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§ Introduction
-

←
toric Has geometry

classical Shadymodifications

normalization root stacks
, dog root stacks

b starchy blow -ups f- blow-ups + root stacks)

weighted blow-ups Kummer blow-ups ( log geometry)

staohyweighkdblow-upsflgenerah.us notions above)

emostmporbntcase: blow -upslroohstadswlsmksons.es/skehsJoo#m-

Classicalism stacks

weighted pnejspaee B(do
,
da
,
. . . ,dn) (singular ) weighted ping stacks (smooth )

toric varieties (singular) tonic stacks (smooth)

Proj (R) Prog (R)
"

stacks Proj
"



IApplicationslassi-abowupscho.ro
[
• resolution oh singularities (sing → smooth) [Hironaka 1964

, . . .
]

• weak factorization ("res . of birational maps
"

) [AKMW 2002]

• flatihication (oh maps) (non-Kal → that) [ Raynaud- Greeson 1971 , Hironaka 1975]

S-lachyb-bwupsto.me(
• étalihication (ranked→ unramified ) [R' 09]

• destachiticahbn (smooth stack → smooth shoe) [Bergh
'
17
, Bergh- R

'

19 ]

char 0 • weak factorization of DM- stacks [R'15
, Harper

/
17

, Bergh
'

18]

W-eight-hyb-bwyps.ms
.

oh sings (easier +quicker) [ Abramovich -Temkin- Wlodarczyk '19]
°↳° ( • log . res .

oh sings/semistable reduction [ Abramovich -Temkin- Wlodarczyk '20 + '21]
• Cartieritication (Q-Carhw → Cartier) "

folklore
"

• wallcrossing/variation oc GIT .

[ R- Quel -21]

Itchy Inoj
" "

• Gorenstratification (Q- Goonsteh → Gorenstein) [ Abramovich - Hasselt '09]

(and ④- invertible→ invertible) (moduli oh higher-dim varieties)

reflexive



§Toric varieties and stacks
-

Input : A fan I (union of strongly convex polyhedral cones)

dugout. A toric variety Xz

⇐ i¥÷÷⇐⇐⇐⇐÷¥÷⇒i÷:
I XE - P'xp

'

2- CIR
"

⇒ Xz IUD : = Gim

Input : set of toric divisors Di → ray Se = 2- Si and 2- = n Di

Input : star subdivision 2-
'

= subdivide 2- by adding ray SE .

Fact Xz smooth at Z ⇒ XE' = Blz XI
,
SE ← exceptional

divisor

Example ⑨ O

⇒¥¥¥i←¥¥E¥±i¥.blowup & 152
blowup DznDz DynDJ

DenDg Ds

← ←THTP
' ④ €4 / f

P'XP '

- -

Ds

Input (simplicial) fan 2-

Infant tonic stack Hz (smooth with finite stabilizer groups)

Xz can be singular, Di only Weil divisors (Q1- Cartier)

Hz smooth
, Di smooth and Cartier, star subdivision = blowup in smooth center .



#ych
µ.

= #re
x

'

Input: D= { f- = 03 c X variety , r E N

cutpet : cyclic cover X ! - spec, 6×1=7/4
'

-
f) = { E=f} c Xx

co

74%2 2-MHz & prinihkrthnooh oh why)#X
a

Impedes . IT finite and flat
• IT ramified along D

,
IT
- '

(D) = RE
,

E = {E- 03 .

Slightly more general :
r

Input : D= {5--0} , SETCX, L ) for some line bundle L ,

re N

Drawbacks
• X

"

depends on f (or s) and not merely D .

(es . if f non-vanishing , get Zaz - torso)
• Need 2=6( ID) .

S Roo- stacks ( ftbramoioh -Aber-"shits) -
stabilizers# adman 106

,
Matsuhi -Olsson

'
05 Z/pZ

Input: . D↳ X Cartier divisor (section ol line bundle)
,
real Yrs)

output : root stach XLVI) T→ X t

(more natural notation X ( ID) or xfru.gr) ) / X
-

If D= { f -- 03
,

then X (FB) = X (FFI ) = [XYaz ] only depends on D and doesn't need GERD)
.

Properties
-

. I Cartier diner E CX(FB) s .th
.

IT
'

(D)=rE . ( univ proverb : 3-
"

E -- ID
" )

• IT flat
, starchy modification : IT proper and X(TD) -E→ X'D isomorphism

• X (MD) has 2242 - stabilizer groups along E .

• X
,
D smooth ⇒ X (Td) smooth



§ Stacky blow - ups
-- -

Input : Z↳ X closed subscheme
,
r EN

duhput : starchy blowup Bl# r) X
# X

Def Byz ,
r )
X = (Blzx)CHIEF) , exc

.

div
.

E := I #
'

(z)

p-roper-h.es . IT steady modification ( 22h22 -stab along E)
.

• IT
- '

(z) = RE
• IT Iyaz Iso

- X
,
Z smooth ⇒ Blcz

, r ,
X smooth

.

Ex . 131€ , , > X
= BIZX (ordinary blowup)

•

Bled
,
r)X

= X (TD ) (root starch)

T-hmtetalih.ca lion
,

R' 09) If X
'# X generically Etoile leg . shady modification or Galois cover)

and tamely ramified (auto. in char o) then 3-sequences oh starchy blowups

~

X
'¥

, X
'

e'tale II o / f
v

~ c

X X

COI Starchy blowups are cohhal among tame shady modifications
.

Ims (destaohihication , Bergh
'
17
,
Bergh - R

'

19) JE smooth tame stack
.

3-
"

canonical

"

smooth 1 Sbu's smooth

*→#
s. th X

'

algebraic space (variety if X variety)
root f o / coarsestools v space

I modif

groom X
→ x

(⇒ resolution oh tame finite quotient singularities )



§Toricstachs(con

Input I fan , Ñ=(di , . . . ,dn ) c-ZI ( replace Si with difi)

0-uhput-X-z.ae = Hz ( tri , . . . ,%X )

Ñ
, -153⇐

±¥÷÷¥¥÷p¥⇒¥'
in D)

2454

☐ ¥ HEDz

E_✗ (cont) can dooot §
,
after blowup

39+53 weighted÷⇒¥ →
oooh smh -µ (star subdivision)Ii 452

"

# ¥



§ Weighted stocky blowups--

Input: A filtration 1--0=0×3 I, D Iz D- ^ - oh ideals (IaIb C- Iaeb )

O-utp.at : weighted shady blowup BII
.

✗ ⇒ ✗

DIE BII
.

✗ = Proj ( ④ Id ) = [Spec (④Id)\V ( Ia) /am ]
do

D_ef
"

marked ideal
"

( 3 , d) = smallest filtration I. with ] C- Id
.

EX • 2-→ ✗
,
I.= (Iz , 1) ⇒ • In =I^z Hn (usual Iz -adic filtration )

• B)
I.
✗ = BI ✗ usual blowup .

2-

• 2-→✗
,
I
.

= (Iz,r) ⇒ • In = Iz%> Fn
• BII

.

✗ = Bkz,>✗ starchy blowup .

-Proper¥ • Fexc
.
div F- CBI

I.
✗
,

n
E E It"(v(In)) w/ equality for suthdivn .

• IT steady modification , isomorphism outside VCI ,) .

• BII
.

✗ smooth if ✗ smooth and I
.

Smooth filtration

DI I. smooth if locally I. = (f, ,d , ) + ( fz.dz) -1 . . . tfm
,
d)

where V(fi
, .

. .

,
fm) smooth oh codimension m .

"

I
,
= ( f?d; fide

, . . . ,fm"dm)
"

In = (f?! .

.fr?m.Eaidizn)i--cI.--inkgreldosveoh((f?/dj...,fmNd" )
,
N) for N shh

.
di / N Hi

.

⇐space of BII
.

✗ is BIINX - a weighted blowup

EI.kz ,
I. = 2-⇐Di , a ;) ⇒ BII.kz =X-z, I

'= add ray Eaisi to I



Ex ✗ = 1173
,
I. = ( × , 1) + (y , 2) + ( 2- , 3)

✗
'

= B II. ✗ Is ✗

F- =Proin-Q.IN/In+)-- Paris)
→

I =o

X-c.hu#:/A3:coords ✗
, ¥ , ¥

y : [117%2] : cords ÷ ,
Y
"

? ¥7s

zone:[*%µ, ] : comes ¥ ,¥*±
.

⇒

' " "

..
⇐.

""

I 2 - I

Genoalizedconstruchions.ir
• weighted normal core N±.= Spec@±=Spec.IN/In+i),E=Proj(NE )
• Deformation to wtd normal core : DI

.

= Spec / ④ In ) (I-n=6× )
NEZ

2-→ 2-✗A
'
N Z

fo I II ,

NI
.

- DI
.

← ✗

t t t

✗↳ Xx#4- ✗

t d t
{ o}- 1A '- { I }



SSR-esotuhosingularih.es#l
Resolve singular varietyZS-hatfgy.lt/-ironaha,Biershone-Milman

,
villamayor, wtodoctsh, . ..)

1) (locally) embed 2-→ ✗ w/ ✗ smooth .

resolution

2) Resohe 2- by blowups on ✗ w/ smash centers in z .
]
"bedded

3) Show that algorithm is smooth - functional (⇒ does not depend on X)

4) Focus on Iz .

MaÉt order of vanishing Ed Whitney umbrella 2- CAB

ordp (1) = max { d : I c(mp)d } I-1×2-1,2-7)
ordp (I) > d ⇐ PEV(I

,
DCI)

,
DYI)

, . . .,
Dd- 'CI))

single)=V(f,¥f,É,¥)=V(x.is?yz)ordplI)--I ⇐ PEV (I) and 1- 2-↳ H- X at P
Smooth

hypersvbee ord (I) = 2

V-pc-SPM-aiigredi-mtlcha.ro! ) F ( locally) hypersurface oh maximal contact H
µ = { ✗ = o}

a smooth hypersurface containing locus oh maximal order

R_ough@iptiondi-maxSrondpIi.p c- ✗ } { p : odpI =D ,} CH,

d. Imax { ordp I/µ
,
:p c- H

,} { p : ordpt-lai.dz} c Hz

d
, ñ :

&

inv (P) = (d
,
Ed
,
E. ← Sdn 00) . Blowup locus where invariant maximal = H

,
n Azn . .

- n Hn

EI (Whitney umbrella cont .) zµ←
in = (2,2, • )

at origin : H
,
= V4)

,
Hz=U (y)

,
Hz=V(z) ←

in = (43,3, •)

⇒ blowup origin §→
's

chartz_ : ✗
'
= Iz , y

'
= ¥ , 2-

'
= 2-

✗2- y2z = (✗ '2- y'Zzl ) z
12



Let I = strict transform oh 2- ⇒ I~z=Iz . IÉd '

II = ✗
'2- yiz ' same equation again ? (and invariant has not dropped)

Rian : of , =/ dz .
Over H

,
: y2z = y'¥3 and would like to remove

2 I 3 copies oh F-
-

-8:(Hironaka ) Use history : remember exceptional divisors

Modified invariant 2 ( di > Si , da , sa , . . . ) si =#exc div through P .

Ea_É. ( Abramovich- Temhrh - Wlodarczyk
'

19
,
McQuillan

'

19 )

weighted blowup in T . =# µ
, ,

?d ) + (IH
,
, %) + (IH, ,%) t - -

⇒ easy invariant drops ! (N chosen Sth . N.z.cz and relatively prime )

EI : I = (✗2- y2z) , 3. = ( × , E) + (s , G) + G- , E) =
(✗

, 3) + Ky,⇒ ,
2)

oh€z : 2-
'
= 2-
"
j y

'
= b-

,
✗

'
=

±

zl
2 zl

3

✗
~
- y2z = ✗

' 22-16 - yizi
"

zi =⇐ 2- yi 2) . z / 6
-

strict fhn has invariant (2 , 2,00)

N
< ( 2

, 3,3 , • )
lngenert-i.IT

'

I = F- • IE and inv (E) < inv (I)
.



§VariationohGlT±n±
: :&?.IE?iiiii...+e...*aEuTeId:?..)PictweqT3-#
-

#ym-orbit

d
,
s dz a dz L dy s ds

{ di .dz , . . . ,dn } = weights of LIV .

Fix points X'
Gm

-_ 1×1.

Bed X+di={ xex : otxexodi }

x-di-Exexn.dz#xex:i3
7-

Xd - x - ¥exiiu÷xi's

Fact (GIT) . Xd = Xss,
'd Xd

• 3- Xd → X/¥qm good quotient



Rmd Xiii
,

✗ii. ✗di c ✗di

Def M(d) = [Xd /am]

Rmh_ • Xd%=0 ⇒ d 4- {di , . . . ,dn } ⇐ Mld) Deligne - Mumford
• ✗D= XD' ⇐ d

,
d
'

c- (di ,di+ ,)
• ✗D= 0 ⇐ d admin or d >dmax

SIR

dmin= di dz dz . .
.

dn=dma×

• ✗due
= ✗ d:\ ✗di

✗di - e = ✗di \ ✗di

§Wa1ins
-

Th_m (wall-crossing , R- Queh
'
21 ) ✗ smooth .

Fix a wall di
.

(1) F canonical smooth filtration I? on ✗di with ✗di = VCIÉ )
(2)- "
- II -11- ✗ E. =V(Ii )

(3) BII.im/di+e)~--BlI.-Mldi- e)

µ~
smooth

wstbupy bnp
⇒

M( d) Me )at di
e smooth smooth



Rink Very easy result . Wellhnonn that one get

~ singular
M Brion- Proceso

'
90

w bnpy ↳ w bhp Thaddeus
' 96

Mld ) Mle ) Dolgachev - Hu
'98

singular singular

Generalizations
-

• X smooth DM - stack
.

x
• replace Gm with reductive group G and a→ Gm (with limitations)
•

replace a @ X
,

X with 7C
,
L c-Pick (H ← CXKJ )

+ gms
×

§ Weak factorization
-

Input : X
,
Y smooth proper birational varieties IDM - stacks

inchworm(weak factorization) F'
'

canonical
"

y,
#

'

¥×% . . .

=y

[Akmw '
oz] (varieties) blowups in smooth centers

[R'15
,
Harper 47, Bergh

'
18] (stacks) starchy blowups in smooth cakes

[ R' 21 ) (stacks ) weighted shady blowups in smooth centers

step l 3- canonical cobordism GMP B smooth
, Bd,+e=X , Bd.- e ⇐ Y

- -

step2- Walterssins .


