiren,,)

! A graph G is undirected if (i, ;) € £ implies (j,4) € €.

for somer’ € {1,..., R;} where N, := (N \{j}) v {i}
and where = denotes the equivalence of the functions.

2.8 Robust Stability and Tubes

In order to handle uncertainties w; in the dynamics (1),
we resort to a tube-based approach [24, 25]. Here, an
auxiliary controller is employed to bound the deviation
of the system’s actual state to the predicted state into
an invariant set. To this end, we formally define the de-
viation of an actual state x; and nominal state z; as
pi = x; — &4, and the corresponding dynamics of p; are

pilk + 1] = fi(wlk], wilk], wilk])— fi(@:[ k], @[ k]) (7)

with p;[0] = 0, 2;[0] = Z;[0] = z¢,;. Considering a
control signal

consisting of a nominal input 4; and an auxiliary con-
troller K; : X; x X; — U;, we assume that for (7) con-
trolled by (8) there exists a robust positively invariant
(RPI) set P;.

Assumption 2 Let the dynamics of p; in (7) be con-
trolled by (8). For all i € V, assume that there exists a
neighborhood of the origin P; € R™ such that p;[k+1] €
P; for all p;[k] € P;, wi[k] € Wi, and G;[k] € U;. Such
P; is called an RPI set.

Remark 3 For the construction of RPI sets P;, we re-
fer to the rich literature on robust tube-based MPC, see
[25-32]. For a general nonlinear system, the dynamics of
pi in (7) cannot be written as a function f(p;[k], wsi[k]),
ie., pilk+1] = fi(w;[k], wilk], wilk])— fi(2:[k], @i[K]) #
f(pi[k], wi[k]). Therefore, it is not always straightforward
to find RPI sets P;. Instead, most works on the construc-
tion of RPI sets focus on particular classes of systems. In
[25], linear systems of the form x[k+1] = Axz[k]+ Bu[k]
are considered where A, B are real matrices of respective
sizes and the pair (A, B) is assumed to be controllable.
In [27], this is extended to systems with matched nonlin-
earities of the form

wlk + 1] = Ax[k] + B(g(x[k])ulk] + ¢(z[k])) + w[k]

where g 1is assumed to be invertible for allxz € X. For both
dynamics, auziliary controllers can be found such that the
dynamics of p; take the formp[k+1] = f(p:[k], wi[k]). In
contrast, the construction in [29] does not require that the
dynamics of p; take this form. Other recent approaches
improve uncertainty bounds online [81], or employ the
high-gain idea from funnel control [32] (the latter how-
ever is confined to continuous-time systems). Our focus
in this paper is on integrating P; into the proposed con-
sistency constraint based DMPC scheme irrespective of
the particular robust MPC method.

As a consequence of Ass. 2, the actual state x;[k] stays
in a neighborhood P; of the nominal state Z;[k] for all



times k since p;[k] = x;[k] — &;[k] € P;, or equivalently

xi[k] € Z;[k]®@P;, Vk=0. (9)
Then, we can determine the set of all inputs that K;
possibly takes and define it as

AZ/[Z = {Kz(xliffl) e U; |$i,@i€Xi, xi—i’iepi}. (10)

The resulting tightened constraint sets are given as /ﬁ' =
XiOPi, Xip(Tjen:,) = {Zilcir (i, Tjen, ) <0, Va; €
:Ei@Pi, V]‘J Ei‘j@/PJ‘, j'E./V;'J.}, and U, =U; & ALL

By suitably choosing a nominal control input 4;, we aim
at guaranteeing the robust asymptotic stabilization of
the overall uncertain dynamics (2).

Definition 4 (Robust Asymptotic Stability) Let
R be an RPI set for the autonomous discrete-time
system x[k + 1] = g(z[k],w[k]) with an equilibrium
point £ = g(£,0) € R and x € R, w € W < R4
The equilibrium £ is said to be robustly stable if
for each ¢ > 0, there exists a 6 = 6(g) > 0 such
that dg(z[0],R) < § = dg(z[k],R) < € for all
k > 0 and arbitrary disturbances w € W, dy de-
notes the Hausdorff distance. The equilibrium £ is ro-
bustly asymptotically stable if & is robustly stable and
dH(x[O],R) <= 1imkﬁw dH((L[k],R) =0.

At last, the following lemma provides useful relations for
set-operations, especially in the context of uncertainties.

Lemma 5 ( [33], Lem. 3.1.11) Let A, B < R™. Then
(A®B)eoB2A, and (ASB)@®Bc A.

2.4 Control Objective

Let & = fi(&-,u&b) be a steady state of the nominal
dynamics (5) of subsystem 4 for a constant nominal in-
put u¢,. Moreover, denote the stack vector of all steady
states by & = [¢f,... ’fﬁ;|]T~ For all subsystems i € V,
the control objective is to robustly asymptotically sta-
bilize desired states &;cy where

fe E:= {€|£L = ﬁ(f%ufi)?
&ieXi, &€ X (Een ), ug, €Uy, (1)
VT:L...,Ri, ZEV}

satisfies all nominal state constraints (coupled and un-
coupled) and nominal input constraints. Note that the

tightened constraint sets Xj, X; ,,U; as previously de-
fined in Sec. 2.3 ensure that none of the actual con-
straints (3) and (4) are violated in the desired formation
due to the uncertainties.

3 Distributed MPC Problems

For each subsystem, we now formulate local optimiza-
tion problems that can be solved in parallel while guar-
anteeing the satisfaction of all constraints, most notably

that of coupled state constraints. In this section, we pro-
vide the theoretic foundations of our approach. Imple-
mentation details and the overall DMPC algorithm are
presented in the subsequent Sec. 4.

3.1 Local Optimization Problems

At every time-step k, a subsystem i predicts a nom-
inal state trajectory #;[k|k] for k = k,...,k+ N and
a corresponding nominal input trajectory ;[x|k] for
k=k,...,k+ N—1in accordance with the nominal dy-
namics (5). We call N the prediction horizon. As the
actual state x; is uncertain, and it is only known that
x; €2;@®P; according to (9), the nominal state trajecto-
ries Z;ep[-|k] are determined such that the initial state
satisfies

where —P; = —1P; (cf. notation in Sec. 1.3). In order
to allow for parallelization, we introduce the notion of
consistency constraints. A consistency constraint guar-

antees that the nominal state trajectory &; staysin a C;-
neighborhood of a given reference trajectory z%¢f, namely

g

Zilklk] € 2[Rkl ®Ci, Ve =k,...,k+N (13)

where C; CR™ is some compact neighborhood of the ori-
gin which we call consistency constraint set, and %[ |k]

~

a given reference trajectory at time k. Both z*' and C;
are assumed to be known to all neighbors j € N of sub-
system 4, and are further specified later. While a con-
sistency constraint allows to optimize the nominal state
trajectory in a neighborhood of a reference trajectory, it
makes the nominal state trajectory predictable to neigh-
bors. Thereby, consistency constraints give rise to par-
allelization.

Remark 6 Throughout the paper, we employ reference
trajectories as an inherent ingredient to consistency con-
straint based DMPC which is aligned with the terminol-
ogy used in [17, 18]. This should not be mized up with
reference trajectories in the tracking MPC literature.

If Ass. 2 and thereby (9) hold, then consistency con-
straint (13) also implies

zi[k] € 2 [k|k] ®C; with C:=C@®P;. (14)
Figure 1 illustrates the concept of consistency con-

straints.

Given z;[k] and 27°[-|k], we define the local optimization
problem of subsystem 7 at time-step k as

J¥(zi[k]) =  min

& [k k], [ |%] Ji(@a[-|k], il |K]) (15)



Fig. 1. llustration of consistency constraints (13) (at k = k)

and (14).

where
k+N—1
Ti(@[- k] sl k]) = > Li(@[slk], @[] k])
rk=k

+ JS (@:[k + N|k])
Li(#:[k|k], @i []k])

with stage-cost-function l;, a positive-definite terminal

cost-function J; , /. and positive-definite matrices Q;, R
The local opmmahty criterion (15} is subject to

i[k|k] € zi[k] @ (—=P2) (16a)
ilr + k] = fi(@:[w]K], @[x|K]) (16b)
Zi[klk] € 2 [K|k] @ C; (16¢)
i [k|k] € U; (16d)
Zi[k + N|k] e X (16€)

for k = k,...,k+ N — 1 and some terminal set ??ij to
be further specified below. We denote those trajectories
Z;, G; that minimize (15) by Z¥[-|k] and 4}[-|k]. Then,
the control law for the i-th subsystem (1), for all k£ > 0,
is given by

wP (i [k]) = @ (i [R]) + K (il K], @

(3

P [k[E]) (17)

where aMPC (z;[k]) := a}[k|k] and K; is the auxiliary
controller rendering P; an RPI set (cf. Ass. 2).

We impose the following slightly modified standard as-
sumptions [4] on terminal sets X; and terminal cost J; .

Assumption 7 (Terminal Constraints) For the ter-
minal sets Xf the terminal cost functwn J,Lf Xf
R>g, and some state-feedback controller k:i (), 1€V, we
assume:
AT foral X/, i€V,

(i) X cxiec;, and

(ii) forallr =1,... Ry, itholdsc;,(xi, Tjen, ) <

0 forallx; € Xif(—BCi and for allz; € X]-fG-)Cj,

= [|s[r|k] —&lIG, + |l [K]k] —ue, ||,

j € Nir

(terrjninal states satisfy uncoupled (i) and coupled
state constraints (i) in o C;-neighborhood);

A7.2 k‘lf(M) eU; for all z; € )/(\if (input constraint satis-
faction);

AT.8 fi(xi k! (2)) € )?if for all z; € /fzf (set invari-
ance);

AT T (G k] (@) + Lo k] (@) < I (@) for al
T; € X (terminal cost function is a local Lyapunov
functwn)

3.2 Reference Trajectories and Consistency Con-
straints

The role of the consistency constraints is twofold: on the
one hand, consistency constraints shall ensure the sat-
isfaction of all state constraints (both coupled and un-
coupled) by bounding the predicted nominal state tra-
jectory Z; in the neighborhood of its reference trajec-
tory 2%, On the other hand, consistency constraints
shall only restrict the evolution of nominal state trajec-
tories in so far such that the feasibility of the local opti-
mization problem (15)-(16) is preserved. To this end, we
assume the following properties of reference trajectories
o't i e V, for given consistency constraint sets C;, i € V.

Assumption 8 (Reference Trajectories) For x =
k,...,k+N—1, k>0, and reference states x:ef[/ﬂk], i€V,

A8.1 it holds that
hi(z;) <O Vo ex’[klk]®C  (18)
and for allr =1,..., R;,

Cipr(Ti, Tjen,, ) <O Va; € x;'ef[/dkz] ®C;,

19
oy € IR G, G Nii

A8.2 and additionally, if k > 0, it holds that
sk — 1 ea]wk]@Ci. (20)

The first part of Ass. 8 states that consistency con-
straints imply the satisfaction of state constraints (3).
The second part of Ass. 8 leads to recursive feasibility.
In Sec. 4.2, we propose a method for the determination
of reference trajectories that satisfy Ass. 8.

At time k = 0, we call a set of reference trajectories
27 [k|0], x = 0,...,N, i € V, and the corresponding
input trajectories ul*'[«|0], K = 0,..., N — 1, initially



feasible if

ref[o‘o] _ sz
Pk 4 100] = AEER0] e
hi(z;) <0 Va; € 28 k|0] D C; (21b)

Cir(Ti, Tjen,,) <O Va; € L§ef[/<;|0] @®C;
vz, € w;-ef[n|0] ®C;, jeN;,,  (2lc)

Vr e {1 .y R7}
ut*'[k|0] € U; (21d)
' [N0] € X7 (21e)

where P?if satisfies Ass. 7.
3.8 Guarantees of the Distributed MPC Problems

Now, we show that the local optimization problems al-
ways remain feasible given that there exist initially fea-
sible trajectories, and that the closed-loop system is ro-
bust asymptotically stable with respect to &;, 7 € V. The
dynamics of the closed-loop system resulting from the
application of uMFC defined in (17) are given as

zilk +1] = fi(zi[k], w}™C (@i [k]), wilk]), ieV. (22)

Theorem 9 Let Ass. 2, 7 and 8 hold, and let there be a
set of initially feasible reference trajectories xref[ |0], @

V. Then for each subsystem i € V, the local optzmzzatwn
problems (15) subject to (16) are recursively feasible with
respect to the closed-loop dynamics (22) for any w;[k] €
W;. Moreover, the closed-loop dynamics (22) are robustly
asymptotically stable with respect to &, 1€ V.

PROOF. In a first step, we prove recursive feasibility.
Thereafter robust asymptotic stability is proven.

Recursive Feasibility: We have to show that there exist
feasible solutions to the local optimization problems (15)
subject to (16) for k£ > 0 given that there exist initially
feasible reference trajectories at k = 0. To this end, we
recursively construct candidate trajectories #$[x|k] for
k=k,....,k+ N and 4S[k|k] fork = k,...,k+ N —1
that satisfy constraints (16).

Firstly, consider k=0 and choose candidate trajectories

i$[k]0] = 2X[K[0] for kK =0,...,N,

w$[k[0] = w*f[k|0] fork=0,...,N —1

1
for all i € V where 21*'[-|0] denotes an initially feasible
reference trajectory and uref[ |0] its corresponding input

trajectory which together satisfy (21). Now, we show
that #¢[-]0] and 4$[-|0] also satisfy (16).

Since 27°f[-|0], ut*f[-|0] satisfy (21a), it holds that

#60]0] = 2% [0]0] "2 20, = ;[0]

and it follows that (16a) and (16b) are satisfied by
#¢[-0], 4¢[-|0] for all i € V. Because #5[-|0] = x%°[-|0]
and C; is a closed neighborhood of the origin, it follows
that (16c¢) is also satisfied by £$[-|0]. The satisfaction of
(16d)-(16e) trivially follows from (21d)-(21e). Thereby,
we have shown that there exist feasible solutions to the
local optimization problem (15)-(16) at k=0.

In a next step, we show that there exist feasible so-
lutions for k > 0 using induction. Assume that for all
i € V at time-step k, there exist predicted nominal state
and input trajectories, namely 27[-|k] and @} [-|k], that
solve (15) subject to constraints (16) (induction hypoth-
esis). As we have shown in the previous paragraph, the
induction hypothesis is initially fulfilled at £ = 0. We
now show that given the induction hypothesis holds,
there also exist feasible candidate trajectories Z$[-|k +1],
S[-|k + 1] for all 4 € V at time k + 1 (induction step).
Therefore, we construct for time-steps &+ 1, k£ > 0, and
all subsystems ¢ € V candidate trajectories

Z¥[k|k] for k = k+1,....,k+N

#[klk+1] = < fi(@F[k+N|k], k] (¥ [k+N|k]))
fork = k+N+1

(24a)
. ¥ [k|k] for k=k+1,..., k+N—-1
¢ 1] = v
[l 1] {k:f( *[k+N|k]) for k=k+N
(24b)

where k! denotes the auxiliary controller associated with
X/ and J/ as specified in Ass. 7. Now, we show that
5[ |k+1] and a$[-|k+1] satisfy (16). At first, we obtain
for the initial value of Z$[-|k+1]

F[k+1k+1] = 2F[k+1|k] = ( *klk], af[k|k])
=ﬁ([MHAM“({H»
Dy [k, P (K], wi[K]) —pi [k +1]

Wik +1] — pilk+1] € 2:[k+1] ® (—P,)
and (16a) is satisfied. As &F[-|k], @}[-|k] satisfy (16b)
according to the induction assumpmon candidate tra-
jectories (24) satisfy (16b) as well. Due to Ass. 8.2,
the candidate trajectory &$[k|k+1] = &¥[k|k+1], k =
k,...,k+ N —1, satisfies (16¢) for all i € V. Besides,
as US[k|k+1] = a¥[k|k], (16d) is trivially satisfied for
—k+1,...,k+N—1. Moreover, a[k+ Nk+1] =
klf (ZF[k+Nk]) € U; holds due to Ass. 7.2 which applies

because &} [k+N|k] € /ﬁf, and the satisfaction of (16d)
also follows for k = k+N. Finally, it follows from Ass. 7.3
that

ES[k+N+1|k+1] = fi(&* [k+ N k], k ( '2‘[/4:+N\k]))e)?if.
Thus, (16e) is satisfied as well. Now, as the induction
hypothesis is also initially fulfilled, it inductively follows



that for all £ > 0 there exists a feasible solution to the
optimization problems (15)-(16), and we conclude recur-
sive feasibility.

Robust asymptotic stability: At first, we define the aux-
iliary cost function

Vi(wi[k]) := min J;(&:[-[k], @[ -[K]) (25)

ul[\

subject to I; [k|k] = x;[k] (which implies (16a)) and
(16b)—(16e); J; is the same as in (15). Then, it holds

J¥(xik+1])= min  V;(2)<Vi(2

k+1|k]).
zexi [F]®(—P;) i [B+1IRD- (a6)

Note that here & [k+1|k] € z;[k+1}J®(—P;), and hence the
inequality follows from the suboptimality of & [k + 1|k]
with respect to the minimization. Using this preliminary
result, we show in the remainder of the proof that J;* is
a Lyapunov function in terms of [34, Thm. 1].

By the positive definiteness of Q;, R;, it holds for the
stage cost function {;(&;, ug,) = 0 and l;(£;,4;) > 0for all
Z; # &, U; # ug,. Thus, there exists a class K function «
such that a(0) = 0 and 0 < a(dy (x;,& DP;)) < JF ()
for all z; ¢ £ ® P;. This is because

J* i) = i Li(z;[ K|k, 4; [ k|K
ez i L )
i [k|k]eUt;
> i i — &illQ,
semin 117 = &ille.
= mm i mln T —Gi
@), _min [l

=V )\min(Qi dH Cquz(‘BPz)

and we identify a(z) = A/ Amin(Q;)z where Anin (Q;) de-
notes the smallest eigenvalue of Q;. Moreover, for z;[k] €
& @ P;, the unique optimal solution to the local opti-
mization problem (15)-(16) is &¥[k|k] =&, 2|kl =&,

@}[-|k] =ug,. Therefore, J*(z;) =0 for all z;[k]€&BP;.
Thus by the feamblhty of (15)-(16) as shown in the re-
cursive feasibility proof, there exists a class K function

B such that J*(z;) < B(du(xi, & @ Py)).

Next, we investigate the descent on J* for the closed-
loop system. At first, we observe

Ji (@il k+1]) = I (walk

] [k 1{K]) = 7 (2 K])
< J(E [k + 1],

k) € via:
¢ TE@lK) (@)

[k +1]) -

where the latter inequality follows from definition (25)
and the suboptimality of the candidate trajectories.

From this, we further derive

Ji(@5 [k + 1], 4[|k + 1]) —
k+N

= Z L (&5 [k k4], 4

rk=k+1
k+N-—1

= D L@ [slk] Al [s]k]) — Jf (&

r=k
Ol (RN K], k] (@3RN R])) — L (231K K), @21k |K))
+ I/ (i@ k+N k], k] (#{k+N |K]))) — T (@31k+N]k])
ML g RIR), a2 K IRD)
N kk] =&, = i (e Rk &) (28)

09 [k k1)) + JS (25 [k+N+1|k+1])

[k + NIE])

//\ //\

where 7y, is a class K function. Note that

|27 [kIK] =&l | = dm (27 [k|k]+pil k[K], & +pil k[K])
> dp (27 [k|k]+pilk|k], G@P:) = du(xi[k], & OP;)

where p;[k|k] = x;[k]—&][k|k] € P;, which finally yields,
together with (27)-(28),

JE (il 1)~ T (alK]) < —v; (i (w[K], £6@P1) < 0
for all z;[k] ¢ & @ P;. Thus, by [34, Thm. 1], we have
shown that J* is a Lyapunov function. We further con-
clude the asymptotic stability of & @ P; under closed-

loop dynamics (22), and equivalently the robust asymp-
totic stability of & for all i € V. O

Next, we show that state and input trajectories of the
closed-loop system (22) satisfy all constraints.

Proposition 10 Let the same premises hold as in
Thm. 9, i.e., let Ass. 2, 7 and 8 hold, and let there be
a set of initially feasible reference trajectories Ifé{, [-0].
Then for all i € V, the state trajectory x;[k], k = 0, of
the closed-loop system (22) and the corresponding input
trajectory w;[k] = uMPC(x;[k]), k = 0, satisfy state
constraints (3) and input constraints (4).

PROOF. From Thm. 9, it follows that the local op-
timization problems are recursively feasible and hence
state and input trajectories x;[k] and wu;[k] of the
closed-loop dynamics (22) are well-defined for k > 0
According to (17), the input trajectory is given by
wilk] = ud"C(wlk]) = af[k|k] + K;(wi[k], 2F[k|k])
where [k:|k;] is such that (16d) holds, and by defini-
tion (10), we have K;(-,-) € AU;. Then, it follows that

~ Lem. 5
U; [k‘] eU; D AU; = (Z/[l S) AZ/{T) (&) AZ/{l eg U;.
and input constraint (4) holds. Next, due to consistency

constraint (16¢) and p;[k] = x;[k] — &;[k] € P; (cf. (9)),



it follows that for all i € V
i [k] = 2:[k]+pi[k] € (2" [k|k]®C)) @ P; = 22 [k| K] @C;.

Then due to Ass. 8, the satisfaction of state constraints
(3a) and coupled state constraints (3b) follows from (18)-
(19). O

3.4 Discussion

If reference trajectories xﬁef and consistency constraint
sets C; satisfy Ass. 8.1, then state constraint satisfaction
is implied via consistency constraint (16d). Therefore, no
further state constraints apart from the consistency con-
straint need to be considered in the local optimization
problem (15)-(16). Hence, the local optimization prob-
lems are subject to fewer constraints compared to other
DMPC schemes allowing for coupled state constraints,
see [14-17].

Additionally, if the consistency constraint sets, namely CAi,
are chosen to be convex, then the local optimization
problems (15)-(16) may be convex even if the original
state constraints (3) are non-convex. In particular, this
is the case if dynamics (1) are linear and the input con-
straint sets U; convex; note that linear dynamics give rise
to convex P; and Xif . However, even if dynamics (1) are
nonlinear, the local optimization problems (15)-(16) ap-
proximAately constitute a convex problem for sufficiently

small C;. This is because consistency constraint (16¢)
restricts the optimal solutions to a neighborhood of a
reference trajectory in which the system dynamics are
approximately linear.

Moreover, we do not require that reference trajectories
x5¢ [ |k] satisfy any dynamics (cf. Ass. 8) after initial-
ization, i.e., for £ > 0. This is in contrast to other DMPC
approaches employing consistency constraints [17, 18,
35]. Moreover, we allow that reference trajectories can
be updated at every time step which allows for enhanced
performance compared to algorithms with fixed refer-
ence trajectories (see performance comparison Sec. 5.3).
We detail the reference trajectory update in the next
section.

4 Parallelized DMPC Algorithm

In the previous section, we have formulated local opti-
mization problems for all subsystems and assumptions
that allow for their parallelized evaluation while ensuring
recursive feasibility. While the satisfaction of Ass. 1,2, 7
needs to be ensured during the initialization, Ass. 8 is
the only assumption that needs to be taken into account
online. In this section, we detail the initialization proce-
dure, present a recursive algorithm to update reference
trajectories such that Ass. 8 is satisfied, and state the
overall DMPC algorithm.

4.1  Initialization

In order to solve the local optimization problems, some
parameters need to be chosen offline. Therefore, we sug-
gest the following initialization procedure:

Step 1 (Problem Formulation): Formulate the control
problem such that neighboring agents have those con-
straints that couple their states in common (Ass. 1).
This can be always achieved by adding coupled state
constraints to neighboring subsystems.

Step 2 (RPI sets): For each subsystem i € V, determine
an RPIset P; and the corresponding state-feedback con-
troller K;. For each subsystem, the computations are in-
dependent of the other subsystems due to the decoupled
dynamics. Available methods are reviewed in Remark 3.
The existence of P; and K;, i € V, is assumed in Ass. 2.

Step 8 (Terminal constraints, stage cost function, and
consistency constraint set): For each subsystem ¢ € V,
choose symmetric positive-definite matrices Q;, R; and
a stage cost function [;(x,u) = ||T—$7H%2L +l|u—ue,||%, -
Thereafter, determine terminal sets Xif and correspond-
ing terminal cost functions J,f such that Ass. 7 holds.
To this end, we first construct auxilliary sets Xif , eV,
that satisfy Ass. 7.2-7.4. These can be computed inde-
pendently for each subsystem due to the decoupled dy-
namics. For systems whose linearization is stabilizable,

an approach using the discrete-time algebraic Riccati
equation can be chosen. Let

fi(@s, ) = Agity + Byt + f1(#, ;)

for some matrices A;, B; with respective dimensions
and f] : R™ x R™ — R™ . By solving the discrete-time
algebraic Riccati equation

P, =ATP A,
— (ATP,B))(R; + B'P,B,)"\(BI P A)) + Q,,

a positive definite matrix P; is obtained. Choose
k! (z;) = —(Ri + BT P,B;)"'BI P,A;z; and J{ (z;) =
ozl Pyx; with a scalar o; > 0. Then, there exists a
sufficiently small scalar 4; > 0 such that Ass. 7.2, 7.4
hold for all z; € )?if = {.L‘Jlf(yL) < 7} [3, Remark 5.15].
At last, choose CA, as some neighborhood of the ori-
gin and set C; = @ @ P; (this choice might need to
be refined later). Then select in a centralized way >
X! = {z|J! (z) < v} < X/ with a sufficiently small
scalar v; € [0,4;] such that the constraints in Ass. 7.1

2 Also a distributed computation of ey is possible. For ex-
ample, each subsystem incrementally increases v; and checks
at each step constraint satisfaction. For each subsystem, the
largest ; is chosen that still satisfies the constraints. Alter-
natively, distributed iterative optimization algorithms can
be considered [36].



hold for all i € /ﬁ-f and all subsystems i € V. Note
that Ass. 7.3 is satisfied due to the choice of Xz-f as a
super-level set of Jif .

Step 4 (Initially feasible reference trajectories): Deter-
mine initially feasible reference trajectories 25°f[-|0], i €
V, that satisfy (21), e.g. by solving a centralized opti-
mization problem subject to (21). If no such trajectories
could be found, choose a smaller set (i

Note that (21b)-(21c) can often be simplified. If h;, ¢;
are linear and C,ey are polytopes, then (21b)-(21c) can
be expressed as linear algebraic inequalities. Libraries for
computations with polytopes are MPT3 (Matlab) [37],
Polyhedra (Julia) [38] and Polytope (Python) [39]. Al-
ternatively, if h;, ¢; » are nonlinear but still Lipschitz con-
tinuous, then there exist scalars H; and C; , such that 3

‘hL(T/) - hz(T )
lein(y') — cir(y")

< Hil|lz" — 2"
< Cirlly ="l

where z/,2” € R™ and ¢,y € X N, R™.
2T

Je{ituNi,,
Define the maximal distance of any point in some
compact set A < R" to some point x € R" as
dmax (2, A) 1= sup,c 4 ||z — z||. Then, there exist scalars
Vp, = dmax(oaci) and Ve, o = dmax(07 Xje{i}u./\/'iﬂ, Cj):
and it holds

sup  [hy(2}°'[k[0]) — hi(@)| < Hovn,
exiei@C;
sup ¢, r(ﬂfﬁ‘éf{i}u/\/m[ﬁ|0]) — ¢ (2)| <Cipre, -

e X :c‘EfGBC
jeliyoN] RS

Thus, we can replace (21b)-(21¢) by

hi(25[K]0]) < — Hivp,
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c”( [H|O]’ ;(éf/\/ [ ‘0])<_Ci;7‘yci,1-'

4.2  Online Determination of Reference Trajectories

In Ass. 8, general conditions are stated that allow for the
parallelized evaluation of the local optimization prob-
lems (15) subject to (16) while preserving recursive fea-
sibility (ef. Thm. 9) and ensuring state constraint sat-
isfaction (cf. Prop. 10). Algorithms that ensure the sat-
isfaction of Ass. 8 are essential to the proposed DMPC
scheme. The generality of Ass. 8 allows for various such
algorithms. In this section, we propose such an algo-
rithm that updates a previous reference trajectory for
each subsystem ¢ € V. The algorithm is distributed.

In particular, let each subsystem ¢ € V be initialized with
a set of initially feasible reference trajectories x%°[-|0].

3 For simplicity, h; and ¢; » are assumed to be scalar. In the
case of vectors, subsequent calculations hold for row-wise
evaluation.

Then for £ > 0, each subsystem ¢ € V checks for all
ke {k+1,...,k+ N} separately if
and

(x;'ef["ﬂk] (‘BC]‘), JeE M,T

Ci,T(xi> xje-/\/.’i.'r') <0

Vaj € (& [k[k] ©C;) v (30)

forallr=1,...,R;.

Remark 11 From a practicael point of view, (29)-(30)
can be efficiently evaluated analogously to Step 4 in the
previous section. Following the same reasoning, if hi, ¢; »
are linear and Cieyp are polytopes, then (29)-(30) can be
expressed as linear algebraic inequalities. Alternatively,
if hi,cir are only Lipschitz continuous, then (29)-(30)
can be replaced by

hi(27[k[k]) < —Hivp,
Ci,r(*%;k [H|k’]7jj‘<e/\f,i,,.[ ‘ ]) < —Ciyve,,
Ciw(i‘? (kK] m;?;\/Z - [|k]) < =Cive,,

where H;, C; ., vy, and v, . are as before. In other cases,
the evaluation is more elaborate.

Based on conditions (29)-(30), the updated reference
trajectories are defined for each subsystem i € V and
k=k+1,...,k+N—1as

o :
et *xlk]  if (29)-(30) hold for k&,

[lfe+1] { ref[k|k] otherwise,
(31a)

xgef[k+N|k+]_:| = i';k[k—‘rN‘k] (Slb)

Intuitively, each subsystem attempts to change its pre-
vious reference state x1*[k|k] to the predicted state
¥[k|k] for any k. The reference states, however, are
only changed if no state within a C;-neighborhood of the
predicted state violates any of the state constraints (3)
which is checked by conditions (29) and (30). In con-
dition (30) on the coupled state constraints, both the
predicted states i;‘e n,, and the previous reference

states xg‘éfj\/ of the neighboring subsystems are con-

sidered. This allows for the parallelized computation of
reference trajectories. The reference trajectory update
of subsystem i for k£ > 0 is summarized in Algorithm 1.
It guarantees the satisfaction of Ass. 8 as stated by the
following proposition.

Proposition 12 Let Ass. I and Ass. 7.1 be satisfied, and
let there be a set of initially feasible reference trajectories
Tef[ |0], i € V. Then for all i € V, reference trajectories
2'10] and 29[-|k], k > 0, recursively defined in (31),
satisfy Ass. 8 for all times k = 0.



Algorithm 1 Reference Trajectory Update of Subsys-

tem ¢
Input & [[k], &7y, K], 27 |k], 25y, [-|F]
Output xref[ |k + 1]
l:fork =k+1,...,k+ N do
2 if (29) and (30) hold for all r = 1,..., R; then
3 oo [k|k+1] := ¥ [k]k];
4 else
5: oo [k|k+1] := 2% [k|K];
6 end if
7: end for
8 o[k + N|k+1] := 2¥[k + N|k];

PROOF. Satisfaction of Ass. 8.1: At first, we show by
induction that x7°f[-|k] satisfies Ass. 8.1 for all k > 0.
Note that initially feasible reference trajectories z1¢[-|0]
satisfy Ass. 8.1 for k£ =0 by definition. Next, assuming
that 21 [k|k], k = k,...,k+N—1, satisfies Ass. 8.1, we
show that also 21 [k|k+1], k = k+1,...,k+N, satisfies
Ass. 8.1. We split the proof in two parts: at first, we
show that 2t [k|k+1], K = k+1,...,k+N—1, as defined
in g?)la) satisfies Ass. 8.1. Thereafter, we show that also
i [k+ N|k+1] as defined in (31b) satisfies Ass. 8.1 for
k = k+N. From this, we can conclude, that 21|k +1]
overall satisfies Ass. 8.1 at time k+1.

Part 1: Consider o™ [klk +1], k = k+1,...,k+
N —1, as defined in (31a). Note that 2™ [x|k +1] €
{2 [k|k], 22 [k|k]} for all i € V. We consider two cases:
Case 1: Let conditions (29)-(30) be satisfied. Then
observe that (29) is equivalent to (18). Moreover, as
for any neighbor j € Nj, it holds that 2%*[k[k + 1] €
{@¥[r|k], 2% [[K]}, (30) implies (19). We conclude the
satlsfacmon of Ass. 8.1 in case 1.

Case 2: If conditions (29)-(30) are not satisfied for &,
then 25 [k|k+1] = 21 [k|k]. As 27°[k|k] satisfies (18) at
time-step k, it does so at k+1 since (18) is time-invariant
and does not depend on other subsystems. In order to
determine the satisfaction of (19), we assume at first
that conditions (29)-(30) are not satisfied at xk and any
of the neighbors j € N;. Then :L';.ef[/i\k-i-l] = :L';ef[/{\k] for
all j € NV, and the satisfaction of (19) trivially follows
from the previous time step k& when 2%*[|k] satisfies

(19) by assumption. Next, assume that for all j € N,
where A; © N is an arbitrary subset of N, condi-
tions (29)-(30) are satisfied. Then, a:;ef[li|k+1] = 2% [r|k]
for all j € N;. Let r be any r € {1,..., R;} and consider
the coupled state constraint c¢; .. By Ass. 1, there ex-
ist comstraints c;,s, v’ € {1,...,R;}, for all neighbors
j € N, of subsystem i such that

Cjr (Ija :L'j/e./\/j_’,./) =Cir (fL'Z', xi/GNi,r)' (32)
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For these c; ., the satisfaction of (30) implies

) <0 Va; € m?ef[/-@|k+1] ®Cy,
V:L'j/ € xr?f[/ﬂk"‘]-] (‘Bcj/7 j, € A/j,r“

¢ (g, Tjren;,

Due to (32) and since ¢ € N, ,», we can rewrite the latter
equation as

Ci,r(l'iyl'jej\/,,r) <0 Va; € :L';ef[li|k+1] @C“
Va; € o [klk+11@C), j € Niy

where N; , = (N~ u{j})\{i}. This is equal to (19) at
time £+ 1. Thus, we have shown that even in the case
that conditions (29)-(30) are satisfied for some of the

neighbors of subsystem 4, namely j € ./\Nfl-, (19) still holds.
Thereby, Ass. 8.1 is also satisfied in case 2.

Part 2: Consider 7*'[k|k + 1] at x = k+N where 21¢[k+

N|k+1] := &¥[k+ Nlk] by (31b). Since &¥[k+ N|k] €

)? ! according to terminal constraint (16e), the choice
ref[ |k+1] satisfies Ass. 8.1 due to Ass. 7.1.

Satisfaction of Ass. 8.2: At last, we show the satisfaction
of Ass. 8.2. To this end, we consider the two cases for
o [k|lk+1], k = k+1,...,k+N—1, from part 1 again.
In case 1, if conditions (29)-(30) are satisfied for x, then
25k \k—&-l] = 2¥[k|k] which trivially implies (20) In
case 2, if conditions (29)-(30) are not satisfied, we have

Wf] & xrefmk] Ci = 2™ [klk+1]®C;

which is equivalent to (20). For 2¢[k|k + 1] at x = k+N,
(20) is trivially satisfied. Altogether, we also conclude
the satisfaction of Ass. 8.2. O

Other strategies to update the reference trajectories are
also possible; e.g., sets C; could be varied in addition.

4.8 Distributed MPC Algorithm

The distributed MPC algorithm is initialized as detailed
in Sec. 4.1. Then, the distributed MPC algorithms as
given in Algorithm 2 are executed in parallel by all sub-
systems i € V. Note that Algorithm 1 can be replaced
by any other algorithm that ensures the satisfaction of
Ass. 8 for all k£ > 0.

Remark 13 (Iterative version) If Algorithm 2 is ini-
tialized with suboptimal initially feasible reference trajec-
tories, then an iterative version of the proposed DMPC
scheme can lead to an improved performance. Therefore,
Algorithm 2 is modified as follows: After solving local op-
timization problem (15)-(16), a new reference trajectory

x:e‘f’+[’i|k]> k=k,...,k+N—1, is computed as
s [/<J|ki] (29)-(30) hold for k,
R

bt K|k
T [x]K] otherwise.

7



Algorithm 2 Distributed MPC Algorithm for Subsys-
tem 1%

IHPUt £i7pivci7 Kiv lia JLfa X:f7x£ef[‘0]

1: k<0

2: while k£ > 0 do

3 measure z;[k];

4: solve (15) subject to (16);

5: communicate &7 [-|k] to all neighbors j € N;;
6: receive 2¥[-|k], j € Ni;

T: apply uMP( as given in (17);

8:  compute x%°[-|k + 1] with Algorithm 1;

9:  communicate £I*[|k + 1] to all neighbors j € N;;
10:  receive 23 [-[k + 1], j € Nj;
11: k—k+1;

12: end while

Then, the local optimization problems are repeatedly
solved. Depending on the available computation time,
this procedure can be repeated multiple times, before
applying the last computed control input uMPC[ ]. An
example is presented in Sec. 5.

Remark 14 (Dynamic couplings) The proposed ap-
proach is not directly generalizable to systems with
dynamic couplings. The main challenges are twofold.
Firstly, a parallelized non-iterative DMPC scheme pre-
sumably only yields approximate asymptotic convergence
to a neighborhood of the desired states, which [35] al-
leges. Secondly, the heterogeneity in the subsystems’
constraints hardens the update of the reference trajecto-
ries (to circumvent this, [17, 18] employ fized reference
trajectories). It is expected that further conditions that
account for this heterogeneity in the case of systems with
bounded dynamic couplings need to be invoked to ensure
recursive feasability. This however is a non-trivial prob-
lem on its own and left for future research. For systems
with bounded dynamic couplings, however, the proposed
DMPC scheme can be extended (though conservatively)
along the lines of [40, Sec. 4.6].

5 Simulation

In this section, we investigate the performance of the pro-
posed algorithm with respect to computation time and
optimality. To this end, we consider mobile robots sub-
ject to connectivity and collision avoidance constraints,
which are often considered coupled state constraints in
the literature [14,41,42].

In particular, we consider the kinematic model of three-
wheeled omni-directional robots. The state of robot 7 is
given as x; :=[z;, y;, ¥;] where z;, y; denote the position
coordinates and wl the orientation; its position is defined
as x5 :=[z;,y;]7. The dynamics of robot i are given as

(7/) ) ( i ) T3 Wi + Wy (33)

11

where

cos(t;) —sin(e;) 0 0 cos(mw/6) — cos(m/6)
R(q/}i)—[singm) coséw,v) ?] Bi—[lsin(ﬂ'/@ sin(r/6) ]

l; li l;

l; = 0.2 is the radius of the robot body, r; = 0.02 the
wheel radius, u; = [ui1,u;2,u;3]7 the angular velocity
of the wheels, and w; = [w; 1, w; 2, w;3]T € W, c R® a
bounded uniformly distributed disturbance. The corre-
sponding nominal dynamics are

= R({) (B )" ity (34)
where X, :=[Z;, 9, 1@] is the nominal state of robot ¢ and
1; the nominal input. The nominal position is defined as

<Pos .

xz [IH y?]T
5.1  Controller Design

We follow the four initialization steps in Sec. 4.1 as pre-
sented next in great detail. Let us consider three robots
V = {1,2,3} with nonlinear dynamics (33) which shall
move from an initial formation z( to a target formation &.
All robots i € V are subject to connectivity constraints
pos

||}

- <d™, jeN=V\{i}  (35)
with d™®* = 2.9, and input constraints ||u;|| < 15
where || ||s denotes the maximum norm. It can be easily
verified that the coupled state constraints satisfy Ass. 1
by design (step 1). The continuous-time nominal dynam-
ics (34) are discretized with time-step At = 1/3 using a
4th-order Runge-Kutta integration algorithm where the
nominal inputs are applied as zero-order hold. The con-
trol input applied to the robots is

(7 (t) =

i (t) + Ki(x4(t), %4 (1)) (36)

= aMPC(x;[k]), t € [k At, (k+1)At).

Next, we construct RPI sets P;, i € V (step 2). To
this end, we choose the continuous-time auxiliary con-
troller K; as

where ;(t)

Ki(xi(t), %:(t) = B R(—i) Aq (xi(t) — %i(1)) (37)
= BzTR( ) Lpl(t)
where A; € R?*? is Hurwitz. Substituting (37) into (36),
(36) into (33), and computing p; = x; — X; yields

We choose A; = —diag(6, 6,5.5) for all ¢ € V. To numer-
ically compute the RPI set P;, we exactly discretize the
continuous-time deviation dynamics (38) and obtain

Di [k + 1] = A?

pilk] + w;[k] (39)



with AY = 4t and w;[k] e WE := Sf:t() eMTdr W
We assume that W¢ = {w; ||jw;1| < 0.1, |w;2| <
0.1, |w; 3| < 7/32}, or equivalently, W; = {w; | |w; 1| <
0.6940, |w; 2| < 0.6940, |w; 3| < 0.6429}. Then, we can
compute P; as in [24]. The resulting RPI set P; is a box
given as P; = {p; | [pi,1| < pip = 0.1157, |pi2| < pi2 =
0.1157, |p; 3| < Pi,3 = 0.1169}. An outer approximation
of AU, is computed in accordance with (10). Then,
Ass. 2 is satisfied. For required set computations, we use
the MPT3 toolbox [37] for Matlab and YALMIP [43].

Now, we choose the performance matrices as Q =
diag(100,100,100), Q2 = Q3 = diag(1,1,50), R; =
diag(1,1,1), Ry = R3 = diag(5,5,5), and consistency
constraint sets C; = {¢ € R3|||[¢1, &]T|| < v2&) for
all © € V where ¢; = 0.125. Matrices Q1 and R; are
chosen such that subsystem 1 tends faster to its desired
state than the other subsystems. Thereby, subsystem 1
attempts to violate the connectivity constraint, which
is of interest in the performance analysis conducted
later (Sec. 5.3). The terminal cost functions JZ.J;V and

terminal sets )?j;v are computed via the discrete-time
algebraic Riccati equation as outlined in Sec. 4.1, step 3,
and Ass. 7.2-7.4 are satisfied. By choosing terminal

A~

sets Xi{;v sufficiently small, also Ass. 7.1 is satisfied.

At last, we determine initially feasible reference trajec-
tories (step 4). Therefore, observe that ¢;;(x;,%x;) =
|[x7** —x5%°|| — d™** is Lipschitz continuous with C' = 1
for all 4,5 € V. Then following the discussion on Lips-
chitz continuous constraints in Sec. 4.1, step 4, we can
rewrite (21¢) for all ¢, j € V more conservatively as

(40)

cij (R X;) = |77 = XF%[| = d™™ < e,

J

where v, = 2(V2¢;+p)%) with pPo® := (@2/71_@1272)0.5 =
0.1636. By solving an optimization subject to (21), we
compute initially feasible reference trajectories xgef, i€
V, where (21¢) is implemented as (40). To conclude the
controller design, we implement the local optimization
problems (15)-(16) where consistency constraint (16¢) is
implemented as a box constraint using the inner approx-
imation C; = {x € R3|||[z1,22]||x < &)} of C;. Refer-
ence trajectories are updated at every time-step by Al-
gorithm 1 which ensures the satisfaction of Ass. 8 {cf.
Prop. 12). Thereby, the satisfaction of all assumptions
is ensured by the controller design.

5.2  Simulation Results

The three mobile robots start in the initial for-
mation x0; = [-1,0,0]7, x02 = [-3,1,77/4]7,
x0,3 = [—3,—1,7/4]", and move to the target formation
gl = [5117077T]T7 52 = [15 _177T/4:|T7 53 = [1a 1, 777/4]T
where &1; € {1.5,2.0,2.5,3.0}. Observe that for increas-
ing £11, the inter-robot distances in the target formation
increase. The prediction time is chosen as T = 12s and
the prediction horizon as N = 36.
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robot 2

(a) Trajectories of the disturbed system with
w; € W;. The black dashed line denotes x;[k|k],
the colored dotted lines the actual trajectories.

2
robot 2
o= ~ robot 1 S
=0 o
b -
robot 3
oL . . . . . .
-3 -2 -1 0 1 2

X

(b) Trajectories of the undisturbed system, i.e.,
w; = 0. The markers denote the robots’ orienta-
tion. Nominal and actual trajectories coincide.

Fig. 2. Trajectories of robots for £11 = 2.5.

3.
2 —— d12
1t —— di3
0 ) ) ) ) d23
0 50 100 150 200
time k
Fig. 3. Actual inter-robot distance di; = |[x}** — %}°°|| for

7

€11 = 3.0. The black line denotes d™** = 2.9

For &1 = 2.5, the resulting trajectories are depicted in
Fig. 2. Fig. 2(a) shows how the actual state trajectories
x;[k] oscillate around the nominal trajectories X;[k|k]
due to the disturbances. For comparison, Fig. 2(b) shows
the state trajectories in the absence of disturbances; for
a detailed discussion of this case, we refer to [23]. Fig. 3
shows that the actual inter-robot distances satisfy the
coupled state constraint (35).

5.8 Performance Analysis

In order to evaluate the performance of the proposed
algorithm with respect to computation time and actual
cost, we compare it with two other robust DMPC algo-
rithms: (1) Algorithm 2 with fixed reference trajectories

ol [wlk + 1] := @i[s[k] fork=k+1,....k+N.

This choice of reference trajectories corresponds to the
choice in [17]. (2) Sequential DMPC [14] which is based
on [22, Sec. 2] and [15]. The DMPC controllers are imple-
mented using Casadi [44], Ipopt and Matlab; simulations
are performed on an Intel Core i5-10310U, 16GB RAM.

The simulation results for the relative actual costs and
computational times are summarized in Tables 1 and 2.
For robot i, the actual cost is computed over the sim-

ulated time interval as J? = Z::o %xi[k] — &llg, +




2.5 2.5
2f T T T 2 V.
1.5} 1.5 b MR
1 AT A Byt 1
0.5 0.5
Ol ol
0 50 100 150 200 0 50 100 150 200
time k time k
(a) 511 =15 (b) 511 =2.0

Fig. 4. Nominal inter-robot distances. Distance d;;[k|k] = ||%P°°[k|k] — %

i and j; the dashed line indicates d™* — v, .

&1 Proposed DMPC with Sequential
DMPC fixed reference DMPC [14]
1.5 || 1.00,1.00,1.00 | 0.93,1.45,1.45 | 1.91,0.93,0.94
2.0 || 1.00,1.00,1.00 | 1.02,1.41,1.37 | 1.75,0.91,0.90
2.5 1.00,1.00,1.00 1.07,1.12,1.14 1.37,0.70,0.72
3.0 1.00,1.00,1.00 1.07,1.00,1.02 1.04,0.61,0.63
Table 1
Relative actual cost for subsystems 1, 2 and 3.
&1 Proposed DMPC with Sequential
DMPC fixed reference DMPC [14]
1.5 0.0261 0.0255 0.1116
2.0 0.0267 0.0266 0.1155
2.5 0.0254 0.0253 0.1106
3.0 0.0265 0.0262 0.1157
Table 2

Average computational times for calculating control inputs
in seconds.

||@;[K£] — ug,|| R, where Ty = 200; the i-th entry in each
field of Table 1 is the actual cost J? normed with the
actual cost J¢ of the proposed DMPC. The presented
numbers are the average from 100 simulations.

In Fig. 4, the nominal inter-robot distances (fu =
||%P% — xP°%|| are depicted for various &1;. For the pair

(X7°°,%5°%), (40) can be rewritten as

(41)

which is a condition on the nominal inter-robot distance.
Intuitively, this means that if the graph of d;; exceeds
the dashed line in Fig. 4, then (41) is violated. As a
consequence, the reference state at the respective time
is not changed in order to prevent a potential violation
of the coupled state constraints (cf. Sec. 4.2).

This observation can be related to the relative actual
costs in Table 1. The closer the nominal distance gets to
the dashed line or even exceeds it, the closer is the per-
formance of the proposed DMPC to that of the DMPC
with fixed reference (cf. &1 = 3.0). However, if CZij does
not exceed the dashed line, the performance of the pro-
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1 1 — di3
0.5 dos
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(c) &1 =25 (d) &1 =3.0

5 pos

2°%[k|k]|| denotes the nominal distance between robot

posed DMPC scheme is significantly improved compared
to that of the DMPC with fixed reference where the rel-
ative costs are up to 45% higher (cf. &7 = 1.5, 2.0).
Compared to sequential DMPC, the performance of the
proposed DMP C scheme also tends to be better in these
cases. This indicates that the parallelized evaluation of
the local optimization problems can be beneficial over
a sequential one despite the need of a consistency con-
straint. In particular, the proposed DMP C computes the
control inputs more than 4 times faster (Table 2) than
sequential DMPC. This is due to the parallel evalua-
tion of the local optimization problems in the proposed
DMPC and the reduced number of constraints. This ra-
tio further improves in favor of the proposed DMPC if
more subsystems are added.

5.4 Collision Avoidance Constraints

Instead of (35), we now consider the collision avoidance
constraint

B FY N T VIS e
where d™" = (.5. Therefore, we replace (40) by
cij(x4,%5) = dmin — [[xP% — X?OSH < — Ve, (43)

We consider four mobile robots governed by (33) as
before. The initial formation is o1 = [0,2, —7/2]7,
Zo,2 = [_27 07 0]T7 Zo,3 = [07 _27 7T/2]T7 o4 = [27 07 Tr]T;
the target formation is & [0, -2, —37/2]T, &
[21 07 _W]T7 55 = [07 27 _7T/2:|T7 54 [_27 07 O]T EverY'
thing else remains unchanged. We initialize the DMPC
algorithms with reference trajectories where the robots
move clockwise to their target states on the opposite
side of the formation as depicted in Fig. 5(a). Because
it is generally difficult to determine optimal initially
feasible reference trajectories in the presence of concave
constraints, it can be beneficial to employ the iterative
DMPC scheme as outlined in Rem. 13. As it can be
seen from Table 3, the actual cost J? reduces with an
increasing number of iterations. Fig. 5 illustrates how
the state trajectories of the closed-loop system improve
with an increasing number of iterations. Observe that
even though constraint (42) is non-convex, the local op-
timization problems in our proposed approach are only



9l il
3-2-101 2 3
x
(a) Initialization (b) Fixed reference tra-

jectories.

Fig. 5. Formation control problem with collision avoidance constraints. Robots 1, 2, 3, 4 are denoted by blue,

iterations Robot 1 | Robot 2 | Robot 3 | Robot 4

Fixed ref. 5.2028 5.1523 5.1659 5.1530

1 2.4460 2.4502 2.4832 2.4474

4 1.7965 1.7948 1.7609 1.7633

6 1.4752 1.4779 1.5088 1.5011
Table 3

Actual cost J¢ (x10*) in dependence of the number of iter-
ations, average of 100 simulations. Obtained for Tgin = 100.

subject to convex state constraints. That is because the
satisfaction of all state constraints is ensured by the
consistency constraint which is convex by choice.

6 Conclusion

We presented a robust DMPC algorithm that allows for
the parallel evaluation of the local optimization prob-
lems in the presence of coupled state constraints while
it admits to alter and improve already established refer-
ence trajectories. For the case of dynamically decoupled
systems subject to coupled constraints, we thereby pro-
vide a novel DMPC scheme that allows for a faster dis-
tributed control input computation compared to sequen-
tial DMPC schemes. Theoretical guarantees on recursive
feasibility and robust asymptotic convergence are pro-
vided. Moreover, we briefly commented on an iterative
extension of the algorithm. In the end, we demonstrated
the algorithm’s applicability and compared its perfor-
mance to other DMPC algorithms.
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