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Linear Functionals

Definition
In a real vector space V, f: V — R s a linear functional if for all x,y € V, and «, f € R,

flax+ By) = af )+ Bf(y).

Examples
1. In R™, every linear functional is of the form f(x) = 22:1 apxp, where x = (x1,...,xp).

2. In C[0,1], f(x) = x(1/2) is a linear functional.
b
3. In Lola,b], f(x)= / y(#)x(t)dt, where y € Lo[a,b], is a linear functional.

Ja

The kernel of f, Ker f, is defined as Ker f :={x € V: f(x) = 0}.
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Linear Functionals (cont.)

Definition. A linear functional f in a normed space is bounded if there is an M >0 s.t.
|f ()] < M| x|l for all x € V. The smallest such M is the norm of f, ||f].

Theorem. Let f be a linear functional on a normed space V. The following are
equivalent:

(1) f is continuous.
(2) f is continuous at 0.
(3) f is bounded.

Proof
(1) = (2): By definition.

(2) = (3): Let f be continuous at 0. Thereis a § >0 s.t. |[f(x)| <1 for all x € V s.t. |x[| <&. Then, by linearity,
If () < (1/8)|x| for all xe V.

(3) = (1): Pick some x € V. If f is bounded, with norm M, and (x;) is a sequence convergent to x, then
|[f(xn)— f@)| =1f(xp —x)| < M||xp, — x| — 0. Since x was arbitrary, f is thus continuous.
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Linear Functionals (cont.)

Example

In ¢ (the space of sequences with finitely non-zero entries), with norm equal to the
maximum of the absolute value of its components, define for x = (x1,...,x,,0,0,...),
fx)= ZZ:l kxyp,. This linear functional is unbounded (why?).

Linear functionals on V form a vector space, called algebraic dual of V, by defining

(f1 4+ fo)x) := f1(x) + fa(x),
(Af)x) := Af(x), xeV, LeR.
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Linear Functionals (cont.)

Definition
The space of bounded linear functionals on a normed space V is the normed dual of V,
denoted as V*. The norm of an f € V* is [|f || = supy<1 I/ ).

Theorem. V* is a Banach space.

Proof (for real normed spaces)

We only need to show that V* is complete. Take a Cauchy sequence (x;;) in V*. For every x € V, (x;; (x))
is Cauchy in R, since |x;; (x) — 2, (x)| < l|lx); — x5 [l x]l, so there is an 2™ (x) € R s.t. x5, (x) — 2™ (x). The
functional x* defined in this way is linear, because x* (ax + fy) = limux;; (ax + fy) = alimx;; (x)+
Blimx;, (y) = ax™*(x) + px*(y), for all x,y € V and a, f € R. In addition, for a given ¢ > 0, since (x,,) is
Cauchy, there is an N €N s.t. |lx}; —x, || <€ for all n,m =N, or |x}; (x) — x;;, (x)| < €]|x|| for all x € V, hence
taking n — oo gives |x* (x) — x;y, ()] < gllx[l. Thus, [x* (0)] < |x* () = 275, )] + oy, ()] < (€ + [y, ) 1]l 0 2™
is bounded, i.e., x* € V*. Finally, as |x* (x) — x,, (x)| < & x[l, we have x;;, — x*. Therefore, V* is
complete. O
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Duals of Some Common Banach Spaces

¢ R" (with Euclidean norm): itself!

Take the linear functional

n
f@)=3Y apxp, 2 =(x1,...,%n).

From Cauchy-Schwarz, |f(x)| = |Z.Z=1 akxk| < V/ZZ=1 oc% llxll, so every such f is bounded, and
since equality is achieved for x = (aq,...,an), we have ||f| = '/ZZ:I az.

Conversely, if f € (R")*, take the standard basis vectors ej,. Every x = (x1,...,%,) can be written
asx=y p_qxpep, 80 f@)=Y ¢ jxpfleg) =Y j_qapxg, with ap = fle).

Hence the dual space of R” is itself, in the sense that all bounded functionals are of the form

F) =Y pog apg, with [f] = /22, 2.
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Duals of Some Common Banach Spaces (cont.)

* lp (1< p<o0): !

The dual of ¢, is 4, where 1/p +1/q = 1, in the sense that every bounded linear
functional in £, can be written as f(x) = 220:1 apxy, with a = (ay) € 4, and

I£1=lallg-

The dual of ¢ is not ¢1: see bonus slides for proof.

® Lpla,b] (1< p<o0): Lyla,b]!
Similarly to ¢p, the dual of L[a,blis Lgla,b], with 1/p +1/q = 1, since every

bounded linear functional is of the form f(x) = / x(t)y(t)dt, with y € Lq[a,b], and
Ja
£l =lylg.
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Duals of Some Common Banach Spaces (cont.)

¢ Dual of a Hilbert space H
A particular linear functional in H is f(x) = (x,y) for y € H. By Cauchy-Schwarz,
[f@)] < llxlllyl, and taking x = y shows that | f| = [lyll. Conversely,

Theorem (Riesz-Fréchet). If f € H*, there is a unique y € H s.t. f(x) = (x,y) for all
x€H,and |If | = llyl.

Proof. If f =0, the theorem is trivial. Otherwise, the set N = {x € H: f(x) =0} is closed (why?)
and not equal to H. Since H = N @ N+, take a z € N+ \ {0}, scaled so that f(z) = 1. We will show
that y is a multiple of z. Given x € H, we have x — f(x)z € N, since f(x—f(x)z)=0. As z L N, we
have (x - f(x)z,2) =0, or (x,2) = f(x)(z,2), hence y = 2/llz]12. If (x,y1) = (x, y9) for all x € H then

1 = ¥2, which proves the uniqueness of y. O

Cristian R. Rojas ~ Topic 7: Dual Spaces 10



Outline

Hahn-Banach Theorem (Extension of Linear Functionals)

Cristian R. Rojas  Topic 7: Dual Spaces 11



Hahn-Banach Theorem (Extension of Linear Functionals)

Definitions
1. Let f be a linear functional defined on a subspace M of a vector space V. An
extension F of f (from M to N) is a linear functional defined on N D M, s.t. F|M =f.

2. A real valued function p defined on a vector space V is a sublinear functional if
(a) p(x1+x9)<p(x1)+plxg), for all x1,x9 €V, (sub-additivity)
(b) plax)=ap(x), foralla=0and x€V. (positive homogeneity)

Theorem (Hahn-Banach; extension form)

Let V be a real vector space, and p a sublinear functional on V. Let f be a linear
functional defined on a subspace M <V satisfying f(x) < p(x) for all x € M. Then there is
an extension F of f from M to V s.t. F(x) < p(x) for all xe V.
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Hahn-Banach Theorem (Extension of Linear Functionals) (cont.)

Proof

Let us define a partial order < on the set E of extensions of f satisfying the conditions of the theorem:
say that F <G if G is an extension of F. For every chain C  E, according to this partial order, define ¥
as F(x) = F(x) if x € 2(F) for some F € C. F is a linear functional with domain Ugpcc 2(F), and it is an

upper bound for the chain C. Thus, by Zorn’s lemma, E has a maximal element, say, F'.

The linear functional F should have domain equal to V, since otherwise there is an element

ye V\D(F). All x € lin(2(F) + y) are of the form x = m + ay with m € 2(F) and a € R. An extension of F'
from 2(F) to lin(2(F) + y) has the form g(x) = F(m)+ ag(y), so we need to show that g(y) can be chosen
s.t. g(x) < p(x) on lin(@(F) + y), or, equivalently, that F(m)+ ag(y) < p(m + ay) for all m € 2(F) and a € R.

By positive homogeneity, this is equivalent to requiring that F(m)+ g(y) < p(m +y) and

F(m)- g(y) < p(m —y) for all m € 2(F), or that F(m)— p(m —y) < g(y) < p(m + y) — F(m). Therefore, for
the existence of an extension of F, we need to show that F(m)— p(m —y) < p(m/ + y) — F(m') for all
m,m' € D(F), or F(m)+F(m') < p(m —y)+ p(m' + y). This condition holds, due to the sub-additivity of p
(and that m +m' € 2(F)): F(m)+F(m')=F(m+m')< p(m+m') = p(m—y+y+m') < p(m’ +y)+ p(m—y).
Therefore, we can choose g(y) so that g(x) < p(x) on lin(2(F) + y), thus contradicting the maximality of
F. This contradiction shows that F is the sought extension of f to V. O

Remark

It is not possible to avoid Zorn’s lemma (or the axiom of choice), since it can be shown
that the Hahn-Banach theorem is equivalent to the axiom of choice.

Cristian R. Rojas  Topic 7: Dual Spaces 13



Hahn-Banach Theorem (Extension of Linear Functionals) (cont.)

Corollary 1
Let f be a bounded linear functional defined on a subspace M of a normed space V. Then
there is an extension F of f to V s.t. |F|l = f].

Proof. Take p(x) = ||F||||x|| in the Hahn-Banach theorem. O

Corollary 2
Let x € V. Then there is a nonzero F € V* on a normed space V s.t. F(x) = |F||x|.

Proof. Assume x # 0 (otherwise, take any F € V*). On lin{x}, define the bounded functional
f(ax) = allx|l, which has norm 1. By Corollary 1, extend f to an F € V* with norm 1. O

The Hahn-Banach theorem, particularly as Corollary 1, can be used as an existence

theorem for minimization problems.
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The Dual of Cla,b]

Definitions

e x:[a,b]l— Ris of bounded variation if there is a K > 0 s.t. for every partition of [a,b]
@i.e., afinite set {¢1,...,ta} st.a=tg <ty < <tp=b), Y p_qlxltp)—xltp_1 <K.

® BV[a,b] is the normed space of all x: [a,b] — R of bounded variation, with norm
llll = Jac(@)| + TV(x), with TV(x) := supz;;:l |x(¢3,) — x(tp_1)|, where the sup is over all
partitions of [a,b].

A consequence of Hahn-Banach is that the dual of C[a,b] is (almost) BV[a, b]:

Theorem (Riesz Representation Theorem)
Let f € Cla,b]*. Then there is v € BV[a,b] s.t.

b
flx)= / x(8)dv(t), x€Cla,b] (“Riemann-Stieltjes integral”)
a

and ||f|| = TV(v). Conversely, every v € BV|[a,b] defines an f € Cla,b]* in this way.
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The Dual of C[a,b] (cont.)

Digression: Riemann-Stieltjes Integral
A partition of the interval [a,b] is a collection P of numbers xq,...,xp s.t.

a=x9<x1<--<xp=>b,and denoted as

P={a=x¢9<x1<--<uxp=>b}L

The norm of P is norm(P) =max;—q_. ,-11%j+1—%;!.

Consider a function f: [a,b] — R, and g € BV[a,b]. The Riemann-Stieltjes integral of [
w.r.t. g is defined as

b n—1
/ fx)dg(x):= lim sup sup Z fleilg(xir1)—glx;)],
a A—0 P={a=xg<x1<-<x,=b} cj€lx;,x;+1] i=0
norm(P)<A (i=0,...,n—-1)

in case the limit exists. Here the first supremum is over all partitions of [a,b] (of any size
n) of norm at most A.
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The Dual of C[a,b] (cont.)

Proof of Riesz representation theorem
b
Given an f € Cla,b]*, we need to find a v € BV[a,b] s.t. f(x) :/ x(t)dv(2).
a
A natural idea is to set x = ug (s € [a,b]), where ugs(¢) = 1 for ¢ € [a,s] and 0 otherwise, so

b S
f(us)z/ us(t)dv(t)z/ dv(t) =v(s) - v(a),
a a

hence we can set v(a) := 0 and v(s) := f(us).

Unfortunately, us ¢ Cla,b]. However, ug belongs to the space B of bounded functions on [a,b], and
Cla,bl < B, so by Hahn-Banach it is possible to obtain an extension F of f from C[a,b] to B, preserving
its norm. This will allow us to define v(s) := F(ug)!

The rest of the proof is to show that:
* veBVla,b]
b
* flx)= / x2()dv(t)
Ja
e ||fI=TV(v) (see bonus slides for details)

O
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The Dual of C[a,b] (cont.)

Riesz Representation Theorem does not provide a unique v € BV[a, b], since, e.g.,
f(x) = x(1/2) can be described by

0, 0<t<1/2,
vit) =<5 a, t=1/2,
1, 12<t<l,

where a can be any number between 0 and 1 (exercise!). To avoid this, we define
Definition
NBVla,b]l < BVla,bl, normalized space of functions of bounded variation, consists of those

v eBVla,b] s.t. v(a) =0 and are right continuous on (a,b). Here ||v|| :=TV(v).

Then, NBVl[a,b] is the dual of Cl[a, b].
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Second Dual Space
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Second Dual Space

Let x € V*. For every x € V, denote (x,x*) := x*(x) (resembling an inner product).
This notation also allows to define a functional f on V* (for a given x € V):

fx™) = (x,x™), xFeV*.

This f is linear, and since |f(x™)| = [{x,x*)| < lx[l|lx* [, so | £l < [lx[, and by Hahn-Banach,
there is an x* € V* s.t. |(x,x™) = lxlllx*[I, so || = llx]l.

Definition
V**:=(V*)* is the second dual of a normed space V.

As we saw, there is a natural mapping ¢: V — V** given by ¢(x) = x**, where
(x*,x**) = (x,x™). This mapping is linear and norm-preserving: |p(x)| = l|x|l. However, ¢

is not always surjective, i.e., there may be an x** € V** not represented by elements of V.

Definition. A normed space V is reflexive if ¢ is surjective. If so, we write V =V **.
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Second Dual Space (cont.)

Examples
1. ¢p and Ly (1< p <oo) are reflexive, since (¢p)** = (£¢4)* =), where 1/p +1/g = 1.
2. ¢1 and L1 are not reflexive.

3. Every Hilbert space is reflexive.
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Alignment and Orthogonal Complements
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Alignment and Orthogonal Complements

For xeV and x* € V*, (x,x™) < |lx||/|x*||. In Hilbert spaces, we have equality iff x* is
represented by a nonnegative multiple of x, i.e., (x,x*) = (x, ax) for some ¢ >0. In a
normed space V, we define

Definition. x* € V* is aligned with x € V if (x,x™) = |lx| [l *]|.

Example

Let x€ Cla,bl,and I' :={t € [a,b]: |x(2)| = ||lx||} # @.
b

Anx*(x) = / x()dv(t) is aligned with x iff v only

a
varies on I' so that v is nondecreasing at ¢ if x(¢) >

0 and nonincreasing if x(¢) < 0 (exercise!).
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Alignment and Orthogonal Complements (cont.)

Definition. x € V and x* € V* are orthogonal if (x,x*) = 0.
In Hilbert spaces, this coincides with the original definition of orthogonality.

Definition. The orthogonal complement of S €V, S~ is the set of all x* € V* s.t.
(e, x*y=0forallx€S.

For subsets of V*, we have a “dual” definition:

Definition. The orthogonal complement of U < V*, LU is the set of all x€ V s.t.
(x,x*y=0forallx* €U.

Notice that UL # -U (U < V*) in general, unless V is reflexive, since U+ < V**, while
lucv.

Theorem. If M is a closed subspace of V, then L[M1]1= M. (See proof at the end.)
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Minimum Norm Problems
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Minimum Norm Problems

Goal: Extend the projection theorem to minimum norm problems in normed spaces.
The situation is more difficult: possibly several optima, given by nonlinear equations, ...
Example

Let V =R2 with norm [[(y1,y2)l = max{||ly1 1, |y}, and let M = R x {0}. Then
minyeps 1(2,1) -yl = 1, but the optimum is not unique!

&
x
1 mmzing vectors
' 1 2 3 b
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Minimum Norm Problems (cont.)

Theorem
Let x € V, where V is a real normed space, and let d be the distance from x to a subspace
M. Then,

d= inf |x—-m|= max (x,x*),
meM x* <1

flx* 1
xFeMt

where the maximum is achieved for some xg € M1. Also, if the infimum is achieved for
some mq € M, then x; is aligned with x —mo.

Proof
(=) Take ¢>0 and m¢ € M s.t. |x —me| <d +¢. Then, for every x* € M-, [x*| < 1:

* * *
,x7) = —mg,x" ) <llx—melllx™ I <d +e,

and since ¢ was arbitrary, we have (x,x*) <d for all x* € ML, [lx*| < 1.
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Minimum Norm Problems (cont.)

Proof

(<) Let N =lin(x+M). If n€e N, then n = ax +m for some m € M, a € R. Define the functional f on N
as f(n)=ad. Then

If(n)] lald d d
Ifll=sup —— = = = =
neN Izl meM lax+mll . epr llx+miall  inf,epr llx+ m/all

By Hahn-Banach, let xj be a norm-preserving extension of f to V. Then |lxjll =1 and x; = f on
N. By construction, x; € Mt and (x,x5) =d.

Now, let mg € M be s.t. [|x —mgll = d, and take xg eM* st Hxé |=1and (x,xa) =d. Then,
(x—mo,x(’;> = (x,xa) =d= Hx—mol\l\xg I, so xé is aligned with x —my. O
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Minimum Norm Problems (cont.)

Corollary (generalized projection theorem)
Let x € V and M be a subspace of V. Then mq € M satisfies |x —mg|l < |[lx —m|| for all
m € M iff there is an xg e M+ aligned with x —my.

The following is a “dual” version of the previous theorem:

Theorem
Let M be a subspace of V, and x* € V*, which is at a distance d from M~ Then

d= min [x*-m*| = sup (x,x"),
m*eMt xeX
llll<1

where the minimum is achieved for mg € M1 If the infimum is achieved for some x € M,
then x* —m is aligned with x.
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Minimum Norm Problems (cont.)

Example (control problem, again)
Consider the DC motor problem again, where we want to find the current «: [0,1] — R to
drive a motor governed by

6()+0(t) = u(t)

from 0(0) = 6(0) = 0 to (1) = 1, H(1) = 0, so as to minimize max;eqo, 17 lu (@)l

We can formulate this problem in a dual space, by forcing u € (L1[0,1]1)* = Loo[0, 1], so
that we seek an input of minimum L, norm.

As in the previous example, the constraints are

1
/ et_lu(t)dt:<y1,u):0, yl(t):et_l,
JO

1
/ A-eDu@dt = yg,u) =1, yot)=1—et™1.
JO
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Minimum Norm Problems (cont.)

Example (cont.)
Therefore, the optimization problem is

L= min |ull= min |&-al= min ||&-a],
u€Loo el aeMt
(y1,w)=0 (y1,0)=0
(yg,u)=1 (y2,@)=0

where @ is any function in L[0, 1] satisfying the constraints (y1,a) =0 and (yg,a) =1,
and M =lin{yq,y9}.

From the theorems:

L= min |ul= sup (x,a)= sup (ay1 +byg,a) = sup b
u€Loo xeM layr+byzli<i layy +byzli<1
(y1,u)=0 lxll<1
(y2,u)=1

1
and the constraint |layy + bys| <1, in L1, corresponds to / )(a —b)el l+b|de<1.
0
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Minimum Norm Problems (cont.)

Example (cont.)
This means that the optimal value is equal to

sup b,
[ |@=byet=1+b|dt<1

which is attained and can be solved explicitly, since it is simple and finite dimensional!

Qualitatively, the optimal x(¢) = (a — blet~l+bis

aligned with the optimal u, i.e., (x,u) = |lx|ll|u]. 4

Since the right side is the maximum of the left 0 t
side over all u € Lo, with [|u|| = L, has to take

only values +L, depending on sgn(x(¢)): “Bang- iy E—

bang” control!

As x is the sum of an exponential and a constant, it can change sign at most once, so u
has to change sign at most once.

Cristian R. Rojas  Topic 7: Dual Spaces 33



Outline

Hahn-Banach Theorem (Geometric Form)
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Hahn-Banach Theorem (Geometric Form)

Definition. A hyperplane H in a vector space V is a
maximal proper linear variety, i.e., a set of the form x +
M (x €V and M is a subspace of V) s.t. H#V and for
every ye VANH, lin(H+y)=V.

Hyperplanes are the “contour surfaces” of linear func-
tionals.

Theorem. H is a hyperplane in V iff there is a linear functional f #0in V and c € R s.t.
H={xeV: f(x)=c}. Also, if 0 ¢ H, there is a unique f s.t. H={xeV: f(x)=1}.

Proof.

(=) Pick a hyperplane H =xg+M (xg € V and M is a subspace). If xo ¢ M, then lin(xg + M) =V, so
every x € V fulfills x = axg + m (e € R, m € M); letting f(x) =a yields H={xeV: f(x)=1}. If
x0€M,let x1 € V\H;every x € V satisfies x = ax] +m, so f(x) = a gives H ={x € V: f(x)=0}.

(<) If f #0, define the subspace M ={x €V : f(x) = 0}. Take an xg € V with f(xg) = 1; then, for every
x€eV, f(x—f(x)xg) =0, so x = f(x)xg +m for some m € M, i.e., M is maximally proper. Now, for
ceR,let x1 € X s.t. f(x1) =c; then, {x: f(x)=c} ={x: f(x—x1) =0} =x1 + M, which is a hyperplane
If 0 ¢ H, one can scale f by ¢ #0 so that H={x € V: f(x)=1}. If also H = {x € V: g(x) = 1}, then
Hc{xeV: f(x)—g(x) = 0}, but the smallest subspace containing H is V, so f = g. O
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Hahn-Banach Theorem (Geometric Form) (cont.)

By definition, a hyperplane H is either closed or dense in V, since HSH <V, and H is
also a linear variety (why?), so either H = H or H =V, because H is maximally proper
(i.e., it cannot be inside a larger but proper linear variety).

Theorem. Let f # 0 be a linear functional on V. Then, for every ¢, H = {x: f(x) =c} is
closed iff f is continuous.

Proof. If f is continuous, then H = f_l((c}) is closed since {c} is closed for every c € R.

Conversely, as H = {x: f(x) = c} is a hyperplane, there is a y e V\ H, and every x € V fulfills x = ay +h,
with a € R and h € H. Then, consider a sequence (x,) in V, with x, = apy+hy, (ap €R, hy € H), s.t.

xp —x=ay+h (a€R, heH). Since H is closed, d =infycg7 ly — Al >0 (from Homework 1), so

llen, —xll = I(an — @)y +hp — k|l = |a, — ald, which implies that a, — a, hence f(x,) = anf(y) — af(y) =
f(x), so f is continuous. ]

See bonus slides for an example of a linear functional for which H is dense.
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Hahn-Banach Theorem (Geometric Form) (cont.)

A hyperplane H = {x: f(x) = ¢} generates the half-spaces

{x: fx)<e}, {x:f@=c), {x:fx)<ec}, {x:fx)>c)
If f is continuous, the first 2 are closed and the last two are open.
Goal: establish a geometric Hahn-Banach theorem:

Given a convex set K s.t.int K # @, and xq ¢ int K, there is
a closed hyperplane containing xg but disjoint from int K. o

If K were B(0,1), the theorem is easy, since Hahn-Banach

assures the existence of an xg aligned with xg: if x €
int B(0,1),

(x,20) < lxllllxg Il < lxolllxg Il = ¢xo,x5),  so H = {x: (x,x5) = (x0,%()} is enough.
We thus need to generalize the unit ball B(0,1) to arbitrary convex sets!
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Hahn-Banach Theorem (Geometric Form) (cont.)

Definition (Minkowski functional)
Let K be a convex set in a normed space V, and assume 0 € int K.
The Minkowski functional p: V — [R(J)r of KonV is

px):=inf{r>0: xerK}.

Properties (assuming 0 € int K)

(1) 0sp(x)<ooforallxeV.

(2) p(ax)=ap(x) for a >0.

(3) p(x1+x9) < plxy)+ plxg).

(4) p is continuous.

(5) K=1{x: p(x)<1},int K = {x: p(x) <1}.

p is then a continuous, sublinear functional.

(See bonus slides for proofs of these properties.)
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Hahn-Banach Theorem (Geometric Form) (cont.)

Theorem (Mazur’s Theorem, Geometric Hahn-Banach)

Let K be a convex set in a real normed space V s.t. int K # @. Let W be a linear variety
s.t. Wnint K = ¢. Then there is a closed hyperplane containing W but no interior points
of K,i.e.,,thereisan x* e V*\{0}and ce R s.t. (w,x*)=cforweW, (k,x*)<cforkeK,
and (k,x*) < c for k €int K.

Proof. Idea: use the Minkowski functional p in the Hahn-Banach theorem!
Assume w.l.o.g. that 0 eint K. Let M =lin W. Then, W is a hyperplane in M which does not contain 0,
so there is a linear functional f on M s.t. W ={x: f(x)=1}.

Let p be the Minkowski functional of K. Since W has no interior points of K, f(x) = 1< p(x) for x e W.
Every point in M can be written as ax, where a € R and x € W, so if @ > 0, f(ax) = a < p(ax) (by positive
homogeneity), and if a <0, f(ax) <0< p(ax), so f(x) < p(x) in M.

By Hahn-Banach, there is an extension F of f to V s.t. F(x) < p(x). Let H = {x: F(x) = 1}. Since
F(x)< p(x) on V, and p is continuous, so is F' (because —p(—xp) < F(x,) < p(xp), so if x, — 0, then
F(x,)—0), and F(x) <1 on int K, while F(x) <1 on K. Therefore, H is the desired hyperplane. O

See bonus slides for example of why int K # @ is needed in Mazur’s theorem.
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Hahn-Banach Theorem (Geometric Form) (cont.)

Some corollaries

1. (Supporting Hyperplane Theorem). If x ¢ int K # @, there is a closed hyperplane H
containing x s.t. K lies on one side of H (If x € 0K, K is a supporting hyperplane).

Proof. A special case of Mazur’s theorem, where W = {x}. O

2. (Eidelheit Separating Hyperplane Theorem). If K1 and Ko are

convex, s.t. int K1 # @ and K9 nint K1 = @. Then there is a
closed hyperplane separating K1 and Ky (i.e., an x* € V* s.t.
SUpyek, (%, x™) Sinfyeg, (6, x7)). O

Proof. Let K =K1 +(—Kg) ={x1 —x9: x1 € K1 and xg € Kg}. int K # @,
and 0 ¢ int K, so apply Corollary 1 with x =0. O

3. If K is closed and convex, and x ¢ K, there is a closed halfspace that contains K but

not x.
Proof. Let d =inf,ck |lx -yl > 0, so B(x,d/2) does not intersect K. Apply Corollary 2 with K1 =K
and K9 = B(x,d/2). O

4. (Dual formulation of convex sets). A closed convex set is equal
to the intersection of all the closed half-spaces that contain it.
Proof. Follows directly from Corollary 3. O i
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Bonus: Proof that /; is Not the Dual of 7,

Let ¢g be the subspace of /o, consisting of sequences x = (x) s.t. x;, — 0. We will first show that

cS = /(1. First, let z € 1 and define ¢, : co — R so that ¢, (x) = 220:1 ZnXn. @z is linear, and bounded,
since |z () = [} 22 2nxn| < l1zll1 I%lloo, and if x, = sgn(zp), then |z ()] = Izl 1 xllco, 0 llpz Il = 1211
Conversely, if f: ¢cg — R is a bounded linear functional, define z = (z,) by z5, = f(ep); then, if v =

SN sennden, YN lzal = IF@) < IflIvlloo = I, s0 taking N — oo we conclude that z € £7.
Furthermore, for every x € cg, f(x)=f ( 30:1 xnen)=f (limNHoo 25:1 xnen) =limpy_ oo Z],y:l xnflen)
= 2;?;1 znxn = @z(x) (by continuity of ), so there is a one-to-one correspondence between 08 and /1.

Now we show that there are elements of ¢35, which are not of the form ¢, with z € ¢1. Since ¢ S (o,
and x € (oo, where xp, =1 for all n, does not belong to ¢g, Mazur’s theorem with K = B(x,1/2) and

W = c( implies the existence of a f € £%, s.t. f(y)=0 for all y € ¢, and f(x) = 1; this f cannot be written
in the form ¢, since otherwise z =0 and f =0, which is not true. O
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Bonus: Details of Derivation of Dual of C|a,b]

(1) veBVia,b]: Leta=tg<t; <---<tp_1 <tp=b,and ¢} =sgn[v(¢p)—v(¢t}_1)]. Then,

=IFlI=1f1,

n
> eplugy, —ugy, 41
k=1

n n n
k;\v(tk)—mk_l)\ :k;sk[v(tk)—v(tk_l)] =F k;sk[u,k —utkill) <|F| ‘

=1
so v € BV[a,b], with TV(v) < |||l

b
2) flx)= / x(t)dv(t): For x € Cla,b], let z = Zzzlx(tk—l)[“tk —ut,_y1€B. Then, |z —xlpg =
Ja
maxy, maxy, ;<t<ty, |x(tp,_1) —x(t)] — 0 as maxy, |t}, —t_1| — 0, since x is uniformly continuous.
Also, continuity of F yields F(z) — F(x) = f(x), but F(z) = ZZ=1 x(tp_PIv(tg) = vitp_ ] —
b

b .
/ x(t)dv(t), by definition of the Riemann-Stieltjes integral, so f(x) = / x(t)dv(t).
Ja Ja

(3 IfI=TV): Since [F@) = || _q x(tp_DIV(ER) = vt ]| < lxll TV(v), since F(z) — F(x) = £ (x),
we obtain ||f(x)| < [lx]| TV(v), i.e., ||f ]| < TV(v). Combining this with (1) yields || £l = TV(v). O
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Bonus: Proof that 1[M11=M

It is clear that M c J'[MJ'].

Let x ¢ M. On lin(x + M), define the linear functional f(ax+m) = a for all m € M. Then,

flx+m) 1
If1Il= sup = ,
meM lx+ml infy, cpr llx+ml

and since M is closed, || < co. Thus, by Hahn-Banach, we can extend f to an x* € V*. Since f(x)=0
on M, x* € M+, but also (x,x*) =1, so x ¢ L[ML]. O
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Bonus: Example of a Dense Hyperplane

It is easy to build examples of closed hyperplanes, since these are the contour surfaces of
bounded functionals. Finding dense hyperplanes is a bit harder. Here is an example:

Consider the space cg S ¢ of sequences that converge to 0, and let (e ),en be the
standard basis of these spaces. Let vg =(1,1/2,1/3,...) € cg. The set {vg,e1,e9,...} is

Li. (recall that Li. refers to finite linear combinations); this set can be complemented with
a set {bplper S co to obtain a Hamel basis, i.e., an Li. set {vg,e1,eg,...} U{bplzer s.t. every
x € co can be written as a finite linear combination of elements of this set (recall the
application of Zorn’s Lemma from Topic 1).

Define a functional f: cg — R by
f(aOUO +Z,o10:1 dneén +Zk€1 ﬁkbk) =ag.

Note that f # 0 (because f(vg) =1+#0), and since e, € Ker f :={x e cq: f(x) =0} for every
neN, Ker f is a dense hyperplane in cq. Exercise: prove that f is unbounded.
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Bonus: Proof of Properties of Minkowski Functional

1

2

@3

4)

(G}

Cristian R. Rojas

0<p(x)<ooforallxeV:
By definition, p(x) = 0. Also, since 0 € int K, B(0,6) =K for some § > 0, so for every e >0 and x €V,
x € B(0, ||lx|l + £6) = (|lx[I/6 + £)B(0,6) < (|| x|1/6 + €)K, thus p(x) < ||lx||/6 + &€ < co.

plax) = ap(x) for a>0:
plax)=inf{r >0: ax e rK} =inf{a7 > 0: x e FK} = ap(x).

plx1 +x9) < p(x1)+ plxg):

Given € >0, let rj, € [p(xp), p(xp) + €], so xp/rp € K (k =1,2). Then,

(x1 +x9)/(r1+r9)=[r1/(r1 +ro2)l(x1/r1)+ro/(r1 +ro)lxg/r9) € K, since this is a convex
combination of x1/r1 and x9/rg, and K is convex. Hence, p(x1 +x9) <rj+rg < p(x1)+ p(x9) + 2¢,
and since ¢ >0 was arbitrary, letting ¢ — 0 shows that p is sublinear.

p IS continuous:

By (1), if x5, — 0, 0 < p(xp) < [lx, /6 — 0, so p is continuous at 0. Also, if x;, — x, p(x) < p(x —xp)+
plxp) and p(xp) < plxp —x) + px), so —p(xp —x) < p(x) — p(xy) < p(x —xp). Thus, since x5 —x — 0
and x —x, — 0, p(x,) — p(x) and p is continuous.

E:(x:p(x)sl},intK:{x:p(x)<1}: B

IfxeK, p(x)<1,s0ifx, €K —x€V, by (4), p(x) <1, thus K <{x: p)<1}, and if x € int K, there
isane>0s.t. (1+e)xekK,soint K < {x: p(x) < H Conversely, if x ¢ K, there is an £ €(0,1) s.t.
(1-6)x¢ K forall 0<§ <e¢, hence p(x)>1and K ={x: p(x)< 1}, and if p(x)< 1, x€ K, so p_l((O,l))
is a nbd of x, thus int K = {x: p(x) < 1}. O
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Bonus: Why Do We Need int K # ¢ in Mazur’s Theorem?

Ifint K = @, it is not possible in general to find a hyperplane H containing W s.t. K lies
on one side of H.

Counter-example

InV= RS, let W =R2 x {0} and K = {(0,0)} x R, as shown in the figure below. Note that
int K = @. While W nint K = @, there is only one hyperplane containing the plane W
(itself: H =W!), and K lies on both sides of it.

K

/A
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Bonus: Weak® Convergence

A sequence (x5,) in a normed space V is said to (strongly) converge to x € V if ||x —xp || — 0.

Another notion of convergence in V is: (x5,) converges weakly to x € V if (xp,x™) — (x,x™)
as n — oo for all x* € V*. If x;, — x strongly, then |<xn,x*> - <x,x*)| < |lx*||lxy, — x| — 0, so
xp, — x weakly too.

Example. In /9, consider the sequence (ey) with e, =(0,...,0,1,0,..., with 1 in the n-th

place. For every x* = (11,n2,...), (en,x™) =0, — 0 as n — oo, so e, — 0 weakly. However,
lle, — 0|l = 1 for every n, so e, does not converge to 0 strongly.

In the dual space V*, we can similarly define strong and weak convergence (since it is a
normed space), but an even weaker notion is available:

Definition

(x;;) converges in weak™-sense to x* € V* if (x,x) — (x,x*) asn oo forallxe V.

Weak convergence in V* implies weak™ convergence, since in the former one requires
that (x;,x**) — (x*,x**) for all x** € V**, where V** 2 V.
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Bonus: Weak* Convergence (cont.)

Example. For V = ¢ S ¢, the set of sequences that converge to 0, V* = ¢1 and
V** =l (see Bonus Slide 43). In V* = /1, e, — 0 weakly™, but not weakly, since
(en,x™™y A0 for x** =(1,1,...)e V**.

Weak™ convergence corresponds to point-wise convergence for linear functionals, so it has
the relative topology on V* of the product topology of RY = [Ixev R; in particular, the
weak™ topology is Hausdorff but not first-countable in general. Also,

Theorem (Banach-Alaoglu). The closed unit ball in V*, K, is weak*-compact.

Proof. Since K ={x* e V*: |x*(x)| < x| for all x e V} =V * N[Iyev fx’l([—lle, llxlD)=:V*nD, where

frx: V* —C given by fx(x*) = x*(x) is weak*-continuous (see Slide 52), and D is compact by Tychonoff,
it suffices to show that K is closed. If f e KN D, pick x,y €V, a,feR,and £ >0, and let g€ K s.t.
[f()—g@)l <&, If(y)—g(y)l <€ and |f(ax + By) - glax + py)l <e. Then, |f(ax+fy)—af (x) - f ()] <
|f(ax+ py) — glax + By)l +lallgx) - f)l +IBllg(y) - f(WI < (L +]al +|BDe and |f(x)| < |f(x) - g)| + gl <
£+1, and since ¢,x,y,a,f were arbitrary, f is linear and | f]| <1, so f € K and K is closed. O
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Bonus: Weak* Convergence (cont.)

Weak *-compactness is useful for establishing existence of solutions of optimization
problems involving a weak* -continuous functional on a dual space.

For example, if the variables of a convex optimization problem are linear functionals on a
normed space X, and the second dual X ** does not have a simple characterization, one
cannot write the Lagrangian dual in an explicit form (see Topic 9!). However, the
following lemma states that one can still approximate, in a weak* sense, the dual by an
optimization problem in X!

Lemma. Let X be a normed space. Then, the embedding of X into its second dual via its

natural mapping, ¢(X), is weak*-dense in X **.
Proof. Take a ye X**, f1,...,fn € X*, and some ¢ > 0. To establish the weak*-denseness of ¢(X) in
X**, we need to show that there is an x € X s.t.

Kfiy) = i@ = Kfi, 00— x, fi)l <e, foralli=1,...,n.

We shall prove a stronger statement, namely, that f;(x) = y(f;) for all i =1,...,n. By a problem of
Homework 4, this system of equations has a solution x € X iff for every 11,...,A, €R, Zl’le Aifi =0

implies that Z;LZI A;¥(f;) =0, which holds due to the linearity of y: Z;‘Zl Aiy(fi) = y( ;L:l Aifi) =y(0)
=0. This concludes the proof.
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Bonus: Weak* Convergence (cont.)

The weak™ topology of V* is the weakest in which functionals f(x*) = (x,x*) on V*, for
some x € V, are continuous (i.e., every other such topology contains the open sets of the
weak™ topology). This is because for |f(x*)| = |{x,x*)| < € to hold, the topology should
contain open sets of the form {x* € V*: [(x,x™)| <} for all x € V, as well as finite
intersections of these sets, which generate the weak™ topology. Conversely,

Theorem. Every weak™-continuous linear functional on V* has the form f(x*) = (x,x*)
for some x € V.

Proof. Let f be a weak™-continuous linear functional on V*. Then, for every ¢ > 0, there is a set

U ={x*: [{xp,x*)| <6 for k=1,...,n} where x1,...,xp €V, s.t. if x* € U, |f(x*)| < &. Thus, by linearity,
If (™) < (e/d)maxpe(r, . pyl(xp,x™)], 80 if (xp,x*) = 0 for all , then f(x*) = 0; assume now w.l.o.g. that
{x1,...,xn} is Li. Let F(x™) = ((x1,x™),..., (xn,x™), f(x™)). Since there is a nbd of (0,...,0,1) not
intersecting %(F), by Mazur’s theorem there is a A € R**1\ {0} s.t. ATF(x*)=0 for all x*, ie

<ZZ:1 Apxp,x™ Y+ Apy1f(x*) =0 for all x*, and since {x1,...,xp} are Li., 1,41 #0, so

1@ = (5 A A1), 2* ). -
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Bonus: Weak* Convergence (cont.)

Let B,B* be the closed unit balls in V, V* respectively. The following is a converse of the
Banach-Alaoglu theorem:

Theorem (Krein-Smulian). If E € V* is convex and s.t. E N (rB*) is weak*-compact for
every r >0, then E is weak ™ -closed.

Proof

Firstly note that E is norm-closed, since if (x,;) is a sequence in E that converges to x* € V*, then (x;;)
is bounded, i.e., |lx;, || < M for some M >0, thus x;, € En(MB™*) for all n, so x* € En(MB*)< E. This
means that if x* € V* \ E, there is a ball centered at x* which does not intersect E; thus, by
translation and scaling, the theorem will be proven by showing that “if ENB* = @, then there exists an
x€V st (x,x*) =1 for every x* € E”: since {x*: (x,x*) > 1} is a weak*-closed half-space, E is the
intersection of closed half-spaces, and hence it is weak*-closed.

Next, given a subset F € X, define its polar P(F) :={x* : |(x,x*)| <1 for all x € F}; notice that the
intersection of all sets P(F) as F ranges over all finite subsets of r1Bis exactly rB*.
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Bonus: Weak* Convergence (cont.)

Proof (cont.)

To establish the proposition, let Fy = {0}, and assume that finite sets Fy,...,F,_1 have been chosen s.t.
Fp < k~1B and P(Fg)n---nP(F,_1)nENnB* = @; note that this holds for n = 1. Let
Q=P(Fy)n---NPF,_1)NEn(n+1)B*;if P(F)NQ # ¢ for every finite set F < n’lB, the

weak* -compactness of @ implies (via the finite intersection property) that nB* n@ # @, which
contradicts the properties of Fy,...,F,,_1. Hence, there is a finite set F;, < n~1Bs.t. P(Fp)NQ =9,
which yields the sequence (F,).

By construction, (F,) satisfies E nﬂ‘r’bozlP(Fn) =EnP(UF,)=¢. Now, arrange the elements of UF}, in
a sequence (xp); note that ||x, | — 0. Define T': V* — ¢ (the space of sequences converging to 0) by
Tx* = ((xp,x*)). T(E) is a convex subset of cq, and, due to EnP(UFy,) =@, [ITx* || = supy, [{xp,x*)| =1
for every x* € E. Thus, since c(’; = (1 (see previous bonus slides), by the separating hyperplane theorem
thereisa ye ¢1 (ie., foﬂ |ynl <o00) s.t. (Tx™*,y) = Z:’Lo:lyn(xn,x*) >1 for all x* € E. The vector

x= Z?:l ynxn is well defined (why?) and it satisfies the condition (x,x*) = 1 for every x* € E. O
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Bonus: Krein-Milman and Carathéodory Theorems

Motivation. Consider a convex setin R3, such as a polytope.

A polytope contains important subsets of points, such as ver-
tices, edges and faces, which are special cases of extreme sets,
that include an entire line segment if one of their interior
points is a part of them. Extreme points (or vertices) are sin-
gleton extreme sets.

Extreme sets can be found by maximizing a linear function over the
polytope: the set of maximizers is an extreme set.

Thus, one can find extreme points by iteratively maximizing linear
functionals over smaller and smaller extreme sets.

Given a set of points, its convex hull is the set of all con-
vex combinations of these points.

The convex hull can be found graphically (in 2D) by en-
closing the points with a rubber band.

Note that a polytope is the convex hull of its vertices (or
extreme points).
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Bonus: Krein-Milman and Carathéodory Theorems (cont.)

The Krein-Milman theorem is one of the cornerstones of functional analysis, as it extends
to very general vector spaces some of the intuitive results of Euclidean geometry shown
in the previous slide. To state it, we first need some definitions:

Definitions

Topological vector space: a vector space V over F with a Hausdorff topology s.t. the

addition +: V xV — V and scalar multiplication -: F x V — V operations are
continuous. Every normed space induces a topological vector space.

Locally convex topological (LCT) vector space: a real topological vector space V s.t.

for every x € V and every nbd U of x, there is a convex nbd W < U of «x.

V* (dual of a topological vector space V): set of continuous linear functionals on V.

- Extreme point of a convex set K: a point x € K s.t. if x = Ay +(1 - A1)z with y,z € K and
A €[0,1], then either A=0o0r A =1.

conv(X) (convex hull of a subset X of a real vector space): set of all convex

combinations of points in X (i.e., expressions a1x1 + -+ + apx, where ay,...,a, =0,
Yrap=1,x1,...,.xp € X,and n €N).
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Bonus: Krein-Milman and Carathéodory Theorems (cont.)

In locally convex topological vector spaces, linear functionals can “separate points”:

Theorem (separation of points)

If V is an LCT vector space, V* separates points in'V (i.e., if x,y €V, x # v, there is an
feV* st f)# ).

Proof. Since V is an LCT vector space, all properties of the Minkowski functional of a convex set hold.

In particular, if U is a convex set and 0 € int U, then p is finite, because scalar multiplication is
continuous, so for every z €V thereis an a eR s.t. azeU.

Therefore, Mazur’s theorem applies to LCT vector spaces, as well as its 4 corollaries. Corollary 3, in
particular implies this result, by taking K = {y}. O

Corollary (separation of a convex set and a point)

If K is a closed, convex set in an LCT vector space V, and y € V \ K, then there is an
feV*st flx)<cforallxeK, and f(y)>c.
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onus: Krein-Milman and Carathéod Theorems (cont.)

Theorem (Krein-Milman)

Let V be an LCT vector space, and K <V a convex, compact and non-empty set. Then:

(i) K has at least one extreme point, and
(i) K is the closure of the convex hull of its extreme points.

Proof

(1) Call a set E € K extreme if it is convex, compact, non-empty and s.t. if x € E is a convex combination
of y,z € K, then both y,z € E. Since K is extreme, the collection F of all extreme subsets of K is not
empty. Partially order F by set inclusion; we will show that every subchain {E 4} of F has a lower
bound in F, Ng E . Na E o is clearly convex, compact (as it is the intersection of compact sets), and if
x€NgEq is a convex combination of y,z € K, then for every a, x € E4, so both y,z € E4, and hence
¥,2€Ng Eq. It remains to show that Ny E4 is non-empty: if Ng Eq = @, then Uy E§ = K, but since K is
compact, there is a finite subcollection {Eflk }, of {ES} whose union is K; however, since {E‘;;k }p is
totally ordered, there is a largest extreme set Efo =K,ie,Eqy =9, which is a contradiction.

By Zorn’s lemma, K has a minimal extreme subset E. If E had at least two points, by the theorem on
separation of points, there is an f € V* that separates them.
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Bonus: Krein-Milman and Carathéodory Theorems (cont.)

Proof (cont.)

Since E is compact and f is continuous and non-constant, it achieves its maximum, say, fmax, on some
proper subset M of E, which is closed (and hence compact) due to the continuity of f. M is convex, and
if x € M satisfies x = Ay + (1 — 1)z for some y,z € K and A € [0, 1], then both y,z € E and furthermore
fmax = (@) =Af(y»)+ (1 - A)f(2), so f(y) = f(2) = fmax and y,z € M; thus, M is a smaller extreme subset
of K than E, a contradiction, so E has only one point, which is an extreme point of K.

(ii) Let K, be the set of all extreme points of K, and C, = conv(K,) S K. If x ¢ C,, by the corollary on
the separation of a convex set and a point, there is an f e V* s.t. f(y)<c for all ye C, and f(x)>c. As
before, f achieves its maximum over K, fmax, on some closed non-empty set E € K. If y € E satisfies
y=Az+(1-N)w for some z,w € K and A € [0,1], then fmax = f(y) =Af(2) + (1 - V)f(w), so f(z) = f(w) =
fmax and z,w € E, hence E is extreme. By part (i), E should contain at least one extreme point, p,
which belongs to K, = C,, hence fmax = f(p) < c. Therefore, since f(x) > ¢ = fmax, x ¢ K. Thus, C. 2K,
which implies that C, = K. O
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Bonus: Krein-Milman and Carathéodory Theorems (cont.)

Example: c( is not the dual space of a normed space

By Banach-Alaoglu, the closed unit ball of a dual space is weak*-compact, as well as
convex and non-empty, hence by Krein-Milman, it should contain at least one extreme
point.

However, the closed unit ball of ¢ does not have extreme points: indeed, let x € ¢,

|lx]l < 1. By definition, x = (x), with x, — 0, so there is an N € N s.t. |x,| < 1/2 for all
n=N. Let y1,y% € ¢( be s.t. y,IL :y,2L =xp, for n <N and y,IL =xp+277, y,% =x, —27" for
n>N. Then, ||y1|| <1, IIyZII <1l,x= (1/2)(3/1 +y2), but y1 #x, y2 #x, 80 x is not an
extreme point.
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Bonus: Krein-Milman and Carathéodory Theorems (cont.)

To apply Krein-Milman, the following lemma is often useful:

Lemma. If V is an LCT vector space, K <V a compact and convex set, and F €K a
compact set s.t. conv(F) = K, then the extreme points of K are contained in F.
Proof. Let x be an extreme point of K not in F. Since F is compact, there is a nbd Uy of 0 s.t.

(x+Up)NF =@, and a convex nbd U of 0 s.t. U -U < Uy, so (x+U)N(F +U) =@, hence x ¢ F+U.
The family {y + U}¢F is an open cover of F, so by compactness, {y, +Ulg-1, ., is a finite subcover. Let

Qp, =conv(ly, + UINK) S yp +U; note that @, is closed, and hence a compact subset of K, therefore
K=conv(QqU---UQp)=conv(QqU---UQp).

(This result is proven by induction on n: for n =2, the mapping ¢: [0,11x Q1 x Q2 — conv(Q1 UQ2)
given by ¢(a,y1,y9) = ay1 +(1—a)ye is continuous, and [0,1] x @1 x Q¢ is compact, hence
@([0,1] x Q1 x Q9) = conv(Q1 UQ2) is compact, so conv(Q1 UQ2) =conv(Q1 UR2).)

Since xe K, x = ZZ=1 apxp, for xj, €Qp, ap =0, a1 +---+a, = 1. But x is an extreme point, so x = x;, for
some k, which implies that x € Q@ S yp, +UcF+U, a contradiction. O
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Bonus: Krein-Milman and Carathéodory Theorems (cont.)

In finite dimensions, the Krein-Milman theorem can be made more explicit:

Theorem (Carathéodory) Let X < RN, Every point x € conv(X) can be written as a
convex combination of at most NV + 1 points from X.

Proof. Let x € conv(X). Then, x = A1x1 + -+ Apxp, where A1,...,4, >0, A1 +---+ A, =1 and

x1,...,4p € X. If n> N +1, the points x9 —x7,...,x, —x7 are L.d., i.e., ug(xg —x1)+---+ pp(xp —x1) =0 for
some fig,...,[1n € R, not all zero. Defining pq = —pug —---— pn, we have that pyxq +---+ ppxp =0 and

f1 + -+ pp = 0. Since not all u’s are zero, there is at least one i, > 0. Then,

x=A1x1 + -+ Apxn —a(uyxy + -+ ppxn) = (A1 —app)xy + -+ Ay — apin)xn.

Pick a as the minimum of A;/u;, over the indices j for which y; > 0; note that @ >0 and 1; — ap; >0 for
all j, but A; —ap; =0 for at least one index. Thus, x = (A1 —apy)xy +---+(Ap — apn)xp, where each
coefficient is non-negative, their sum is one, and one of them is zero. Applying this procedure
iteratively one can write x as a convex combination of at most N + 1 points. O
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Bonus: Krein-Milman and Carathéodory Theorems (cont.)

Application: Optimal multisine spectrum

In experimental design, one searches for an input cumulative spectrum ®°P! (a
non-decreasing function ®: [0, 7] — [Ra' s.t. ®°PY(0) = 0) s.t. the information matrix Ip ofa
parameter 6 € RY is maximized in some sense, under a power constraint

() = [ dP(w) = 1. Now,

7T
Ip(®) = / F(w)dd(w) e Rdxd, F(w) : symmetric positive semi-definite matrix.
JO
Note that, under the power constraint, I z(®) lies in the convex hull of {F(w): w €[0, 7]},
which has dimension d(d + 1)/2 (since F(w) is a symmetric matrix). Thus, by
Carathéodory’s Theorem, I 7(®°Pt) is a convex combination of at most n = d(d +1)/2+ 1
matrices F(w1),...,F(wgd+1)y2+1), i-e., for some A1,...,4, =0,
T
Ip(@%PY) = 41 F(w1) + - + An Flwn) = / F(w)[A16(w—-w1)+ -+ Ap6(w — wy)]dw,
0

where 6 is the Dirac distribution. Therefore ®°P* can be replaced by a “multisine”

spectrum with frequencies at w1,...,w, to obtain the same maximal information matrix!
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Bonus: Positive Linear Functionals

Let X be a topological space. A linear functional F' on C(X) is positive, denoted F =0, if
F(f)=0 whenever f(x) =0 for all x € X. Positive linear functionals are called Borel
measures on X, and those of unit norm are called Borel probability measures on X.

Lemma (Cauchy-Schwarz inequality for positive linear functionals)
If F: C(X)— Ris a positive linear functional, and f, g € C(X), then [F(f )12 < F(f2)F(g2)
Proof. Since FI(Af + )21 = A2F(f2)+2AF(fg)+ F(g?) = 0 for all A € R, the discriminant
4[F(fg)1% - 4F(f2)F(g2) is non-positive. O

Lemma (characterization of positive linear functionals)
A linear functional F': C(X) — R is positive iff F(1) = | F||, where 1: x € C(X)— 1.
Proof.
(=) If F =0, then F(1) < ||F||, since ||1]| =1, and, by Cauchy-Schwarz, for every f € C(X) of unit norm,
[F(H12 =[FAHI2 < FA2)F(£2) < F()|F|, since | £2] < || < 1; taking the supremum over all f
of unit norm, |F[2 < F(D|F|, so in conclusion F(1) = | F|.

(<) If f e C(X) satisfies f(x) =0 for all x, and ||f|| < 1, then also U(x)— f(x) =0, and ||1-f|| <1, so
|IFI|-F(f)=F()-F(f)=F(1-f)<|F|, thus F(f) = 0. By linearity, F is positive.
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Bonus: Positive Linear Functionals (cont.)

Lemma (Jordan decomposition for linear functionals)
Every [ € C(X)*, where X is compact, can be written as [ =14 —[_, where [+,/_ € C(X)*
are positive, and ||| = 11+ +I-1|.

Proof. Let S={{e C(X)*: (D =l <1} and U = {l € C(X)* : ||I|| < 1}; by Banach-Alaoglu, S and U are
weak*-compact. We will first show that U equals K = conv(S U(-S)). If [ € K, then [ = al1 — (1 - a)lg,
with /1,l9 € S and a €[0,1] (since S is convex, every convex combination in S U(—S) can be reduced to
this form); hence |1 < alll1]+(1-a)lllg]l <1, so K cU. Furthermore, K is weak*-compact: indeed,
define ¢: S xS x[0,1]1 = U as ¢(l1,l9,a) = al; —(1 - a)lg; this map is continuous and S x S x[0,1] is the
product of compact sets, hence it is compact, and K = Z(¢) is compact. Suppose now that / e U\ K. By
the corollary on the separation of a convex set and a point, there is a weak*-continuous functional f
on C(X)* s.t. f(1)>c and f(m) <c for all m € K. This f is of the form f(m) = m(x) for some x € C(X), and
since K is symmetric (i.e., m € K iff -m € K), Im(x)| < c for all m e K. Let t € X s.t. |x(¢)| = max;¢x |x(7)],
and define m € C(X)* as m(y) = y(¢) for all y € C(X), hence . =0 and ||| = 1, so ||x|| = |h(x)| =

SUPy,es IMm(x)| = sup,, g |f(m)l < c. Thus, x|l < ¢ but /(x) > ¢, contradicting that ||/|| <1; hence K =U.
Now, take an [ € C(X)*; assume w.l.o.g. that |||l =1. As I € U = conv(S U(-S)), [ = al1 — (1 - a)lg for
some /1,l9 € S and a €[0,1]. Define the positive functionals [+ = al; and /- =(1-a)lg, and note that
I+ - =allil+A-aligl<1=l= N1+ —I-I <N+ 1+ 121 O
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Bonus: Positive Linear Functionals (cont.)

Lemma (Extreme points of Borel probability measures)
The extreme points of the set A(X) of Borel probability measures on X are the delta
measures 0y for x € X, where 6,(f) = f(x) for all f € C(X).

Proof (Barvinok, 2002, and Dunford&Schwartz, 1958)

Let x € X. Assume that §x = aly +(1—a)lg, where [1,l9 € AX) and a €(0,1). If f € C(X) satisfies
f(x)=1and f(y)<1lforall ye X, then I}, (f)=1,(1-(1- ) =1 (D-1,(1-f)<1for k=1,2, but
6x(f)=f(x)=1,s01p(f)=1. Hence, I1,l2 agree with §, on every function with its maximum at x. Now,
take any f € C(X), and write it as f = f1 — fo, where f1(y) = min{f(x), f(y)} and fo(y) =
min{0, f(x) - f(y)}. Then, f1,fo attain their maxima at x, so I3 (f) =13 (f1) -3 (f2) = f1(x) - fo(x) = f(x) =
8x(f), i.e., by is extreme.

Now, let A = {6, : x € X} < A(X). Since A(X) is convex and weak*-closed, conv(A) € A(X) (the left side is
the weak ™ -closure). If I € C(X)* \ conv(A), by the corollary on the separation between a convex set and
a point, there is an f € C(X) s.t. I(f)>c but 6,(f) = f(x)<c for all x € X, so [ ¢ A(X). Therefore,

conv(A) = A(X). On the other hand, A is weak*-closed in C(X)* (why?), and hence weak*-compact by
Banach-Alaoglu, so the lemma on Slide 61 implies that all extreme points of A(X) are in A. O

Corollary. The extreme points of U = {l € C(X)*: |I|| < 1} are 6, and —6, for x € X.
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Bonus: Convex Functions and Jensen’s Inequality

Definitions

Let X be a normed space, and f: X — R.
- fis convex if f(Ax+(1—-A)y) < Af(x)+(1—-A)f(y) for all x,y € X and A €[0,1].
- epif :={(x,y) e X xR: y = f(x)}: epigraph of f: X —R.

A function is convex iff its epigraph is a convex set, S y
so it can be represented as the intersection of closed
half-spaces that contain it (by Corollary 4 of Mazur’s

theorem). Now, for all @,b € R and x* € X *,

convex
epigraph

\<\f( x)

supporting
hyperplanes

a<(x,x")+by whenevery= f(x)

o a<@xx")+bf(x). [ x

If H={(x,y)€ X xR: a <(x,x*) + by} contains epif, then b cannot be zero nor negative;
otherwise f would be undefined when a > (x,x*). Thus, every closed half-space
containing epif has the form H = {(x,y) € X xR: ¢+ (x,x*) <y}, and

flx)= sup c+(x,x").
(c,x*): c+(&,x*)<f (%) for all xeX
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Bonus: Convex Functions and Jensen’s Inequality (cont.)

Jensen’s Inequality
Let X be a set, and E a Borel probability measure on a set of functions from X to R. Also,
let g: X — R be s.t. E(g) is well-defined, and let f: R — R be a convex function. Then

E(fog)=f(E(g)),

if the left-hand side is well-defined.

Proof. Take a,b eR s.t. f(y)=ay+b for all yeR. Then (f o g)(x) = f(g(x)) = ag(x)+b for all x € X, so
applying E yields E(f og) = aE(g)+b. Taking the supremum over all a,b € R s.t. f(y)=ay+b for every
y € R finally gives

E(fog) = sup aE(g)+b=f(E(g)).
(a,b): a+by<f(y) for all yeX

Remark. The Borel probability measure E can be, e.g., the Riemann/Lebesgue integral,
or the mathematical expectation operator with respect to a probability measure.
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Bonus: Stone-Weierstrass Theorem

Weierstrass’ Theorem, on the approximation of continuous functions on a real interval by
polynomials, was considerably generalized by M.H. Stone in two directions:

- it applies to continuous functions on an arbitrary compact Hausdorff space, and

- instead of polynomials, it allows for more general algebras of functions.

We will provide a functional-analytic proof of this result, based on the following lemma:

Lemma (spanning criterion)
Let V be a normed space, x€V,and Y € V. Then, x € clin Y iff every f € V* that vanishes
on Y also vanishes on x (i.e., if f(y) =0 for all yeY, then f(x) =0).

Proof

(=) If f(y)=0for all y €Y, then by linearity f(y) =0 for all y €lin Y, and by continuity f(x) = 0 since
xeclinY.

(<) Assume x ¢ clin Y, and define the functional f on lin(clin Y +x) by f(y+ax)=a for all yeclin Y
and a. Letd = i“fyeclin y llx =y, which is strictly positive since clin Y is closed. Then, |y + ax|l =

\all\a“1y+x|\ =dal, so I < d_l, and Corollary 1 of Hahn-Banach provides an extension F € V*
of f that vanishes on Y but not on x. O
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Bonus: Stone-Weierstrass Theorem (cont.)

Theorem (Stone-Weierstrass)

Let X be a compact Hausdorff space, and let E be a subalgebra of C(X), i.e., a linear
subspace of C(X) s.t. if f,g € E, also fg € E. In addition, assume that 1€ E, and that E
separates points of X, i.e., for every pair x,y € X, x #y, there is an f € E s.t. f(x) # f ().
Then, E is dense in C(X).

Proof (adapted from version due to Louis de Branges)

By the spanning criterion, E is dense in C(X) iff for every [ € C(X)*, I(x) = 0 for all x € E implies that

1 =0. Assume the contrary, and let U be the set of / € C(X)* of norm <1 that vanish on E; by
Banach-Alaoglu, U is weak™* -compact. By Krein-Milman, U has an extreme point, say, /, which should
have unit norm. (Why?)

Let g€ E be s.t. 0< g(t)< 1 for all t€ X. Since E is an algebra, the functionals I’,7"" € C(X)* defined by
U'(f)=1(gf) and I"(f) = 1((1 - g)f) also vanish in E. Write  as I =4 —_, where l+,/— =0, and also I’
and ! as I'(f)=1(gf) = 1+(gf)-1-(g)=:U', (H-1_(FHand I"(F) =1 (1-@)f) - I (1-g)f) =:
UL(F)=1"(f), where I,,1' 1" ,1" >0, and note that [I1]| = 1+ | + 11—l = L+ (D +1-(D) =1, (D+ 1 (D+

E O = 1+ 00+ 1220+ 1220, while (121 = 12"+ 27 1< 0270+ 1271 < 1 I+ 020+ 1221+ 1221, so
combining these expressions we see that they should be all equalities, and in particular

Iz =nen-+ne"n.
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Bonus: Stone-Weierstrass Theorem (cont.)

Proof (cont.)

Let a =’ = mingex g(x)[1]| >0 and similarly =" >0, so a+b = ||I| = 1. Then, [ = a(l'/a)+b(l"/b)
shows that [ is a convex combination of I'/a and 1”"/b, both of which have unit norm and vanish in E.
Since [ is an extreme point, we have that [ =1'/a =1"/b, i.e., 1. ([1 - g/alf) = 0 for all f € C(X), or

111(@) 1LICFH) = 1LI(gf), where [LI(f) =L+ (f)+1-(f).

Using |11(g) ILI(f) =11I(gf), we will now show that all functions in the nullspace of |/| in E (which is a
closed hyperplane) have a common zero. Indeed, every g € Ker |/|nE should have a zero in X, because
otherwise g_l € C(X), so taking f = g_l gives \l\(g)ll\(g_l) =11|(1) > 0, which contradicts the
assumption that |/|(g) =0. Now, if g1,...,8n € Ker |/|nE, then they share a common zero, since
otherwise g = g% +---+g% € E is strictly positive, while |/|(g) = \l\(g%)+---+ Il\(g%) =

[LI(g 12 + -+ +[11I(gx)1? = 0, which is a contradiction. Finally, for every g € E, let Xg={reX: gx)=0}
X is a closed set in X, and every finite intersection Xg; N---NXg, is non-empty, so by the
compactness of X, NgeKer |1| Xg # @, i.e., all functions in Ker |I|nE share a common zero.
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Bonus: Stone-Weierstrass Theorem (cont.)

Proof (cont.)

The kernel of any h € E* for which A(fg) = h(f)h(g) (called a homomorphism, such as |l|) satisfies
another important property: it is an ideal in E, i.e., it is a linear subspace of E s.t. if f € E and

geKer h, then fg eKer h (since h(fg) = h(f)h(g) = 0); furthermore, it is a maximal ideal, that is, a
proper subset of E which is not contained in a larger proper ideal of E (since Ker A has co-dimension 1,
so adding an extra dimension would yield E).

Other homomorphisms on E include 6|z for every x € X. Since E separates points on X, Ker dx|g =
{g€E: g(x)=0}#Ker dylg for x # y (indeed: pick a function g € E s.t. g(x) =0 and g(y) =1; this g
belongs to Ker dx | but not to Ker 5y|x).

Therefore, Ker |I|NE < Ker §y|g for some x € X corresponding to the common zero of the functions in
Ker |I|nE, but since Ker |I| is a maximal ideal in E, we have that Ker |/|nE = Ker 6«|g, i.e., |I|(f) =
adx(f)=af(x) for all f € E, with a =1 due to the positivity of |/|.

Since 6y is an extreme point of the unit ball of C(X)*, §x =|I| =14+ +[— implies that [+ = a+ 6y, so

1 =cby. On the other hand, 1€ E, so ¢6,(1) = (1) =0, thus ¢ =0 and I = 0, which contradicts the
assumption that ||/|| = 1, hence E is dense in C(X). O
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