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Orthonormal Sets

The notion of basis is very important, since it allows to define “coordinates” in a space,
thus allowing explicit computations in Hilbert spaces.

Definition

In an inner product space V, a family (eq)qes in V \ {0} is an orthogonal set if eq L eg for
a#p. Ifalso leqll=1forall a€l,(eq)qer is an orthonormal set. In case I is finite, N or
Z, (eq) is an orthogonal [ orthonormal sequence.

Examples of orthonormal sets
1. In C", take the standard basis vectors.
2. In 09, take (ep)pen With e =(0,...,0,1,0,...). (The 1is in the n-th position.)

3. In Lo[-7,7], take (ep)pez, with e, (¢) = 2m)Y2ei™ for ne Z.  (Fourier basis)
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Orthonormal Sets (cont.)

Definition
If (ey) is an orthonormal sequence in a Hilbert space H, then, for every x € H, (x,ey) is

o0
the n-th Fourier coefficient of x w.r.t. (e, ), and Z (x,epn)en is the Fourier series w.r.t. (ey).
n=1

Lemma
Let {eq,...,en} be an orthonormal set in an inner product space V; 11,...,A, € C and

n n n
x€V. Then, ||x— Z Apepll = ||x||2+ Z [Ap, —ck\z— Z Icklz, where cj, :=(x,ep).
k=1 k=1 k=1
(Exercise!)
Since {eq,...,en} span lin{eq,...,e,}, we have
Theorem

Let {eq,...,en} be an orthonormal set in an inner product space V. The closest point y of

n n
linfeq,...,ep} toa pointxeVis y = Z(x,ek)ek, and IIx—yII2 = ||x||2— Z I(x,ek)lz,
k=1 k=1
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rmal Sets (cont.)

Corollary
If x €lin{eq,...,en}, then x = Zzzl(x,ek)ek, and ||lx|2 = er::l I(x,ek)lz.

€3

Q3€3

ap =(x,ep)

% ey \
%e
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Bessel Inequality

Theorem (Bessel Inequality)
If (ey) is an orthonormal sequence in an inner product space V, and x € V, then

S 2 2
Y I, en)l” < llxl”.
n=1

2
Proof. For NeN, 25:1 \(x,ek)\z = %)% - ”x—ZiVﬂ(JC,ek)ek“ < Ix?. Take N — co. O

We want to study the meaning of Zzo:l(x, eplep.

Definition (Infinite sum in a normed space)
Let (x,,) be a sequence in a normed space V. We say that ZZO: 1 %n, converges and has sum

x (i.e., Ziozlxn =x) ifZivzlxn —xas N —oo,l.e., x—Ziyzlxn” —0as N —oco.
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Bessel Inequality (cont.)

Theorem
Let (ey) is an orthonormal sequence in a Hilbert space H, and let (1) be a sequence in C.
Then 220:1 Anen converges in H iff Z(:LO:I Anl2 < oco.

Proof

(=) Let xzzzozl Anen and xp :Zilv:lzlnen. Then, (xp,en) = An for n <N, and taking N — oo gives

(x,en) = Ay. Then, by Bessel inequality: Y 7 ; Anl? = ~1 e, en)12 < 2% < oo.

(<) Assumethatz I\An < oo, and let xpy = Zn 1Anen. Then,

, | NeP 2 N+P , NP y
laysp —2nI1°=| Y Anen| = Y |JAnen|®= Y 1Ml°—0 as N—co.
n=N+1 n=N+1 n=N+1
Therefore, (x,) is Cauchy, and it converges in H. O
Observation

If H = Lo[a,bl, then the above convergence is in norm (or Lo convergence).
A different type is point-wise convergence: Z;ozl xp(¢) =x(¢) for all t € [a,b].
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Total Orthonormal Sequences

Goal: When does Zzozl(x,en)en =x? = We need conditions on (ey).

Observation
The approximation error y = x — Zzo:l(x,en)en satisfies (y,ep) =0 for all 2. Thus, we
could ensure that fo’:l(x,en)en =x if y = 0 is the only vector s.t. (y,e;) =0 for all %.

Definitions
¢ An orthonormal set A in an inner product space V is maximal if the only point in V
which is orthogonal to every x € A is 0, i.e., A cannot be extended to a larger
orthonormal set.
* A set A in a normed space V is total (or fundamental) if its span is dense in V.
e If A is a total orthonormal set in an inner product space V, every x € V can be
written as x = ZeEA (x,e)e, and A is called an orthonormal basis of V.

Note. By Bessel’s inequality, given x € V and an orthonormal set A, since Z ccA \(x,e)\2 <
||x||2, at most a countable number of terms (x,e), as e runs over A, can be non-zero: for
every n € N, the number of terms s.t. I(Jc,e)l2 > 1/n can be at most nIIxHZ, and

feecA: (x,e) Z0}=Upenfe € A: I(x,e)l2 > 1/n}, which is at most countable. Thus, sums like
ZeeA (x,e)e and ZeeA I(x,e)l2 can be reduced to sums over sequences.
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Total Orthonormal Sequences (cont.)

Theorem. If A is an orthonormal set in a Hilbert space H, the following are equivalent:
(1) A is total.
(2) %12 = Ypea l(x,e)I? for all x € H.
(3) (x,y) =Y cecalx,e)e,y) for all x,y € H.
(4) A is maximal.
If H is an incomplete inner product space, then (1)-(3) are still equivalent, and they imply
(4), but not conversely (see bonus slides for an example).

Proof
(1) @ (2): For a given x € H, sort the elements of {e € A: (x,e) # 0} into a sequence (e;). Then, take N — co in

N N 2
Yoy Gen)? = el — |- XN @ enden| -

(1) = (3): As before, let N — oo in Z;V:l(x,en)(en,y) = (Z;V:l(x,en)en,y), and recall the continuity of the

inner product.
(3) = (2): (2)is a special case of (3), where x = y.

(2) = (4): If A is not maximal, take a nonzero x L A. Then [x[% >0 =Y ,c4 I(x,e)|.

(4) = (1): GivenanxeH, ZeeA(x,e)e is convergent (due to the completeness of H), and x — ZBEA(x,e)e is
orthogonal to every e € A, so by maximality of A, x = ZGEA (x,e)e, which implies that A is an
orthonormal basis.

Only the implication (4) = (1) requires H to be complete. ]

Remarks. By Zorn’s Lemma, every inner product space V has a maximal orthonormal
set A (why?). Also, if V is complete, clin A = V; otherwise V = clin A & (clin A, so
(clin A)t # {0} and there is an x € (clin A)* of unit norm, so A U {x} is also orthonormal,
contradicting the maximality of A.
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Total Orthonormal Sequences (

Separability in Inner Product Spaces

Theorem. Let H be an inner product space. Then,
(1) If H is separable, then every orthonormal set in H is countable.
(2) If H contains a total orthonormal sequence, then H is separable.
Proof

(1) If A< H is an orthonormal set, distinct points x,y € A are at a distance ||x—y| =/ (x—y,x—y) =
V2, 50 if A were uncountable, a set dense in H would be uncountable too.

(2) If (ep) is a total orthonormal set, consider the set D, consisting of all linear combinations
Arer+-+Apen where n € N and Ap =ap +ibyp, Wlthak bpeQfork=1,...,n. D is a countable
set dense in H (why?). O

Observation: A separable Hilbert space is isomorphic to C" (for some n) or to ¢g (see
bonus slides for proof).

See bonus slides for examples of non-separable Hilbert spaces.
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Orthogonal Complements

We can use orthogonality to decompose a Hilbert space.

Definition
Let H be a Hilbert space. The orthogonal comple- 12
ment of ECH is EL:={xe H: x LE).

Theorem
For every subset E of a Hilbert space, EL is a
closed linear space. (Exercise!)

The projection theorem gives the following characterization of EL:
Lemma

Let M be a linear subspace of an inner product space V, and let x € V. Then x € M Liff
llx =yl = llx|l for all y € M.
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Orthogonal Complements (cont.)

Definition
Let M,N <V, where V is a vector space. V is the direct sum of M and N, denoted
V=MaN,ifevery x € V has a unique decomposition x = y+z, where ye M and z€ N.

Theorem

Let M be a closed linear subspace of a Hilbert space H. Then, H =M & M.

Proof. Let x € H. Assume that M # {0} (otherwise the result is trivial). Take y € M as the unique
minimizer of inf,, ¢ 37 [lx —m|, and z := x — y. By the projection theorem, z € Mt

Ifx=y'+2', with y' € M and z’ € ML, then (x—y') L M, so by the projection theorem, y’ = y, which
proves the uniqueness of the decomposition. O

Corollary
If M is a closed linear subspace of a Hilbert space H, then (ML) = M.

Proof. By definition, M < (M1)L. Let x e (ML)L, and write it as x = y+zwithyeM and z € M2, Since
x LML 0=(x,2)=(y+2,2)=(y,2)+ 212 = |22, so z = 0 and x € M. [m]
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Classical Fourier Series

Let e, (2):= (2n)’1/2ei”t, te[-m,m], n € Z. We want to prove that (e;),e7 is total in
L2[—7‘[,Tl].

We need to show that clin{e,, : n € Z} = Lo[—m,n]. It is known that the closure of C[—, 7]
is Lo[—m, 7], so it is enough to show that for every f € C[-m, 7] there is a sequence in
clin{e,, : n € Z} converging to f. An obvious choice is [y = Zflv:fN(f,en)en, but it is easier
to work with

1
Fp = Tl(fo +f1++fm), m=0,1,... (Césaro sum of the fn’s)
m

T .
Since (f,ep) = (271)71/2/ f(t)e " d¢, we have
=7

3
Fm(t)=$ f@Kpy(t—1)dT, where Kp(x):= L
-7

N .
Y e ™. (Fejér kernel)
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Classical Fourier Series (cont.)

Fejér Kernel properties: 8] | k)

(1) Kp(x)=0forallxeR, m=0,1,2,...
T
(2) Kp(x)dx=2n, for m=0,1,2,...

-

—5 T
(3) Forall0<é<m, (/ +/ )Km(x)dx—>0
- 6

as m — oo. (see bonus slides for proofs)

Therefore, (K;,/27) is a Delta sequence (it “con-

verges” to a Dirac delta). M
8

NP
ENER

“|

We will prove a strong result: lim  sup |f(¢)—Fpn(#) =0.
M= te[_x,x]

T
> |If ~Fpl2 =/ If(O)—Fp@®)2dt<2n sup |f()—=Fpn®)>—0 asm —oco. (Ly convergence)
te[—m,m)

-

18

Cristian R. Rojas  Topic 5: Orthogonal Expansions



Classical Fourier Series (cont.)

Take a § > 0 (to be defined more precisely later):

1 4
lf @)= Fm@®)| = ‘*/ [f@&) = fOIKp(t —1)dT
21 )y

1 4
< */ IF @)= f@IKm(t-1)dT
21 J_n

1 t+6
=9 (/\t—r|>6 +/t—5 )lf(t)—f(T)\Km(t—T)dT-

—STSTT

For the first integral, we use the fact that f is bounded, i.e., there is an M >0 s.t.
SUpse[—z,7] If ()l < M, hence

1

2w JIt-1|>6
—ASTSTT

-0 b4
If@®O - fOIKm(E-1)dT < % (/ +/ )Km(T)d‘r. (This is negligible as m — c0.)
- &
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Classical Fourier Series (cont.)

For the second integral, we need to recall uniform continuity:

Definition (reminder). Given metric spaces (X,dx) and (Y,dy), f: X —Y is uniformly
continuous if for every € > 0 there is a § > 0 s.t. for all x,y € X, dx(x,y) <& implies

dy (f(x),f(y)<e.

Reminder. By Heine-Cantor’s theorem, given metric spaces (X,dx) and (Y,dy), if X is
compact and f: X — Y is continuous, then f is uniformly continuous.

Let € > 0. Then, take § as in the definition of uniform continuity, so

1 [ e [
= ./‘Hkﬁ PO~ F @K =) < o /lHKa
—N<TSTT —NSTSTT

Knt-1)dr<e.

8 T
Therefore: sup |f(¢)—Fn(t)| < 2% (/ +/ )Km(r)dr +e—€ as m—oo.
A\ -n 8

te[—m,m]

and since ¢ > 0 was arbitrary, taking ¢ — 0 gives mlimoo sup |f(&)—Fn@®)|=0. O
T Ote[-m,7]
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Classical Fourier Series (cont.)

We have actually proved

Theorem (Fejér)
Let f: [-n,m] — C be continuous, s, (f) be the n-th partial sum of its Fourier series, and
on(f) be the arithmetic mean of so(f),...,s,(f). Then 0, (f) — f uniformly as n — co.

Notice that s, (f) does not always converge point-wisely to continuous f. (An example is
provided in the bonus slides of Topic 8!)

A similar result (proven analogously, with a different kernel) is

Theorem (Weierstrass theorem)
Let f: [a,b] — R be continuous, where —oco < a < b < co. For every ¢ > 0 there is a
polynomial p s.t. supse[q 1 1f(t) = (D) <e.
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Least Squares Estimation
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Bonus: Example of Maximal Non-Total Orthonormal Sets

In every incomplete inner product space V there are maximal orthonormal sets which are
not total, i.e., whose closed linear span is not the entire space:

Proof. First note that if every proper, closed subspace M of V is s.t. M= #1{0}, then V is complete.
Indeed, assume that V is incomplete, and let V be the completion of V. Pick an x€ V\'V, and let

M= (x}J' inV. Then, MYV is closed in V (because M is closed in V). If x L V, then d(x,V) = ||x|| >0,
and V would not be dense in V; thus, M NV #V, and there is a y € V s.t. (x,y) # 0, which we can
normalize so that (x,y) = 1.

Note that M NV is dense in M. Indeed, let z € M and let (x,) be a sequence in V s.t. x, — z (which
exists because V = V). Let x/, = x, —(xp,,%)y; then x, € V, (x,) = (xn,x) — (x5, %)(y, %) = 0 so that x/, € M,
and [lx}, — zIl < lxp — 2]l + G, Oyl = 0+ (2,0l y]l =0, thus &}, — z. Then, (M NV)- AV =M V)0V
=M+ NV =lin{x}nV =@, so M = M nV is the sought proper, closed subspace of V.

Now, assume every maximal orthonormal set in an incomplete V is a basis, and let M be a closed,
proper subspace of V s.t. M+ = {0}. Let B be a maximal orthonormal set in M, and extend it to a
maximal orthonormal set BUB1 for V. Assume Bj # @, and let x1 € B1; since M= {0}, thereisa ye M
s.t. (y,x1)#0. AsBUBj is abasis, y= Y cpyp + Xpdpxp (yp €B, xp €B1). Now, z =Y p dpxp, =
y=Yrcryp €M, but xp LB for all &, hence z L B. As B is maximal in M, z=0, so (y,x1)=d; =0, a

contradiction. Hence, B1 = @, B is a maximal orthonormal set for V, so B is a basis for V,i.e, M=V, a
contradiction. Thus, V contains a non-total maximal orthonormal set. O
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Bonus: Example of Maximal Non-Total Orthonormal Sets (cont.)

From this result, every incomplete inner product space has maximal non-total
orthonormal sets. Here is a specific example:

Let V = /9, and denote by (e,) its standard orthonormal basis. Consider the linear
subspace Y €V spanned by A ={a,e9,es,...}, where a := ZZil(l/k)ek. Then, B =
{eg,es,...} is a maximal orthonormal set in Y, because if x = a1a + ZéV:Q apep €Y is
orthogonal to B (why is it enough to consider such an x?), then 0 = (x,ep 1) = a1/(N +1),
and 0= (x,ep) = ap, for £ =2,...,N, hence x = 0. However, clin B does not include a, so B is
a maximal orthonormal set for Y which is not total in Y.

Note, however, that Y does have an orthonormal basis, which can be obtained by
applying Gram-Schmidt to A (see Homework 3!).
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Bonus: Characterization of Separable Hilbert Spaces

Definition. Two Hilbert spaces H,K are isomorphic if there is a bijective mapping
U:H—Kst.,forallx,ye Hand a€C, U(x+y) =U(x)+U(y), U(ax) = aU(x) and
(U(x),U(y)) = (x,y). Such a mapping is a unitary linear operator.

Theorem. Every separable Hilbert space is isomorphic to C" for some n € N, or to ¢g.

Proof. Assume H is a separable Hilbert space, so it has a total orthonormal sequence. Suppose first
that such sequence is finite, say, {e1,...,e,}. Then, x = Zzzl(x,ek)ek for each xe H. Let U: H— C" be
given by U (22:1 Ak ek) =(A1,...,An); U is bijective and linear, and if x = ZZ:I Xpep, y= ZZ:l Ypers
we have that (x,y) = Zzﬂxkﬁ: (U(x),U()), so U is unitary and H is isomorphic to C".

If the total orthonormal sequence is infinite, say, (e},)cn, define the mapping U: H — {9 by U(x) =
(Ap)pen, Where x = Zzozl Apep. U is linear and unitary (as in the finite case), hence injective. By the
characterization of total orthonormal sequences, U(x) € (9, and if (A} )pen € C2, )_poq Apej, converges
to an x € 09, so U is surjective. Thus, H is isomorphic to ¢a. O
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Bonus: Examples of Non-Separable Hilbert Spaces

1. £(R): The space of all f: R— R s.t. Ey = {x € R: f(x) # 0} is countable and
erEf fz(x) < oo (this sum is well defined, why?), with inner product (f,g) =

erEf NEg F(x)g(x). £5(R) is a Hilbert space (Exercise! Hint: countable unions of
countable sets are countable). Also, the functions fy € £2(R), with fy,(x)=1if x =y
and fy(x) = 0 otherwise, are an uncountable orthonormal system, so /2(R) is
non-separable.

2. Almost-periodic functions: In an attempt to extend the classical Fourier series to
non-periodic functions in R, the following definition has been coined:

f: R— C is almost-periodic (AP) if it is the uniform limit of functions ZZ:l ap, ettt
with A1,...,4, €R. The set E of AP functions is a vector space, with inner product
(f,8)= limTﬂoo(2T)’l I—TT F(®)g(t)dt (modulo an equivalence relation). The
completion of E is a Hilbert space, but not all its elements can be identified as
functions (e.g., Zzozl(l/k)eit/k). Also, (e*) g is an uncountable orthonormal

system in E, so E is non-separable.
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Bonus: Proofs of Properties of Fejér Kernels

Letting z = eix, the Fejér kernel can be written, for every x not a multiple of 27, as

1 m N m N 7N 1 1 1_2m+1 21 _,-m-2
Kn(x)= z -
" m+1 szo,l:;N Zz T T mrbi-zDh| 1-z 1-271
1 1 zm+1 1M 1 272m+172—m—1 sinz(W]
= = . (%)
(m+10 271)[ 1-2 1-2 (m+1D(1-212)  (m+1Dsin®(§)

This, and the continuity of K, directly proves Property 1.

T
Since/ '™ dx =27 if n =0 and = 0 otherwise, Km(x)dx (m+1)~ IZN OZn— N/ PUCE -
=7

(m+ 1)_1 ZN 027 =27, which establishes Property 2.

Finally, note that if x € [-7,-8) U (5, 7], then sin2 (x/2) = sin2(5/2) > 0. Thus, by (), for this range of
values of x, 0 < Ky (x) < (m + 1) L sin~2(6/2), so

o[ [ s 2

which proves Property 3. O

sm “2(5/2)—0 as m— oo,
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Bonus: Orthogonal Polynomials

Orthonormal sequences composed only of polynomials are very useful in applied
mathematics, physics and engineering, due to their ease of computation.

Definition. A sequence (pn)nen, of polynomials, where p, has degree n, is orthogonal
on (a,b) (which can be infinite) with respect to the weight function w: (a,b) — oo, if
(Pn,pm):= fab w(x)pn(x)pm(x)dx =0 whenever n #m. If ¢, := f: w(x)p2(x)dx =1 for all
n, they are also orthonormal.

Orthogonal polynomials can be easily generated via the Gram-Schmidt procedure (see
Homework 3!).

Examples
e Legendre polynomials (w=1on (-1,1), cp =2/(2n+1)):
o) =1, p1(x) = x, p2(x) = (1/2)(3x% - 1), p3(x) = (1/2)(5x> - 3x), ...
® Laguerre polynomials (w(x) =e™* on (0,00), ¢, = 1):
pox) =1, p1(x) = 1-x, pa(x) = (U2)(x? — 4x +2), p3(x) = (1/6)(~x> + 9x2 — 18x +6), ...
® Hermite polynomials (w(x) =e™™ on (—00,00), ¢, = /72" n!):
pox) =1, p1(x) =2x, pa(x) = 4x2 -2, pa(x)= 8x3 —12x, ...
o Chebyshev polynomials (w(x) =1/V/1-x2 on (-1,1), ¢cq =, cp = /2 for n > 0):
po)=1, p1(x) =x, palx) =2x% -1, pg(x) = 4x° —3x, ...

By definition, p;, is orthogonal to every polynomial of degree lower than n, and
lin{1,x,...,x"} =lin{pg,..., pn} Why?).
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Bonus: Orthogonal Polynomials (cont.)

Let (pn)nen, be a sequence of orthogonal polynomials over (a,b) with respect to w. Then,
(Pn)nen, enjoys many interesting properties. Here are just a couple of them:

Property 1 (Moments). Let y; := ff xlwx)dx (i € No). Then,

Ho H1 oo Hn
H1 H2 ot Hp+l
pn(x)x det
Hn-1  Hn o H2n-1
1 x X

Proof. As lin{l,x,...,x"} =lin{pg,...,pn}, (monic) p, is of the form p, (x) = x" —mT(x)a, where

mx):=[1,...,2" 117 and a € R" minimizes [|x" — m7 (x)a|? (why?). Thus, a satisfies Ha = 1, with

a:= [ao,...,an,llT, = [,un,...,,uzn,l]T, and H e R"*" s.t. H; ;j =i ;. This equation can be extended
H 0 I

mT@ 1 n

a
pn(x)

to , and Cramér’s rule implies the result. O

X

Property 2 (Zeros). The roots of p,, (n = 1) are all real, simple, and lie in (a, ).

Proof. Let ¢, (x) = (x —x1)(x —x9)---(x — x,) consist of all the roots of pp(x) =0 in (a,b) (including their
multiplicities). Then, ¢, has degree r, and it has sign changes wherever p, does in (a,b). Thus,
pn(x)gr(x) does not change sign in (a,b), so fab w(x)pn(x)gr(x)dx #0. This can only be true if r =n,
because pj, is orthogonal to all polynomials of lower degree (why?). Now, assume that some root, say,
x1, is multiple. Then, we can write p,(x) = (x—x1)2r(x), where r has degree n —2. However,

pr@)rx) =[pnp)(x —xl)]2 =0, so jf w(x)pp (x)r(x)dx > 0, which is again a contradiction (since pj, is
orthogonal to any lower degree polynomial); hence, multiple roots cannot occur. O
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Bonus: Orthogonal Polynomials (cont.)

Property 3 (Three-term recurrence). If (p,) is orthonormal, then

Pn+1(®) =(Apx+Bp)pn(x) = Cppp—1(x), where Ay =api1/an, Cp = an+1an—l/a% and
B =(ap+1/an)lbp+1/an+1—bn/anl, with ap and by, being the coefficients of the £-th and
(k —1)-th degree terms of py(x), respectively.

Proof. With A, =a,11/an, gn(x):=pp4+1(x)—Apxpp(x) is a polynomial of degree at most n, so

qn =anpn +--+agpo for some ay,...,a, € R. By orthogonality, aj, = ff w@)ppx)gn(x)dx =

fab w@)pp()pp1(@dx—Ap fab w(x)py, ()xpy(x)dx =0 for k=0,1,...,n—2. Thus, the three-term
relation holds with B, = a and Cp, = —a;,—1. Now, write xp,,_1(x) = (a,—1/an)pn(x) + q,—1(x), where
qn—1(x) has degree at most n—1,s0 Cp, = Ap, jf w(x)pn(X)xpy—1(x)dx = (Anan,l/an)ff w(x)p%(x)dx
+Ap fab w@)pn(x)qy-1(x)dx=Apa,_1/ap. Finally, B, is obtained by equating the n-th degree terms
of the three-term relation. Note also that the result is valid for n =0 if we definea_1:=p_1(x):=0. O
Property 4 (Christoffel-Darboux relation). If (p,) is orthonormal, then
(@n/an+ DIPn+1@®)Pn(y) = Pps1(pa@)] = (x =y ET_  pi(x)p;(y) for all x,y e R.
Proof. Multiplying Property 3 by pn(y) yields p,+1(x)pn(y) =(Anx+Bp)pn(@)pn(3)—Cnpp-1)pn(y).
Exchanging x and y, subtracting this identity from the previous one, and multiplying by 1/A,, gives

@ —=y)pn@)pn(y) = A;l[pml(x)pn(y) = Pn+1()pn ()] —A;lllpn(x)pn_l(y)—pn(y)pn_l(x)].

Summing these equations over 0,1,...,n, and taking a_1 =0, proves the result, as A,’L1 =aplap+1. O

Property 4 gives a convenient formula for the kernel G, (x,y):= Z:LZO pi(x)p;i(y)
appearing, e.g., in the error from approximating a function in terms of (p).

Other properties of (p;,) follow from the Sturm-Liouville theory (see Young’s book).
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