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Motivation

A i URB
Motivation

Let B denote the set of analytic functions from the unit disc D to D.

Given {z1,...,zy} C D, for which {wy, ..., wy} the interpolation
f(zn) — Wn? n= 17 27 et n? (1)

has a solution f € B?

Theorem Pick'17
There exists f € B satisfying (1) if and only if the quadratic form

n

Qn(tr, - ta) = Y

Jk=1

1—ww, _
Ll e
1-— ZjZk
is nonnegative, @, > 0. When Q, > 0 there is a Blaschke product of
degree at most n which solves (1).
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Motivation

H* = bounded analytic functions in D

{z,} is an interpolating sequence for H* if for any sequence {w,} € £,
the interpolation problem

f(zn) =wn, n=12..

has a solution f € H*°.

Theorem [Carleson'58]
The following conditions are equivalent
(a) {zn} is an interpolating sequence for H>

(b) i;f B(zn,zm) > 0 and p = > (1 — |z,|)d, is a Carleson measure.
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Motivation

Let H be a Hilbert space of functions, and let
< f,g > be the associated inner product, for f, g € H.

Claim
If the point evaluation functional

T,: H — C
f — f(2)

is bounded, then there exists a unique function k, € H with
<f,k,>=f(z) VfeH

called reproducing kernel, and it satisfies || .|| = | k.|| 4-
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Motivation

A sequence of unimodular functions {u,} C H is an Interpolating
Sequence (IS) if the operator

A sequence of points {z,} is an Interpolating Sequence for H if { ”l;z"”} is
an Interpolating Sequence. le,

H — /2 _
f(zn) IS onto.
fo— {_nann }

V {w,} C I?, there exists f € H such that Fz) — y n=1,2,...
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Motivation

Let D be the Dirichlet space of analytic functions f with

/ If'(2)|?dA(z) < oo
D

A sequence {z,} C D is an Interpolating Sequence for D if for any

{w,} C I? there exists f € D with =w,, forn=1,2,..

Theorem (Marshall-Sundberg’'90s)
{z,} C D is an interpolating sequence for D if and only if
° i;f B(zn, zm) > CB(0, z,), for n,m=1,2, ...

° > méz" is a Carleson Measure for D.
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The spaces Bp(s)

The spaces B,(s) )L

B,(s) = Analytic functions on D with
1915, = 1F0) + [ |70~ 2P ~2+<dA(z) < o0

forl<p<ooand0<s<1.

p=2,s=0 corresponds to the Dirichlet space D.
p#2,s=0 corresponds to the Besov space B,.

v,

1- What is an interpolating sequence for B,(s)?

2- How we can characterize these sequences?
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The spaces By (s)

A positive measure ;o on D is a Carleson measure for Bp(s) if

[ 1P dutz) < CIfl
D P

whenever f is in By(s).

A Geometric Description of Carleson measures for B,(s) was given by
[Arcozzi, Rochberg and Sawyer,02] and [Stegenga, 80).

M(By(s)) = {f such that fg € B,(s) whenever g € B,(s)}

f e H>

f € M(By(s)) if and only if{ 1F(2)|P(1 — |z[2)P~2+*dA(z) is a CM for B,(s)
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The spaces Bp(s)

The point evaluation functional T, : B,(s) — C yields a bounded
f — f(2)
linear functional at each point z € D with norm

1

| T2 =~ 5(072)(’)71)/" fors =0
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Main result

Main result

{z,} is an interpolating sequence for M(B,(s)) if the map

f — {f(zn)} transforms the multipliers of B,(s) onto ¢*°
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Main result

The interpolating sequences for D were simultaneously characterized by
Marshall-Sundberg and Bishop.

Theorem [Bde, '02]
Let 1 < p < co. The following conditions are equivalent
(i) {zn} is an interpolating sequence for B,.
(i) ni;fnﬂ(z,,,zm) > Cf(zn,0) and 3 W(Lﬂ is a Carleson measure for Bj,.

(iii) {zn} is an interpolating sequence for M(B,).

Theorem [Cohn, '93]
Let 1 < p < 00, 0 < s. The following conditions are equivalent
(i) {zn} is an interpolating sequence for By(s).
(i) ,,iQ],cnﬂ(Z"’z’") > C and Y (1 — |z4]?)*d,, is a Carleson measure for By(s).
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Main result

Theorem [Arcozzi, B, Pau '07]
Let 1 < p < o0, 0 < s < 1. The following conditions are equivalent

(i) {zn} is an interpolating sequence for By(s).
(ii) 'jgfnﬂ(z,,,zm) > C and Y (1 — |z,]?)*d,, is a Carleson measure for B,(s).

(iii) {za} is an interpolating sequence for M(B,(s)).

o If s > 1 then M(By(s)) = H>
o lfs=17
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Proof of the main result

- unB
Proof of the main result

Interp. for M(B,(s)) = Separation + Carleson Measure

Separation is trivial

M(By(s)) C H*®

To show the Carleson Measure Condition

D |g(z)P(1 = |za?)* < Cligllfy oy for all g € By(s),
()

we use Khinchine's inequality and a Reproducing formula for B,(s).
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Proof of the main result

Separation + Carleson Measure = Interp. for M(B,(s))

Non analytic solution
Given {w,} € I°°, we can find ¢ such that

i) ©(z) = w, for z € Dp(zp, €)
i) p(z) =0 for ze D\ | Dp(zn,2¢)
i) duy = [Ve(2)|P(1 — |z|?)P~2T=dA(z) is a Carleson measure for Bp(s)

Observe that ¢(z,) = w, but is not analytic.
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Proof of the main result

Analytic solution

Consider f = ¢ — Bu where

i) B(z) is the Blaschke product with zeros {z,}
ii) u(z) is a solution of the d—problem

_ 1_
GU—E&,Q

We want a solution u such that f € M(Bp(s))

Now, f(z,) = w, and f € Hol(D).
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How to check that f € M(B,(s))?

Let L2 be the space of functions f € LP(T) such that

/277 /277 |f(eit) _ f(eig)lpdgdt .
0 0

|eit — ei€|2—s

Let 1 <p<oo,0<s<1, andlet fe H>®(D), then

f € M(By(s)) if and only if fir € M(LE).

So, it is enough to show that f = ¢ — Bu € M(L%)



Proof of the main result

Lemma

Let {z,} be a separated sequence in D such that > (1 — |z,|?)%d,, is a
Carleson measure for Bp(s), then B € M(LE), where B is the Blaschke
product with zeros {z,}.

Solution of the 0—problem

Theorem

Suppose that |g(z)|P(1 — |z|?)P~2*5dA(z) is a Carleson measure for By(s)
(and |g(2)|(1 —|z]) < C for 1 < p < 2). Then there is u defined on D
such that 5

u

i g(z) forall z €D,

and such that the boundary value function u belongs to M(L£)
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Open Problems

Open Problems

Problem 1

It is well known that the Dirichlet space D is conformally invariant. le, if
@ €Mobius map on D, then

/ (F 0 ) (2)2dA(z) = / 17(2) PdA(2).
D D

If {z,} is an IS for D then {7(z,)} is an IS for D?
NO.

Perhaps there is a conformally invariant interpolation problem for the
Dirichlet space yet to be studied.
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Open Problems

Idea
Observe that if f € D, then there exists a constant C > 0 such that

f(2) — f(w)| < CB(z,w)Y? for all z,w € D.

A sequence of points {z,} C D is an interpolating sequence for D if there
exists a constant C > 0 such that for any {w,} C C with

|Whn — W| < Cﬂ(z,,,zm)l/2 nm=12,..

then there exists a function f € D with f(z,) = w, for n=1,2, ....

In this case the conformally invariance is for free.
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Open Problems

Problem 2

Consider the space D, of analytic functions f such that

I£13, = 1£(0)[? +/ ['(2)Pp(2)dA(2) <
D

where p is a regular weight satisfying the Bekollé-Bonami condition

/ o(2)dAz) [ pH(2)dA(z) < Cm(S(a))2.
5(a) S(a)

Carleson measures for D, J

Geometric description due to Arcozzi, Rochberg and Sawyer'02.

Characterize the interpolating sequences for the Dirichlet type spaces D,. I
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Open Problems

Problem 3

A Hilbert space H has the Nevanlinna-Pick property when the matrix
(1= wpwp) < kg, kg >

being positive semi-definite is necessary and sufficient for the existence of
© € My satisfying ¢(z,) = wp, [l¢llm, < 1.

Let H be a Hilbert space of analytic functions with the Pick property, then
a sequence of points {z,} is an IS if and only if {z,} is H—separated and
>on ||kzn||ﬁ25zn is a Carleson measure for H.

Theorem (Boe'05)
Under some assumptions on H, the conjecture is true.
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