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Part 5: Partially

Observed Markov

Decision
Processes

Awm: This part covers discrete time stochastic
optimization of systems whose state is observed via noisy
measurements. The key idea is to convert the partially
observed problem to a fully observed problem — the
resulting fully observed problem is in terms of the
information state. Then stochastic dynamaic programming
(SDP) can be used to solve the problem. The resulting
SDP is usually infinite dimensional apart from the HMM
case (POMDP) and Linear Quadratic Gaussian (LQG)

case.
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Example 1: Sensor Adaptive
Signal Processing

“Active Sensing”

Tr+1 = A(xr) + wg
yr = C(xk, ur) + vk

ur € {1,2,3} denotes choice of sensor.

Which single sensor to pick at time k to optimize a cost
function? e.g. E {3 . |l — B{ww|Ya, u}||*}?

System Lk

Y

state e Dynamically control the

type and flow of infor-

S1 S2

mation.

Then estimate resulting

‘ ‘ ‘ signal.

Scheduler e Motivation: Communi-

Y cation, energy or com-

Recursive putational constraints

estimator
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Example 2: Optimal Search for

A Markovian Target

3

State: Markovian target =, € X — Trans prob P.

In addition termination state. So X = {1,..., X, t}.
Action: ur: Which cell to search?

Obs: y, € {f, f}. Observation probabilities: p(yr|Tw,ur):
e.g p(yr = flor = 1L, ur = 2) =0,

p(yr = flrry = 1,ur = 1) = P4 (prob of detection).

Cost: Minimize E{> ", c(xr, ux)}.

Examples: (a) Search Delay cost

c(xp,ur) =1, clxr =t,ux) =0
(b) Probability of Detection cost [Eagle 1984]:

c(i,u) = P(yx = florg = t,ux = u), clxr =t,ux) =0
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1 The Problem

1. Discrete-time dynamic system
xo is random with pdf P, .

State: xri1 = Ag(xk, ug, wr), k=0,1,..., N —

Observations: yr = Ci(xg, vk, ur), Yo = Co(xg,v0)
(1)

Process Noise wi and measurement noise: vy iid

Information vector: I denotes info at time k. Iy = yg
I = (Yo, Y1y - -+, Yk, U0, Uty - - - U—1), k=1,...,N—1
2. Policy class: Consider admissible policy

™ ={po,---, un—1} where up = ux(Ily) € Uy

3. Cost function: additive cost function

J. =K {cN(a:N) + z_: Ck(ﬂjlm,uk(lk))} (2)

k=0

(Note expectation is wrt xg, wg, vg, k=0,..., N —1)

Aim: Compute optimal policy J* = min, ¢ Jx
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Remarks:
1. In fully observed case, ux = ui(zr). Here uy

depends on all past observations and controls.

2. xg is random variable with pdf P,, (prior) unlike

fully observed case.

Cost function involves expectation wrt xg.

Timing:

(i) At time k, xp = Ap_1(Tp_1, Uk_1, WE_1) is
generated. This is observed in noise as yy.

(ii) Controller uses yi to generate control signal uy.
(iii) Set k = k + 1 and return to Step (i).

Key Idea: The key idea is to transform the partially
observed problem (in state zj) to a fully observed
problem in a new state m.

7 1S called the “information state”.

7y 18 simply the filtered density of the state.

Then compute optimal control via dynamic
programming. Similar approach for sensor-scheduling
problems




POMDPs: (© Vikram Krishnamurthy 2013 6

2 Application Examples

2.1 Linear Quadratic Gaussian (LQG)
Control

Partially observed problem: Assume xg ~ N (0, S)

Tp41 = Apzp + Brug +wg,  wp ~ N(0, My)
yr = Crxp +vg, v ~ N(0, Ny)

Cost function: Q) > 0 and R > 0.

N—-1
J. =F {x?v QN TN + Z wy, Ry + xﬁchxk}
k=0

Optimal solution has a separation principle:

LQG control = state estimator + LQ control




POMDRPs: © Vikram Krishnamurthy 2013 7

2.2 Partially Observed Markov
Decision Process (POMDP)

x is a X state Markov chain. P(xg = 1) = mo (%)
Transition prob: P(xgy1 = jlox = i, ux = u) = Py (u)
Observations: (discrete-valued) yi € {O1,...,0n}
bi(Om) = Py = Om|zr = 1)

Applications: Target tracking, Sensor scheduling, etc.

Benchmark Example: Machine Replacement
State: xp € {0,1} — machine state

xr = 0 operational; x; = 1 failed.

Control: ug € {0,1}.

ur = 0 keep machine; up = 1 replace by new one
Trans prob matrices: Let 0 = P(xp.1 =1 | xx = 0).
1-6 6

P(0) = } P(1) =
0 1

Observations: P(yx = i|lxr =1) =¢q, 0.5 < g < 1.
Cost: Minimize E{Zg:_ol c(z,ug)}
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3 Transformation to Fully
Observed Problem

Information vector satisfies: Iy = vy,
[k—l—lz(lk;yk—l—l;uk); k’:O,l,...,N—Q

= E{E{cn(zn)|In}} + z_: E{E{ck(zx, ur) | Ip,ur}}
k=0
— E{EN(IN) + z_: ék(lkauk)}

k=0

where (‘:k(lk,uk) :/ ck(xk,uk)p(:ck|lk,uk)d:ck
R

Information state: mi(z) = p(xi|lk, uk).
It denotes the filtered density of the state.

Tk+1 — T(ﬂ-ka Ye+1, uk)

= Ji Po(Yk+1|2)pow (2]C, ur)m (C)dS
Jr Jr Po(Wrt1]2)pw (2], ur)mx (¢)dC

Th41()
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4 DP Solution of Partially
Observed Control

Summary: Equivalent fully observed problem is:

Info state: w41 = T (Tk, Yrt1, Uk)

Cost:J = E { z_: Cr (g, ug) + CN(WN)}

k=0

where ¢ (g, ur) :/ cr(x, ug)mr (x)dz
R

Dynamic Programming yields: Jy(m) = én(7),

Jk(ﬂ') — min [Ek(w,uk) —+ E{Jk+1(ﬂk+1)|ﬂ'k = W,uk}]
Uk

= min {E(mg,uk) —I—/ Jk—|—1<T(7Tk7uk7yk—|—1>>
R

Uk

P(Yr+1|mh = 7, ur ) dYr+1]

Optimal policy u} = puj(mg), 7 = {,u{’j, e ,ui;\,_l}
In the above DP equation,

P (Yo e 1r) = / Pt |20 )P [T, ) s
R

=//pv(yk+1|$k+1)pw($k+1|$kaUk:)Wk(xk)divkﬂdwk
R JR
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Remarks:

1: For a finite dimensional controller we need:
(i) A finite dimensional filter for m;(x) (finite
dimensional sufficient statistic).

(ii) Explicit solution to DP

Only 2 cases are known to have finite dimensional

controllers:
LQG: Kalman Filter + LQ controller
HMM: HMM Filter + finite dimensional soln to DP.

2: Information state for HMM is continuous valued.
Sondik (1973) developed a finite dimensional HMM
controller. See Lovejoy for state-of-the-art HMM

control algorithms.

3: In general stochastic control, one needs stability
for the expectations to exist. This is difficult to prove.

A more rigorous derivation of above DP equation is
via a change of measure, see Elliott’s book.

4: In continuous time, similar philosophy is used:
(i) Cost function is written as fully observed cost
function in terms of information state.

(ii) Information state evolves according to Zakai eqn.
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9 HMM Control Problem (POMDP)

Information state: For j =1,...,85

Trt1(J) = Zivlﬁk(i)P”(uwb'(ka)
) S S (6 Py (i )by ()

In matrix vector notation this reads

B(yr41) P’ (ur)
1" B(yr41) P (ur)mk

Tk+1 =

Cost is: J=E [ Ek(wk,uk) —+ EN(ﬂ'N)
0

where ¢ (7, ur) = cr (i, ug )y (3
1=1

DP yields: Ji ()

— mm [Ck(ﬂ'k uk + Z Jk+1 T<7Tk7uk7yk‘|—1>>

m=1

P(Yk+1 = Om|m, ug)]

i [Ck(%u%) . i:l s ( B(Om) P’ (uy) )

1’B(Om)P’(uk)7rk
1/B(Om)Pl(uk)7rk]
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Finite Dimensional HMM
Controller

Ji () is positively homogeneous, i.e. cJi(m) = Ji(c)
for any ¢ > 0. Therefore

Ji(m) = min | (me, k) + D, Jor (B(Om) A (up)mx)

m=1

Sondik showed by induction J} is piecewise linear and
concave:

Ji () = min [%iﬁk,%%ﬂ:, e mka]

ng

where 7, ...,v,* are S dimensional vectors and ny, is

a finite number for any finite k.

3(m)

u=1l u=2 u=1
O Information state T{1)
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Structure of HMM

Scheduler /Controller

Controlled HMM

Controller HMM Filter
Look—-up table

Remarks: (i) Solving POMDPS is PSPACE hard.
Number of vectors grow exponentially.

(ii) Lovejoy proposed an ingenious sub-optimal
approach.

(iii) In AT — numerous recent algorithms have been
proposed.
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6 LQG Control

Thyl = Apxr + Brug + wi, xg ~ N(O, S)
yr = Crxp + vy

N-1
J. =K {SUEV QNN + Z u;{;Rkuk + ZU;CQkZUk}
k=0
Assumptions: Qi > 0 and R > 0, wy, v white

Result: J; is quadratic in .
Je(x) = 2, Kpap +s, k=N-—1,...,0

where K, satisfies same backward Riccati as LQ) case.

Optimal control law is uj, = Lgxy;, where
Ly, = — (ByKyt1By, + Ry,) ' BpKjp1 Ay

Finally xy, and Xy, are given by Kalman filter.
Separation Principle holds

Remarks on Optimal cost Jy(zg):
1. Indpt of Ry and C}.

2. Also K and Ly are indpt of R and C} (certainty
equivalence), see [AMS&9]
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‘ Discussion '

1. Key idea: Reformulate partially observed problem

as a fully observed problem in the information state.
2. LQG and HMM have finite dimensional controllers

3. For general stochastic control, solve DP recursion
numerically.

(i) Discretize the state space xy.

(ii) Discretize the observations yy.

(iii) Discretize the information state my

Then we have a finite dimensional DP approximation.

Note in HMM case (i), (ii) already hold.
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7 Sensor Scheduling Problem

7.1 General Problem

Given the system and measurement equation:
Tor1 = fo(Te,up,wy), k=0,1,...,N
yk = hy(zx, up’, vg)
Cost function:
J = 1(ug")

N—1
+E{)  I(an,up,uphs) + In(zn, uly) + d(an 1)
k=0

Aim: Find controls ul (Yx), ud! (V%) to min J.

Discussion Above problem is a joint

scheduling/control problem. The choice of sensor u}/,

affects the control ukp and hence the state xy.
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Example: Sensor Scheduling
Estimation Problem

Tr1 = f(Tk, wi)
M mnoisy sensors y,(:) = h(zg,i) +ve, 1=1,2,..., M

Aim: Optimally pick one sensor at each time to

minimize cost function.

Let ufcw = {e1,...,en} where e; is unit vector with 1

in ¢-th position.

Equivalent observation

Zuk ezyk —h(xk,ufy,vk)

Remarks:

1. BEasily generalized to picking L. < M sensors.

2. Note vg(u!) = ZMl u],y/ezvli) is white. Obtained
by pasting sample paths if white noise processes

1 2 M
’Ul(c) ’UI(C),.. ful(C ).
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‘ Example (cont) I

Timing: Assume

Ik — {U{W’ .- '7u]]gw:y1(u{w)7 .- 7yk(u]kw)}

Scheduling sequence: p = {u1,...,un}
Estimator sequence € = {€1,...,en}

. Scheduling: Based on [, generate

Ug+1 = fi+1(Lg)-
. Observation: yj1(ugi1)

. Estimation: Using yi.1(ugr1) generate state
estimate ex11 = €xpa1(Lra1).

Cost:

N-—-1

Jp,e =E {Z(m —ei(Ik))”* + Z_: Ck (ks Mk+1([k))}

k=1 k=0

Note: Problem considerably simplified since no u}, .

Choice of estimator ¢, does not affect future ;. of
system. Hence estimator optimization can be

independently done at each time.
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Soln to Sensor Scheduling
Problem

Define uy, = [uy, upl ;).
Information state: mp = p(ap|Ye, Ur_1, ud?)

Updated as before: w1 1(x) = T (mr(x), Yga1, ug)

Fully observed problem in info state

N-1
J=ud)+E { Z L (7, ug) + (I)(ﬂ-n:u]]if)}

k=1

Lk(ﬂkauk):/ le(@h, up, , upy 1 ) Tr (k) doy
R

S(mn,ufy) = [ {wCowau)+ [ ol (on. ki wy)
R R
'p(’wN)d’wN}’ﬂ'N(CCN)dCCN
DP yields

IN (7)) = min O(mn, N)

J(mr) = mu}cn L (7, ug)

+ Eopor AVt T(Ths Ykt1,5 Uk)]}]
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7.2 LQG Sensor Scheduling

Tht1 = Arxr + Bkufj + W
Y = Ck(ufﬁw)ack + vy,
Cost
N
/
- {z Qs+l Bl + zm%}
k=0

Solution: If U,fuw were specified, then uf = —Lk:%k|k

where Ly = — (B, K4 1By, + Ri,) ' Bl Ky 1 A

Recall gain L; and backward Ricatti K are indept of
Y, and Ck. Thus they are independent of u!.

Thus, ukp can can be determined separately from ufy :

Choice of u}! only affects Kalman covariance and 137 .

ufy is determined from a nonlinear deterministic

control problem (Kalman Ricatti eqn is state). (see
IMPD67] for details).

Hence triple separation principle.




POMDPs: (© Vikram Krishnamurthy 2013 21

‘ Summary I

e Note in LQG sensor scheduling, sensor schedule
is indpt of observations. Hence past decisions do
not affect future decisions on which sensor to

pick.

In all other scheduling problems, e.g. HMM
sensor scheduling past decisions affect future

ones.

For risk sensitive LQG scheduling, no triple
separation [LK98].
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‘ Recent Practical Examples I

1. Markov Decision Processes:

. Optimal Search theory for sequential paging in
cellular networks. [RM97]

. Admission control in Broadband networks [Ros95]

. Multi-arm bandit problem for optimal scheduling

in multiclass priority queueing systems, Klimov’s
problem, etc |BN96]

2. LQG Control: See [AM89] - resonance suppression

in aircraft

3. HMM control (POMDPs): Autonomous robot
navigation [SK95], Optimal sensor maneuvering for

bearings only tracking.
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‘ Concluding Remarks I

We covered 3 broad philosophies:

1. Recursive Bayesian State Estimation of stochastic
dynamical systems: Optimal Filtering e.g. HMMs,
KF and suboptimal approximations such as particle
filters.

2. Parameter Estimation: maximum likelihood and

adaptive filtering
3. Stochastic Optimization: Stochastic Dynamic
programming.

The methodologies of optimal filtering, adaptive
filtering and SDP and their analysis form a major

part of the areas of statistical signal processing,

wireless communication networks (admission control,

power control, etc).

The interplay of stochastic processes, sequential
decision making in solving discrete optimization
problems is a fascinating area. Problems such as

multiarmed bandits fall in this category.
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POMDP Stopping Time
Problems

Action space U = {1 (stop ),2 (continue) }.

If ux, = 1, then problem terminates with cost c(x,1).
If up = 2, then accrue cost of ¢(x,2) and xp ~ P.
Partially observed state p(y|xx).

Aim: Detect state x = 1 with minimum cost.

T—1

Hl/}ﬂ JM — EM{Z C('xlﬁ uk) =+ C(CCT, U’T)}
k=0

T =inf{k: 2 =1}
Dynamic Programming:

V() = min{c\ 7, chm + Y V(T(m,y,2))o(r,y,2)}

p*(m) = argmin{cim, chym + Yy V(T(m,y,2))o(m,y,2)}
y

Aim: Characterize stopping set & = {7 : u*(7w) = 1}.

Theorem 1: [Lovejoy 1987]: S is convex subset of II.
p*(m) is MLR increasing in 7 under foll. conditions:
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(A1) c(i,u) | 1.

(A2) P and By, = P(y|z) are TP2.

(A3) c(2,u) is submodular.

Monotone likelihood ratio (MLR) order: p >, q
if 1.

Result: (i) p >, ¢ = p >5q.
(ii) >, is Closed under conditioning, i.e.,
X >V — BE{X|Z) >, E{Y|Z}.

Proof: Under (Al), (A2), Q(m,u) and V() | m with
respect to MLR order.

Q(m,2)—Q(m, 1) = (ch—c} sz (m,y,2))o(m, y,2)




