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SUPPLEMENTARY MATERIAL FOR SF2736, DISCRETE MATHEMATICS:

The Chinese remainder theorem

We know that for all m € Z, and all a € Z, all integers = that satisfy
r=a (modm)

are given by x = a + tm, for t € Z. That is immediate from the definition of
congruence mod m: m | (x — a) < x — a = tm for some t € Z.

But suppose we have several such congruences and we want to find every x
that satisfies all of them. That is, we want all solutions = of the following
system of congruences:

r=a; (mod my)
r=ay (mod my) )
x=ar (mod my),

where k, mq, ..., my € Z, and aq,...,ax € Z. In the simplest case, when the
modules m; are pairwise coprime, the Chinese remainder theorem (Sw.
Kinesiska restsatsen) states that (for every k € Z, and) for every choice of
integers aq, as, ..., a; there are solutions to the system and also how different
solutions are related to each other.

The natural mapping Z — (Zpm, X Zpm, X «o o X L)

Let Zipy X Zipy X . . . X Ly, denote the set of all k-tuples (by, b, . .., by), where
b € Zy,,, fori=1,... k. We define the function

F:Z— (Zyy X Lipy X ... X Lyy,)

by
F(ZL‘) = ([x]mm [x]WQ’ KR [‘r]mk)

where [x],, = {y € Z | y = x (mod m;)}, i.e. [x]n, is "z considered as an

element of Z,,,”.
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Example. Taking x = 718, m; = 5, my = 6, m3 = 7, we find
F(718) = ([718]57 [718]6a [718]7) = ([3]57 [4]67 [4]7)7 usuany written (37 4a 4)

Recalling that [x],,, = [a]m, iff © = a; (mod m;), we see that x € Z satisfies
(%) iff
F(l‘) = ([al]mu [a2]7m7 R [&k]mk)

Furthermore
F(z)=F(y) & [t]m;, = [ym, fori=1,... k&
sSr=y (modmy) fori=1,....kom;|(x—y)fori=1,... .k &
< lem(my, ... ,my) | (x —y),
so if x satisfies (x), y does so iff ¢ = y (mod lem(mg,...,my)).

Now we assume that the modules m; are pairwise coprime and introduce
m = mj-mg-...-Myg. Then lem(my,...,my) =m, so

F(x)=F(y) & m| (v —y) & [2]m = [Y]m-

That means that F' defines a function
[l = Loy X Lipy X oo X L) by f([x]) = F(2).

< above shows that different y € [z],, have equal F(y), so f is well-defined.
=, on the other hand, shows that f([z]n) = f([ylm) = [Z]m = [Y|m, so f is
one-to-one (an injection). Since |Z,,| =m =my ... - my = |Lp, X ... X Ly, |
and f takes different elements in Z,, to different elements in Z,,, X ... X Z,,,,
every element in Z,,, X ... X Z,,, is taken, so f is one-to-one and onto (a
bijection).

Example. Taking m; = 3, mo = 5 (which are coprime), making m = 15, we find

[Jis, [s, [s
f(0) =(0,0), f(5)=(2,0), [f(10)=(1,0)
f()=(1,1), f(6)=(0,1), f(11)=(2,1)
f(2)=1(2,2), f(7)=(L2), f(12) =(0,2)
f(3)=1(0,3), f(8)=1(23), f(13)=(1,3)
f(4)=(1,4), f(9)=1(0,4), f(14) =(2,4)

and we can verify that every element in Zs x Zs appears exactly once as a value.

An isomorphism (Zy,, +,°) & (L, X « oo X Ly +5*)

Defining addition and multiplication componentwise in Z,,, X ... X Z,, , i.e.
(s o [lmg) + (Wl -5 W) = (@lmy + Yl - [y + [yl

([x]ml’ AR [I]mk) ’ ([y]m17 ) [y]mk) = ([x]ml ) [y]ml’ T [I]mk ) [y]mk)7
(note that + and - on the left hand sides are defined here, whereas + and - on the right hand sides
are in the different Z,,,) and recalling that [x], + [y], = [z + y]n, [Z]n - [Y]ln = [2 - Y]n
(by the definition of + and - in Z,), we find for z,y € Z,,:

@)+ fly) = fx+y) and f(z)- f(y) = f(z-y).

(+ and - on the left are as defined above and + and - on the right are in Z,.)
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This means that f is an isomorphism (Sw. isomorfi) (a structure-preserving
bijection) between (Z,, +, ) and (Zy,, X ... X Zp,,+,-), denoted

(Zs +5°) = (Ziny X oo X Lippyy +5+)-
We have shown the

Theorem:
If k, mq,..., my € Zy, ged(m;,m;) = 1if i # j, and m = my - ... - my, then
the natural mapping f : Z,, = Zy,, X ... X Zy,, defines an isomorphism

(Zny +, ) = Ly X .. X Loy, +, )

This isomorphism can be used to simplify calculations in Z,,.

For example, to calculate z-y one can find f(x) and f(y), calculate f(z)-f(y) =
f(z - y) (using simpler calculation in the Z,,,, possibly in parallel) and then
”go back” (since f is one-to-one) to find x - y in Z,,.

Since f is one-to-one and f(1) = ([1}my, - -, [1]m,) We also see that

x € Ly, is invertible < thereisay € Z,, withx-y=1<%
& thereis a y € Z,, with f(z)- f(y) = f(1) &

& thereis a y € Z,, with []m, - [Y]m; = [1m, fori=1,... .k &
& [2]m, 1s invertible for i =1,... K,
SO & € Zy, is invertible (in Z) iff [x],,, is invertible (in Z.,) for i = 1,...,k and
then f(z7!) = ([a:];lll, . [x];li)

Example. Again taking m; = 3, my = 5 and m = 15, we can calculate 9 - 13
in Z15 like this:

By the table above, f(9) = (0,4), f(13) = (1,3),s0 f(9-13) = f(9) - f(13) =
(0-1,4-3) = (0,2) = f(12) (the last '=" by the table). Since f is one-to-one this
implies that 913 = 12 in Z;5.

In the same way we find f(9+13) = (0,4)+(1,3) = (1,2) = f(7),s09+13 =7
in Z15.

Also f(12) = (0,2) shows that 12 is not invertible in Zj5 (since 0 is not invertible
in Z3) and f(lS) = (1, 3) shows that 13 is invertible in Zi5 (since [1]3 and [3]5 are
invertible) and f(1371) = (171,371) = (1,2) = f(7) gives 1371 = 7.

When calculating with very large numbers (in Z), especially when many ad-
ditions and multiplications must be carried out after each other, the method
described here can be used to speed up the calculations (fast arithmetic).
Then one would use m; of a reasonable size and a fairly large k to give a very
big m. The calculations can then be carried out in parallel in each Z,,, and if
we can estimate that the result is in some interval of length m, the value in Z
is determined by the result (which is in Z,,).

For this to be useful in practice, we must be able to compute values of f and
/! (ie. find a value of z with given ([x],,, . .., [¥]m,)) reasonably fast. In the
example we looked up the values in the table, but that is of course not possible
when m is huge. f is found by division with (the not very big) m;, which is
fast, and for f~! we shall find an efficient method in the next section.



Back to the Chinese remainder theorem

The existence of the bijection f : Z,, = (Zp, X ... X Ly, ) expressed in
terms of solutions to the system of congruences (x) we started out with gives

The Chinese remainder theorem:
If b, my,..., my € Zy, ged(mi,m;) = 1if @ # j, m = mqy - ... - my, and
ai,...,a € Z, then the system of congruences

r=a; (mod my)

r=ay (mod my)

r=ar (mod myg),

has a solution, which is unique modulo m =mq - ... -my
(i.e. if x is a solution, all solutions are the x +t-m, t € Z).

It remains to find a simple way to obtain one solution x € Z of (x), given the
m; and the a;, i.e. to find x with F(z) = (ai,...,ax).
We present two methods:
1. Using the linearity of F':
Suppose we have integers y;, © = 1, ..., k satisfying
1 i k

F(y;)) =(0,...,0,1,0,...,0), with the only 1 in position 7. Then

Flawyy + ...+ apyr) = Flayyr) + ... + Flarye) = ([@1)mys - - -5 [ak]my )5

soxr =a1yy + ...+ apyg is a solution to (*) (and all solutions are the integers
y =z (mod m)).

So, if we have such y;, we can find the solutions of (%) very efficiently. In
particular, if we want to solve many systems (*) with different a;, it is enough
to compute the y; once (since they don’t depend on the a;). They can then be
stored once and for all, to be used whenever we need them.

To find the y;, remember that they satisfy (x) with a; = 1, a; = 0 for j # i.
If we let M; = TL=my ... g ... My, then M; - b; will be an acceptable
y; if M;-b; = 1 (mod m;) and since ged(M;, m;) = 1 there are such b; for
1=1,...,k.

Example. In a previous example we used m; = 5, my = 6, mg = 7 (pair-
wise coprime), SO0 m = 5 -6 -7 = 210, and found F(718) = (3,4,4). That
means for 719 = 89 € Zyy that f(89) = (4,5,5) and we see that f(897') =
(471,571 571 = (4,5,3) € Zs x Zg X Z7. (718 is not invertible in Zy;q since 4
is not invertible in Z).

To find 897!, we calculate (one possible choice of) Y1, ¥2, ¥3 in this case:

yp =6-7-by =420 =5 1 & 2b; =5 1 and we can take by = 3, so y; = 126.
(Here we found b; ”by inspection”, but in a realistic case one would use the Euclidean algorithm
to find by = M "' € Z,.)

Yo =25-T-by =3bby =5 1 & —by =¢ 1, we take by = —1, so yo = —35.

ys =5-6-b3 = 3003 =7 1 & 203 =7 1, we take b3 = 4, so y3 = 30 - 4 = 120.
Since f(8971) = (4,5, 3) we find

8971 = dy; + bys + 3yz = 4 - 126 + 5(—35) + 3 - 120 = 689 =210 59 (in Z210).
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The method used in the example to compute 897! € Zsyg is probably slower
than the direct method using the Euclidean algorithm, but it illustrates the
method to compute f~!. For a single example it is often faster to use a direct
method:

2. Solving the congruences one by one:
We take the same example as above and want to solve

r=4 (mod 5)
x=5 (mod 6) (%)
x=3 (mod 7).

The first equation is satisfied iff x = 4 + 5s for some s € Z.
These x also satisfy the second equation iff

44+55=¢b< —s=¢1< s=—1+4 6t for some t € Z,

ie. iff t =4 +5(—1+6t) = —1 + 30t for some t € Z.
x satisfies all three equations iff

—14+30t=32A=4dt=2t=2+Tnfor somen €Z

(using gcd(2,7) = 1 in the next to last step).

So, all three congruences are satisfied iff = —1 + 30t = =1+ 30(2 + Tn) =
59 + 210n for some n € Z.

This means that [89]5.5 = [59]210, as with method 1.

Exercises

1. Find all z € Z such that

x =2 (mod 3)
x =3 (mod b)
x =5 (mod 7).

Use both the methods presented in the text.
Also find all y € Z such that for all solutions z, x-y = 1 (mod 3), (mod 5) and
(mod 7).

2. Find all integers x with 0 < z < 3000 such that

r =8 (mod 11)
x =17 (mod 12)
x =5 (mod 13).

3. Let f: Zs15 — (Zs X Z7 X Zg) be as in the text.

a. Find f(3) and f(43).

b. Find f~1((1,0,0)), f~1((0,1,0)) and f~1((0,0,1)).

c. Use f and f~! to calculate (186 + 212) - 887! + 167 in Zs;s.
4. Find all z € Z such that

x =2 (mod 4)

x =3 (mod 5)

x =5 (mod 6).



Answers

1. 2 =684 105m, m € Z and y = 17 + 105n, n € Z.
2. ¢ =811, 2527.

3a. (3,3,3) and (3,1,7), b. 126, 225 and 280, c. 193.

4. There are no such z.



