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Completeness

A property that many important metric spaces share is completeness: a sequence that
seems to converge, actually does. This, however, does not always hold (recall the ¢
example from last topic). This property is what distinguishes R from Q!
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Definition

(xp,) is a Cauchy sequence in a metric space (X,d) if, for every € > 0, there is an N € N s.t.
foralln,m =N, d(xp,xm) <E€.

(X,d) is a complete metric space if every Cauchy sequence in X is convergent.

Observation
Every convergent sequence in a metric space is a Cauchy sequence (exercise!).
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Completeness (cont.)

Example 1

R and C are complete, while Q is not: take x, =1+ 1/1! + 1/2! + --- + 1/n!; (x5) is a Cauchy
sequence in @, since it is convergent in R (and hence Cauchy), but its limit in R is e,
which is not rational (see bonus slides for proof).

Example 2 1

. o 1 — e 1
Consider C[0,1], with inner product (x,y) = ‘]0 x()y(t)dt. L1 m |
This space is not complete: consider the sequence (x5,) in the g B

figure. This sequence is Cauchy, since d(xp,x;,) < ¢ when
n,m > 1/e. However, (x;) is not convergent: for every x €
CI[0,1],

~1/2 ~1/2+1/n
d2(xn,x) = / ()2 dt + / lxn (5) — x(0)|2dt
0 1/2

1
+ / I1-x(0)dt,

12+n |
0 1 1
thus d(xy,x) — 0 means that x(t) = 0 for ¢ < 1/2 and x(¢) = 1 2
for ¢ > 1/2, but then x cannot be continuous! £ >
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Completeness (cont.)

Completeness and Closedness

Recall: in a metric space, a set is closed if it contains the limits of its convergent
sequences (this means that such a set is “closed with respect to taking limits”).
Unfortunately, this property is relative, i.e., it depends on the underlying topological
space in which it is embedded.

Example. Q is not closed in R, but it is closed in Q.
Reason: Q has more convergent sequences as part of R than as part of Q.

Completeness is a property that resembles closedness, but is intrinsic/hereditary, i.e., it
only depends on the set itself, not on the space in which it is embedded (unfortunately it
can only be defined on metric spaces, not on general topologies). It is based on an
intrinsic property of convergent sequences, that of being Cauchy (which only depends on
the distances between elements of the sequences, not on other points of the space).

In fact, a complete subset of a metric space is always closed (why?), no matter the
underlying space, and conversely, a closed subset of a complete space is always complete
(this is part of Homework 2!).
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Completeness (cont.)

Theorem
C" and ¢4 are complete metric spaces.
Proof (for ¢3). Most completeness proofs follow these steps:
(1) Take a Cauchy sequence (x™).
(2) Postulate a candidate limit x.
(3) Show that x belongs to the metric space.
(4) Show that x™ — x.

Steps:

(1) Pick a Cauchy sequence (x") in ¢, where x" = (xi‘,x’zl,.“).

(2) Consider a fixed index k. Since (x™) is Cauchy, for a given ¢ >0 there is an N e N s.t. IxZ —x;:’l

< '/ZZZI [« — |2 = d(x",x™) < ¢ when n,m = N. Hence, (xZ)n is Cauchy in C, so it converges
to, say, x3,. Therefore, consider the candidate limit x = (x1,xg,...).
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ompleteness (cont.)

Proof (cont.)

(3) We will show that x™ —x € £ for some n. As x™ € £, this implies that x = 2™ — (x" —x) € £5.
Since («") is Cauchy, given ¢ > 0 there is an N € N s.t. d(x",x™) < ¢ for n,m = N. Fix M € N. Then,
forn,m =N,

o 2_ % 2_ 2 2
> \x;;—x;:l <) Ixz—x;e”\ =d?(x",x™) < e”.
k=1 k=1

Taking the limit m — co, we obtain 22'[:1 Ixz —xp 12 <2, and taking M — oo we finally obtain
™ —x|2 = 220:1 \xZ —xp |2 <€2, hence 2" —x € l9,and x € {q.

(4) We have shown in Step 3 that there is an NeN s.t. [x" —x| <& for n >N, so x™ — x.

We have proven that every Cauchy sequence in ¢ is convergent. This means that /g is complete. [
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Completeness (cont.)

Definition
Hilbert Space: Inner product space which is complete (as a metric space).
Banach Space: Normed space which is complete (as a metric space).

Every Hilbert space is a Banach space, but not conversely. E.g., /~ is a Banach space, but
not a Hilbert space, since the ¢o,-norm does not satisfy the parallelogram law (exercise!).

Examples
1. The ¢} spaces (for 1 < p < oo) are Banach spaces. Of them, only /3 is a Hilbert space.
2. Every finite-dimensional normed space is Banach (prove it! this follows from

Homework 2). In particular, R” is a Banach space for every p-norm (1 < p <o0).

If V is a Banach space, and M is a closed subspace of V', then the quotient normed space
V/M is also a Banach space (exercise!).
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The Space Lsola,b]
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The Space Ls[a,b]

r
We have seen that C[0, 1] with inner product (x,y) = x(t)y(t)dt is not complete. The

0
problem lies in requiring that the elements of C[0,1] should be continuous functions.
Removing this requirement leads to

Definition
Let —co<a <b <oo. Lgla,b] is the vector space of Lebesgue measurable functions

fila,b1—Cst. [P 1f(®)2dt < oo, with inner product (x,y) = [ x(O)y(Ddt.

Subtlety
(x,x) = jab Ix(t)\zdt =0 for some x #0! (e.g., jab Ix(t)lzdt =0 if x(¢) # 0 only for finite # of ¢’s).

To solve this, define an equivalence relation on Lo[a,bl:

b
x~y iff /Ix(t)—y(t)|2dt:0.
a

This relation is compatible with the operations in Lo[a,b] (i.e., for all L€ C, if x1 ~ x9
and y1 ~ y2, then x1 +y1 ~ v + y2, Ax1 ~ Axg and (x1,y1) = (x2,¥2)).
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The Space Ls[a,b] (cont.)

Digression (Density and separability)

Let X be a topological space, and D € X. D is dense in X if D = X, i.e., if every point in X
can be approximated arbitrarily well by points in D.

E.g., Qis dense in R, and the set of polynomials in [a,b] is dense in C[a,b] (this will be
proven in Topic 5).

A topological space is separable if it contains a countable subset which is dense in it.
Many proofs in functional analysis can be simplified if the underlying space is separable.

Alternative characterization of separability for normed spaces:
A normed space V is separable iff there is a countable L.i. subset BCV s.t. clin B=V.

Proof. If B ={e,: n €N} is a countable l.i. subset of V s.t. clin B =V, one can form the set D,
consisting of all linear combinations A1ej +-:-+Anen, where n €N and Ay, = ap +ibj, with ap,by, € Q for
k=1,...,n, which is a countable set dense in V. Conversely, if D = {x;, : n € N} is a countable dense
subset of V, consider the set B formed by adding, inductively, x, to B (by calling it, e.g., en,) iff
{e1,...,em} is Li.; the resulting set Bis l.i. and clin B=V. O

Cristian R. Rojas  Topic 4: Hilbert and Banach Spaces 11



The Space Ls[a,b] (cont.)

Examples of separable spaces

1. Cis separable: a countable dense set in C is {x +iy: x,y € Q}. Thus, R is separable
too.

2. lp (1< p <oo)is separable:
The set M of sequences of the form x = (x1,...,%,,0,0,...) for some n €N, and x; € Q,

is countable and dense in ¢ (exercise!).

3. lo is not separable:
Let A € ¢ be the set of sequences x = (x1,x2,...) where xj € {0,1}. Each x € A can be
mapped to a number & = x1/2 + x2/22 + x3/23 +---€[0,1]. The mapping is bijective
(except for the countable set of numbers with finite binary expansion, since they can
be written in more than one way: e.g., 0.1 =0.01111... in binary form), and [0,1] is
uncountable, so A is uncountable. If x,y € A and x # y, then ||x — yllco = 1, hence
every dense set in /o, must be uncountable (why?).
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The Space Ls[a,b] (cont.)

It can be proven that Lola,b] is a Hilbert space, and that Cla,b] is a dense subspace of
Lsla,bl.

Similarly, we can define the Banach spaces Lpla,b] (1 < p <oo) of Lebesgue measurable
functions x: [a,b] — C s.t. jab |x(#)IP dt < oo (for p < o0) or ess SUPye[a,b] |x(#)] < oo (for
p =00), with norm

b 1/p
(/ Ix(t)lpdt) , 1<p<oo,
lxllp :=§ \Va

ess suplx(?)l, p=o0.
tela,b]

Note. The essential supremum of a Lebesgue measurable function f: [a,b] — C is
ess SuPye[q p]f(¢) := inflsupserq p1 8(8): g ~ f}, where g ~ f iff fab lg(t)— f()|dt =0, so it is
independent of the representative f of class [f] being chosen.
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The Closest Point Property
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The Closest Point Property

Do you remember the “projection theorem” from geometry? (the shortest distance from a
point to a plane is achieved by the perpendicular) This result is fundamental in R", and it
also holds in Hilbert spaces!

Definition
A subset A of a real vector space is convex if, -
forallx,ye AandO0<sA<1, Ax+(1-A)y€eA.

Convex Nonconvex

Definition
In an inner product space V, x,y € V are orthogonal, denoted x L y, if (x,y) =0. x is
orthogonal to a subset SCV,x L S,ifx LsforallseS.

Lemma (Pythagorean theorem)
If x,y are orthogonal in an inner product space, then ||x +y||2 =2+ Hyllz. (Exercise!)
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The Closest Point Property (cont.)

Theorem (Closest point property)

T
Let M be a non-empty closed convex set in a real Hilbert s
space V. For every x € V there is a unique point y € !

M which is closer to x than any other point of M (i.e.,
x—yl = inf [[x—m]).
lx = yli o I ()}

y is called the projection of x onto M.

Why closed and convex?

1 e N
‘\ 1 AN
1 LN B
‘\6 :5 a1 15 \8
| 1 / : \\
\\ ! /I ! ' M
v M
! M ! M ~
(No y) (A unique y)

(Infinitely may y’s)

In a Banach space there may be infinitely many closest points, or none at all
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The Closest Point Property (cont.)

Proof
(1) Existence:
Let 6 = inf,¢ s llx — m ||, which is finite (because M # @). Then, for each n €N there is a y, € M s.t.
lx = yn 12 < 82 + 1/n. We will show that (yy) is Cauchy: For n,m,
1 = yn) — G =yl + 1 = yn) + @ — )12 = 2012 =y 12 + 201 — ym 12 (parallelogram law)

1 1
<4§2+2(7+—),
n m

or nyn—ymu2<4a2+z(1 ! )-4(|x_(M)H2

Z 4=
n o m 2
101 . ¥
<462 +2(7 + 7) - 452 [because M is convex, so In T Im €M)
n m 2
[+5)
<2|—+—],
n m

50 (yp) is Cauchy, and it converges, say, to y € M (since M is closed). Taking the limit n — oo in
lx = yn 12 < 62 + 1/n, we obtain x -yl <8, so lx -yl = inf,eps lx—ml.
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The Closest Point Property (cont.)

Proof (cont.)

(2) Uniqueness:
Let y1,y2 € M be s.t. [x—y1ll = llx—y2ll =6. Then (y1 +y2)/2€ M, so |lx—(y1 +y2)/2| = 6. By the
parallelogram law,

2
- %H <262+ 26% 462 =0.

1913212 =2l - 3112 + 2l - yo 12 4 |«

Therefore, y1 = yo. O
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The Closest Point Property (cont.)

Corollary (Projection Theorem)
If, in the theorem, M is a closed convex set, then y € M is the minimizer of ||x —m| over
allmeMiff(x—y,m—-y)<OforallmeM.

Proof. Assume that y is the minimizer, but that there isan me M s.t. (x—y,m —y)=e>0. Let
ya ;=1 —a)y+am for a €[0,1]; since M is convex, yo € M. Then,

- yal? = A= )2 lx - y12 +2a(1 - )x — y,x - m) + a2 x - m2,
which is differentiable in @, with derivative —2(x —y,m — y) = —2¢ <0 at a =0, so for a sufficiently
small, [[x—yq H2 <|x —y\lz, which contradicts the optimality of y.
Conversely, assume that (x —y,m —y) <0 for all m € M. Then, for every me M, m # y,

lx=ml? = lx—y+y-ml? = lx-y12 + ly-ml? -2 - y,m - ) > |z - yI%.

Note. If M is a closed linear subspace, the condition above becomes (x —y) L M (why?).
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Banach Fixed Point Theorem
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Banach Fixed Point Theorem

Let (X,d) be a metric space. A mapping A: X — X is a contraction with rate 0 < a <1 if
d(Ax,Ay) < ad(x,y) forall x,ye X.

Theorem (Banach Fixed Point Theorem)

Every contraction mapping A on a complete metric space X has a unique fixed point, i.e.,
Ax =x has a unique solution x in X.

Also, if Y is another metric space, and A — A is a weak™-continuous mapping in Y,
where A is a contraction with rate «, i.e., for every x€e X and Ag €Y,

limy_. 3, d(A)(x),A),(x)) =0, then the fixed point of A} is continuous in A.

Proof
(1) Existence: Take xq € X, and define by induction x, = A(x,_1) = A" (xq) for every neN. f m > n,
m—-n—-1 m-n-1 nq
den,xm) = d(A™(x0), A" (xp)) < @ d(xg,xm-n) <™ Y dx;,x;41)<a’d(xg,x1) Y. ok < %,
k=0 k=0 -

hence (x;,) is Cauchy, so it converges to, say, x € X. Now, a contraction is continuous (why?), so
Ax) = A(limp —ooxp) = limy oo A(xp) =limy 0o X, +1 = &, thus x is a fixed point of A.
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Banach Fixed Point Theorem (cont.)

Proof (cont.)

(2) Uniqueness: Assume that A(x) =x and A(y) = y for some x,y € X. Then d(x,y) = d(A(x),A(y))
< ad(x,y), where 0<sa<1,s0d(x,y)=0,i.e,x=y.

(3) Continuity: Note that, if x is the fixed point of A,
d(xp,%2) = d(Ax(x2), A (x24))
<d(Ap(xp), Ap(apg ) +d(A ey, A gy (820
< ad(xl,xﬂo)+d(A,1(x10),A;[0(x,10)),

80 d(xp,x10) < (1= @) Ld(Ay(xy), A0 (K1) — 0 as A= Ag. O
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Banach Fixed Point Theorem (cont.)

Application: Initial value problems

A standard application of the Banach fixed point theorem is to the existence and
uniqueness of solutions to initial-value ordinary differential equations (compare it to the
Cauchy-Peano existence theorem from Topic 1!):

Theorem (Picard iterations)
Consider n continuous functions f; : X — R, where X is an open and connected subset of
R"*1 containing (x0, y(l),..,y y?l). Assume that each f; satisfies the Lipschitz condition

|FiGe, 1, 9m) = Fila, ¥, o) sMi_nllaxnlyi -y, i=1..,n

Then, there is a § > 0 such that the system of differential equations

dy; .

byt ), i=Ln,

dx

has a unique solution y1 = @1(x), ..., yn = @n(x), for x € [x0 - 5,49 + 61, such that
91(x0) =1, ..., Pn(x0) = yn.

Proof
The system of differential equations, together with the initial conditions, can be written as

X
wi(x):y?+/Ofi(t,(pl(t),...,wn(t))dt, xel®-5,204581, i=1,...n.
X
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Banach Fixed Point Theorem (cont.)

Proof (cont.)
Due to continuity, there is a K >0 such that |f;(x,y1,...,y2)| <K (i =1,...,n) for all (x,y1,...,yn) € X
and i=1,...,n. Let 6 >0 be such that M5 <1 and

x,¥1,...,yn)€X if\x—xol < ¢ and |y; —y?\ <Kéforalli=1,...,n.

Let C* be the metric space of tuples ¢ = (¢1,...,¢,) of continuous functions ¢1, ..., ¢, on
[0 - 6,x0 +6] such that ’(pi(x) 73/?' <Ké fori=1,...,n, endowed with the metric

d(tp,w'):n;aix ?i(x)— @ (x)|.
Then, C* is complete (exercise!) and the mapping A: C* — C* defined by w = A, where
v =y +/Z filt,p1(0,.,pn@)dt,  xelx®-6,20+6], i=1,..,n
x

is a contraction mapping. Indeed, ¢ = (¢1,...,¢n)€C* and x € [x0 - §,x0 + 6], then

’wi(x)—y?( = ‘/xz fit,p1(®),...,on()dt| <KJ, i=1,...,n,
s0 @ = Ag also belongs to C*. Also, if = Ap and ' = A¢’, where ¢,¢' € C*, then

Wi(x)_V/;(x)‘ = /J:) |fi(t,(p1(t),...,(/)n(t))—fi(t,tp'l(t),...,(pﬁl(t)){dt < Mémjaxl(pj(x)—tp}(x)l, i=1,...,n,

thus d(y,y') <d(gp,¢’), so A is a contraction. Hence, by the Banach fixed point theorem, ¢ = Ag has a
unique solution in C*, which is also the unique solution of the system of differential equations. O
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Banach Fixed Point Theorem (cont.)

Application: Value iteration in dynamic programming

Consider a Markov chain (x,) on a finite set X s.t. P{x,+1 = Jjlxn =k,an = a} =p (),
where (a,) is a sequence of actions on a finite set A. The problem is to find aj/, as a

function of x,,s, s.t. E{ 20:1 a”R(xn)} is maximized, where R: X — [R{(J)r is a reward
function.

o0

To solve this, define the value function V(x) =max(q q,,...) | B) + Y a"E{R(xp)}|,
n=2

which satisfies the dynamic programming (DP) equation

V(x) = R(x) + amax Z V(R)ppy(a).
acA oy

Once V is found, the optimal action is a®PX(x) := arg max e g Y pex V(R)ppy(@).

To solve the DP equation, one can use the value iteration algorithm:

(1) Let Vy(x):=0.
(2) Forn=1,2,..., let V(x) := R(x) + a max Z Viu—1(R)ppy(a).
A kex

ae.
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Banach Fixed Point Theorem (cont.)

Application: Value iteration in dynamic programming (cont.)

The value iteration algorithm yields a sequence of value functions (V) that converges to
the unique solution of the DP equation, since it is defined by a contraction mapping!

Indeed, define the Bellman operator A: C(X) — C(X) as A(V)(x) := R(x)+
amaxgea Y pex V(R)pry(a). Then, for V1,Vs € C(X),

[A(VD(x) - A(V2)(@)| = a

max Y Vi(k)pp(a)—max Y Vo(k)pp,(a)
a€cA A

keX AEA peX
<amax Y Vitk)ppyla) - Z Vo(R)pp(a)
keX
< amax Z [V1(k)—Va(k)|ppy(a)
acA rex

< amax|Vy(k) - Va(k)l,
keX

so A is a contraction.
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Next Topic

Orthogonal Expansions

Cristian R. Rojas  Topic 4: Hilbert and Banach Spaces 27



Outline

Bonus Slides
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Bonus: Irrationality of e

o0
Euler’s number is defined as e := Z 1/n!. We will show that e is irrational.
n=0

Assume, to the contrary, that e is rational, and in particular that e = a/b where a,b € N. Let

]

n=0""
Notice that:

(D) x=bIL2,  1n!>0.

9 b'abl bl'bb!' .

(2) x=b! E_ngoﬂ =a(b- ).—ngoﬁ is an integer.
b! 1 1

3) Forn;b-#l,ﬁ—msm,so

X b x 1 x 1 1/(b+1) 1

x= Y = =-<1

— < = =
W LS b n;(bu)n -1+ b

i

which is a contradiction, since there is no integer between 0 and 1, so e is irrational. O
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Bonus: Completion of Metric Spaces

Let (X,d) be a metric space. If X is not complete, it can be “embedded” into a complete
metric space (X,d), i.e., there exists a complete metric space (X,d) and a mapping

T': X — X which is an isometry, that is, s.t. d(T'(x), T(y)) = d(x, y) for all x,y € X, and s.t.
Z(T) is dense in X. Such an (X,d) is a completion of (X,d).

Theorem. Every metric space (X,d) has a unique completion, up to isometry, i.e., if X
and X' are two completions of X, they are isometric.

Proof
(1) Existence: Let (x;) and (x},) be two Cauchy sequences in X. (x,) and (x},) are said to be

equivalent, (x,) ~ (x},), if d(x,,x),) — 0 as n — co. Let X consist of all equivalence classes of
Cauchy sequences in X, and define the metric d as d((x,),(yn)) = limy —co d(xn, ¥ ). This metric
is well defined since |d(xy,yn) — d(xXm,ym)l < d(xn,xm) +d(yn,ym) — 0 as n,m — oo, and if
() ~ (x),) and (yn)~(yn) then |d(xp, yn) = d(xn, ¥l < d(xn,xp) +d(yn, ) — 0as n —oo. d is a
metric because (i) if d((x,),(yn)) = 0 then d(xy,yn) — 0, 50 (xn) ~ (yn), (i) d(xn,yn) = d(yn,xn), SO
taking n — oo gives d((xn),(yn)) = d((yn), (xn)), and (iii) d(xn,yn) < d(n,zn) +d(zn, yn), S0 n — 00
gives d((xn),(yn)) <d((xp),(zn)) +d((zn),(yn)).
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Bonus:

Completion of Metric Spaces (cont.)

Proof (cont.)

2

Cristian R. Rojas

An isometry T: X — X is given by T(x) = (x) with x,, =« for all n. Clearly, d(T(x),T(y)) = d(x, ).
Now, take an (xp) in X, and let € > 0. There is an N €N s.t. d(xp,xy) <e for all n > N; then,
(yn) € Z(T) given by yn = xp satisfies d((xp),(yn)) =limy —co d(xn,xN) <&, s0 Z(T) is dense in X.

To prove the completeness ofX consider a Cauchy sequence (") in X, where & = (x” )k Since
(T) is dense in X, for every " there is a 7" = (yk )i in Z(T), with yk yn€eX,st. d(x 4!
<1n, and d(5",5™) <d(F", &™)+ d(E", &™)+ d(E™,5™) < Un + d(&", &™) + 1/m, so (") is Cauchy.

Consider Z = (yp); since d(yn,ym)=d(G",5™), % is Cauchy, so x € X, and d(&",%) <d(&",7")+
d(y , %) < Un+limy,_. o, d(yn,y) — 0 as n — oo, so ¥ — & and X is complete.

Uniqueness: If (X',d') is another completion of (X,d), with 7’ being an isometry of X into X',
then for every x/,y’ € X' there are sequences (x'),(y™) in Z(T"), i.e., for all n, x'™ = T'(x,) and

= T’(yn) for some Zns EX, s.t. x'” — x’ and "™ — y'. Hence,
ld' (', y") ~d (x’" ’")I <d'(x',x"™)+d'(y',y™) — 0 as n — oco. Since Z(T") and %(T) are isometric
to X, for each x/,y’ € X' there are Cauchy sequences (Z?),(5") in %(T), where " = T(xn) and
5% = T(yp) for all n, whose limits %, 7 are uniquely defined and satisfy d(&,7) =d'(x/,y"), so X and
X are isometric. O
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Bonus: Completion of Metric Spaces (cont.)

Application to R as a completion of

The previous theorem yields a constructive means to complete a metric space. In
particular, the set of rational numbers Q can be completed by constructing the set of all
Cauchy sequences in Q. This is a representation (model) of the set of real numbers, R.

All operations in R can be defined point-wisely: given x = (xp),y = (yn) € RV,

d(x,y):=[(lxn = yn D],

x+y:=[xntyn)l, x-y:=[xn-yn)l, etc
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