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Motivation and Definitions

Inner product spaces are useful (and easy to handle), but are not the only spaces of
interest in system theory (e.g., Cla,bl, Hx, ... more on this last space later in the course).
The metrics of these other spaces cannot be induced by inner products, but it is still
possible to define a norm on them.

Definition
Let V be a real (complex) vector space. A norm on V is a mapping |- ||: V — [Rar s.t., for all
x,y€V and 1eR (C),

@) llxll >0ifx#0, and [|0] =0,

@) [[Axl = [Alllxll,

(i) llx+yll<lxll+llyll. (riangle inequality)

(V,1I- 1) is a normed space.
Example

Let X be a topological space, and C(X):={f: X — C: f is continuous and bounded}. C(X)
is then a vector space, and we can define the supremum norm ||f oo := supyex | (%)
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Motivation and Definitions (cont.)

Example
Consider the vector space R". For x € R", its p-norms are defined as

lxlly = lxal+--+lxnl,
lellp := (%1l +-+1xaP) P, pell,oo)
lxlloo := max{lx1l,...,lxnl}

Difficulty: How to prove the triangle inequality for 1 < p <oo0?

For 1<p<oo,let1<g<oobes.t. 1/p+1/qg =1, and take x,y € R"

n p
Holder inequality: Y lapypl <lxlpllylg  (with equality iff || H‘p = |”yk‘|q for all £)
k=1 p
Minkowski inequality:  |x+ylp < lxlp +lylp

(See bonus slides for proofs of these inequalities.)
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Motivation and Definitions (cont.)

Example
Let 1< p <oo. ¢} is the normed space of all sequences x = (x},) s.t. 220:1 |, [P < oo,
together with the norm

o 1/p
llll :=(Z kalp) . x=(xp)elp.
k=1

For p = co we define ¢, as the normed space of all bounded sequences x = (xp) (i.e., there
isan M >0 s.t. |x3| < M for all k), with the norm

[[x]loo := suplxp |, x=(xp) € loo.
keN

Observation
For p < oo, the properties of the £, norm rely on an extension of Minkowski’s inequality.

Exercise: Prove that | - | satisfies the triangle inequality.
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Motivation and Definitions (cont.)

Theorem
In a normed space (V, || - |), the functiond: V xV — Ra’ given by d(x,y):=|lx—y| is a
translation-invariant metric (i.e., for every x,y,z € V, d(x +z,y + z) = d(x, y)).

Proof. For every x,y,z€V,
(1) d(x,y)=0, and d(x,y) =0 iff |x—yll =0, or equivalently, iff x = y.
2) dx,y)=llx=yll=1-1lx-yl=lly-xl=dy,x.
3) dx,2)=lx-zll=llx-—y+y-zl<lx—yl+ly-zl=dxy) +d(y,z2).

Thus, d is a metric, and d(x+z,y+2) = |lx+z—y—z| = [|lx— y| = d(x,y), so it is translation-invariant. O

Consequence
A normed space is a metric space, and inherits its topological / convergence properties.

Exercise: Prove that in a normed space V, the norm || -||: V — [Riar is continuous.
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Motivation and Definitions (cont.)

Theorem

In a real normed space V, the addition +: V x V — V and scalar multiplication

-2 RxV —V are continuous operations (with respect to the product topologies of V x V'
and R x V, respectively).

Proof (for scalar multiplication; for addition the proof is similar)
Lete>0,and fix \eRand x€V. For every peRand yeV,

A% — pyll = 1Ax — px + px — pyll < [A— plllxll + el =yl

Then, if we define the open sets

£ £
Uy = eR: | —/1I<min(l,7)}, V, ::{ eV —xH<7},
& {” H 21+ =) e 21+ AN

we have that for ye Uy and y € Vy: [yl <|A|+1 and

Iz pyl < £ 15 d 248

= tp———— < - +-=c
2 1+ x| 2(1+IAD) 2 2
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Closed Linear Subspaces

Some properties that hold for finite dimensional normed spaces are not always valid in
infinite dimensions. E.g., in C", linear subspaces are always closed (i.e., if (xp,) is a
sequence in a linear subspace, and x, — x, then x belongs to that subspace).

Example

Let ¢ be the set of sequences (x5) in £9 which have only a finite number of nonzero
terms. Then ¢ is a linear subspace of ¢9, but it is not closed: Take

** = (1,1/2,1/3,...,1/k,0,0,...) € £o. Then, x* — x:=(1,1/2,1/3,...) € £5, because

o0
I —xl=,| Y 1n2—o.
n=k+1

However, all the terms in x are nonzero, so x ¢ ¢.
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Closed Linear Subspaces (cont.)

Theorem

The closure of a linear subspace (of a normed space) is also a linear subspace.

Proof. Let F be a linear subspace of V, and take x,y € F. Every nbd of x has an element of F, so there
is a sequence (xp) in F s.t. x, — x (similarly, there is a y, — ). Since addition and scalar

multiplication are continuous, x, + vy, — x+y and Ax, — Ax for every A, and these limits belong to F
(because it is closed). Hence, F is a linear subspace. O

Reminder
Let V be a normed space, and let A € V. The linear span of A, lin A, is the set of all
(finite) linear combinations of points in A, i.e.,

m
linA:{ Z Anan:meN; Aq,...,Am €R; ay,...,am (—:A},

n=1

or, equivalently, the intersection of all linear subspaces that contain A.

Definition. The closed linear span of A, clin A, is the intersection of all closed linear
subspaces containing A.
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Closed Linear Subspaces (cont.)

Theorem
Let V be a normed space. For every A €V, clin A is the closure of lin A.

Proof. Since the closure of lin A is a closed linear subspace that contains A, it has to contain clin A.
Conversely, clin A is closed and contains lin A, thus clin A 21in A; to see this, note that if x € [clin A]¢,
then there is a nbd of x completely contained in [clin A]¢ (because this set is open), so x ¢ lin A. This
shows that clin A =lin A. O

In finite dimensional vector spaces, topological issues are exactly the same as in R™:

Theorem. Every two norms in a real or complex finite dimensional space V generate the
same topology.

Proof (for R). Let {e1,...,e,} be a basis of V, and define the norm p( 2:1 Akek) =,/ 2:1 )L% for all
Als...,An € R. We will show that for every norm | - || on V there exist K1,Ko >0 s.t.

K1p(x) < lxll < Kgp(x)

for every x € V (i.e., every open set in (V,p) is open in (V|| - ||), and vice versa).
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Closed Linear Subspaces (cont.)

Proof (cont.)

L (lxll < Kgp(x))
Ifx=Y%_, Ape, then

n n n n
< Y larerll = X plllerl <] X A2 | Y llegl? = Kapto),
k=1 k=1 k=1 k=1

where we can take Kg := /X7 _, lle, 2.

2. (K1p(x)<|xl)
We will prove that inf, 4 lx[/p(x) > 0. Since both norms scale with x = ZZ 1 Arer, we can restrict

n
llxll = H > Apex
k=1

ourselves to the compact set K = {(11, JAn): Zk 1 k = 1} (where p(x)=1). On K, infycg llx| =

minyeg llx|l > 0, since otherwise there is an xg = Zk:l /Ikek s.t. lxgll =0, i.e., xg =0, which means
that {e1,...,epn} are L.d., which is a contradiction. Therefore, we can take K1 =infycg x| >0. O
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Closed Linear Subspaces (cont.)

Corollary (Heine-Borel theorem for normed spaces)
In a finite-dimensional normed space (V|| -||), a set A is compact iff it is closed and
bounded.

Proof

The norm p (from the proof of the previous theorem) makes (V, p), and thus (V, || - ||), homeomorphic to

R™, s0 A is closed in (V, | - ||) iff it is closed in (V, p). Also, since K1 p(x) < ||| < K9p(x) for every x eV, A

is bounded in (V|| - ||) iff it is bounded in (V, p). Heine-Borel can then be applied. O
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Closed Linear Subspaces (cont.)

Theorem. The closed unit ball B(0,1) := {x: ||x|| < 1} in an infinite-dimensional normed

space X is not compact.

Proof. Assume that B(0,1) is compact; we will show that dimX <oco. As (B(x,Z’l))xEX is an open
cover of B(0,1), there are x1,...,x5 € B(0,1) s.t. B(0,1) < UZZIB(xk,Tl). Since B(xk,Z’l) =
xj, +271B(0,1), it follows that B(0,1) = B(0,1) Y +271B(0,1), where Y =1lin {x1,...,xx}. Thus,

B(0,1)cY +27 Y +271B(0,)1=Y +272B(0,1) c--- <Y +273B(0,1).

In general, B(0,1) <Y +27"B(0,1) for every n €N, so each x € B(0,1) can be written as x =y, + x5,
where y, €Y and x, € B(0,27"). As x,, — 0, we have that y, —x, and x€ Y =Y (by Homework 2, every
finite-dimensional subspace of a normed space is closed). This shows that B(0,1) =Y, which implies
that X €Y, thus X =Y, so dimX =dimY =N <oo. O

Notation. Let V be a vector space, A,B<V and x€ V. Then, x+A :={x+y: ye€ A} and
A+B:={x+y:x€A,yeB}.
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Quotient Spaces

Let V be a vector space over F, and M <V a subspace. One can define an equivalence
relation on V by x ~ y iff x — y € M (“x and y are equivalent modulo M”). This relation
partitions V into equivalence classes / cosets, corresponding to the translates [x]:=x+ M.

Definition. The quotient space V/M is the vector space consisting of the cosets [x] of M
in V, with the operations [x]+[y] =[x + y] and a[x] =[ax] for all x,y € V and a € F.
The co-dimension of M in V is the dimension of V/M.

Exercise: Prove that these operations are well-
defined, that V/M is a vector space, and that, if XeM=xs M
dimV < oo, then dimV/M =dimV —dim M.

lIxepmll = inf lixemll
mem

If V is a normed space, and M <V is a closed sub-
space, V/M can be turned into a normed space with

[lx]ll := inf [x+ml|, xeV.
meM

The assumption that M is closed is needed to ensure that ||[x]| > 0 if [x] # [0].

Exercise: Prove that this is a norm on V/M.
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Application: Input-Output Stability
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Application: Input-Output Stability

Consider the following feedback interconnection:

—_— o

2 N d.
s, <_@<;2
A

d1,d2, y1 and y9 are signals, while Z1 and X9 are systems, i.e., mappings between signal
spaces. A signal f is a real sequence, i.e., f: N— R, and its truncation fr: N— R
(1 €Np :=NU{0}) is

f(n), n<r,

fr(n):=

(Note that truncated sequences lie in ¢(.)

We want conditions on X1 and Xg to ensure that the feedback interconnection is stable.
To this end, we first need to define stability. ..

Cristian R. Rojas ~ Topic 3: Normed Spaces 17



Application: Input-Output Stability (cont.)

Definition. Let X be a system with input « and output y, i.e., y = 2(u). Z is stable (with
respect to the norm | - || in ¢) if there is a gain function y: [Rg — [Rg which is continuous,
non-decreasing and s.t. y(0) = 0 and

lyrll <y(lurlD, for all T €Ng.

To study the stability of a feedback interconnection, we need some more definitions:

Definitions
(a) The graph of £ is Gy :={(u,y): y = Z(u)}.
(b) The inverse graph of X is Gé ={(y,u): y=2Z(w)}.

(¢) Gy and Gé are subsets of an underlying normed space X, called the ambient space,
where a norm can be defined as: [[(w,y)¢ |l := luzll + lyz | (here, (u,y)r = (wr,y7)).

(d) A feedback interconnection (£1,Z9) is well-defined if, for all pairs of signals (d1,d2),
there exist signals y1, y2 s.t. y1 =2Z1(d1 +y9) and yg = Za(dg + y1).
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Application: Input-Output Stability (cont.)

Theorem (Separation of graphs)
A well-defined interconnection (X1,%9) is stable iff there is a gain function y s.t.

xEng = |xl sy(dT(x,Gzl)), for all 7 € Ny, (%)
where d;(x,Gy):= inszGZ Ix—2)z1l.

To understand this fundamental theorem, consider the following figure:

The graph of X1 is the subset of the Cartesian space ~> y
of input-output pairs (u,y), where y = Z1(w). Iverse 1 (
graph of ¥ |

Similarly, the inverse graph of X consists of those
pairs (u,y) where u = Zo(y).

The graph separation theorem says that (£1,Z9) is - ': : Lwu
stable if these two graphs do not intersect each other, - ’ ’
except at the origin, and that the separation between ‘ raph
these graphs should increase as one goes further away >

from the origin. <

If the systems are not known exactly, stability can be guaranteed by imposing disjoint
regions where the graphs of and are known to lie, as shown, e.g., by the shaded cones.
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Application: Input-Output Stability (cont.)

Proof
Since the interconnection is well-defined, given (d1,dg) there are signals y1, yg s.t. y1 =Z1(d1 +y2)
and yg = Zg(dg + y1). Then, let

x:(yz,y1+d2>€G§2»
z=(yg+d1,y1)€Cxy,
50 [l(x = 2)7ll = I(=d1,d2)r |l = l(d1,d2)r I, and (*) becomes equivalent to
e, y1 +d2)|| <y (|[(d1,d2)c|), forall TNy,
or, alternatively, to
||+ 1 +d2)e | <y ((dD)e ] + @), forall TeNg.

If (£1,Z9) is stable, then there is a gain function 7 s.t. [|(y1)< || + || (y2)z | < 7 ([[(d 1)z || + [[(d2)z ||) for all
TeNp.
Therefore,

lv2)e ]l + 1 +dade ]| < )z ||+ [0z | + [ doe | < P (e | + e )+ @z | + e

and the right-hand side becomes y (||(d1): || + | (d2)r ||) if we take y(x) := #(x) + x. Hence () holds.
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Application: Input-Output Stability (cont.)

Proof (cont.)
Conversely, if (x) holds, we have that, by the triangle inequality for the norm,
oDz l+ 2l < [ +da)e |+ [(=do)e | + )]
= [ +d2)e || + [ da)r | + [y |
<y(l@vr] +]@2)x])+ o)
<v(l@vr]+]@)x])+ @] + o) |
<7(l@e |+ 2],

where we have defined y(x) := y(x) +x. This shows that (£1,Z9) is stable. O
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Application: Input-Output Stability (cont.)

Remarks

(a) This simple result pioneered the use of functional analysis in control theory. See,
eg.,
W.S. Levine. The Control Handbook, 2nd Ed., CRC Press, 2011,
M.G. Safonov. Stability and Robustness of Multivariable Feedback Systems, MIT Press, 1980.

(b

=

In spite of its simplicity, the graph separation theorem contains as special cases
most sufficient conditions for stability, such as the small gain theorem, passivity
theory, the Nyquist criterion, the Popov circle criterion, Lyapunov stability and
integral quadratic constraints!

N2

(¢) The robustness of stability in feedback connections was intensively studied in the
1980’s. Based on the graph separation theorem, a natural approach was developed
by A.K. El-Sakkary in 1985 based on the so-called “gap metric” on the ambient space
where the graphs of X1 and Xg lie. However, this metric is not easy to compute, so
later G. Vinnicombe developed a new metric, the “v-gap” in 1993, which induces the

same topology as the gap metric but is computationally more tractable.
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Next Topic

Hilbert and Banach Spaces
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Bonus: Proof of Holder and Minkowski’s Inequalities

Theorem (Young’s inequality) For all a,b =0, where 1/p + 1/q =1,

with equality iff a? = b9.

Proof. Consider the figure to the right. The curve satis- n

fiesnp=¢P Loré= nl/(p_l) =n971. The areas S; and Sy

are given by b
a b <

.apl P 'bql
S:/f’dé=—,S=/ “1gy= 2L , P
1= > 2= ) = Sy N

It is clear from the figure that ab <S; +Sg, which im-
plies the inequality. Equality holds iff b = a? 1 = ¢P/4  or
equivalently, iff a? = b7 (since p/q = p(1-1/p)=p-1). O a 3
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Bonus: Proof of Holder and Minkowski’s Inequalities (cont.)

n
Proof of Holder’s inequality: Z lxpypl < lxlpllylg
k=1

The inequality is trivial if lxllp =0orlylg =0. Otherwise, let us divide the inequality by the
right-hand side, giving ZZ:l |%5 5| < 1, with X, =xp/llxlp and 33, = y3/llyllq. This expression follows
from Young’s inequality, since
& Do(1ZlP 15?1 1 11
IMESAEDY (’“—+L]= —IED+ = 151E = =+ = =1,
= islp q P q P q

4 q
with equality iff I | = L7188 for all k. O

4 q
hel?  iynd
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Bonus: Proof of Holder and Minkowski’s Inequalities (cont.)

Proof of Minkowski’s inequality: [lx+ylp

<lxlp +llylp
Z lxcg + i P
=1

n n
Z g llcg + 3P+ Y gl + g P
=1

k=
n Up(pn 1/q n
(Z JCklp) (ZWH’M") +(Zlyk|p
k=1 k=1 k=1
=(

Up [ p 1/q
) ( 3 lap +yp Ip) (Hslder’s ineq., with (p —1)g = p)
k=1
llp +lylp) I+ 157

Since the left side is ||z + y||22, diving both sides by ||x +y||§/q and noting that p — p/q = p(1-1/q) = p/p
=1 gives Minkowski’s inequality.

O
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onus: Hierarchy of ¢, Spaces

Theorem
If1<py<pg<oo, then (p Slp,.

Proof
Take x € Ipy- Then, ||tzi = Z?:l lxz,IP1 < oo, so there exists an N e N s.t. [x;|P1 <1for allk >N, or,
equivalently, |xj| < 1. Therefore, |xj, [P2 = |x|P1|x},|P27P1 < |x;|P1 for all k = N, so

o] N-1 o] N-1 o0
YolaplP2 = Y P2+ Y |xplP2 < Y |xplP2 4 Y laplP1 <oco.
k=1 k=1 k=N k=1 k=N

This means that x € £p,, so in general we have that (5, < ¢p,. O
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