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A CORRECTION OF THE PROOF OF THEOREM 3.3

We provide a correction of proof of Theorem 3.3 in [DM23]. This result plays a key role in the
proof of the main result of [DM23], Theorem 3.4. In the proof of Theorem 3.3, we used a well
known law of large numbers whose statement in Eq. (3.24) is unfortunately wrong.

First, we recall that the family of interacting Snell envelopes {Y"*}" | and the family of finite
horizon stopping problems {Y’},~1 are defined by (2.4) and (2.5) in [DM23]. The function & and se-
quence {¢'};>1 satisfy Assumption 2.1 in [DM23] (in what follows we will simply say that Assump-
tion 2.1 holds). For the new proof, we need to introduce a (fixed) sequence of random variables
{a;}j>1 which are all independent of {IF'};>1 and for which

(1.1) Elaj] =1-27, Var(a;) <d/, j>1, [Elagj]] <alH, jk>1,
for a given a € (0,1). We note that
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The next lemma is the main ingredient in the new proof of Theorem 3.3.

Lemma 1.1. Let Assumption 2.1 hold. Then the following law of large numbers (LLN) holds

2
(1.3) lim sup E {esssup (1 i Y]])> ] =0.
" <isn TeT] =i
Moreover,
i\2
(1.4) ”lgl‘}%illlgnlE [esrsesﬁp ( j=1(1 —zxj)YT) ] =0.
Proof. Due to (L.1] m the limit is straightforward. To show (1.3), we note that since
Z [aY]) = (ini —E[w i) + 1 i& oY1),
j=Lj#

by Dommated Convergence it suffices to show

2
(1.5) lim sup E [esssup ( Y (w Y]])> ] =0.
]

1<i<n TeTy =1

By the properties of the essential supremum, for each n > 2, there exists a sequence {T }m>1 from
74 such that
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and by Dominated Convergence, we have

]E[esssu_p ( ]#l( Yf ]E[zij%']))z] = lim E {(nl_l Z]”#( ]Yin —E[a ]Yim])>2}
TeTy
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Now, by direct calculations it holds that, for every T € 7 and every ¢, # i,
E[Y7] = E[Y;] = E[EN]][_], E[rY] =E[(EN]?_]>0,
cov(uchi, 0 YF) = cov(a;, ock)]E[YiYﬂ + IE[ocj]IE[ock]cov(Y{, Yk).

Thus, the independence of (a;, ay) from (Yi, Y¥) entails

) NS .
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This bound, being uniform in T and in#,1 < i < n, yields due to (1.2). O

We will now state a new and correct version of [DM23, Theorem 3.3] and sketch its proof. To
this end we need to substitute the smallness condition ')f% + ')/% < % with a new one.

Theorem 1.2. Let Assumptions 2.1 hold and let us assume that <y, and -y, satisfy the new condition

1
Then, it holds that

(1.7) lim sup E| sup [Y/"" —Y{|*| =0.
"<i<n Lefo,T) t

Proof. As in the proof of [DM23] Theorem 3.3], we have that forany t < T,
7" = Yi| SE|7isupsepor V5" = Y| + 2T supyepoq " — Y|

+2 7 B[] E[supgeo r V2" = Y2 + 2 X Elfay|JE] sup Y™ — Y[} F
(18) el o
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Set
S \2
Ay =283 sup IE[ess sup( (zx]Y] [zij%])) }
1<i<n €Ty
2 2
+2873 sup ]E[esssu_p (% (e 1)Y]) ] +2873|1 i1 (Ela] —1)‘ IE[ sup \Y}|] )
1<i<n TeTd s€[0,T]

Since E[#?] < 1, in view of the exchangeability of {Y/", Y/ }i21, the Cauchy-Schwarz inequality
and Doob’s inequality, if we set C := (1 —28(y% +3+3)) 1, by and Lemma [1.1{we have

n
(1.9) lim 1 Y E[ sup /" —YiF < C lim A, =0.
i3 teloT]

But, again due to the exchangeability of {Y/", Y/ }’7:1, it holds that
1¢ jn 1
(1.10) sup — ) E[sup [Y/" —
1<i<n 31 tefo,T)

where the limit follows from (1.9). Now, from (T.8), we get

:\H

n . .
Y E[ sup /" —Y![] =0, asn— oo,
j=1 t€[0,T]

2817 (1-2877) sup E[sup,cpoq " = Yi]?] < sup %Z]r'l:l]E[Supte[O,T 7" = YiP]
(1.11) 1<i<n 1<i<n

+2; Yy Elsup,cpo Y = Y]1P + g A
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Finally, since (L.6) entails 2877 < 1 and in view of (I.3), (T.9) and (T.10), we obtain

(1.12) lim sup E | sup |Yti'” —Yti|2 =0.
"TR<i<n [tel0,T)
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