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Abstract. Logical frameworks are often equipped with an extensional
mechanism to define new symbols. The definitional mechanism is expected
to be conservative, i.e. it shall not introduce new theorems of the original
language. The theorem proving framework Isabelle implements a variant
of higher-order logic where constants may be ad-hoc overloaded, allowing
a constant to have different definitions for non-overlapping types. In this
paper we prove soundness and completeness for the logic of Isabelle/HOL
with general (Henkin-style) semantics, and we prove model-theoretic and
proof-theoretic conservativity for theories of definitions.

1 Introduction

With the help of theorem provers such as HOL4 [14] and Isabelle [13], users
formalise mathematical reasoning to create machine-checkable proofs. For con-
venience and abstraction, these systems allow the user to define new types and
constants. Definitions extend the theory that is underlying a formalisation with
additional axioms, but they are expected to be proof-theoretically conservative
(and Wenzel [16] adds further requirements). Informally, any formula that is
derivable from the extended theory but expressible prior to the definition should
be derivable also from the original theory. As a special case, extension by defini-
tions shall preserve consistency; any extension by a definition shall not enable
the derivation of a contradiction. Design flaws in definitional mechanisms have
repeatedly led to inconsistencies in theorem provers [16/12].

In this paper we establish proof-theoretic conservativity for higher-order
logic (HOL) with ad-hoc overloading, meaning that constant symbols may have
different definitions for non-overlapping types. Proof-theoretic conservativity is
not obvious in this setting [I2]: type and constant definitions may depend on one
another, and type definitions cannot be unfolded in the same way as constant
definitions. Moreover, type and constant symbols may be declared and used, e.g.
to define other symbols, before a definition for them is given.

In this setting the notion of proof-theoretic conservativity as informally
described above does not hold. Consider a theory extension that defines a
previously declared constant symbol: the equational axiom that is introduced by
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the definition is expressible, but in general not derivable prior to the definition.
Therefore, we consider a notion of proof-theoretic conservativity that separates
signature extensions (declarations) from theory extensions (definitions). We prove
that any formula that is derivable from a definitional extension but independent
of the newly defined symbol is also derivable prior to the extension.

Our results are particularly relevant to the foundations of Isabelle/HOL [13],
which is an implementation of the logic and definitional mechanisms considered
in this paper. As a practical consequence, proof-theoretic conservativity allows
independence to be used as a syntactic criterion for deciding [8] whether a
definition may be ignored when searching for the proof of a formula.

We establish proof-theoretic conservativity via several intermediate results
that are of interest in their own right. Proof-theoretic conservativity has a
semantic counterpart, model-theoretic conservativity. It is known [6J5] that HOL
with ad-hoc overloading satisfies model-theoretic conservativity w.r.t. lazy ground
semantics, that is a semantics that defines interpretations only for ground (i.e.
type-variable free) symbols and for which semantic entailment is quantified
over term variable valuations parametrised by ground type instantiation. In
this paper, we generalise the model-theoretic conservativity result to a general
(Henkin-style) [7] version of the lazy ground semantics. Subsequently, we prove
the HOL deductive system sound and complete for general semantics. Soundness
and completeness imply that provability and semantic validity coincide; thus we
obtain proof-theoretic conservativity from model-theoretic conservativity.

Proof-theoretic conservativity of HOL with ad-hoc overloading has been
studied before, notably by Kunc¢ar and Popescu [9], who showed proof-theoretic
conservativity of definitional theories relative to a fixed minimal theory, called
initial HOL. Our result is stronger: we show proof-theoretic conservativity of
definitional extensions relative to an arbitrary definitional theory. From this, we
can immediately recover Kuncar and Popescu’s result by noting that initial HOL
is definitional; but our conservativity result also applies to formulae that do not
belong to the language of initial HOL.

Contributions. We make the following contributions:

— We define a Henkin-style [7] generalisation of the lazy ground semantics [I]
for HOL by relaxing the interpretation of function types to subsets of the
set-theoretic function space (Section [4).

— We show model-theoretic conservativity for HOL with ad-hoc overloading
w.r.t. general semantics (Section by adapting an earlier proof of model-
theoretic conservativity for lazy ground semantics [6l5].

— We prove soundness (Section and completeness (Section of the HOL
deductive system for general semantics. The former is proved by induction over
derivations, the latter by adapting ideas from Henkin’s original completeness
proof for the theory of types [7].

— From model-theoretic conservativity, soundness and completeness we derive
a proof-theoretic conservativity result for HOL with ad-hoc overloading
(Section [5.4). This result generalises the conservativity result of Kun¢ar and
Popescu [9].
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2 Related Work

We briefly review related work on meta-theoretical properties of higher-order logic
for both standard and Henkin semantics, and discuss the different approaches
to consistency and conservativity of HOL with ad-hoc overloading. Finally, we
outline how our own work connects to these results.

Higher-order logic and standard semantics. HOL extends the simple theory of
types introduced by Church [4] with rank-1 polymorphism. The logic is im-
plemented, e.g. in HOL4 [14] and Isabelle/HOL [I3], with slightly different
definitional mechanisms. In Isabelle/HOL, ad-hoc overloading is a feature of the
logic; in HOL4, it is supported through extensions of parsing and pretty-printing.

Pitts [I5] § 15.4] introduces standard models for HOL (without ad-hoc over-
loading). These are set-theoretic models of theories whose signature contains
the constants =pool—sbool—sbool; =a—sa—sbool ANd SOME(4_spooly—sa that are inter-
preted as logical implication, equality and Hilbert-choice, respectively. Types are
inhabited, i.e. their interpretation is a non-empty set, and function types are
interpreted by the corresponding set-theoretic function space.

This semantics and its properties in interplay with the deductive system are
discussed in detail in the HOL4 documentation. For standard semantics HOL is
sound [I4} § 2.3.2] but incomplete, as by Godel’s incompleteness theorem there
are unprovable sequents that hold in all standard models.

Henkin semantics. Despite its incompleteness for standard semantics, HOL is
complete for Henkin semantics [7], which relaxes the notion of a model and allows
function types to be interpreted by proper subsets of the corresponding function
space. For this semantics Andrews [2] proves completeness of a monomorphic
logic Qy whose built-in symbols are expressed in terms of equality. Andrews
approaches the completeness proof as follows.

Each (syntactically) consistent theory is contained in a mazimal consistent set
of formulae, i.e. adding any other formula to the set would render it inconsistent.
For maximal consistent theories one can construct a model by defining a term’s
interpretation as the equivalence class of provably equal terms. Hence, every
consistent theory has a model (as there is a model of a maximal consistent
superset of that theory). Completeness follows by contraposition.

Both Andrews and Henkin discuss completeness of variants of the simple
theory of types. Their results transfer to HOL with Henkin-style semantics.

HOL with ad-hoc overloading. Wenzel [16] considers proof-theoretic conservativity
“a minimum requirement for wellbehaved extension mechanisms.” He introduces
the stronger notion of meta-safety, which additionally requires that new constants
are syntactically realisable, i.e. they can be replaced with a term in the language
of the original theory while preserving provability.

Kundar and Popescu [9] extend meta-safety to type definitions and show
meta-safety of definitional theories over initial HOL, the theory of Booleans with
Hilbert-choice and the axiom of infinity. Their result is achieved by unfolding
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constant definitions and removing type definitions via a relativisation predicate
over the corresponding host type. It follows that any definitional theory is a
proof-theoretically conservative extension of initial HOL, and (as a special case)
that any definitional theory is consistent. This result regards definitional theories
as monolithic extensions of initial HOL, despite the incremental nature of theory
extension by iterated application of definitional mechanisms.

The same authors prove definitional theories consistent by a semantic argu-
ment [12], introducing a so-called ground semantics for HOL, where validity of
formulae is quantified over ground type instantiations. Hence ground semantics
only ever interprets type-variable free terms. Given a definitional theory, Kuncar
and Popescu construct a model for ground semantics by recursion over a well-
founded dependency relation that relates each definiendum (i.e. each left-hand
side of a definition) to any symbol occurring in the definiens. Aman Pohjola
and Gengelbach [I] mechanise this model construction in HOL4 and correct
fixable mistakes, leading to a larger dependency relation and a term semantics
that applies type substitutions lazily, i.e. at the latest possible moment when
interpreting a term.

In earlier work [6], we show model-theoretic conservativity of HOL with ad-hoc
overloading by refining Kuncar and Popescu’s monolithic model construction
(which builds a model from the ground up) to instead extend a given model of
a definitional theory. Gengelbach et al. [5], again using lazy ground semantics,
mechanise this result in HOL4.

Connection to our work. This paper combines some of the mentioned related
work in new ways. First, we generalise lazy ground semantics in the sense of
Henkin, relaxing the interpretation of function types. The deductive system of
HOL is sound and complete with respect to general (Henkin-style) lazy ground
semantics. For the proof of completeness, we adapt ideas from Henkin’s and
Andrews’s completeness proofs to account for polymorphism. Second, re-using
and extending our earlier proof of model-theoretic conservativity, we strengthen
this result to general (Henkin-style) lazy ground semantics. Third, we combine
soundness, completeness, and model-theoretic conservativity to obtain proof-
theoretic conservativity of HOL with ad-hoc overloading relative to an arbitrary
definitional theory, thereby generalising the conservativity result of Kuncéar and
Popescu.

3 Background

We introduce the language of polymorphic higher-order logic (HOL) (Section ,
definitional theories (Section [3.2), and the deductive system (Section [3.3). Parts
of this section are adapted from our previous work [0, §2]. Our notation and
terminology largely agree with other [IIBIT2] related work.
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3.1 The Language of Polymorphic HOL

The syntax of polymorphic HOL is that of the simply-typed lambda calculus,
enriched with a first-order language of types. We fix two infinite sets TVar of type
variables, ranged over by «, 3, and Var of term wvariables, ranged over by x, y.

Signatures. A signature is a quadruple (K, arOf, Const, tpOf), where K and Const
are two countably infinite, disjoint sets. The elements of K are type constructors,
and those of Const are constants. Each type constructor has an associated arity,
given by the function arOf : K’ — N. Each constant has an associated type, given
by the function tpOf : Const — Type, where the set Type, ranged over by o, 7, is
defined inductively as the smallest set such that

— TVar C Type, and
— (01,...,0n)k € Type whenever k € K, arOf(k) = n and oy,...,0, € Type.

For technical reasons (cf. Lemma [2), we assume that Const contains infinitely
many constants a with tpOf(a) € TVar.

Built-in types and constants. For the remainder of this paper, we will assume
a fixed signature. Moreover, we assume that K contains the following built-in
type constructors: bool of arity 0, ind of arity 0, and — a right-associative type
constructor of arity 2. A type is built-in if its type constructor is.

We also assume that Const contains the following built-in constants:

— = of type bool — bool — bool, — zero of type ind,
— = of type @« — a — bool, — succ of type ind — ind.
— some of type (o — bool) — «,

Instances. A type substitution is a function p: TVar — Type that replaces type
variables by types. We extend type substitutions homomorphically to all types,
and denote the set of type substitutions by TSubst. For any p € TSubst and any
type o € Type, p(o) is a (type) instance of o, written p(o) < o.

The set of constant instances Clnst is a subset of the cartesian product
Const x Type that contains exactly those tuples (¢,o) € Clnst for which the
type o is a type instance of the type of ¢, namely o < tpOf(c). We use ¢,
as shorthand notation for the tuple (¢,0). A constant instance is built-in if
it is an instance of a built-in constant. For example, the constant instances
Zbool—sbool—sbool aNd =ind—sind—bool are built-in as both are instances of the built-in
constant =, which has the type tpOf(=) = @ — a — bool.

Terms. The terms of our language are given by the following grammar, where =
ranges over term variables, ¢ and 7 are types, and ¢, ranges over constant
instances:

it v= w2, | o | (esrth). | (Aoitr)oor

We may write ¢ for ¢, when there is no risk of ambiguity. We require all terms
to be well-typed, e.g. in t t’ the type of ¢’ equals the argument type of t. Equality
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of terms is considered modulo a-equivalence. The set of all terms is denoted
by Term.

A term is closed if it does not contain any free (term) variables. We extend tpOf
to terms by defining tpOf(t,) := o. Terms of type bool are called formulae.

For u € Term U Type, we write TV (u) for the set of type variables that occur
syntactically in u. We can apply a type substitution p to a term ¢, written p(t),
by applying p to all type variables that occur in t.

Non-built-ins. To obtain the immediate non-built-in sub-types of a type, we
define the following function -® on types:

a® = {a} bool® :=0) ind® ;=0 (0 1) :=0"UT*®
((61y...y0n)k)® :={(01,...,0,) k} for k & {bool, —,ind}

For instance, if K contains a unary type constructor list, (a list — bool)® =
{a list}. We overload -*® for terms, to collect non-built-in types of terms:

2ot i=0" c* =0 (st)®:=s*Ut® Ax.t)® =z Ut®

The non-built-in types of M C Type are those types for which -® is invariant, i.e.
M*:={zreM|z*={z}}.
The operator -° collects all non-built-in constant instances in a term:

2e° = = (st)°:=s°Ut° (A\x.t)°:=1¢°

oy R 0 if ¢ is built-in
Co
{c,} otherwise

Similar as defined for types, the non-built-in constant instances of M C Clnst are
those constant instances for which -° is invariant, i.e. M°:={x € M | z° = {z}}.

Ground symbols. A type is ground if it contains no type variables. The set of
ground types is denoted by GType. The type substitutions that map all type
variables to ground types are written GTSubst. A constant instance ¢, € Clnst is
ground if its type o is ground, and the set of ground constant instances is GClnst.

3.2 Definitional Theories

Definitional theories are theories that consist of definitions u = ¢, with the
constant instance or type u that is being defined on the left-hand side, and the
defining term ¢ on the right-hand side. Constant instances are defined by a term,
and types are defined by a predicate. In short we say symbol for a constant
instance or a type. Definitions of symbols can be of two kinds:

— A constant instance definition is of the form ¢, = t, where ¢, € Clnst®,
t € Term contains no free term variables, TV (¢) C TV(0), and ¢ & {rep, abs}.

— A type definition is of the form 7 = t; _,pool Where 7 = (a1, ..., Qaror(r))k €
Type®, a; € TVar (for 0 < ¢ < arOf(k)) distinct, ¢ € Term contains no free
term variables, and TV (t) C TV (o).
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We now define the semantics of constant and type definitions. A constant
instance definition equates the constant instance with the defining term. A
type definition asserts the existence of a bijection rep,_, . (with inverse abs,_,,)
between the type 7 and the subset of o that is given by the predicate ¢, provided
this subset is non-empty. As a technical detail, as opposed to existentially
quantifying over rep and abs in the resulting axiom [12], we assume that these
two constants are present in the signature (with type a — ), and reserve them
as not definable.

— A constant instance definition ¢, = t stands for the formula c, = t.
— A type definition 7 = t,_,pool stands for the formula

(Fzo.tx) = (Vao,.taz=rep,_, (abs,—r x) =)
A (Vyr. t (rep y)) A (Vyr. abs (rep y) =y)

The signature needs to contain all logic symbols from these axioms (Section [3.3)).
We impose two additional constraints [TIJI2] that ensure consistency of theories
of definitions: orthogonality of definitions, and termination of a certain relation.

Orthogonality. Two types o and T are orthogonal, written o # 7, if they have
no common instance, i.e. if for all p, p’ € TSubst p(c) # p'(7). Orthogonality
extends to constant instances, written ¢, # d, if ¢ # d or o # 7. Two definitions
u =t, v = s are orthogonal if they are either of different kinds or if u # v.

Dependency relation. Given a set of definitions D, the dependency relation for D,
written ~»p, is a binary relation on symbols. It tracks dependencies of defined
symbols on their definiens, and is defined by u ~»p v (for u,v € Clnst U Type) if:

l.u=t € Dandvet®* Ut or
2. u is a constant of type o and v € ¢°®, or
3. wis a type (a1, .., Qofk)) K and v € {aq,. .., aaorm) }-

We may simply write ~» when D is clear from the context.

Type-substitutive closure. When R is a binary relation on ClnstUType, we write R¥
for the type-substitutive closure of R, defined as the smallest relation such that, for
any (s,t) € R and any p € TSubst, (p(s), p(t)) € R*. Thus, the type-substitutive
closure extends R to its image under arbitrary type substitutions.

Definitional theories. A binary relation R is terminating (also converse well-
founded or Noetherian) if there exists no infinite sequence (a;);en such that
a; R a;4q for all i € N,

Finally, a theory D is definitional if it is a finite set of pairwise orthogonal
definitions for which the relation ~p* is terminating. As a result of [I/12], every
definitional theory has a (lazy ground semantics) model.
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3.3 The Deductive System

We follow Kunéar and Popescu [I0/II] in our description of the deductive system
for HOL. The system is motivated by and abstracts from the implementation of
higher-order logic in Isabelle.

We assume that the usual logical connectives and quantifiers are present in
the signature, and define the set Ax of axioms to contain the formulae in Fig.
We note that the formulae on the left-hand side of the figure can be regarded
as definitions of the logical connectives. For simplicity, we do not consider the
axioms mem_Collect _eq and Collect _mem _eq in this paper, which introduce
set-builder notation. The notation ¢ # ¢’ is shorthand for =(¢ = ¢'). We let ¢
range over formulae.

Inference rules of the deductive system, given in Fig. [2| have the shape

T\ InFor - T,y
T,

where T is the theory from which ¢ is derived by assuming the formulae in I" [14].
Hereinafter, we deliberately omit empty assumption lists.

True = ((AZbool- ) = (AZbool- T)) refl: xo =

YV = (APa—bool- (p = (Az. True))) subst: zo =y=Pax =Py

3= (Apa—sboo- V (Ag. (V (Az. pz = q)) = q)) iff: (p=q) = (¢=p) = (p=10q)

False = (V (APbool- Pbool)) True_or_False: (b = True) V (b = False)
- = (Ap. (p = False)) some_intro_ : Pa—sbool £ = p (some p)
AN=pqgV(r.(p=(¢g=>r1)) =r1)) suc_inj:succx =succy =z =y

V=MApqgVAr.(p=r)=(¢g=r7)=r7)) suc_not_zero: succ x 7 zero

Fig. 1. Axioms for Isabelle/HOL.

TOF o [¢ € AxUT] (Fact)

o (Beta) : FTF kax; - i 2 fwo ¢ I (Bxr)
T, T+ (Azo.t) s = t[s/z] T,y (ImPI)
T (Assum) T, I'\{pt o=
T, I'F e —
LhLeoyLhte gy T e T 0
1 UL

Fig. 2. Inference rules for Isabelle/HOL.
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4 General Semantics

In this section, we define a general (Henkin-style) semantics for HOL. Our
semantics generalises the lazy ground semantics of [I], by incorporating ideas of
Henkin [27]: in a general model, function types may be interpreted by a proper
(non-empty) subset of the corresponding function space.

Built-in closure. For a set of types T' C Type let CI(T') denote the built-in closure
of T, defined as the smallest set such that: T C CI(T'), bool,ind € CI(T), and
for any two types o, 7 € CI(T) the function type ¢ — 7 is in CI(T"). Thus, CI(T)
contains those types that can be constructed from T by repeated application of
built-in type constructors.

Fragments. A (signature) fragment F is a pair F' = (T, C) of types T C GType®
and constant instances C' C GClnst®, with the constraint that for each ¢, € C-:
o € CI(T). The types generated by the fragment are Typel” := CI(T), and its
terms Term® := {t € Term | t* C Type’,#°> C C} are those whose non-built-in
symbols are from the fragment. Term’ is closed under taking sub-terms. We call
the largest fragment (GType®, GClnst®) the total fragment.

Fragment pre-interpretations. We fix the set of Booleans B := {true, false}.
For a fragment F' = (T,C) an F-pre-interpretation is a pair of families Z =
(([o)setyper s ([¢o])e, ec’) that for all symbols o, 7 € Type! and ¢, € C satisfies

[0] #0, [bool]=B, [ind]= NE| [¢s] € [0], and [0 — 7] C [0] — [7]-

Valuations. A valuation for 7 is a function £, parameterised by a ground type
substitution p € GTSubst that assigns meaning to all variables whose type is
contained in the fragment, i.e. p(o) € Type” implies &,(x,) € [p(o)] for all term
variables z, € Var x Type.

General fragment interpretations. For an F-pre-interpretation Z and a valu-
ation &,, we define a partial function [-]¢, that extends 7 to terms ¢ with

p(t) € Term”:

[zo]e, = &p(20) lesle, == [cp(o)] for ¢ non-built-in

[s tle, :=[s]e, ([tle,)  [Azo-tr]e,: [p(o)] = [p(7)], 2 = [trle, 2z
Here, function update f(z — z) denotes the function that is equal to f except

for the argument x, for which its value is z. The built-in constants have a fixed
interpretation:

[= bool—bool—sbool J¢, is implication [zeroina]le, =0
[=o—o—sbool]e, is equality on [p(c)]  [sucCind—ind]e, is the successor function

[some (s —bool)—o )¢, is Hilbert-choice

! We use [ind] = N for simplicity but could allow any infinite set. [TIT2]
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In general, [-]¢, is partial because the interpretations of function types in Z
may not contain enough elements to interpret all terms. We say that Z is a general
F-interpretation if [-]¢, is total for every p € GTSubst and every valuation §,

for Z, and [t]e, € [tpOf(p(t))] for all ¢ with p(t) € Term”.

General models and validity. A general model is a general (GType®, GClnst®)-
interpretation, i.e. a general interpretation for the total fragment. A general
model is standard if [c — 7] = [0] — [7] for all o, 7 € GType.

A formula ¢ is valid in a general model M, written M = ¢, if for all ground
type substitutions p € GTSubst and all valuations &, it holds that [¢]¢, = true.
We write M = E if all formulae within a set F are valid in a general model M.

5 Results

In this section we derive model-theoretic conservativity, and prove soundness and
completeness for the deductive system w.r.t. general semantics. We finish the
section by transferring the semantic conservativity result to a syntactic one.

5.1 Model-theoretic Conservativity

We discuss how symbols in a definitional theory extended by a symbol definition
can be interpreted before and after the extension.

We write ~»+" for the reflexive-transitive type-substitutive closure of the
dependency relation.

For a set of symbols U, we recall the U-independent fragment Fy [6lJ5].
In [6] Fy was introduced for singleton sets U (corresponding to the definition of
a single symbol); this was generalised to arbitrary sets in [5].

Lemma 1. Let D be a definitional theory, and let U C Type® U Clnst®. We write
Vu for the pre-image of type instances of elements in U under the reflexive-
transitive, type-substitutive closure of the dependency relation ~>p, i.e.

Vu = {v € GType® UGClnst® | 3u € U, p € TSubst. v (~p*)" p(u)} .

Then Fy = (GType® \ Vi, GClnst® \ Vi) is a fragment, called the U-independent
fragment.

Model-theoretic conservativity as we prove it extends a model for possibly
several definitional updates, keeping the interpretations for all symbols that are
independent of the updates, i.e. all symbols that are in the independent fragment
where U are the updated symbols.

In the proof a part of a general model M of a definitional theory D is
expanded to a general model of a definitional extension D’ by well-founded
recursion over parts of the ~»+ relation. The part of the general model that is
extended corresponds to the fragment independent of the defined symbols from
D’ \ D. The earlier monolithic model construction [IJI2] obtains a model from



Proof-theoretic Conservative Extension of HOL with Ad-hoc Overloading 11

the ground up, by recursion over the entire ~+* relation. The incremental model
construction in [65] considers standard models and extension by a single definition
(although the latter can be generalised to any finite definitional extension).

We make use of a fragment of dependencies F..,,, which is defined as all
instances of elements in £ and their dependencies.

E., = {x € GType® UGClInst®|Ju € E, p € TSubst : p(u)wD“x}

Indeed, this is a fragment: for any ¢, € E.., we have o € Cl(TypeNE_, ), which
is simply by ¢, ~»p v for v € o® because o € Cl(c*®).

Theorem 1 (Model-theoretic conservativity). Let M be a general model
of a definitional theory D, and let D' O D be a definitional extension of D
(by possibly several definitions). Let U be the symbols defined in D'\ D, i.e.
U={u|3t.u=te D'\ D}. There exists a general model M’ of the extended
theory D' with the following property: the models M and M’ agree on the
interpretation of all types and terms in TypeFU U Term®™v .

Proof. Any dependency relation in this proof is w.r.t. D’. Let U be the set of
symbols defined in D'\ D and let Vy be defined as in Lemma |1, We define an
interpretation for the total fragment T = (GType®, GClnst®). For any ground
symbol w € T\ Viy we define [w] as the interpretation of w within the model M.
For all elements in V;; we define an interpretation by well-founded recursion over
~+twhich is the transitive closure of the type substitutive dependency relation.
From the definitional theory D’ we get a terminating dependency relation ~++ [1],
and we can define an interpretation [v] for any symbol v € Vy;, basing on [w]
for w such that v ~¥1 w, and their standard interpretation. Thus in each step
we define the interpretation for v from the interpretation of symbols E.. for
E = {w|v ~*t w} U Fy.

We say v € GSymb matches definition (s = r) € D' if v = p(s) is a type
instance of s for p € GTSubst. Due to orthogonality of D’, a matching definition
is uniquely determined. If there is no match for v, as v is ground, it is orthogonal
to any definition in D’.

° [e]

Case 1. v matches s = r and v = p(s). Because v ~** p(r)® and v ~+ p(r)
the closed term p(r) has an interpretation [r[¢, for an arbitrary £, w.r.t. p.

Sub-case 1.1. s is a constant instance. We assign [v] = [r]¢,.

Sub-case 1.2. s is a (non-built-in) type with tpOf(r) = o — bool. We set [v] =
{a € [p(0)]|[r]e, (a) = true} if this set is non-empty and [v] = 1 alternatively.

Case 2. there is no matching definition for v in D’. We distinguish two sub-cases.

Sub-case 2.1. v is a non-built-in type. If v = 7 — o we define [v] = [7] — [o].
Otherwise we define [v] = 1.
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Sub-case 2.2. v is a constant instance and v ~*+* tpOf(v)*.

— v = abs,_,,, or v =rep__, and there is a definition in s = r € D’ with a
type substitution p € TSubst such that p(s) = o and p(tpOf(r)) = 7 — bool.
(Again, due to orthogonality there can only be one such matching definition.)
In this case [v] is undefined and it holds [o] C [7] as o € V.

e v = abs,_,, then we define [v] as the (identical) embedding [o] C [7]
which exists in [c — 7], or
e v =rep,_,, then we define [v] as some embedding of [7] to [o] such that
[UH[U] is the identity
— v = ¢, for some ¢, € GClnst® then we define [v] = choice([o]).

We get a model from the constructed pre-interpretation [-] of T by [-] to
arrive at an interpretation of terms from Term.

We prove that the recursively constructed total fragment interpretation is
indeed a model for D’. For types T € TypeE”” the built-in constants equality
= r—bool and Hilbert-choice some ;o017 are both interpretable within any
of their ground types either by induction hypothesis, or otherwise as both of the
constants’ types are the full function spaces.

Let s = r € D', and let p € GTSubst be a ground type substitution for
which we show [s = r]¢, = true for an arbitrary £, (as s = r is a closed term).
By orthogonality, p(s) matches only the definition s = r. If p(s) € Vi then
p(s =7) € Term®  and s = r € D, and for (even arbitrary) p and any &p it
holds, with the interpretation from M written as M(-):

[s =7rle, = M(s=r)e, = true.

Otherwise if p(s) € Vi we distinguish by the kind of s. If s is a constant instance
by the first case

[s =rle, = [s =rle, = [sle, [=e, [r]e, = [r]e, [=]e, [r]e, = true

for any §,. If s = 7 is a type instance and the predicate [r, bool]¢, is satisfied
for some element of [p(c)], proving [s = r]¢, = true means to prove that the
properties for rep p(o—o) and abs, ;) hold, because the first-order logic operators
are behaving in a standard sense. For any a € [p(o)] by definition we have [r]¢, (a)
which is the first conjunct as [rep,,_,]([p(0)]) = [p(o)] C [p(7)]. Similarly by
sub-case 2.2 above, both

[repp(r—m)] © [absp(tfﬂf)] and [absp(o%‘r)] © [repp(T—HT)]

are identity on [p(7)] C [p(0)].
The axioms trivially hold, also by the definition of general model. ad

In the proof a model for general semantics can be extended, as terms from
the fragment of all dependencies E.., are interpretable and as function types
within the recursion are interpreted by the full set-theoretic function space. For
example, for a type 7 whose interpretation is defined in the recursion, the type
T — bool of predicates on 7 is interpreted by the set of all functions [7] — B.



Proof-theoretic Conservative Extension of HOL with Ad-hoc Overloading 13

Corollary 1. Any definitional theory has a general model.

The proof is by induction on the size of the theory. The base case is the
empty theory, which has a (standard) model. The induction step is by Theorem
(Of course, the corollary also follows directly from the stronger result that any
definitional theory has a standard model [II12].)

5.2 Soundness

The deductive system is sound w.r.t. general semantics: any formula that is
derivable is valid in all general models.

Theorem 2 (Soundness for general semantics). Let T be a set of formulae.
If ¢ is a formula such that T\ ¢, then for every general model M with M =T
it holds that M = ¢.

The proof is by induction over the derivation T F ¢ (which we omit here).
Since any definitional theory has a general model, soundness implies that False is
not derivable, i.e. any definitional theory is (syntactically) consistent.

5.3 Completeness

In this section we lay out the completeness proof of the deductive system with
respect to general models. Completeness means for any formula which is valid
in all models of a theory there is a proof from the theory. Our proof follows the
argumentation of Henkin [7I2]: we show that any consistent theory is contained
in a consistent super-set that is extensionally complete. From these properties
we construct a general model, which is also a model of the original theory.
Completeness follows from the existence of a model for any consistent set in
Theorem [4l

Negation-complete. A theory T is negation-complete if for any closed formula ¢,
we can derive T+ ¢ or T F —p.

Extensionally complete. A theory T is extensionally complete if for any closed
term ¢ and ¢’ there is an a such that T+ (t a = ' a) = (¢ = t'). The contrapositive
t#t = ta#t ameans that a witnesses the inequality of ¢ and ¢’.

Lemma 2 (Extension Lemma). Any finite consistent set of formulae has a
consistent, negation-complete and extensionally complete theory extension.

Proof. For a finite theory T in the given countably infinite language we construct
a theory extension 7" which satisfies the stated properties.

We well-order all closed formulae of the language of T" and denote them by ¢™
for n a natural number. Let C denote the set of countably many constants Const
whose type is a type variable minus all (finitely many) constants that syntactically
appear within 7. We define a sequence (T),)nen, of theory extensions of 7T
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For a theory T, and for two closed terms t,_,, and t' of same type, let a be
the constant instance of type ¢ whose name is smallest in C less all constant
names from 7;,. The finite number of symbols used in 7;, is at most n plus the

number of symbols appearing in 7. We define Ty := T, 7" := {J, oy, T and
T, U{y™} if the union is consistent
Toy1:=1T, otherwise, if 9" is no equality of two functions

T,U{ta #1t a} otherwise, for ™ = (¢t =t') and a as described

By induction any T, is consistent: Assuming 7,, is consistent, we prove its
successor T;, 11 consistent. For the first two sub-cases consistency is immediate. For
the third sub-case, assume that a is chosen as remarked above and T, U {t =t}
is inconsistent. Consequently, T, F t # t’. Suppose that also T,, U {t a # t’ a}
is inconsistent, and thus we have T,, -t a = t’ a. It is derivable that ¢t = ¢’ is
equivalent to t z = ¢’ z. Instantiating the contrapositive at a, we get T, -t a # t' a
in contradiction to consistency of T,.

We show that T” is negation-complete. Let ¢ be any closed formula. Then
there is an n such that ™ = . If T,,11 = T5, U {p} then T’ F . Otherwise
T, U {p} is inconsistent and by law of excluded middle we derive T F —.

We prove that T” is extensionally complete. For two closed terms ¢ and ¢’
of same function type, if 7’ ¢ = t’ then by extensionality this holds at any z:
T’ +tx =t x. Otherwise there is n such that ™ =t =t and T, is defined as
T, U{ta #t a} for some a. O

We will use the previous Lemma 2] to obtain an extensionally complete
extension of a definitional theory. This extension 7" is not a definitional theory,
but this is not problematic.

For a theory we want consistency to be equivalent to the existence of a general
model. To construct a model of a consistent theory, we—different from Henkin
and Andrews—also define interpretations for (non-built in) types. We show that
the construction gives a model for our semantics.

Theorem 3 (Henkin’s Theorem). Fuvery consistent set of closed formulae
has a general model.

Proof. Let T' be an extension according to Lemma[2of a consistent set of formula.
We define an interpretation [t]ieTerm (initially only for closed ground terms) and
[0]secType for the extension T”. The construction goes by induction on the types
o € GType such that the two properties hold:

1. [o] = {[ts]|ts closed (ground) term of type o}
2. for all closed (ground) terms S,,t5: [to] = [$o] f T/ F ty = So

At several instances we use that ground types are closed under the sub-type
relation. Closed terms of type o, like some(A\x,.True), ensure that each type’s
interpretation [o] is non-empty if defined according to Item
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Booleans. For [bool] := B, Items 1] and [2| hold, when setting [¢Ybool] := true iff
T’ F ¢bool and otherwise [ppool] := false as by maximality of 7" otherwise the
formula —ppee is deducible from T”.

Natural Numbers. Define [ind] := N. Define for ¢;,4 a closed term of type ind:
[ting] := {n € N|T" & tjng = succ(. .. (succ(zero))...)}
—_———

n times

We have [ind] = {[tind]|tind & closed term}, as reflexivity of = gives (C) and on
the other hand the only possible constructors for the ind type are zero and succ.
Clearly both properties hold.

Function Types. Let o,7 € GType, [o] and [r] be defined. We define
[tomsr] : [o] = [7], [so] = [tomsr Sol-

The term [ty—,][S5] is well-defined, as the choice of s, as the representative
of the equivalence class [s,] is irrelevant: let s/ be such that [s,] = [s] holds
and thus equivalently 7" = s, = s/, which implies T" F t; s S5 = to—yr SL.
We define [0 — 7] := {[to—r]|tc—r a closed term} satisfying Item [1| and proceed
with the proof of Item [2| Let t,_,,, t__,. and s, be closed terms. If T+ t,_,, =

t/_, . then especially t,_,; s, =1, _,_ s, is provable in T". By

[to—ﬂ'][sa] = [ta—W 50] = [t;—w 30] = [t:T—>T] [Sa]a

the functions [t,—,,] and [t/ _, ] coincide at every value.
On the other hand assume the equality [t,—,] = [t} _,,]. As T’ is extensionally
complete there exists a closed term s, for the term ¢,_,, = ¢/, _,_ such that

(tosrSo = thyr80) = (tomrr = 1)

holds in T”. By [to—r So| = [to—r][Se] = [th_+][86] = [t} So], and induction
hypothesis, we have that t,_,,;$, =t/ _,_ s, holds in T”. Ultimately it holds:
[tosr So] = [th s So) it T'Ftesr So =1t So.

Non-built-in types. All other types o € GType are either instances of a definition
or are undefined. In any case we define the interpretation as the equivalence class
for all closed (ground) terms t,, which satisfies Items [1| and

[to] = {s5|T" - ts = s, for closed s, }
[0] = {[ts]|ts closed (ground) term of type o}
If 7"+ 3z,. t ©, then we can derive from 7" that
(Vao.tx = rep,_,, (absy—; z) =) AVy-.t (rep y) Aabs(rep y) =y

As the properties of quantifiers, equality and logical connectives proof-theoretically
correspond to those of the meta logic, we get all the desired properties for the
interpretations of rep and abs.
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General Model. Now all ground closed terms are interpretable w.r.t. [-]. For this
to become a model we define a function [-]¢, that will become the interpretation
function for this model, to also interpret terms w.r.t. a ground type substitution p
and a term variable assignment &,,.

We write y for ¢t such that [t] = £,(y) and extend interpretation to non-
ground formulae by defining [t']¢, = [p(t'[z% /] erv(1))]e, for any ground type
substitution p and any ¢, such that ¢p(zs) € [p(0)] for any term variable z,. By
induction we see that this gives an interpretation with the desired properties:

= [2ole, = [p(a%0)] = [155] = &,(x0) € [p(0)]
= leole, = [ep(0)]

— Syntactic juggling gives [st]¢, = [p ((s t) [yff’/y]yeFv(st))}

- {p (S [ygp/y]yeFv(S))} [p (t [ygp/y]yeFV(t))} = [S]EP [t]ﬁp'

By Beta rule for any closed term a of type o we have TV - (Az,.t.) a =
t! [a/x,] for any t/.. Followed by type instantiation and meta-level rewriting
(note that p is ground) we have that 7" F p ((Az,. t7) a) = p (t.[p(a)/zs]).
Let [s] be an arbitrary element of [p(c)], then the above holds for p(a) =

and for t. = t, [yfp Y] yervine, 1) And thus (without loss of generality

rewriting variable names) we have

[Aro. tr]e,[s] = [P ((Axm ) [y* /y}yeFV(AxU tr ))}
= [p (()\LEU- r [ e /y}yeFV Aao. tr 3)]

)
— [p (t { EpGer—»[S]I)/ J— >} gpqxgw[a]b

For the built-in constant some(;_,pool)—oc We require that [some(,_bool)— o)
is Hilbert-choice. For any [p,bool] and any [z] € [o] that satisfies [p], we show
[p (some p)] holds. By [p][z] = [p z] = true we get T I p = equivalently. From the
axiom we prove T” I p (some p) = True, thus [p (some p)] holds.

Also for any ground type 7, equality =, _+_spool should be interpreted as
equality on [r]. Immediately by construction, we have for any [s], [t] € [r] that

[s|]=[t] iff T'Fs=t iff [s][=][t] =][s=1t]= true.

As any ground type is non-empty, there are no empty types overall. Hence, as
the axioms hold and as there is a valuation function this gives a general model.
The constructed model is a general model of 7" and any of its subsets. a

The semantics [t]e, of a term ¢ is defined to apply type substitutions lazily,
i.e. at the latest possible moment when interpreting a term (and never to term
variables). Applying type substitutions eagerly would erroneously force equal
valuation of distinct variables, e.g. x,, and Zpeo under a type substitution p with

p(a)) = bool [I].
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However in the proof we see a different characterisation of the term semantics,
namely as [t]e, = [p(t[y* /ylyerv(t))]e,, which eagerly applies p to ¢, but only
after replacing each free variable y € FV(¢). Therein y is replaced by a closed
term y¢ that has the same interpretation. The resulting term p(t[y% [Ylyerv))
is closed, hence a capture of term variables does not occur. This characterisation
requires for any type o and valuation £, that the function [-J¢, : Term, — [p(c)]
is surjective, which is not given in Aman Pohjola and Gengelbach [I].

Completeness follows by Theorem [3] and a generic argument.

Theorem 4 (Completeness for general semantics). Let T be a set of
formulae. If ¢ is a formula that is valid in every general model M with M =T,
then T+ .

Proof. Let ¢ be a universal closure of ¢, then also v is valid in every general
model of T. Suppose that 7" := T'U {1} is consistent, then by Theorem [3|let M
be a general model of T'. We have M |= —) but also M = T, hence M = 4. This
is a contradiction. Consequently 7' U {—} is inconsistent, i.e. T'U {—%} F False,
thus 7' F 9. Eliminating the universal closure, we obtain 7' F ¢. a

As noted by a reviewer, completeness w.r.t. general lazy ground semantics
can also be proved more directly from completeness of the monomorphic calculus.
We briefly sketch the idea (but we have not worked out the technical details).
If a (polymorphic) theory T is consistent, the theory of all ground instances of
formulas in T is consistent. By completeness this theory has a (general) model.
This model is also a model of T" w.r.t. ground semantics.

5.4 Proof-theoretic Conservativity

Having proven the deductive system with general semantics sound and complete,
we derive proof-theoretic conservativity from model-theoretic conservativity in
this section.

Lemma 3. If a deductive system is sound and complete then model-theoretic
conservativity implies proof-theoretic conservativity.

Proof. Consider a theory extension D' O D. Assume D’ F ¢ (with suitable
assumptions on ). We need to show D F ¢. Due to completeness it is sufficient
to prove that ¢ holds in all models of D. By model-theoretic conservativity, for
any model M of D there is a model M’ of D’ such that M’ agrees with M on
the interpretation of ¢. Since D’ F ¢, soundness implies that M’ is a model of ¢,
hence M is a model of . O

We recall the main model-theoretic conservativity theorem [6], Theorem 3.3].
For U a set of symbol, the U-independent fragment Fy [6l5] defines the ground
symbols which are not in the pre-image of type instances of U under the reflexive-
transitive, type-substitutive closure of the dependency relation. The terms Term’v
are all terms whose ground instances can be interpreted within Fy; and accordingly
are Type’V all the types that occur in the terms Term®™ (see also Theorem .
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Lemma, [3] shows how the constraint in our model-theoretic notion of conserva-
tivity translates to a syntactic constraint:

Theorem 5 (Proof-theoretic conservativity). Let D be a definitional theory
and D’ D D be a definitional theory extension of D (by possibly several definitions),
and let U be the set of symbols defined in D'\ D.

If Ypool € Term™ and D'+ @ then D+ .

Proof. For a definitional theory extension D’ D D, ©vpool € Term™ and D’ + ©w,
it is sufficient to prove that ¢ holds in all models of D, due to completeness
(Theorem []). Let M be a model of D. From model-theoretic conservativity
(Theorem [1)), we obtain a model extension M’ for D’ such that M and M’ agree
on the interpretation of all types and terms in TypeFU U Term®v. Consequently,
we have M = ¢ iff M’ = ¢. Soundness implies that M’ |= ¢, hence also M = .

O

6 Conclusion

We introduced general models as a generalisation of standard models, and proved
soundness and completeness (by using ideas by Henkin [712]) for HOL with ad-hoc
overloading. We extended our earlier model-theoretic conservativity result [5] to
general models, and applied these results to show proof-theoretic conservativity
for HOL with ad-hoc overloading: for a definitional theory extension D’ D D,
any formula ¢ that is derivable in D’ and that does not (explicitly or implicitly)
depend on symbols defined in D’ \ D is already derivable in D.

The established notion of proof-theoretic conservativity should be extensible
to hold for related settings, for example with further axioms [I4], with Arthan’s
constant specification [3], and with explicit signature extensions like in [I]. Using
our results and unfolding definitions with ideas from [II] may allow a relative
meta-safety result, i.e. unfolding the symbols defined in a definitional extension
relative to an arbitrary definitional base theory.
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A Soundness

We derive soundness for the previously in Section [4] introduced general model.

Theorem 6 (Soundness for general semantics). For a theory T and hy-
potheses I', and a model M for T, i.e. MET.IfT, '+ ¢ and M =T then
also M = o.

We separate the case INST into the equivalent two cases TYPE INST and
SUBST. Additionally, for simplicity we disregard simultaneous instantiations of
types or substitutions of terms.

Proof. The proof goes by induction on the proof rules.
Case Fact. All formulae from AxUT hold as M = T.

Case Beta. For p and &, we evaluate

[(A\zo. 1) Sﬂép = [[tﬂép(lxa —[sle,) = [t [s/xa]ﬂgp

If the last equality is proven by induction on the depth of term ¢, then we get
[(Azo.t) s = t[s/x,]]¢, = true (as = is interpreted as equality).

Let t = x-. It holds [z:]¢, (z, [s1¢,) = SplTe — [sle,D(@r) = [=- [s/xa]ﬂgp
in both cases.
For t = ¢, the evaluation function is irrelevant.
If t = s't/, then

[s" e, w0 o 1s1e,0 = [5]ep 00 15160 [E]ep w0 o 1s1e,0 = [8" [s/2alle, Tt [s/20]],
= [s[s/ws] ' [s/o]], = [(st) [s/o]],
Let t = Az,.t.,. For some a € [p(7)] we have:
s e, (20 =151, @ = [Er ] (pte0 —s1e, D) 27 5a)

For o = 7 the valuation update simplifies to {,(z, ~— af), and by hypothesis we
have

[t ) ter sa) = [Nz t) ale ) = [(Az-- 1) @) /2], -

Otherwise, by induction hypothesis

[t7 e, (oo > Ise, ) wr ) = [E D (0 ad) (00 11y o oapd = L7 [8/%0 ]l 0, 1sa
= [z, (£ [S/$g])ﬂ§p a=[(\z;.10) [3/$0]]]§p a

Case Assum. By definition an assumption ¢ € I" holds in the model [¢]¢, = true.

Case MP. All assumptions in I3 U I hold in the model and as = is interpreted

as implication, we can reason that also [¢)] = true, assuming that ¢ = ¢ and ¢
both hold.
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Case FEuxt. Let x, & FV(I'). Without loss of generality we assume that x, is the
only free variable in f,_,, (and thus in g as well). Otherwise do an induct on the
number of free variables.

For closed terms ¢, it holds [t[¢, = [t]¢/, as the term variables get their meaning
from their binding A. Thus it holds:

[fzole, =lgzole, HE [fle, (§o(20)) = [9le, (€o(20))
it [fle, (§p(z0)) = [dle, (€p(z0))

As for all £, term variable evaluations, &,(z,) ranges through all values in [p(o)],
we have point-wise equality of [f]¢, and [g]¢; .

Case Impl. Similar as the case for modus ponens, this case reduces to that the
interpretation of = is the same as logical implication in the meta-logic.

Case Subst. The interpretation [¢]e, = true for all p and £}, and z, is a free
type variable for I'. In the case for the beta rule we proved

[[‘PHE;:(]%H[[::]]EP[) = [[%O[t/xa]]].gpa

which gives that especially for £, = ,(zo — [t]e,), also [¢]e; = true.

Case TInst. Let a type variable a not occur in I', and [p]¢, = true for all p and
&p. We define p’' := p o~ and the type substitution ~ shall abbreviate o — o,
also hereafter.
For any term ¢, we prove [t [o/a]], = [t]¢, for &, (z7) := &,(27) by induction
P
on the term structure, which entails [¢ [a/aﬂ]gp = [¢le, = true.
P
Let t = a-. It holds [z, [0/d]] = &p(a7) = &, (vr) = [2-]e, -
P
Let t = ¢,. We have [ec, [O’/Oé]ﬂgp = [exle, = lcom)] = [[CTH%I.
Let t = Az,.t.,. For some a € [p (T)] we have:

[(Az-.t7) [o/elle, (a) = [Nz (. [o/a])]e, (a) = [t7 [0/elle, orrsa)
= [tr]e wrma) = [l @, ma) = [Par- 7 ]er, (a)

Let t = s’t'. Thus by induction hypothesis we get:

[(s"t) [o/a]le, = [s'lo/dlg, [¢'[o/alle, = [s'Tg, e, =1s"t]e,
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