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Abstract: The topic of experiment design has attracted on-going inter-
est for almost half a century. There is always a strong incentive to learn
the most about a system with minimal perturbation to normal operations.
In the early engineering literature there was considerableinterest in nom-
inal experiment design based on a-priori estimates of parameters. How-
ever, this can be precarious if the a-priori estimates are poor. This chapter
will discuss more recent results on robust experiment design which, inter-
alia, account for cases where the prior knowledge is less precise. Two
illustrative case studies will be used to highlight the differences between
“good, bad and optimal” experiments. In experiment design,as in many
engineering problems, it is often better to have an approximate answer to
the correct question than an “optimal” answer to the wrong question.

1 Introduction

This chapter is dedicated to, and inspired by, the work of Lennart Ljung. For
over three decades he has shown unparalleled leadership in the area of system
identification.

Quoting from (Ljung, 1999), “the construction of a model from data involves
three basic entities:

1. The data set.

2. A set of candidate models.

3. A rule by which candidate models can be assessed using the data.”

In this chapter we will focus on the first of these entities. Again quoting (Ljung,
1999), “The input-output data are sometimes recorded during a specifically de-
signed identification experiment, where the user may determine which signals to
measure and when to measure them and may also choose the inputsignals. The
objective withexperiment designis thus to make these choices so that the data
become maximally informative, subject to constraints thatmay be at hand.”

This chapter will contribute to the understanding of what constitutes good,
bad and optimal experiments.

Experiment design has been the subject of intense study in both the statis-
tics literature (Wald, 1943; Cox, 1958; Kempthorne, 1952; Kiefer and Wolfowitz,
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1960; Karlin and Studden, 1966; Fedorov, 1972; Whittle, 1973; Wynn, 1972) and
the engineering literature (Levadi, 1966; Gagliardi, 1967; Goodwin and Payne,
1973; Goodwin, Payne and Murdoch, 1973; Goodwin, Murdoch and Payne, 1973;
Arimoto and Kimura, 1973; Mehra, 1974; Goodwin and Payne, 1977; Zarrop,
1979; Hildebrand and Gevers, 2003a). A recent survey is contained in (Gevers,
2005) where many additional references can be found.

A key issue with experiment design for dynamic systems is that the model
is typically nonlinearly parameterised. This means, inter-alia, that the Fisher
information matrix (Goodwin and Payne, 1977), which is often used as the basis
for experiment design, depends on the true system parameters (i.e. the nominal
optimal experiment depends on the very thing that the experiment is aimed at
finding).

One may imagine that, provided a good a-priori estimate of the parameter
vector is available, then an experiment designed on the basis of this parameter
vector would still be useful in practice. However, one does need to be rather
careful that the experiment does not simply reinforce what one already knows
(or believes to know) instead of making a genuine exploration of “unchartered
territories”.

Indeed, these issues have inspired the title of this chapterwhich is intended
to make a contrast between an “optimal experiment” based on some narrowly de-
fined optimisation criterion and what we might think of heuristically as a good (or
indeed bad) experiment. The title has been chosen to mirror the paper (Rosen-
brock and McMorran, 1971), which discusses perceived inadequacies in “opti-
mal” linear quadratic regulators.

The issue of robustness to nominal parameter values has beenaddressed in
both the statistics and engineering literature. Suggestedstrategies for dealing
with robustness include:

• Sequential design, where one iterates between parameter estimation, on the
one hand, and experiment design using the current parameterestimates,
on the other - see (Chernoff, 1975; Ford and Silvey, 1980; Ford et al.,
1985; Wu, 1985; Müller and Pötscher, 1992; Walter and Pronzato, 1997;
Hjalmarsson, 2005; Gevers, 2005).

• Bayesian design (Chaloner and Larntz, 1989; Atkinson and Doner, 1992;
Atkinson et al., 1993; Chaloner and Verdinelli, 1995; Sebastiani and Wynn,
2000; El-Gamal and Palfrey, 1996). The Bayesian approach ischarac-
terised by the minimisation of the expected value (over the prior parameter
distribution) of a local optimality criterion related to the information ma-
trix.

• Min-max design (Pronzato and Walter, 1988; Landaw, 1984; D’Argenio
and Van Guilder, 1988; Melas, 1978; Fedorov, 1980; Biedermann and Dette,
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2003; Dette et al., 2003; Gevers and Bombois, 2006; Goodwin,Welsh,
Feuer and Derpich, 2006; Mårtensson and Hjalmarsson, 2006;Goodwin,
Rojas, Welsh and Feuer, 2006).

Here we build on and extend the latter work, where the basic idea is to as-
sume that the system parameters,θ, are contained in a given compact setΘ. A
design criterionf(M(θ), θ) is chosen, whereM(θ) is the Fisher information ma-
trix evaluated atθ, and an experiment is designed to optimise the worst case of
f(M(θ), θ) overΘ. Notice that this differs from the nominal experiment design
where one would optimisef(M(θ0), θ0) for some given nominal valueθ0.

The main contribution of the current chapter is the detailedstudy of the design
of a robust optimal input signal for the identification of theresonance frequency
of a second order system. Furthermore, theoretical supportis developed for the
key properties of existence and finite support of this robustoptimal input.

The layout of the chapter is as follows: In Section 2 we present some standard
results on the information matrix for linear dynamic systems. A general formu-
lation of the nominal and min-max approaches to optimal experiment design is
given in Sections 3 and 4, respectively. Section 5 explores two illustrative one
parameter examples: a first order system and a second order resonant system. In
Section 6 we present a theoretical analysis of the second order resonant system.
Finally, in Section 7 we draw conclusions.

2 The Information Matrix

To set the scene, we first consider a single input single output linear discrete time
system, with input{ut} and output{yt}, of the form:

yt = G1(q)ut + G2(q)wt , (1)

whereG1 andG2 are rational transfer functions,q is the forward shift operator,
G2(∞) = 1, and{wt} is zero mean Gaussian white noise of varianceΣ. We
let β , [θT , γT , Σ]T whereθ denotes the parameters inG1 andγ denotes the
parameters inG2.

The log likelihood function (Goodwin and Payne, 1977) for data Y given
parametersβ, is given by

log p(Y |β) = −N

2
log 2π − N

2
log Σ − 1

2Σ

N∑

t=1

ε2
t , (2)

where
εt , G2(q)

−1[yt − G1(q)ut] . (3)
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Fisher’s information matrix is obtained by taking the following expectation (Good-
win and Payne, 1977):

M , EY |β

[(
∂ log p(Y |β)

∂β

)(
∂ log p(Y |β)

∂β

)T
]

, (4)

where from (2)

∂ log p(Y |β)

∂β
= − 1

Σ

N∑

t=1

εt
∂εt

∂β
− 1

2Σ

∂Σ

∂β

[
N − 1

Σ

N∑

t=1

ε2
t

]
, (5)

from (3)
∂εt

∂β
= −G2(q)

−1

{
∂G2(q)

∂β
εt +

∂G1(q)

∂β
ut

}
, (6)

and whereEY |β denotes the expectation over the distribution of the data givenβ.
For simplicity, we assume an open loop experiment so thatwt andut are un-

correlated. We also assume thatG1, G2 andΣ are independently parameterised.
Then, taking expectations, as in (4),M can be partitioned as

M =

[
M1 0
0 M2

]
, (7)

whereM1 is the part of the information matrix related toθ, andM2 is indepen-
dent of the input. Thus,

M1 ,
1

Σ

N∑

t=1

(
∂εt

∂θ

)(
∂εt

∂θ

)T

, (8)

where∂εt/∂θ satisfies

∂εt

∂θ
= −G2(q)

−1 ∂G1(q)

∂θ
ut . (9)

AssumingN is large, it is more convenient to work with the scaled average in-
formation matrix for the parametersθ, (Goodwin and Payne, 1977; Walter and
Pronzato, 1997),

M(β, φu) , lim
N→∞

1

N
M1Σ . (10)

Utilising Parseval’s Theorem, we have that

M(β, φu) =
1

π

π∫

0

M̃(β, ω)φu(ejω)dω , (11)
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where

M̃(β, ω) , Re

{
∂G1(e

jω)

∂θ

∣∣G2(e
jω)

∣∣−2
[
∂G1(e

jω)

∂θ

]H
}

(12)

andφu is the discrete input spectral density (considered as a generalised func-
tion). Here,H is the conjugate transpose operator.

It is also possible to do a parallel development (Goodwin andPayne, 1977;
Walter and Pronzato, 1997) for continuous time models. In the latter case, (11)
is replaced by

M(β, φu) =

∞∫

0

M̃(β, ω)φu(ω)dω , (13)

where

M̃(β, ω) , Re

{
∂G1(jω)

∂θ
|G2(jω)|−2

[
∂G1(jω)

∂θ

]H
}

, (14)

G1 andG2 are continuous time transfer functions (assumed independently pa-
rameterised) andφu is the continuous time input spectral density.

Notice that the results presented below do not depend onΣ since it appears
as a scaling factor in (8). Also, we see from (13) that, inM(β, φu), G2 simply
plays the role of a frequency dependent weighting. This is easily included in the
analysis. However, for simplicity we assume white noise, although the extension
to non-white noise is straightforward. Hence in the sequel we refer only toθ.

3 Nominal Experiment Design

SinceM is a matrix, we need a scalar measure ofM for the purpose of exper-
iment design. In the nominal case typically treated in the engineering literature
(i.e. when a fixed prior estimate ofθ is used), several measures of the “size” of
M have been proposed. Some examples are:

(i) D - optimality (Goodwin and Payne, 1977)

Jd(θ, φu) , [detM(θ, φu)]−1 . (15)

(ii) Experiment design for robust control (Hjalmarsson, 2005; Hildebrand and
Gevers, 2003b,a)

Jrc(θ, φu) , sup
ω

g(θ, ω)HM
−1

g(θ, ω) , (16)

whereg is a frequency dependent vector related to theν-gap (Hildebrand
and Gevers, 2003b,a).
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Many other criteria have been described in the statistics literature, such asA-
optimality (trM(θ, φu)−1), L-optimality (trWM(θ, φu)−1, for someW ≥ 0)
andE-optimality (λmax(M(θ, φu)−1)); see (Kiefer, 1974). On the other hand,
in the engineering literature, (Bombois et al., 2005), for example, proposed a
criterion that leads to the required accuracy to achieve a given level of robust
control performance.

We will argue below that beyond the intended use of the model it is also
important that the test signal be “robust” to potential uncertainties regarding the
true nature of the system.

4 Min-Max Robust Design

So as to reduce the sensitivity of the experiment to the nominal parameter values,
we assume that we have available a-priori information showing that the parame-
ters can take any value in a compact setΘ. We also constrain the allowable set
of input signals. A typical constraint (Goodwin and Payne, 1977; Zarrop, 1979;
Walter and Pronzato, 1997) used in experiment design is thatthe input energy is
constrained, i.e. we define1

S (R+
0 ) ,



φu : R → [0, 1] : suppφu ⊂ R

+
0 and

∞∫

−∞

φu(ω)dω = 1



 .

(17)
The min-max robust optimal input spectral density,φ∗

u, is then chosen as

φ∗
u = arg min

φu∈S (R+

0
)
sup
θ∈Θ

J(M(θ, φu), θ) , (18)

whereJ is an appropriate scalar measure ofM . We are assuming for the moment
thatφ∗

u exists and is unique; these points will be studied later. Notice also that
we allowJ to depend explicitly onθ; this point will be of practical importance –
see discussion below.

An alternative approach to that described above would be to extend the space
to include “mixed policies” (Başar and Bernhard, 1995; Goodwin, Rojas, Welsh
and Feuer, 2006) by introducing a (probability) densityξ onΘ. The counterpart
of (18) would now take the form:

φ∗
u = arg min

φu∈S (R+

0
)

sup
ξ∈S (Θ)

J ′(ξ, φu) , (19)

1In general, given a setX ⊂ R, we will denote byS (X) the set of all generalised functionsφu

onR (Rudin, 1973) such thatφu is the derivative of some probability distribution functiononR, and
supp φu ⊂ X, wheresupp φu is the support ofφu (i.e. roughly speaking,S (X) is the set of all
(generalised) probability density functions onX).
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whereJ ′ is an appropriate scalar measure of the form:

J ′ ,

∫
f

[∫
SθM̃(θ, ω)ST

θ φu(ω)dω

]
ξ(θ)dθ , (20)

wheref is a scalar-valued function, e.g.f(L) = tr L−1 or f(L) = λmax(L
−1);

M̃ is the single frequency information matrix andSθ is a parameter dependent
scaling matrix.

Notice that iff were linear it could be introduced into the inner integral, and
then it can be shown that this approach is equivalent to the previous one.

5 One Parameter Examples

To gain maximal insight into robust experiment design, we will study two simple
continuous time problems in some detail. These are:

(i) A first order system with known gain but unknown time constant.

(ii) A resonant second order system with known damping but unknown reso-
nance frequency.

5.1 First Order System

This system has been studied in detail in a recent paper by thesame authors
(Goodwin, Rojas, Welsh and Feuer, 2006). Thus, we will only provide a sum-
mary of the key results which will then form the basis for comparison with the
second order system studied next.

The first order system is defined byG2(s) = 1 and

G1(s) =
1

s/θ + 1
. (21)

For the model (21), it follows that

M(θ, φu) =

∞∫

0

M̃(θ, ω)φu(ω)dω , (22)

whereM̃ is the “single frequency” normalised information matrix given by

M̃(θ, ω) =

∣∣∣∣
∂G1(θ, ω)

∂θ

∣∣∣∣
2

=
ω2/θ4

(ω2/θ2 + 1)2
. (23)
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It is well known (Goodwin and Payne, 1977) that the nominal optimal open
loop input for this system can be realised by a single sinusoid of frequencyω∗ =
θ0, whereθ0 is the given a-priori nominal parameter value.

This is an intuitively pleasing result, i.e. one places the test signal at the
(nominal) 3dB break point. However, the result reinforces the fundamental diffi-
culty in nominal experiment design, namely, the optimal experiment depends on
the very thing that the experiment is aimed at estimating.

We next turn to min-max robust experiment design. We use

J(M(θ, φu), θ) , [θ2 M(θ, φu)]−1 . (24)

Thus, our min-max robust optimal experiment design can be stated as finding

φ∗
u = arg min

φu∈S (R+

0
)
J(φu) , (25)

where

J(φu) , sup
θ∈Θ




∞∫

0

ω2/θ2

(ω2/θ2 + 1)2
φu(ω) dω



−1

(26)

and
Θ , {θ : θ ≤ θ ≤ θ} . (27)

Remark1. The reason for multiplying byθ2 in (24) and then inverting is that

M
−1

is a variance measure and thus[θ2M ]−1 gives relative (mean square) errors.
This use of per-unit error concept is important in robust design to ensure that like
quantities are compared. See (Goodwin, Rojas, Welsh and Feuer, 2006).

For the above problem, the following key properties have been established in
(Goodwin, Rojas, Welsh and Feuer, 2006):

(i) Compact support: Every optimal input should have all itsenergy inside
[θ, θ].

(ii) Existence: There exists at least one optimal input.

(iii) Uniqueness: The optimal input is unique, andθ andθ do not belong to the
input spectrum.

(iv) Finite support: The optimal input has finite support in the frequency do-
main, and thus can be realised as a finite sum of sinusoids.

Another remarkable property (established in (Goodwin, Rojas, Welsh and Feuer,
2006)) is that bandlimited ‘1/f ’ noise, defined by the spectrum

φ1/f
u (ω) ,





1/ω

lnω − lnω
, ω ∈ [ω, ω]

0, otherwise

, (28)
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Figure 1.1: Discretised spectrum of the robust optimal input for the first
order system.

where for this system we considerω = θ andω = θ, is near optimal. In fact, it
has been proven that the performance of bandlimited ‘1/f ’ noise is (at most) a
factor of 2:1 away from the performance of the true optimal input.

A numerical procedure based on converting the min-max design problem into
a standard LP problem is described in (Goodwin, Rojas, Welshand Feuer, 2006).
Choosingθ = 0.1, θ = 10 gives theuniqueoptimal input spectrum shown in
Figure 1.1.

We take the nominal parameter value asθ0 = 1 (the geometric mean ofθ and
θ). Table 1.1 is reproduced from (Goodwin, Rojas, Welsh and Feuer, 2006).

Table 1.1: Relative Values of Cost for the Different Input Signals

max
θ∈Θ

[θ2M(θ, φu)]−1

Sinusoid atω = 1 7.75
Bandlimited white noise 12.09
Bandlimited ‘1/f ’ noise 1.43
Min-max optimal input 1.00

We see from Table 1.1 that bandlimited white noise and the nominal optimal
test signal achieve costs that are approximately an order ofmagnitude worse
than those for the min-max optimal input. Surprisingly, bandlimited ‘1/f ’ noise
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achieves a performance which is within40% of the optimal performance. More
will be said about this in the context of the second order system discussed below.

5.2 A Resonant Second Order System

We next consider the following second order system:G2(s) = 1,

G1(s) =
θ2

s2 + 2ξθs + θ2
, (29)

whereξ ∈ (0, 1) is assumed known (to keep the example simple) andθ is as-
sumed to lie in a given range[θ, θ].

The scaled single frequency information matrix is readily seen to be

θ2M̃(θ, ω) =
4[(ω/θ)4 + ξ2(ω/θ)2]

{[1 − (ω/θ)2]2 + 4ξ2(ω/θ)2}2
. (30)

The nominal optimal test can be realised by a single sinusoidat frequency (see
section 6 for the details)

ω∗ =
√

x θ, (31)

wherex is the unique positive root of

2x3 + 3ξ2x2 + 2(2ξ4 − ξ2 − 1)x − ξ2 = 0 . (32)

Notice thatω∗ → θ asξ → 0. Again, this result is heuristically reasonable since
one places the optimal test signal very near the resonance frequency.

The above resonant system is an ideal test case to highlight the merits of
robust experiment design. Indeed, whilst it makes sense to put the test signal
energy near the resonance frequency, it can be reasonably assumed that this can
totally “miss the target” if the resonance frequency is not quite where it was
believed to be.

In the results presented below, we assume thatθ ∈ [0.5, 2] with a nominal
value of1. Also, we consider3 values forξ, namely,0.1, 0.05 and0.02.

Figure 1.2 shows the sensitivity of the cost[θ2M̃(θ, ω)]−1 with respect toθ
when using the nominal optimal input designed forθ0 = 1. This figure provides
a strong incentive to try to use robust designs for this example.

In the next section we will establish important properties of the min-max
optimal design for this case. However, to motivate the reader, we first present
the numerical results based on using the same algorithm as in(Goodwin, Rojas,
Welsh and Feuer, 2006). See Remark 2 in Section 6 for details on the frequency
ranges considered for the optimal input spectrum, bandlimited white noise and
bandlimited ‘1/f ’ noise.

Figure 1.3 shows the spectrum of the robust optimal input forξ = 0.1.
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Figure 1.2: Variation of the cost function,[θ2M̃(θ, ω)]−1, with respect to
θ, for ξ = 0.1 (solid),ξ = 0.05 (dotted) andξ = 0.02 (dashed), when using
the nominal optimal test signal designed forθ0 = 1.

The results are summarised in Table 1.2.
(Note that the performance of the optimal input has been normalised to1 for

ease of comparison.)
A startling observation from Table 1.2 is how well bandlimited ‘1/f ’ noise

performs. Specifically, we see that it is within a factor of1.82 for ξ = 0.1, a
factor of 1.90 for ξ = 0.05 and a factor of1.97 for ξ = 0.02, of the optimal
input.

Figure 1.4 exhibits the sensitivity of the cost[θ2M̃(θ, ω)]−1 with respect to
θ for the test signals considered in Table 1.2 forξ = 0.1.

From Figure 1.4 it can be seen that the min-max optimal input is indeed robust
for the parameter range[0.5, 2] when contrasted against bandlimited ‘1/f ’ noise
and bandlimited white noise. Furthermore, we observe that bandlimited ‘1/f ’
noise gives a performance that is nearly as good as the robustmin-max optimal
input.

The costs shown in Figures 1.2 and 1.4 give compelling support for classify-
ing the input signals as good, bad and optimal. Clearly, for this example, thebad
relates to the nominal optimal input,goodthe bandlimited ‘1/f ’ noise (and to a
lesser extent the bandlimited white noise) andoptimal the min-max input.

Recall that bandlimited ‘1/f ’ noise also performs extremely well in the case
of the first order system studied in section 5.1. This leads usto the following
controversial conjecture:
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Figure 1.3: Discretised spectrum of the robust optimal input designed for
the resonant second order system withξ = 0.1.

A signal such as bandlimited ‘1/f ’ noise is actually agood (as opposed to
optimal) test signal in system identification. The reason isthat it is not only ro-
bust with respect to parameter variations but is also robustwith respect to model
structure.

6 Supporting Theory

Motivated by the results of section 5.2, we provide proofs ofkey properties for the
second order resonant system, i.e. compact support, existence and finite support
of the robust optimal test input. However, to provide some insight into the nature
of the solution, we will consider first the nominal experiment design problem,
which consists in finding aφ∗

u ∈ S (R+
0 ), if it exists, such that

φ∗
u = arg max

φu∈S (R+

0
)

∞∫

0

M̃(θ0, ω)φu(ω)dω (33)

for a fixedθ0 ∈ R
+, whereM̃ is given by

M̃(θ, ω) ,
1

θ2

4[(ω/θ)4 + ξ2(ω/θ)2]

{[1 − (ω/θ)2]2 + 4ξ2(ω/θ)2}2
. (34)

The details are somewhat more involved than those of the firstorder system anal-
ysed in (Goodwin, Rojas, Welsh and Feuer, 2006).
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Table 1.2: Relative Values of Cost (maxθ∈Θ [θ2M(θ, φu)]−1) for Different
Input Signals

Relative cost Relative cost Relative cost
ξ = 0.1 ξ = 0.05 ξ = 0.02

Sinusoid atω = 1 338.16 2, 756.10 44, 003.41
Bandlimited white noise 3.69 4.00 3.65
Bandlimited ‘1/f ’ noise 1.82 1.90 1.97
Min-max optimal input 1 1 1

6.1 Nominal Experiment Design

To solve problem (33), we need to understand how̃M(θ0, ω) behaves as a func-
tion of ω.

First notice that, from (34),̃M(θ0, ω) is differentiable and nonnegative for ev-
ery ω, θ0 ∈ R

+, while M̃(θ0, 0) = 0 andlimω→∞ M̃(θ0, ω) = 0, andM̃(θ0, ·)
does not have zeros inR+, so it must have at least one maximum inR

+. More-
over,

∂M̃(θ0, ω)

∂ω
= −8ω̃{2ω̃6 + 3ξ2ω̃4 + [4ξ4 − 2ξ2 − 2]ω̃2 − ξ2}

θ5
0[ω̃

4 + 2(2ξ2 − 1)ω̃2 + 1]3
. (35)

whereω̃ , ω/θ0.
The second order factor in the denominator of (35) is of the formx2+2(2ξ2−

1)x + 1 (wherex , ω̃2), and it has roots at

x1,2 = 1 − 2ξ2 ± 2ξ2
√

ξ2 − 1 /∈ R . (36)

Hence, the denominator of (35) does not change sign. We next evaluate it at
ω = 0 and see that it is then always positive.

The numerator of (35), on the other hand, vanishes atω = 0 andω =
√

xθ,
wherex is a positive root of

2x3 + 3ξ2x2 + 2(2ξ4 − ξ2 − 1)x − ξ2 = 0 . (37)

Now, the linear coefficient of (37) has roots atξ = ±j/
√

2,±1, hence forξ ∈
(0, 1) it is negative. Thus, the coefficients of (37) have only one change of sign
for everyξ ∈ (0, 1), so by Descartes’ rule of signs (Dickson, 1914), (37) has
exactly one positive root for everyξ ∈ (0, 1).

By the preceding analysis,̃M(θ0, ω) has exactly one maximum atω =
√

xθ,
wherex is the unique positive root of (37). Thus, the optimal nominal input
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Figure 1.4: Variation of cost versusθ for the robust optimal input (solid),
bandlimited white noise (dotted) and bandlimited ‘1/f ’ noise (dashed).

should have all its energy at this particular frequency, i.e.

φ∗
u = arg max

φu∈S (R+

0
)

∞∫

0

M̃(θ0, ω)φu(ω)dω = δ√xθ, (38)

whereδα is the Dirac distribution with support inα.

6.2 Robust Experiment Design

The robust optimal experiment design problem for the resonant second order
system consists in finding aφ∗

u ∈ S (R+
0 ), if it exists, such that

φ∗
u = arg max

φu∈S (R+

0
)
inf
θ∈Θ

∞∫

0

4(ω/θ)2[ξ2 + (ω/θ)2]

{[1 − (ω/θ)2]2 + 4ξ2(ω/θ)2}2
φu(ω)dω . (39)

We first observe that, since the integrand in (39) is continuous inθ ∈ Θ for every
ω ∈ R

+
0 and it is bounded by an integrable function which is independent ofθ

(use e.g.C/ω2, whereC is large enough and independent ofθ), the integral is
continuous inθ; see (Bartle, 1966). This implies, with the compactness ofΘ,
that we can change the “inf” symbol in (39) to “min”.
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Furthermore, if we make the following changes of variables

x ,
ln θ − ln θ

ln θ − ln θ
,

y ,
lnω − ln θ

ln θ − ln θ
, (40)

φu(ω) =
2

kω
φ̃u

(
lnω − ln θ

ln θ − ln θ

)
,

k , 2(ln θ − ln θ),

then the problem can be rewritten as

φ̃∗
u = arg max

φ̃u∈S (R)
min

x∈[0,1]

∞∫

0

4ek(y−x)[ξ2 + ek(y−x)]

{[1 − ek(y−x)]2 + 4ξ2ek(y−x)}2
φ̃u(y)dy . (41)

To simplify the notation, letF (x, y) , f(y − x), where

f(u) ,
4eku[ξ2 + eku]

{[1 − eku]2 + 4ξ2eku}2
. (42)

We next establish the properties of existence and finite support for φ∗
u andφ̃∗

u in
the following theorems.

Lemma 1 (Compact support of the optimal input spectrum)
For the problem stated in(41), the optimal inputφ̃∗

u, if it exists, has compact
support. Namely, ∫

R−[α,1+α]

φ̃∗
u(y)dy = 0 , (43)

whereα ∈ R is the only real solution of the equation

2e3ka + 3ξ2e2ka + 2(2ξ4 − ξ2 − 1)eka − ξ2 = 0 . (44)

Thus,φ̃∗
u ∈ S ([α, 1 + α]), so we can replace(41)with

˜̃
φ∗

u = arg max
˜̃
φu∈S ([0,1])

min
x∈[0,1]

1∫

0

4ek(y−x+α)[ξ2 + ek(y−x+α)]

{[1 − ek(y−x+α)]2 + 4ξ2ek(y−x+α)}2

˜̃
φu(y)dy ,

(45)

where ˜̃
φu(y) = φ̃u(y + α) for everyy ∈ [0, 1].
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Proof: The derivative off is

df(u)

du
= −4keku[2e3ku + 3ξ2e2ku + (4ξ4 − 2ξ2 − 2)eku − ξ2]

[e2ku + 2(2ξ2 − 1)eku + 1]3
, (46)

which has essentially the same form as∂M̃(θ0, ω)/∂ω in (35), after replacing
(ω/θ0)

2 by eku. As in section 6.1, by the application of Descartes’ rule of signs
we can show thatf(u) has a unique global and local maximum atu = α ,

k−1 lnx, wherex is the unique positive root of

2x3 + 3ξ2x2 + 2(2ξ4 − ξ2 − 1)x − ξ2 = 0 . (47)

Moreover, sincelim|u|→∞ f(u) = 0, we have that∂f/∂u > 0 for u < α and
∂f/∂u < 0 for u > α. Thus for anyx ∈ [0, 1] we have

∞∫

−∞

F (x, y)φ̃∗
u(y)dy ≤

∞∫

−∞

F (x, y)φ̃′
u(y)dy , (48)

whereφ̃′
u is given by

φ̃′
u , φ̃∗

u X[α,1+α] + δα

α
−∫

−∞

φ̃∗
u(τ)dτ + δ1+α

∞∫

(1+α)+

φ̃∗
u(τ)dτ , (49)

andX[α,1+α] denotes the indicator function of[α, 1 + α].
Finally, a simple change of variables gives (45).

Remark2. Lemma 1 implies that

suppφ∗
u ⊆

[
θ

(
θ

θ

)α

, θ

(
θ

θ

)α
]

. (50)

This means that for e.g.θ = 0.5, θ = 2 and three values ofξ, namelyξ =
0.1, 0.05, 0.02, we have that the support ofφ∗

u is contained in[0.499975, 1.99990],
[0.499998, 1.99999] and[0.499999, 1.99999], respectively.

Remark3. Sinceξ is usually unknown, it is convenient to find the smallest in-
terval [ω, ω] which containssuppφ∗

u for everyξ ∈ (0, 1). To this end, we deter-
mine the minimum and maximum values of the unique positive root of (47) for
ξ ∈ (0, 1). Now,x = 1 for ξ = 0 andx = 1/2 for ξ = 1, so, by the continuity of
the roots of a polynomials (Horn and Johnson, 1985),

ω ≤ θ

(
θ

θ

)− 1
k

ln 2

< θ ≤ ω . (51)
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Also, if we denote bypξ(x) the left side of (47), then we have that

pξ(x + 1/2) = 2x3 + 3(ξ2 + 1)x2 + (4ξ4 + ξ2 − 1/2)x+

2ξ4 − (5/4)ξ2 − (3/4) (52)

pξ(x + 1) = 2x3 + 3(ξ2 + 2)x2 + 4(ξ4 + ξ2 + 1)x + 4ξ4

The first two higher coefficients ofpξ(x + 1/2) are positive forξ ∈ (0, 1),
and its linear coefficient is negative forξ ∈ (0, 1) (since it has roots atξ =
±1,±j

√
(6)/4), so by Descartes’ rule of signs, the positive root ofpξ(x) is not

less than1/2 for ξ ∈ (0, 1). Similarly, all coefficients ofpξ(x + 1) are positive,
so again by Descartes’ rule of signs, the positive root ofpξ(x) is not greater than
1 for ξ ∈ (0, 1). This implies that

[ω, ω] =

[
θ

(
θ

θ

)− 1
k

ln 2

, θ

]
. (53)

For our resonant system example whereθ = 0.5 and θ = 2 we have that
suppφ∗

u ⊆ [2−3/2, 2] ≈ [0.3536, 2].

To simplify the notation used in establishing the properties ofφ∗
u andφ̃∗

u, let
us define

f̃(u) ,
4ek(y−x+α)[ξ2 + ek(y−x+α)]

{[1 − ek(y−x+α)]2 + 4ξ2ek(y−x+α)}2
, (54)

so (45) can be rewritten as

˜̃
φ∗

u = arg max
˜̃
φu∈S ([0,1])

min
x∈[0,1]

1∫

0

f̃(y − x)
˜̃
φu(y)dy . (55)

Theorem 1 (Existence of an optimal input)
For the problem stated in(55), there exists at least one optimal input.

Proof: By Lemma 1, (55) can be related to atwo-person zero-sum game on the
unit squarewith kernelF̃ (x, y) , f̃(y − x), such that playerx tries to minimise
F̃ by using apure strategy, and playery tries to maximise this quantity by using
amixed strategy(Başar and Olsder, 1995). Hence, in order to prove the existence

of ˜̃
φ∗

u, we will use a version of the Minimax Theorem due to (Glicksberg, 1950),
which states that if̃F is an upper or lower semicontinuous function on[0, 1] ×
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[0, 1], then

inf
µx∈S ([0,1])

sup
µy∈S ([0,1])

1∫

0

1∫

0

F̃ (x, y)µx(x)µy(y) dy dx

= sup
µy∈S ([0,1])

inf
µx∈S ([0,1])

1∫

0

1∫

0

F̃ (x, y)µx(x)µy(y) dy dx (56)

, Vm ,

whereVm is called theaverage valueof the game. Furthermore, if̃F is contin-
uous then, by a compactness argument (such as the one given inthe paragraph
preceding equation (40)), there existµ∗

x, µ∗
y ∈ S ([0, 1]) such that for every

µx, µy ∈ S ([0, 1]),

1∫

0

1∫

0

F̃ (x, y)µ∗
x(x)µy(y) dy dx ≤

1∫

0

1∫

0

F̃ (x, y)µ∗
x(x)µ∗

y(y) dy dx (57)

= Vm

≤
1∫

0

1∫

0

F̃ (x, y)µx(x)µ∗
y(y) dy dx .

Since in our casẽF is continuous, these results directly apply. Furthermore,by
(57) and the fact that[0, 1] is compact,

1∫

0

1∫

0

F̃ (x, y)µ∗
x(x)µ∗

y(y) dy dx = min
µx∈S ([0,1])

1∫

0

1∫

0

F̃ (x, y)µx(x)µ∗
y(y) dy dx

(58)

= min
x∈[0,1]

1∫

0

F̃ (x, y)µ∗
y(y) dy .

Hence, by (56), (57) and (58),

min
x∈[0,1]

1∫

0

F̃ (x, y)µ∗
y(y) dy = max

µy∈S ([0,1])
min

x∈[0,1]

1∫

0

F̃ (x, y)µy(y) dy , (59)

so if we take˜̃
φ∗

u = µ∗
y, we have an optimal solution to (55).
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Theorem 2 (Finite support of the optimal input spectrum)

For the problem stated in(55), the optimal input has finite support, i.e.supp
˜̃
φ∗

u

is finite. This implies that the optimal solution of problem(39) has finite support
as well.

Proof: This proof is based on (Karlin, 1957), and it is included herefor com-
pleteness.

We first show that ifµ∗
x is defined as in the proof of Theorem 1, andy0 ∈ [0, 1]

is in the support of˜̃φ∗
u, then

1∫

0

f̃(x − y0)µ
∗
x(x)dx = Vm . (60)

By (57), we have that

1∫

0

f̃(x − y)µ∗
x(x)dx ≤ Vm, y ∈ [0, 1] . (61)

If this inequality were strict fory = y0, then by the continuity of̃f there would
be an interval[a, b] ⊂ [0, 1] for whicha ≤ y0 ≤ b and

1∫

0

f̃(x − y)µ∗
x(x)dx < Vm, y ∈ [a, b] . (62)

Thus, integrating both sides of (61) weighted by˜̃
φ∗

u, and taking (62) into account,
we obtain

1∫

0

1∫

0

f̃(x − y)µ∗
x(x)

˜̃
φ∗

u(y)dydx < Vm , (63)

which contradicts the definition ofVm. This proves (60).

Now, if supp
˜̃
φ∗

u were infinite, then (60) would hold for an infinite number of
points in a compact interval, so these points would have at least one limit point.
On the other hand, the integral of the left side of this expression is an analytic
function of y in R, and its right side is constant, so by a well-known result of
complex analysis (Rudin, 1987) we would have that

1∫

0

f̃(x − y)µ∗
x(x)dx = Vm, y ∈ R . (64)
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However, sincẽf is bounded and̃f(u) → 0 for |u| → ∞,

lim
y→∞

1∫

0

f̃(x − y)µ∗
x(x)dx = 0 6= Vm (65)

which contradicts (64). Thus,˜̃φ∗
u (as well asφ∗

u) has finite support.

7 Conclusions

This chapter has argued that one needs to be careful of so-called “optimal” exper-
iments, especially when crucial pieces of a-priori information are implicit in the
definition of “optimality”. As an illustration, we have shown that robust optimal
input signals can be designed which are insensitive with respect to prior informa-
tion regarding the nominal parameter values. This means that we can associate
the idea of good, bad and optimal to input signal design for system identifica-
tion. In particular, we have seen that bandlimited ‘1/f ’ noise appears to have a
very good degree of robustness in the face of parametric uncertainty for linear
systems. However, one could equally argue that caution needs to be exercised
in other areas, e.g. to be robust against possible nonlinearities of the system or
regarding the model structure assumptions.
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