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γ : [0, 1] → C ��§V¥¨�����f�h�
γ(0) = pi
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γ(1) = pf
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°!�V��¥¨�#�~�T�º³��Y�¢���������Y�����.��¦;³����#���'�.�¡�����V����¿;q��¤�T�Y�±������¥¸�������³J°C�¡���T�¢�~���d�`§Y��¹E������£C���.�f�'���¨�~���
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minimize
u

J =

∫ T

0

L(x, u)dt + Ψ(x(T ))
_j�Zk/QEb

��§V¥¨�����V�~�
ẋ = f(x, u)

d(x, u) ≤ 0
x(0) = xi

x(T ) ∈ Sf°!�V���T�@���Y�w���T�~���
x(t) ∈ X C�T�Y�w¥��'�����T��¦ u(t) ∈ U ��T�Y�w¥��'�V�s�T�T�������¨� d : X × U → R

q ���V��T�Y�.���¢���.���V�~¦)�T���.��
T
J�����d�E�'�T����¹Y¦��*�?EIH?H.²h�~�T����¹Y¦���¿�tÊ¦����V X �~�f� U �����¡���.�`�~�T�Á�3���Y�b£º�'¦��V�L��£

�Y���.���f�������
n
���V�

p
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J
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Nλ

consistency

consistency

LagrangianHamiltonian

Lagrange multipliers

KKT

Adjoints

direct transcription

indirect trancription
OCP OCP

OCP

λ

N
OCP

PMP/DP
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H(x, u, λ) = λT f(x, u) −L(x, u),

°!�V���T�
λ
�m�¢�Y�~�T�¢�.�T�Y�¤���5¸s�����'�
²h�����±�~¹Y¦��¢�¢,�~�V�»£º���T��§V¦��~�����Y©#���Y�k�'�m�����3�~¦��b�s�?¥��'�V�m���������V�.�¢�b�T�Y���
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 L�`�V�~�.�±¥kÇ«�T��©'�T���¡�.���Y©
´� ÊÇ�· � ���|��¿Co,�V�5Ç¯vkÇ2¦��¢�'�Y�,���
���k���T���m¥��±�h�T�¢�d�s°��¡�E�������Ê¹E��§Y�V�V�~�T�
²h�~¦�§Y�5�Y�T��¹Y¦���� ´�o,Ç¯�G¼LÇC·¸
°!�V��¦��w ÊÇ ©'��²'�¢�¡���±���d�T�����Y�w¶L�~�.��¦����'�m��¶'�'¥���¹V�b������¦�¦��3�~� ´�¶�¶��!·;�V�~�����±�~¦r�m��´*���T�������±�~¦!��½'§f�h�������³¿
o,�V�¢�������m¼V�V�b�T�Ê�m���¡�¢�V�����'�V�~¦`�Y�T��¹Y¦����3�������,�m���V�~�����
|,»CÇ λ ���H´)��©�§Y�T�r�m¿��~¿uq��f�m���T�¢¥��O���¨�~�V�T¥��T���Y��������.�����Y�m�Y�,�T�Y�����Y�T�m¥�������¹`�
���Y�Y�T�S¾`���3�h�T���Y©.�~�f�
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���V¥�¦�§V�Y��«´º�;§Y¦������Y¦��S·Ê���Y�`�~�T���V©��.���T�Y�m�J*¼V�Y�����¡�m�»´*���T���f¥��¡�¡�����Y�m�J
¥���¦�¦��m¥¢�h���������.���T�Y�m�����V��º��~¦����T¬������¡�����Y�m�'� ��z|��¿

q��ç©'���Y�¢�T��¦�u���f�m���T�¢¥����.���T�Y�m�Y�������
¥����V�����Y���T�¢�Á���w�V���m�m§V¥��3�.���T�
��¥�¥�§Y�¨�h���3�T�¢��§Y¦��T��� �'xV��f�6��¿
q��ç���������f¥���u�m���T�¢¥��5�.�����V�`�V��°!�Y�±¥¨�#¥����¨¥�§V��²��¢���+�T�Y�
Ç¯vwÇ �~�V�# LÇH¹��w���¨�~�V�T¥��T��¹V���Y©��T�Y�d|,»CÇ
�Y���T�¢¥���¦��Ý�~�V�õ§V�����Y©��Y���V¦����Y�¢���;�V���'©��¨�~�.�.���Y©w���¢¥¨�V�Y��½�§Y����¯�V�S²��
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���E�¢¥��±�~¦f�s�T��§V¥���§Y�T���~£³|,»CÇ¯�!´I<\�6��´V�������Y�������¢·�¿O�Ê��²'�������Y�¢¦������¢h���f�m���T�¢¥����¡�����Y�m�Y�¯�~�T�C�Y�����s�`�Y��¥¢�~¦�¦��
§f���������
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�T�.���Y�'È

² q�¦�¦b��¥��'�V�m���������Y�����Y�T���E���������¢�,��£³�T�Y�5o,Ç¯�G¼ÊÇ�ý'¿
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J
m�T�Y�+¼V�V��¦J�.���Y��£º��¦±�J

Sf

�~�f�f{S�'�¯�T�Y�5¥��'�V�s�T�T�������¨��
d(x, u)

Y���Y���'�m�����3�~¦��b�s�
¥����V�Y�b�T���'�V�¯�;§V���C¹E�Ê�T�¢���T�h�T�¢�J¿Oo,�Y�±�¯���3£��'¥¸�C�3��¬��¢�¯���f�m���T�¢¥��C�.���T�Y�m�Y�C¦������C��§Y���T��¹Y¦��r£º���¯���Y�±��¥�¦±���T�
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Σ :
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ẋ = F(x, u)

´����m�������Â�m�`�V�~�.�±¥��¨·
y = h(x, u)

´����m�s�T��� �'§m���V§m�¨·
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x ∈ X Y¥��������T��¦ u ∈ U �~�f�
��§Y���Y§m�
y ∈ Y ¿«¶Ê���T� X ,U �~�f� Y �~�T�+���.�`�~���d�3�~�Y��£º��¦±�Y�

��£,�Y���.���f�������
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Σ
Y���

�'¹V�����T²����,�3�S�
¹E�5�m��¼f�Y�¢������£º�'¦�¦��h°r��¿
� Ô�ÝEãEØ�×�ØjÒPã ð�ñjÏ ´×|L¹V�����T²��¢�¨· ñB¦ �|a|@R]|�X[^<}]A_OWGalWGJ;HD�íù�[`J4¾.WGJ;]AJ;H���]|@K[ �6>|_�� Z ö�[`@|¼RCFJh��]|@Z[ �6>A_�� Y öJ�>}��HDJ`¾ZH6Euù�[`J`¾*]õ��]}¼�¼B[`@�� F̂ : (Z×Y) → TZ [eW�]|@���¹f���¢��²'���2�6>|EuJ`¾ZH�WGalWGJ;HD�

Σ
ö�[ ��J4¾ÆHDEIH�H}¶�[eWGJ^Wu]

WG��>�>AJ`¾ø��]}¼&¼R[`@��
Ψ : X → Z ö�WGCZ<}¾ J`¾Z]|J¸J`¾ZH#�A[^]D�&EI]|�¦WI¾Æ>Aù�@Ü[`@¨§�[»�&CFEIH,©���ªO«;J`¾ZH#��]lWI¾ÆH?��]|EGEI>Aù
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Φ : (Z ×Y) → X WGCZ<}¾*J4¾Æ]AJ�J`¾ZH��?CF_`_2�|[^]D�&EI]A� [`@§�[»�ACFE}H�©���ª�[eW�<?>|�X�XCFJ;]AJ\[`�|H�«¢¥�£s¿¯®�°²±-³
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Ψ∗
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π
[eW½¼BEI>5¶DH}<DJr[^>|@ C�¼Z>|@ ]¸·h]AEGJ;H6WG[^]|@ø�6]&<DJ�>|E?öõùU¾�[`_ãH
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X Z

Ψ∗
τX

πX
X × U

(Ψ◦πX , h)
Z × Y

τZ

πZ

TX TZ

Φ

F F̂

´)��©'§Y�T���V¿��'ÈJ»C���.��§m�¨�h�T��²'���Y����©��¨�~� �m��¼V�Y���Y©3�~�@��¹V�����T²��¢�¢¿

t!¥¢¥��'�T�m���Y©��T�; L��¼V�V�b�T���'�d�Y¿��~����V�L�'¹�¸s�¢¥�����²��Ê°!�V���d�Y�¢����©'�Y���V©��5©'���Y�¢�T��¦V��¹f���¢��²'������±�«�T�5���¨��¥¨¬
Ψ(x)

��¨�h���V���O���f�~�
x
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Φ
f�~�V�����V�~�r���@©'���Y�¢�T��¦*�;£º§Y¦�¦³���T�~������¹f���¢��²'���

Σ̂ :

{

ż = F̂(z, y)
x̂ = Φ(z, y)

�3�S�ø@R>|J,¹E�+�V§m�Ê�����T�Y��£º���T� ˙̂x = Ξ(x̂, y)
¿
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z(t0) = Ψ(x(t0))
]AJ�WD>A��H.Jr[`��H�[`@ZW?J�]|@R<?H

t0
ö�a|[^HD_��|W

z(t) = Ψ(x(t))
�6>|Eº]|_`_

t ≥ t0
�
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z(t) = Ψ(x(t)), ∀t ≥ t0.
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ż =
∂Ψ

∂x
ẋ =

∂Ψ

∂x
F(x, u).
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Σ̂
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∂Ψ

∂x
F(x, u) = F̂(Ψ(x), h(x, u)),
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z(t0) = Ψ(x(t0))
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t0 ∈ R
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z(t) − z(t0) =

∫ t

t0

F̂(z, y)dτ =

∫ t

t0

∂Ψ

∂x
ẋdτ =

[
Ψ(x(τ))

]t

t0
= Ψ(x(t)) − z(t0),
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z(t)
]|@R�

Ψ(x(t))
<?>|@Z�|HDE\��H��
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ẇ = f(t, w), t ∈ R
+, w ∈ W ,
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V (t, w)
V°!�Y�����+�����T��¦*�����¡�;�m���T��²h�~����²����~¦����Y©¡���V�����m�s�T��� �m�`�V�~�.�±¥��¢

f


V̇ =
∂V

∂t
+

∂V

∂w
f(t, w)
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V
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V (z, Ψ(x)) ≥ 0


��§V¥¨�����f�h�
V (z, Ψ(x)) = 0 ⇐⇒ z = Ψ(x).q��¤¦��m¥���¦³¥��`�'�T�m���V�~���¢�¢m�T�Y�5��¹=¸s�¢¥¸�T��²'�����r�����Y�����¢���.���Y���T�Y�;���T��¹Y��¦����s���~£O�T�Y���¢���T���r�m�`�V���.��¥¢��U[^�`H���

°��Ê°!�±���.���5��¾m���.���Y�Ê�b£-�T�Y�r���s�T���3�h�T���'�
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w(t) = z(t)−Ψ(x(t))
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x̂ = Φ(z, y)

���
x
��� X 5m���V�'¥��.���V�s�T�¢�'�J[^�`H���«�������T���V©

w(t) = x̂(t) − x(t)
��~�V�ç¥����V���¢½�§Y�¢�'�T¦��' W = X ¿@�C��¥���§V���3��£����T��©��¢�Y���¨�~¦��b�s�'³°�����V��¦�¦³¥����V¥��������¨�h�T�L�'���T�Y��£º���T�.���r¥¢������¿

®2�����
w(t) = z(t) − Ψ(x(t))
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ẇ = ż − ∂Ψ

∂x
ẋ = F̂(z, y)− ∂Ψ

∂x
F(x, u) , f(t, w).
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z(t) = Ψ(x(t))
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ż = F̂(z, y),
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τ(0) = z1(t)
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τ(1) = z2(t)
¿�®����V�S²��

d

dt

∫

Υt

F̂
ρ0

ds =

∫

Υt

F̂
ρ0

1

2
(LF̂g)(

dτ

ds
,
dτ

ds
)ds,

���.�b£ LF̂g
�±�,�Y��©��h�T��²'�+�m��¼V�Y�����
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x̃ = T1(x)
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ỹ = T2(y),
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Σ :

{
ẋ = F(x, u),
y = h(x),

�±�,�T�T���V�s£º�'���.���
���'�T�
Σ̃ :

{
˙̃x = Ax̃ − g(y, u),
ỹ = Cx̃,
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Σ̂ :

{
ż = Az − g(y, u) + L(ỹ − Cz)
x̂ = T−1

1 (z),
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d

dt
(z − x̃) = ż − ˙̃x = Az − g(y, u) + L(ỹ − Cz) − Ax̃ + g(y, u) = (A − LC)(z − x̃).
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x̃ = T (x)
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Σ̃
′

:

{
˙̃x = Ax̃ − g(y, u)
y = h(T−1(x̃))
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A
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g(y, u)
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g(0, 0) =
0
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Σ̂

′

:

{
ż = Az − g(y, u)
ˆ̃x = I(z),
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d

dt
(z − x̃) = A(z − x̃).
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˙̂x = F(x̂, u) + L(x̂)
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g(y, u) − g(h(x̂), u)
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ẋ1 = −x1 + ux3
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ẋ2 = x2 + x2
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y = x1
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x1 = [x11 x12]
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x2 = [x21 x22]
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y0(x1, t) ≡ y0(x2, t), ∀t ≥ 0.
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ẋ1 = u
ẋ2 = x1 + x2

2

ẋ3 = −x3 + x2

y = x2
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˙̂x1 = u + α(y − x̂2)
˙̂x2 = x̂1 + y2 + β(y − x̂2)
˙̂x3 = −x̂3 + y,
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Find a maximal convex cover

Assign and order the convex sets using Tabu Search

Find the paths by solving Shortest Path Problems
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I`|3N�EGADC�Uu|�CrNOx|�UGC�F�F�EGF��BH�I�S9CBF(K�A�iwWZSsI�HvSW�UoC{_D^�WZO�EGJ�UXW M&N�OwCrN9O�C{^`WdN�O�W�ABEoM�M�EGI�F$I�H�ADC�EGF`NpC�EGF�EGF��
CòJpO�C�EXFóI�HVUGEXF�W�g±I�H�glM�EG��O�NxJ�I�ABAVK�F�EGJZCrN�EGI�FôUXEGF�T3M�N�O�C�N$J�I�F�F�W J�N¬C£�`EX^`W�FôUGWZC`[3W�Sx^�WZO�EoJLUGW²N�I¶N�O�W
�`S�I`K�F�[òM<NpCrNEXI`F ~ � FÕC`J�J�I�Sp[�C�F�J�W]P6EXN�OòN�O�W�EGS�|�SW�^(EXI`K�M�PQI`S�T°EGFÕAVK�UXN�EXgl^�W�O�EGJ�UXW$|�C�N�OÕ|�UoC�F�F�EGF��wn
e�JpO�I�K(PRW�F�C`C�SpMd���Rè��X½YKwMyWqi�EGF�C�S�_D^rC�SEoC�i�UGWZMQN�I�JZC�|3NK�SWdJ�I�F�F�W J�NEX^(EXN<_�iwW�N<PQWZW�F¬M�K�i�M�WZ¸�K�W�F�N6SW�UoC{_
^`W�O�EoJLUGWZM6C�F�[xW�F�[�K�|¬M�I�UG^�EGF��DC�ABE,�3WZ[xEGF�N�W��`W�S&UGEXF�W C�S6|�SI��`SC�AÁj
õ �<ö hQm ~® O�W]|�SI�i�UGW�A÷JLI`F�M�EG[3WZS�W ["EXFóì � î EGMVN�O�W]ABI`MyN�JLUGI`M�W�UG_"S�WZUGC�N�WZ["I`F�W�NI²I�K�S�PQI`S�T ~¬å IrPRW�^`W�S nø My|:I`M�E,NI�C�F�[xù�K�F(i�C�S t
ú C�EGAâC�NdSWZC`JpO�EGF��]C]z�F�C�U�JLI`F3z��`K�SC�N�EGI�F¬P6O�EGUGW�I`K�S�O�EX�`O3g±UGW�^`W�U�I�i3ê<W J�NEX^`WVEoM9NI�J�I�AB|�UGWLN�W�N�O�W

MyK�S^�WZEXUGUoC�F�J�W�ABEoM�M�EXI`F ~
ú K3N�EGUXEG��WdC�|:I�NW�F�N�EoC�UwH�K�F�JLN�EGI�FDNI�M�_�F�NO�WZM�EX�ZW9CqH�W C�M�EXi�UXW�A�Ir^`W�ABW�F�NQ[�EXSWZJLN�EGI�FBH�I�SQN�O�W9^�WZO�EoJLUGWZM ~
ú JLI�FwMyEo[3W�S&NO�WVJZC�M�WqP6O�W�F¬Cqûuü(�pý�EXF�H�I�SABC�N�EGI�F$��SpC�|�O�EoM6��EG^�WZF£è�þ���é
ÿr��é6C�F�[xADC�EGF�NC�EXFxN�O�WZM�W

��EG^�W�F�UXEGF�T3M6EGF�NC�JLN&N�O�SI�K��`O�I�K�NRNO�WqW�F�NEXSWq[3K�SpCrN�EGI�FxI�HuN�O�WqABI�N�EGI�F�� ~
ù�_(F�C�ABEoJDI�S�NEXABW�g±^rC�S_(EXF���EGF3H�I�SADCrNEXI`F"�`SC�|�O�MdO�C{^`WBC�UGM�I$iwWZW�F°MyN�K�[3EGWZ['EGF"H�SC�ABW�PRI�ST(MdI�N�O�WZS
NO�C�FóN�O�W³I�F�W"JLI�FwMyEo[3W�SWZ[òEGF�N�O�EGM�|�C�|:W�S ~ � Fó|wC�S�N�EoJLK�UoC�S n&S�W MyK�UXNM]EXFô^{C�S�EGI�KwM]C�|�|�UXEoJ�C�N�EGI�F�M�I�H
EGF3H�I`S�ADCrNEXI`F�JLI`F�MyWZF�M�K�M�nrM�K�JpO�C�M@¼�I3JpT(EXF���j@ì }�} î m�n{SW�F�[�W���^`I�K�M1j@ì } � î m*C�F�[dH�I�SADCrN�EGI�F�MyNC�i�EGUXEG�ZC�N�EGI�F
jVì } � î m�n�O�W C{^�EGUG_³SW�UG_³I`F£MyI`ABW�F�I�NEXI`F£I�H�j�ê<I�EGF`N�m�J�I�F�F�W J�NEX^(EXN<_³I�H6N�O�W�K�F�[3WZS�UG_(EXF��»EXF3H�I`S�ADC�N�EGI�F
�`SC�|�O ~ \QI�F�M�WZ¸�K�WZF�N�UG_�nvC¬H�K�Fw[�C�ABW�F�NpC�U&S�W MyW C�SpJpO'EGMMyK�W]Ir^�WZS�NO�W�UoC�MyNVH�WZP _�W C�SpM�O�C`MVi:W�WZF£N�O�W
M�WZC�SJpO�H�I�S�CDUXW M�MsS�W M<NS�EoJ�NEX^`WdF�I�N�EGI�F$I�HvJ�I�F�F�WZJ�NEX^(EXN<_]P6O�EoJpO¬M<NEXUGU�SW�Fw[3W�SpMRN�O�W�JLI�FwMyWZF�MyKwMsJLI`F`NS�I`U
J�I�F(^�WZS��`W�F�N�j
M�W�W³ì }ZÄrí�}Z� î m ~ hYSI�|:I`M�E,NEXI`F'« ~ � SW�UoCrN�W M�N�O�WZM�W]SWZM�K�U,NpMqNI¬N�O�W]F�I�NEXI`F°I�HsSWZJLK�S�SW�F�N
J�I�F�F�WZJ�NEX^(EXN<_�EGF`NS�I3[3KwJLWZ[xEGF²e(WZJLN�EGI�F$« ~¿Ö3~G}�~

- À�� �³2����y;
	 ;y/���2�;���
® O�EGM�|�C�|wWZSvC�MMyK�ABW MuC�|�SW�^(EXI`K�MuT�F�IrP6UXW [3��WQI�H:M�I�ABWRi�C�M�EoJ1JLI`F�JLWZ|3NM�EGF�J�I�A�i�EXFwCrN�I`S�EoC�U`��WZI�ABWLNS�_`n
J�I�A�i�EXFwCrN�I`S�EoC�U�I�|3NEXABEG�ZCrNEXI`F»C�Fw[¬��SpC�|�OxNO�W�I`S�_ ~ � F²|�C�SyNEGJ�K�UGC�SsNO�W�M�I]J�C�UXUGWZ[»C�S�N9�`C�UXUGW�S_]|�SI�i�g
UGW�ADMRì } � í�} � î n{AVK�UXN�EG|�UGW1NSC{^`W�UGEXF���M�C�UXW MyADC�Fq|�S�I`i�UXWZADMYì � � n �3} î C�Fw[�N�O�WREGF3H�I�SADCrN�EGI�FV��SpC�|�ODì }Z� n �3} î
C�S�WqC�N&|�S�EGF�JLEG|�C�U*H�I3JLK�M6C�F�[xP6EXUGU*iwW�[�EGMJLK�MM�WZ[�iwWZUXIrP ~

� á��������QÝ�Þ�á�ã���Ý@Ü��"Ûwá��ôÛ�Þ�ã����! »ã`Þ"�"Ý@ÜlÜ±Û�ã��$#�ã`á��RÜ±Û��
� F²N�O�EoM9M�WZJLN�EGI�F¬PRWVJLUGI`M�W�UG_]H�I`UXUGIrPfasSS�K3NEGC²ì } � î n�i�K3NdC�[�[$NO�WVM�W�F�M�I�S9SC�F���W R EXF�NI]MyI`ABW�I�H�N�O�W
[�WLz�F�EXN�EGI�FwM ~
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® O�WdC�S�W C�M1N�I�iwW�MyW C�SpJpO�WZ[�EXF]N�O�EoM&|�C�|:W�S6C�S�WdC�UGU:�`I�EGF���NI�i:W�MyIBJ�C�UXUGWZ[]I�S�N�O�I`��I�FwC�U�|:I�UG_(��I�FwM
P6EXN�ODO�I�UGWZM6j�I`i�MyNC�J�UXW MmLnrN�O(K�M�PRWs[3WZF�I�NWQNO�W�A A n�H�I�S1C�S�W C ~�® O�W6I`SyNO�I��`I�F�C�UXEXN<_�|�SI�|:W�S�N<_�EGM�O�IrP&g
WZ^�WZSvI�F�UG_VEGAB|wI`SyNpC�F�NvH�I�S�NO�WsADCr�3EGABC�U�JLI`F�^`WL�VJ�Ir^�W�SYM�K�i�|�S�I`i�UXWZAµJLI`F�M�EG[3WZS�W [VEGF � UG��I`S�EXN�O�A « ~X}�~
� N�MyO�I`K�Uo[³i:W�F�I�N�W ["N�O�C�NqN�O�W�SWZMyN�I�HRN�O�W�|�SI�|:I`M�WZ['MyI`UXK�N�EGI�F'C�UG��I�SEXN�O�A·EGMqF�I�N�UGEXABEXN�WZ[°N�I$N�O�W
I`SyNO�I��`I�F�C�U*J�C�M�W�n(i�K�N�J�C�F�O�C�F�[3UGWqC�F(_���WZF�W�SpC�U�|:I�UG_(��I�F�g±P6EXN�O3glO�I`UXW M1N<_(|:W�I�H�W�F(^(EXSI�F�ABWZF`N ~
RTSQU�V�WYXEWNZ�V\[^]N_ j º S�N�O�I`��I�FwC�U@|:I�UG_(��I�FwMsP6EXN�O»O�I�UGWZMpm ]a` |wI`UX_(��I`F Q é��"�Yb��dþ:�Xè��:�Béoç����:���XÿrçL�pýc �¬èr�°ÿr��ý`�L���pý�ç��5dL�����:�p�Bÿ<Àsþ�ÿré�����ç q1, . . . , qn ∈ R

2, n ≥ 3 e �pè����X�pýTf{������é
�p�Lç�ÿ<À Q ��ÿ�¾����Gb��L�hgvé��Gb
�Yb�����é����9çL�l¾jiB������ç qi

�lÿ qi+1
èr��ý qn

�lÿ q1 e �pèr���G�ýB�pý�¾��LçL½lk��x�Gb���ÀLÿ����Xÿmgvé��(¾ng1��è{çpç��JiB���Yb�è��u��ÿr�:�
ÿyÀ��Yb��Lç��x�pýZ¾`�Lç�é������L�pç��p���l½ ` þ�ÿr����¾�ÿr�Õéoç��pèr���X�pýæI�S�N�O�I`��I`F�C�Usé Àxè�ýpo�è��p�L�w�V�pý�¾���ç�è����$ÿr���Yb�ÿ¾`ÿ��:èr�G½q éGfr�L�$èr�$ÿr���Yb�ÿ¾`ÿ��:èr�rþ�ÿ�����¾`ÿ�� Q è��:ý�èqçL����ÿyÀ h ý�éoçAo�ÿ�é�����þ�ÿ�����¾�ÿr��ç Q1, . . . , Qh e �Yb�èr��èr���s��éLr`�8gvéoç��
ÿ����Gb�ÿ�¾�ÿr��èr��èr�:ý��pÿr����èré����pý�é�� Q e g1�d�pèr�����Yb��6çL��� A = Q\{Q1∪...∪Qh} èr�xI�S�N�O�I���I`F�C�U`|wI`UX_(�`I�F
P6EXN�O h O�I�UGWZM{½
RTSQU�V�WYXEWNZ�Vs[^]At j�bdKwC�Sp[3EGC�F�JLW{m ] q éGfr�L�$��g1ÿ6þ�ÿré��w�
ç p è��:ý q é�� A g1��ç�èr���Gb�èr� p éoçd^(EoMyEGi�UGW&Àp�ÿmi
q é À��Gb�����é����qç��l¾jiB�����uo�ÿré���é��(¾ p èr�:ý q éoçV�ÿ�����èré����ý]é�� A

αp + (1 − α)q ∈ A, ∀α ∈ [0 1]

è��:ý]�Gb���ý�éoç��lè��:�p� c ���:g1�p���²�Yb��2i éoçq�:ÿ���¾����pèr���L�q�Yb�è��»�Yb���ç��L��çLÿ��q��èr�(¾`� e
‖p − q‖ ≤ R.

` ç�����ÿ<Àsþ�ÿré�����ç H = {h1, . . . , hk} ⊂ A ��K�C�S[�M A é À&ÀLÿr��èr��� p ∈ A �Yb��������ü`éoçp��ç hi ∈ H ç����5b
�Yb�è�� p éoçvfZéoç�é c �X�RÀp��ÿmi hi

½
RTSQU�V�WYXEWNZ�V$[!]Aw j
õ²C��3EXADC�UYJ�I�F(^�W��»JLIr^`W�S�m ]a` JLI`F(^�WL�"JLIr^�WZS C ÿ<À A éoç]è$ç����dÿyÀ��ÿ��xfr��ü»ç����
ç
C = {ci} çp���5b]�Gb�èr� |ci| ≤ R èr�:ý A ⊆ ∪ici

½�yV����� e |ci| = sup
a,b∈ci

ý�éoç�� (a, b) ý����:ÿ��l�Lç��Yb���ý�é
èmiD�L�����
ÿyÀ��Yb���ç��L� ci

½{z���ý���ûY����è�ADCr�3EGADC�U6�ÿ��xfr��ü$�pÿmfr����ÿ<À A ��ÿ c �Bè��pÿ��xfr��ü$�pÿmfr�L� C = {ci} ÿ<À A eç����5b$�Yb�è��:ÀLÿ���èr��� i e �Yb������Véoç���ÿ]�pÿr�uf{�ü�çL��� s ⊆ A çp���5b$�Yb�è�� |s| ≤ R èr��ý s ⊃ ci
½

RTSQU�V�WYXEWNZ�V|[^]L} j
c9EoMyEXN�EGF���P&C{_(|wI`EXF�N�g±|�C�N�Owm ]v` P&C{_�|:I�EGF�Nygl|�CrNO P éoç�è��£ÿr��ý`�L���pý]ç��L�9ÿyÀ&þ�ÿré��w�
ç
P = (p1, . . . , pn) ½ ` �w�æ�ÿ��xfr��ü��pÿ~f{��� C éoç¬ç�èré
ý¶��ÿ c �"^(EoMyEXN�W [ c �£�Gb���g1èr�þ�ÿré������Gþ�èr�Yb P é À
∀ci ∈ C ∃pj ∈ P : pj ∈ ci

½
� á��������QÝ�Þ�á�ã���Ý@Ü����1Þj���\����Ý�Þj�±á��������QÜ�Þj���&Ü�Û��9ã�Ý���ÛwÜ���������Ý@Ü±Ûu�j�óÝ)��#�ã�á��&Ü�Û��
ª I�UGUXIrP6EGF���ì � �rî n`NO�W�õ¬K�UXN�EG|�UXW ® SC{^`W�UGEXF��Ve3C�UGWZM�ADC�F�hYSI�i�UXWZA j
õ ® e(hRmQJZC�F�iwW�M<NpCrNWZ[]C`MYH�I`UXUGIrPsMZt
bdEG^�WZF�CqMyW�NYI�H@JLEXN�EGWZMQC�F�[�EGF�N�W�S�g�JLEXN<_�[3EoM<NpC�F�J�WZMZn�UGWLNYNO�W�SWsi:W N M�C�UXW MyABW�FBUGI3J�CrNWZ[BCrNY�`EX^`W�FD[3WZ|wI�N
F�I([�WZM ~»® O�W�F£N�O�Wxõ ® e(hµJ�I�F�M�EGMyNMVI�H6z�Fw[3EXF��»CrN�A�I�M<N N N�I`K�SMZn�P6O�I³C�UXURM<NpC�S�N�C�F�[°z�F�EoMyO£C�N
�`EX^`W�F°[3WZ|wI�NMZn�M�K�JpO'N�OwCrNVW C�JpO'JLEXN<_³EoMq^(EGM�EXN�WZ[ó�ü(è������,�³ÿr�����C�Fw[»NO�WDNI�NC�UQJ�I`MyN�I�H&^�EoM�E,NEXF��³C�UGU
J�E,NEXW M6EoM6ABEXF�EGABEX�ZWZ[ ~® O�WRõ ® e3h³J�C�FVi:WRJ�I�F�M�Eo[3W�SWZ[qC`MuC�S�WZUGC���CrN�EGI�FqI�H3N�O�W6J�UXI�MyWZUX_dS�WZUGC�N�W [qcvW�O�EoJLUGW��6I�K3NEXF���hYSI�i�g
UGW�Aðj�c<�shQm�n*P6EXN�O³N�O�WDJZC�|�C`JLEXN<_xSWZMyN�SEoJ�N�EGI�FwMsSW�ABIr^�W [ ~q® O�EGMdABWZC�F�M�N�O�C�N�C�UXU�NO�W�H�I�SAVK�UoCrNEXI`F�M
C�F�[£M�I�UGK3N�EGI�FæA�W�N�O�I3[�M�|�SI�|:I`M�WZ["H�I`S�N�O�W�cH�6h C�S�W]C�UGM�I²^rC�UGEo[£C�F�[æC�|�|�UGEoJ�C�i�UXWDNI²NO�Wxõ ® e(h
i(_$C�MMyEG��F�EXF��DM�K3¹�JLEGW�F�N�UG_xUGC�S��`W�JZC�|�C`JLEXN�EGWZMRNIDN�O�W�M�C�UXW MyABW�F°j
^�W�O�EGJ�UXW Mm ~ � N9EoM9CBPRW�UGUXg±T(F�IrP6F�H
C�JLN
NO�CrNQN�O�Wdõ ® e(hæC�F�[�N�O�W9JLUGI`M�W�UG_VSW�UoCrNWZ[Bc<�shæC�SW NP g±OwC�Sp[*n`C�F�[�N�O(K�MQS�WZ|�SWZM�W�F�NYI�|3NEXABEG�ZC�N�EGI�F
|�S�I`i�UXWZADMRN�O�C�N9C�SWd^`W�S_DO�C�Sp[]N�IDMyI`UX^`WdN�IBI�|3NEXADC�UXEXN<_�n�M�W�W`nu�Z½¿¾�½Gn�ì � � n ��� î ~
�'ã`Ý/�����^�1Ûwá�ã������m����á�ã��óÝ�Þj�±á����'ã`Ý/���l�
� J�I�F�J�W�|3N6F�WZWZ[3W [�H�I`S&ABC�T(EXF��DCVH�I�SADC�U@MyNCrNW�ABW�F�N6I�HuN�O�WV\Rade(hÕEGM6J�I�F�J�W�SF�WZ[]P6E,NO]NO�WqEXF�H�I�S�g
ADC�N�EGI�F$��SpC�|�O ~
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RTSQU�V�WYXEWNZ�V�[^]A� j � F3H�I`S�ADC�N�EGI�F°��SpC�|�Owm ]�� ��� V = {v1, . . . , vN} ý����:ÿ��l�x�Yb��Tfr�����l�ü³ç��L������þ:���2�
ç������±é���¾]�Gb�� N � qn� ç�½���b��BJLI�ABA�K�F�EoJ�CrNEXI`F��`SC�|�O e Gc(t) = (V , Ec(t)) e éoçqé��:ýr���p�pý c �

eij ∈ Ec(t) ⇔ ‖pi(t) − pj(t)‖ ≤ R,

g�b��L�� R ý����:ÿ��l�Lç��Yb��V��éGi�é����pýBç�����ç�ÿr�q��è���¾�� $èr��ý pi(t) ∈ R
2 éoçq�Gb��&þ�ÿ{ç�é��±é
ÿr�°ÿ<À � qn� i è��Q�±éGiB�

t ½���b��BM�W�FwMyEGF��B��SpC�|�O e Gs(t) = (V , Es(t)) e éoçqé��:ýr���p�pý c �sÀp���p�V��é��:�2�yÿ<À5�lç�é,¾+b(� e iDÿr���6þ:���p��éoç��L��� e
eij ∈ Es(t) ⇔ αpi(t) + (1 − α)pj(t) ∈ A, ∀α ∈ [0 1].

¡ é���èr����� e �Yb���EXF�H�I�SABC�N�EGI�F'��SpC�|�O e G(t) = (V , E(t)) e éoç�ý`�
û1�:�pý»èrçB�Yb����3�wé
ÿr�Q¢»ÿyÀD�Gb��Dç�����ç�é���¾j�
è��:ýx�pÿmi�i��3�wé
�è���é
ÿ��x¾���èþxb e E ~ W ~ e E = Ec ∪ Es

½
� F�N�O�EGMvM�WLN�N�EGF���n�N�O�W6M�W�F�M�EXF����`SC�|�O�JZC�|3NK�S�W MuN�O�WQþ�è{çpç�éGf{�9EXF�H�I�SABC�N�EGI�FV¼�IrPæC�ABI`F��9NO�Wsa�bdcYM

��CrNO�W�SWZ[xi(_�NO�WqI�F3gli:I`C�Sp[xMyWZF�MyI`SMZn3P6O�EGUXW�NO�WVJ�I�ABAVK�F�EGJZCrN�EGI�Fx��SpC�|�O�SW�|�SWZM�W�F�NpM�è�����éGfr�qNSC�F�Myg
ABEoM�M�EGI�FÕI�H�EXF�NW�S�g±^`W�O�EoJLUGW�EGF3H�I`S�ADCrNEXI`Fñj���ÀL½9ì }Z� î m ~ô® O�EoMD[3EoM<NEXF�JLN�EGI�F�EoMBEXAB|:I�S�NC�F`NDNI°ADC�T�W$EGF
^rC�S�EGI�K�M�C�|�|�UGEGJZCrN�EGI�FwM�n1� ½¿¾`½GnuABEXUGE,NpC�S_¬ABEGMMyEGI�FwM�P6O�W�SW�|�C`M�M�EG^�W�M�W�FwMyEGF��xEGM�WZF�JLI`K�SC���W [$P6O�EXUGWDC�JLg
NEX^`W�NSC�F�MyABEoM�M�EGI�F@n�P6O�EGJpO¬ABEG��O�N9EGA�|�UX_$W�F�W�AV_xWL�3|:I`M�K�SW�C�F�[xNO�W�SW�i(_�ê<W�I�|wC�Sp[3EX�ZW�N�O�W�ABEGMMyEGI�F�n
C�S�WdNI�i:W�C{^�I`EG[�WZ[ ~

- À�£ �³2�4K¤<���	 ¥64Y2u	 7O��u0�;y41/
� F¶N�O�EGMDM�WZJLN�EGI�FæPRWxz�SpM<NBEXF�H�I�SABC�UXUG_£MyNCrNW]NO�W»\QI�F�F�WZJ�NEX^(EXN<_ò\QI�FwM<NSC�EXF�W [£a�bdc e(K�S�^`W�EGUXUoC�F�J�W
h1S�I`i�UXWZA·jl\Ra�e(hQm ~x¦ W�N�O�WZF$ABC�T�WqC�H�I�SADC�U@MyNCrNW�ABW�F�N6K�M�EXF��BJ�I�F�J�W�|3NpMRH�S�I`AÃe(W J�NEXI`Fx« ~¿�(~

� F�H�I�SABC�UXUG_�n�NO�Wx|�S�I`i�UGW�A÷PQWxC�SW�MyN�K�[�_�EGF��³EGMVN�O�W�H�I�UGUGIrP6EXF��wt]bdEX^`W�FòC»M�WLN�I�H�M�K�S�^`W�EGUXUoC�FwJLW
adbdcYMBC�F�[¶C²K�M�W�S�[3WLz�F�WZ[æC�S�W C$N�I³iwW$JLIr^`W�SWZ[*n�z�Fw[£P&C{_�|:I�EGF�Nygl|�CrNO�M�M�K�JpO°NO�CrNBW�^`W�S_³|:I�EGF�N
I�H�N�O�W�C�SWZCBJ�C�F¬iwWVM�W�WZF$H�S�I`A CDP&C{_(|wI`EXF�N6I�F²C�|�CrNO@n�NO�W�EGF�[3K�J�WZ[¬EGF3H�I�SADCrNEXI`Fx�`SC�|�O$EGMsT�W�|�N
�����3���������±���qJLI`F�F�WZJLN�W [�C�N�NO�WRN�EGABW6EXF�MyNC�F�NM�P6O�W�F�N�O�Wsa�bdcYM�|:W�S�H�I�SAñN�O�W6M�K�S^�W�EGUGUGC�F�JLWRABEGMMyEGI�F�n
C�F�[�N�O�W�NEXABW�H�I`SsJLI(I�|:W�SpCrNEX^`W�UG_DWL�3WZJ�K3N�EGF���N�O�W�M�WZC�SJpO�EXF$|�C�SC�UXUGW�U�EoM&ABEXF�EGABEX�ZWZ[ ~® O�EGM9|�S�I`i�UGW�A H�I�SAVK�UoCrNEXI`FxEoM9C�F$WL�(N�WZF�MyEGI�F¬I�H�N�O�W�I`F�WVJ�I�F�M�EG[�W�SWZ[xEXF¬hvC�|wWZS � P6O�WZS�W�JLI�F�g
F�WZJ�NEX^(EXN<_�J�I�F�MyN�SpC�EGF�NMRP6O�W�SW�F�I�N6NpC�T`W�FxEXF�N�IDC`J�JLI`K�F�N ~
§©¨mZuª�«:S�¬[!]:_ jY\QI�F�F�WZJLN�EG^�EXN<_�\QI�FwM<NSC�EXF�W [�a�bdcµe3K�S�^`W�EGUXUoC�FwJLW9h1S�I`i�UXWZA j±\Rade(hQmym ] q éGfr��� N
� qn� çQèr��ý�èr�Dÿr���Yb�ÿ¾`ÿ��:èr�Zþ�ÿr���®b��pýr��è��3è����pè A e ûY��ý�èsç��L�@ÿ<À N g1è��þ�ÿ�é������Gþ�è��Gb(ç P = (P 1, . . . , P N)�Yb�è��1ç�ÿ��¯f{���Yb��QÀLÿr���Xÿ~gvé���¾¬ÿpþ:�±éGi�éL° èr�±é
ÿr�]þ:�ÿ c �X�8i

min
P

n−1∑

j=1

max
i∈Z

+

N

||pi
j − pi

(j+1)||

çp���5b$�Yb�è�� ∪i P i ¾���è���ý{ç A

GP (j) ∈ C, ∀j

y��L�� P (j) = (p1
j , . . . , p

N
j ) ý����:ÿr���Lç��Gb�� � q�� þ�ÿrç�é���é
ÿ���ç�èr�d�±éGiB�]é���ç���èr�:�p� j è��:ý GP (j)

éoç��Yb��
EGF�[3KwJLWZ[æé��ZÀLÿ��DiBè���é
ÿ��¬¾���èpþ�b±g�b����³�Yb�� � q�� çVèr���Bèr� P (j) ½ ¡ �3���Gb��L� e C éoç��Yb��Vç��L�6ÿ<À��ÿ�����������ý
¾���èpþ�b�ç$ÿr� N f{������é
�p�Lç�½²k��Õè��p�pÿr��ý`èr�:�p�^gvé��Yb�³R�ÿ c �X�8i ` ½ ªs´�µ � ��¶ ³�· e P i = (pi

1, . . . , p
i
n), i ∈

Z
+
N = {1, . . . , N} e èr��ý ‖ · ‖ ý����:ÿ��l�Lç��Yb��]ç
b�ÿr�����Lçp��ÿ c ç���è����X�dÀp���p�¬ýréoç��lè��:�p� ½±yV����� e �Yb��]ç���èr���

ý`�lþ�ÿr��ç e ý����:ÿ��l�pý c � pi
1 e è�����¾�éGfr�L��g�b(é��X���Yb��1ûY��éoç
b»ý���þ�ÿ��
ç e pi

n e iBè�� c �V��é��Gb��L�1Àp����ÿr�9¾�éGfr�L��½
¸D¹Kº�º�»®¼�½¿¾®ÀKÁ'»®¾m½ Â@ÃDÄ@¼"Å:Ã8»®¾~ÆKÃ8¾�ÇLÈEÉ�ÄNÁD¾®À2É�Ã:Â/ÁDÊ¿Ê®º�É
¾mº@ÃDÄ@º:Ë

R
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Ù^S�¬sÚJ¨+ÛÜ[^]N_ jN�6W�glJ�I�F�F�W J�NEXI`F"EGF�MyNC�F�JLW Mm ]Á� NVEGMVEXAB|:I�S�NC�F`NqNI²F�I�N�WBN�OwCrNVEGF¶\Ra�e(h�nuN�O�W]S�W�g
J�I�F�F�WZJ�NEXI`F$I�H�N�O�WVEXF3H�I`S�ADC�N�EGI�Fx��SpC�|�O¬[3I(WZMsF�I�NsI3J�J�K�S9C�N9C�Si�E,NSC�S�_�N�EGA�WqEGF�MyNC�F�JLW M ~ � F$H
C�J�N n GEoM�SWZ¸�K�EGS�W [$N�IxS�W�glJ�I�F�F�WZJ�N�CrNdN�O�Wxç��3�Dfr�Lé����Xè��:�p�]����é��±é
�è��v��éGiD�Bé���çp��èr���p��ç�nvé
½�� ½Gn�WL��C`J�N�UG_$P6O�W�F³N�O�W
Ir^`W�SpC�UGU�A�EoMMyEGI�FxEGM&i:W�EGF���J�I�UGUXW J�N�EG^�WZUX_�MyI`UX^`WZ[ ~
Ù^S�¬sÚJ¨+ÛÝ[!]Gt j � F�N�WZS[�W�|:W�F�[3WZF�JLW{m ]ó� F¬\Ra�e(h�n�N�O�W9EGF`NW�S�g±^`W�O�EoJLUGW9[3WZ|wWZF�[3WZF�JLW�M<NW�ADMQiwI�N�O�H�SI�A
NO�W�EXAB|:I`M�WZ[¬�`K�C�Sp[3EGF��]C�Fw[²JLI`F�F�WZJLN�EG^(E,N<_¬JLI`F�MyN�SpC�EGF`NpM�n�C�M9PQWZUXUvC`M6N�O�W�F�I`F3g�MyWZ|�C�SpC�i�UGWqI�i�ê<WZJ�NEX^`W
H�K�F�J�NEXI`F ~
Ù^S�¬sÚJ¨+Û±[^]Ðw j ¦ C{_`gl|:I�EGF`NvH�I`UXUGIrP6EGF���m ]£� F�N�O�EoMv|�SI�i�UGW�A H�I�SAVK�UoCrNEXI`F@n�EXNYEGMYC`M�M�K�ABWZ[VN�OwCrNvN�O�W�SW
W��3EGMyNMQCqUXIrPÕUGW�^`W�UwJ�I�F�N�SI�UGUGW�S�H�I�SQWZC`JpO�a�bdcJZC�|�C�i�UGW6I�H*H�I�UGUGIrP6EXF���NO�W9�`W�F�WZSC�N�W [�P&C{_(|wI`EXF�N�g±|�C�N�O
P6EXN�O¬i:I�K�F�[3WZ[�W�SSI�S ~
§©¨mZuÞ�Z�ß®WNX®WNZ�Và[!]:_u] ³R��ÿ c �X�2iâá9½ ª±´5ã ��¶ ³�·Déoç NP �:b�è���ý�½
³&��ÿZÿyÀL½ ª I�UGUGIrPsM1[3EGS�W J�NUX_�H�SI�A N�O�W�|�SI(I�H@I�H@hYS�I`|wI�MyEXN�EGI�F ��~G} M�EXFwJLW9EGF�NO�W�MyEGF���UGW�adbdcñJ�C�M�W�n`N�O�W
J�I�F�F�WZJ�NEX^(EXN<_]JLI`F�MyN�SpC�EGF`N6EoMRN�SEX^(EoC�UGUX_�H�K�U,zwUXUGWZ[ ~
- ÀNä �³2�4Kåq4��Q��5çæ&4��y7s03;y41/
® O�EGM�M�WZJ�NEXI`FVP6EGUXU(|�SI�|:I`M�WQCdM�I�UGK3N�EGI�FqNI9NO�W9\Ra�e(h"[3WZMJLSEGiwW [�EGF�e(W J�N�EGI�F�« ~ ��~�� M�C�JLI`F�MyW ¸�K�W�F�J�W
I�H*hYS�I`|wI�MyEXN�EGI�FD« ~G} n`PRWsJ�C�FDF�I�NYO�I�|:W6N�IVM�I�UG^�W6C�UXU*\Ra�e(h°EGF�MyNC�FwJLWZMvN�I�I`|3N�EGADC�UGE,N<_�EXFDSWZC`MyI`F�C�i�UGW
NEXABW�i�K3NVAVKwM<NVC`[3I�|3N�O�W�K�SEGMyN�EoJDM�I�UGK3N�EGI�F"ABWLN�O�I([�M ~x� F�CrNK�SpC�UvP&C{_¬N�I²C`[�[3SWZMMdN�O�W�\Rade(hñEGM
NI»C�[�[»NO�W�JLI`F�F�W J�N�EG^(E,N<_"JLI`F�M<NSC�EXF�N�N�I$NO�WDNO�EXSp['MyK�i�|�SI�i�UGW�A·I�HRN�O�W�õ ® ade(hµM�I�UGK3N�EGI�FÕj<é
½�� ½Gn� UX�`I�SE,NO�A ��~G} m ~ ù�K�WDNI²hYSI�|:I`M�E,NEXI`F'« ~ Ä O�IrPRW�^�WZSZn�N�O�EoM�PRI�K�UG[³N�K�S�F'NO�WDN�O�EXSp[*n�|wI`UX_(F�I`ABEGC�U
NEXABW`nQM�K�i�|�SI�i�UGW�A I�H6z�F�[3EGF��"N�O�W�|�C�N�O�M�EGF�N�I'C�F NP glO�C�Sp[°I`F�W�n1C�F�[£OwC{^�EGF�� NP glO�C�S[£M�K�i3g
|�S�I`i�UXWZADM�EoMdEXF"��WZF�W�SpC�U�F�I�N�C���I(I3[²Eo[3WZC ~ � Fòì ��� î n:PRW�|�S�I`|wI�MyW [»C�F�[»J�I�AB|�C�SWZ[¬H�I�K�Sq[3EX¯:WZS�WZF�N
C�UX�`I�SE,NO�ADMRH�I�S9M�I�UG^(EXF���h1S�I`i�UXWZA « ~G} j±\Ra�e3hQm ~ � FxN�O�EoMs|�C�|wWZSZn�PQWq|�SWZM�W�F�NsC�F¬C�UX�`I�SE,NO�AkP6O�EoJpO
EoM�NpC�EGUXI`S�W [�H�I`SYO�C�Fw[3UXEGF���NO�W6O�C�Sp[�JLI�F�F�WZJLN�EG^�EXN<_�J�I�F�MyN�SpC�EGF�NM�WL�3|�UGEoJLEXN�UG_�n(C�F�[VN�K�SF�W [BI�K3NvNIq��EG^�W6C
�`I(I([DN�SpC�[3W�g±I�¯�i:WLN<PRW�W�F�JLI�AB|�K�NCrNEXI`F�C�U:JLI`A�|�UXW��(EXN<_DC�F�[]MyI`UXK3NEXI`FD|wWZSyH�I`S�ADC�F�JLW ~�® O�W�|�SI�|:I`M�WZ[
C�UX�`I�SE,NO�Aki�K�EXUo[�M6K�|:I�F�N�O�WqF�I�NEXI`FxI�H�C¬�pÿr�w�:�p�L�±éGf é����m�Gþ���éGi�é��±éGf{��n�MyWZW ª EG��K�SWq« ~ �(~
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ª EG��K�SW»« ~¿� t ® PQIæJ�I�F�F�WZJ�NEX^(EXN<_�g±|�SEGA�EXN�EG^�W M¬j�EGFóMyI`UXEo[�C�Fw[ò[�C�M�O�WZ[�m�JLI�AB|:I`M�WZ[òI�H�H�I`K�S]a�bdc
|:I`M�EXN�EGI�F�M�WZC`JpO ~�® O�WBJLI`F�F�W J�N�EG^(E,N<_�gl|�SEXABEXN�EG^�WZM9C�SW�JLSWZC�N�W [$EXF"M<NW�|¬N<PRI]I�HvN�O�W�C�UG��I�SEXN�O�A ~�® O�W
[�I�NyNWZ['P&C{_(|wI`EXF�Nygl|�C�N�O�MdEGF�[3EoJ�CrNWBN�O�WDSWZM�K�UXN�I�H6M<NW�|"N�O�S�WZW�n1é
½�� ½Gn�O�IrP N�O�W�adbdcYMVM�O�I�K�Uo[³A�Ir^`W
H�SI�A I�F�W6|�S�EGABE,NEX^`W&N�I�C�F�I�N�O�W�S ~u® O�W6ADCr�3EGAVK�A I�H�N�O�WZM�W6|�CrNO3g±UGW�F���N�OwM�EGM�NO�W�FDKwMyW [�C`MY[3EoM<NpC�F�J�W
dij

iwW�N<PQWZW�FBN�O�WsN<PRIq|�S�EGABE,NEX^`WZM1P6O�W�F�M�I�UG^(EXF���NO�W ® e(hæEXF�MyN�WZ|DH�I�K�SYN�Iqz�Fw[BN�O�W9I�Sp[3W�SYEGFDP6O�EoJpO
NID^(EGM�E,N6NO�W�|�SEXABEXN�EG^�WZM ~
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RTSQU�V�WYXEWNZ�Vè[^]Ðé jl\QI�F�F�W J�NEX^(EXN<_`gl|�SEXABEXN�EG^�W{m ]!` �pÿ����:�p����éGf é��±�m�Gþ:��éGi�é���éGfr� s = {p1, . . . , pN} é��
R

2×N e éoç�è$�ÿ����X�p�L�±é
ÿr�æÿyÀ N � qn� þ�ÿrçpé��±é
ÿr��ç pi ∈ R
2 e �Gb�èr�6é��:ý����p�Dèr�"é��ZÀLÿr�DiDèr�±é
ÿr�»¾���èpþ�b³�Yb�èr�

éoç�JLI�F�F�WZJLN�WZ[u½
� M�[3WZ|�EGJLN�W ['EXF ª EG��K�SWD« ~ � nuN�O�W�MyK��`��W M<NWZ["C�UG��I�SEXN�O�AÁH�I`SVM�I�UG^�EGF��»\Ra�e3h JLI�FwMyEoM<NpM�I�H&H�I�K�S

M�K�i�|�S�I`i�UXWZADM ~'¦ W�z�SMyN9MyNCrNWdN�O�W�C�UX�`I�SE,NO�AkC�F�[�NO�W�F¬[3EoM�J�K�MMRN�O�W�H�I`K�SsM<NW�|�M&EGF¬[3WLNpC�EGU ~
ê «Në�Zx¨mWNX®ì�¬í[!]:_ j
hYSI�|:I`M�WZ[»M�I�UGK3NEXI`F²H�I�SV\Rade(hQm ] ® O�WDC�UG��I`S�EXN�O�AâJ�I�F�M�EoM<NpM�I�HYN�O�W�H�I`UXUGIrP6EGF��
H�I`K�S9MyN�WZ|�M�t
}`~ \QS�W CrN�W�C�ADCr�3EGABC�U�J�I�F(^�W��$J�Ir^�WZS C = {c1, . . . , cM} I�H1C�SWZC A EXF"C�JZJLI�Sp[�C�F�JLWqP6EXN�O � UG��I�g

S�EXN�O�A ��~¿�(~
��~ \QS�W CrN�W�C]MyW�N9I�H1J�I�F�F�W J�NEX^(EXN<_`gl|�SEXABEXN�EG^�W M�n S = {s1, s2, ..., sp} nwN�OwCrNdJ�I�AB|�UGWLNW�UG_xJ�Ir^�W�SpMRN�O�W

C�SWZC�n�é
½�� ½Gn�NO�W�JLI`F�^`WL�]J�Ir^�W�S C EGM&^(EoMyEXN�W [xi�_�N�O�Wq|:I�EGF�NM&EGF ∪isi
~

��~ e(I�UG^�WRC�FBC�MMyEG��F�ABWZF`N�|�SI�i�UGW�AfH�I`S�W C�JpO�|�C�EGS (si, sj)
I�HwJLI`F�F�W J�N�EG^(E,N<_�gl|�SEXABEXN�EG^�WZMuEGF S n�P6O�W�SW

N�O�WsJ�I`MyNYI�H*C�FDC�MMyEG��F�A�WZF�N�I�H pk ∈ si
NI pl ∈ sj

EoMvWZ¸�K�C�U3N�I�NO�WsMyO�I�S�N�WZMyNYI�iwM<NpC�JLUGWRH�S�WZW6|�CrNO
H�S�I`A pk

N�I pl
~ ö WLN dij

iwW�NO�W�ABC��3EXADC�I�HuN�O�W MyW�|�C�N�O3glUXWZF���NO�M&EGF]NO�W�I�|3NEXADC�U@C`M�M�EG��F�ABW�F�N ~
Äw~ e(I�UG^�W6C ® SpC{^�WZUXEGF��qe3C�UGWZM�ABW�F�hYSI�i�UGW�AÃj ® e(hQmvO�C{^(EXF��dNO�W p JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,NEX^`WZM�EGF S C�M

JLEXN�EGWZM1C�F�[BNO�WsNI�NC�U�|�C�N�O�UGW�F���N�OwM dij
C`MYEGF�N�W�SRJLEXN<_D[3EGMyNC�F�JLW M ~�¦ O�EGUXW9N�O�W�ADCr�3EXADC�UwF(K�A�iwWZS

I�HuEXN�WZSC�N�EGI�F�M&OwC{^�WdF�I�Nsi:W�WZFxSWZC`JpO�WZ[@n��`I�NI ��~

Find distances and UGV movements
between the connectivity−primitives

Find a maximal convex cover

Solve the associated TSP

Create connectivity−primitives

C = {c1, ..., cM}

S = {s1, s2, ..., sp}

dij i, j ∈ {1, 2, ..., p}

F (S), P

ª EG��K�SWq« ~ � tve�JpO�W�ADCrNEGJdIr^`W�S^�EGW�PôI�H�NO�W�M�K����`WZMyN�WZ[xC�UG��I`S�EXN�O�A H�I�SsM�I�UG^�EGF��]\Ra�e3h ~

® O�W�zwSMyNsMyK�i�|�S�I`i�UGW�AkEoMRN�O�W�MC�ABWqC�MREGF � UG��I�SEXN�O�A �V~X} n(z�F�[3EGF���C�ADCr�3EGABC�U*JLI�F(^`WL�]JLIr^`W�S n
C�F�[xEGM6M�I�UG^�W []i(_ � UX�`I�SE,NO�A �V~ ��~

� F�N�O�WsMyW JLI�Fw[VM�K�i�|�SI�i�UGW�A$n�C�M�WLNvI�H�JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,NEX^`WZMZn S = {s1, s2, ..., sp} n�EGMvJ�S�W CrNWZ[EGFDMyKwJpO�C�P&C{_�N�O�C�NvN�O�W6WZF�N�EGS�W6C�SWZC�EoMvJLIr^�WZS�W [*n3é
½�� ½Gn�NO�W�SW&EGMYC�NvUXW C�MyN�I`F�W6JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,NEX^`W
F�I([�W�EXF°WZ^�WZS�_"MyW�N�I�H&N�O�W�JLIr^�WZSZn C

~$� M�P6EGUXUQiwW]WL�3|�UoC�EGF�WZ["EGF°hYS�I`|wI�MyEXN�EGI�F°« ~ Ä n�E,NVEoMqO�C�S[³NI
zwF�[]C�J�I�F�F�WZJ�NEX^(EXN<_�g±|�SEGA�EXN�EG^�W6^(EoMyEXN�EGF���C�MyW�NQI�H��`EX^`WZMQMyW�NM ~�® O(K�MQPQW9|�S�I`|wI�MyW&NIVEXN�WZSC�N�EG^�W�UG_�|�EGJpT
J�I�F�F�WZJ�NWZ[$|:I`M�E,NEXI`F�M6EGFxN�O�W�_`WLNsK�FwJLIr^�WZS�W []|wC�S�NsI�H A C�F�[xNO�W�F²M�W�WqP6OwCrN9C�[�[3E,NEXI`F�C�UuMyW�NM&NO�W�_
J�Ir^�WZS ~ ö WLN V ⊆ C i:W1NO�WRM�WLN�I�H�J�I�F(^�W���M�WLNpM@NO�CrN�O�C{^�WYi:W�WZFV^(EoMyEXN�W [qi(_�C9JLI�F�F�WZJLN�EG^�EXN<_�g±|�S�EGABE,NEX^`W
C�UXSWZC`[3_ ~ � FDI�Sp[3W�S�NIqT�WZW�|�N�O�WsF(K�A�iwWZSYI�H*JLI`F�F�W J�N�EG^(E,N<_�gl|�SEXABEXN�EG^�WZM�UGIrPqn�EXNYEGMY|�S�W�H�W�SpC�i�UGWRN�O�C�NYN�O�W
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F�WL�(N1JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,NEX^`WQOwC�M�MyI`ABWRF�I([�WZM�EGFVNO�WsMyW�N C \V
~ hYEoJpT�I�F�WRNO�CrNYJ�C�F�i:W6JLI`F�F�WZJLN�W [

C�F�[$C�[�[�EXN6N�I�N�O�Wq|�S�EGABE,NEX^`W ~Y® O�EoM&|�SI(J�WZ[3K�S�W�EoM&S�WZ|wW CrN�W []K�F`NEXU C \ V = ∅
P6O�EoJpO�ABW C�F�MRNO�CrN

i(_�^�EoM�E,NEXF���NO�W�JLI`F�F�WZJLN�EG^(E,N<_�gl|�S�EGABE,NEX^`WZMZn S = {s1, s2, ..., sp} n�N�O�WqWZF`NEXSWqC�SWZC�EGM6M�K�S^�WZ_�WZ[ ~� FÕI`S[3WZSBN�I£[3W JLEo[3W¬EGFòP6O�EGJpOÕI�Sp[3WZSBN�I°^(EGM�EXNDN�O�W¬|�SEGA�EXN�EG^�W M²j
M�K�i�|�S�I`i�UXWZA H�I`K�Spm�PRW¬F�W�W [
M�I�ABWxF�I�NEXI`F£I�H�O�IrP H
C�SDC�|wC�S�NVN�O�W�_£C�SW ~ � FæN�O�W�N�O�EGSp[æM�K�i�|�SI�i�UGW�A÷PRW]zwF�[æM�K�JpO¶[�EGMyNC�F�JLW M
dij

i(_"M�I�UG^(EXF��²C�F£C�MMyEG��F�A�WZF�N�|�S�I`i�UGW�A·H�I�SVW C�JpO°|�C�EXSVI�H9JLI`F�F�W J�N�EG^(E,N<_�gl|�SEXABEXN�EG^�WZM ~»º F�W]M�K�JpO
C`M�M�EG��F�ABW�F�N1EoM1[�W�|�EoJ�NWZ[DEGF ª EX�`K�S�W�« ~¿�(~'¦ W9UGWLNYNO�W�[3EoMyNC�FwJLWsi:WsNO�WsADCr�3EGABC�U�UGW�F���N�O�C�F�_Ba�bdcYM
F�W�WZ[VN�I�N�SpC{^�WZU�NI���WLN�H�SI�Añ|�SEXABEXN�EG^�W i N�Id|�SEXABEXN�EG^�W j

~�® O�W p(p−1)
2

C�MMyEG��F�ABWZF`N�|�SI�i�UGW�ADM�C�MuPQWZUXU
C`MQN�O�W�K�F�[�W�SUX_(EGF���M�O�I`SyNWZMyNR|�C�N�Ox|�SI�i�UGW�AkJZC�F]i:WqMyI`UX^`WZ[]i�_D|:I�UG_(F�I�ABEoC�U:N�EGABWqC�UG��I�SEXN�O�ADM�ì ��} î ~® O�WV[3EoM<NpC�F�J�WZMsi:WLN<PRW�WZF$N�O�W�JLI�F�F�WZJLN�EG^�EXN<_�g±|�S�EGABE,NEX^`WZMZn�[3W�F�I�N�W [ dij

EGF ª EX�`K�S�W�« ~ � n�C�SW�N�O�WZF
|wC�MMyW [³[3IrP6F»N�IxN�O�W�H�I`K�S�N�O'C�F�[³UGC`M<NqM�K�i�|�SI�i�UGW�A P6O�EGJpO"EoM9NI¬[3WLNW�SA�EGF�W�N�O�WDI�Sp[3W�SdEXF"P6O�EoJpO
NID^(EGM�E,N6NO�WVJ�I�F�F�W J�NEX^(EXN<_`gl|�SEXABEXN�EG^�W MRC`M&PQWZUXUuC�MRN�O�W�I�i3ê<W J�NEX^`W�H�K�F�J�NEXI`F@n F (S)

~ ® O�EGM9EGM&EGF$H
C�JLN9C® e3h²P6O�W�SWYJLI`F�F�W J�N�EG^(E,N<_�gl|�SEXABEXN�EG^�WZM�|�UGC{_6NO�WYSI�UGWvI�H3JLEXN�EGWZMuC�F�[ dij
N�O�W1JLI`S�SWZM�|wI`F�[3EGF��6[3EoM<NpC�F�J�WZM ~® O�EGMsC�UGM�I�WL�3|�UoC�EGF�M&I�K�S6W C�SUXEGW�S6J�I�F�J�W�SF�N�IDT`W�WZ|]NO�WqF(K�AVi:W�S6I�H�JLI`F�F�W J�N�EG^(E,N<_�gl|�SEXABEXN�EG^�WZMRUGIrPôEGF

M�K�i�|�S�I`i�UXWZA N<PQI ~ cYC�S�EGI�K�MVO�W�K�S�EoM<NEGJ�MyI`UXK�N�EGI�F£ABWLNO�I3[�M�WL�3EoM<N�H�I�SBMyI`UX^(EGF�� ® e(h1Mxì � ��î ~ � FæI�K�S
|wC�S�N�EoJLK�UoC�SVJZC�M�W�n�C»e(EGAVK�UoCrNWZ[ � F�F�WZC�UXEGF��²C�UG��I`S�EXN�O�A O�C`MqiwWZW�F£C`[3I�|3NWZ[Õì �rÄ î ~$® O�EoM�C�UG��I`S�EXN�O�A
�`W�F�WZSC�N�W MsCBH�WZC`MyEGi�UGWVM�I�UGK3N�EGI�F$NI�N�O�W�\Ra�e(h C�F�[xNO�W�C�UX�`I�SE,NO�AÂADC{_$M<NI�| ~så IrPQWZ^�WZSZn�EGF²I`S[3WZS
NIq��W�N1JLUGI`M�W�S�N�IqC�FBI`|3N�EGADC�U�M�I�UGK3N�EGI�F@n`E,NYADC{_�i:W6i:W�F�W�zwJLEoC�U3NI�S�W�gl[3IdNO�W6|�SI(J�WZMMuH�I�SYC�|�C�SyNEGJ�K�UGC�S
F(K�A�iwWZSsI�H�E,NW�SpCrNEXI`F�M&i(_�S�WZ|wW CrNEXF���NO�WqUGC`M<N&NO�S�WZWqMyK�i�|�S�I`i�UGW�ADM ~
§©¨mZuÞ�Z�ß®WNX®WNZ�Và[!]Gt/]v` � ¾�ÿr��é��Yb�iâá9½ ª þ:��ÿ ýr���p�LçVèsÀL�pè{ç�é c �X��ç�ÿr���3�±é
ÿr�³�lÿa³&��ÿ c �X�2iâá�½ ª±´Õã ��¶ ³�·�½
³&��ÿZÿyÀL½ ® O�EGM�EoM�N�SK�WxM�EGF�JLW$C�UGURJ�I�F�F�WZJ�NEX^(EXN<_�g±|�SEGA�EXN�EG^�W M�C�S�W�^(EGM�E,NWZ[¶C�F�[£N�O�WZ_æC�SW�[3W MyEG��F�WZ['NI
i:I�NO$S�W My|:WZJLN6N�O�W�J�I�F�F�W J�NEX^(EXN<_]JLI`F�M<NSC�EXF�NpMRC�F�[�|�S�Ir^(Eo[3WqCBJLI�AB|�UGWLNWqJLIr^�WZSC���W�I�H�C�S�W C�n A ~

- À�î ïñð��@412��*0�;y8��Í��ò�/��Í�@ó��(;�
® O�W&N�O�WZI�SWLN�EoJ�C�U3S�W MyK�U,NpM�|�S�W MyWZF�N�WZ[�EGFVNO�EGM1MyW J�N�EGI�F�EGF�JLUGK�[3W MYC�N�O�WZI�SW�A SW�UoCrNEXF��dNO�W6S�W�g±I3JZJLK�SS�EGF��
J�I�F�F�WZJ�NEX^(EXN<_¬I�HQN�O�W]\Ra�e3hôNIxJ�I�F�M�W�F�M�K�M�z�UXN�WZSMZn*i�K3N�C�UoM�I�n NP glJ�I�AB|�UGWLNW�F�W M�MdI�H1N�O�WB|�SI�i�UGW�A
I�H�[�WLN�WZS�ABEGF�EGF��BWL�3EGMyN�WZF�JLWqI�H�CBJLI`F�F�W J�N�EG^(E,N<_�gl|�SEXABEXN�EG^�WdN�O�C�N6^�EoM�E,NpMsCBMyW�NsI�Hu�`EX^`W�F$MyW�NM ~
×"ØNô�ØlÙ Ú"Ûxõu�1ã�ã`Û���Þ � á����1Ûuõ3Þj�:���
Þ®� Ý)�1ß � á��l��Ûu�l�j�l�²öv�lÜ
Þ�Ûwã��
� F»N�O�EoM�MyW J�NEXI`F@n�NO�W�|�S�W JLEoMyW�[3WLz�F�E,NEXI`F»I�HvNO�W�F�I�NEXI`F²I�HYSWZJ�K�S�SW�F�N�J�I�F�F�WZJ�NEX^(EXN<_$P6EXUGUui:W���EG^�W�F ~
e3K�i�M�WZ¸�K�W�F�NUX_`n@C�SWZM�K�U,NqJLI`F�JLWZS�F�EXF���N�O�W�S�WZUGC�N�EGI�F�M�O�EG|²i:WLN<PRW�W�F»N�O�EoMdPQW C�T`W�SsH�I`S�AâI�HQJLI`F�F�WZJLN�EG^�g
EXN<_¶C�F�[æJ�I�F(^�WZS��`W�F�J�W]I�HdM�I'JZC�UGUXW [ø÷ ö C�|�UGC`JLEoC�F¶J�I�F�M�W�FwMyK�M�z�UXN�WZSM+÷»ì }ZÄ n ��Ö î EoMB|�SWZM�W�F�N�W [ ~ «QK�N
i:WLH�I`S�WxW�A�i�C�ST(EXF���nvUGWLNDK�M�ABW�F�N�EGI�FæN�O�W$ABI�NEX^rCrNEXI`F£H�I`S�EGF�N�SI([�K�JLEGF��³N�O�W$F�I�N�EGI�FæI�H9SWZJLK�S�SW�F�N
J�I�F�F�WZJ�NEX^(EXN<_�n3P6O(_DEXN&EoM&EGA�|:I�S�NC�F�N&C�F�[]O�IrPóE,NsJZC�F]i:W�K�M�WZ[�EGFx|�SC`J�NEGJZC�U*MyK�S�^`W�EGUXUoC�F�J�W9ABEoM�M�EXI`F�M ~

õ»C�F(_�C�|�|�UGEoJ�CrNEXI`F�Mx[3IæF�I�NxSWZ¸�K�EGSW»JLI`F�F�WZJLN�EG^(E,N<_�I�HqN�O�W"EXF�H�I�SABC�N�EGI�Fó�`SC�|�OôC�NxC�UGUdN�EGABW
EGF�MyNC�F�JLW M ~D� MVC�ADC�NyN�WZSqI�HQH
C�J�N n@N<_(|�EoJ�C�UYMyK�S^�WZEXUGUoC�F�J�W�ABEoM�M�EXI`F�M�C�SWDMyI`UX^`WZ[²ABI`S�WBWL¯�WZJLN�EG^�WZUX_²EXH
NO�W�a�bdcYM&C�SW9C�UGUGIrPQW [�N�IBMy|�UGEXNQK�|]N�W�AB|:I�SpC�S_ ~ e(W�WZT(EXF��VN�O�SI�K���OBN�O�WdC�S�W CqEXF ª EG��K�S�Wd« ~G} M�W�S^�W M
C`M&C�F�EGUXUGK�MyN�SpCrNEX^`W9WL��C�A�|�UXW�I�HuM�K�JpO]C�M�J�W�F�C�S�EGI ~�® O�EoMQABI�N�EG^{C�N�W MYNO�W�EGF�N�SI3[3K�J�NEXI`F]I�H*N�O�W�F�I�N�EGI�F
I�H�SWZJ�K�SS�WZF`N6JLI`F�F�W J�N�EG^(E,N<_ ~® O�WxADC�EXFòH�I3JLK�MBI�H9NO�EGM�|�C�|:W�SDEoMBI�Fò|�UoC�F�F�EGF��'P&C{_�|:I�EGF�Nygl|�CrNO�M�H�I�SDa�bdcYM ~ ö W�N�K�MBF�IrP
C`M�M�K�ABW�NO�CrN�C�UGI�F��BNO�WZM�WVP&C{_(|wI`EXF�N�g±|�C�N�O�MZn�W C�JpO²adbdcµABWZC`MyK�SWZM�MyI`ABWV¸�K�C�F�N�EXN<_ yi ∈ R

K�M�EXF��
NO�W�I�F3gliwI�C�Sp[$MyWZF�MyI`S ~ � F³C�J�J�I�Sp[�C�FwJLW�P6E,NO»ù�WLz�F�EXN�EGI�F"« ~ Ö n:NO�WV|:I`M�E,NEXI`F¬I�HvNO�W�adbdcYM�n�EGF�[3K�J�W
C�FDEXF�H�I�SABC�N�EGI�FB��SpC�|�O@n G(t)

~�® O�W9MyWZF�M�I�SYABWZC`MyK�S�WZA�WZF�NMvJ�C�FBN�O�WZS�W�H�I�SW6iwW9|�S�I`|�C���CrNWZ[VN�O�SI�K��`O
NO�W²UGEXF�T(MBI�H G(t) EXFÕI�Sp[3WZSBN�I£M�O�C�SW�EGF3H�I`S�ADCrNEXI`FòC�ABI�F��"N�O�W²a�bdcYM ~ � FÕI�NO�W�SDPRI�Sp[�MZn G(t)|�S�Ir^(Eo[3WZM9N�O�Wxé��ZÀp�è{ç����������±�3����H�I�SdEXF�H�I�SABC�N�EGI�F»M�O�C�S�EGF�� ~ ª I�Sd|�SC`J�NEGJZC�U�|�K�S|wI�MyW M�n�PRWVPRI�K�Uo[²UGEXT`W
NO�WVSI�i:I�NpM&N�I]S�W C�JpO$JLI�FwMyWZF�MyKwM6S�WZ�`C�S[3EGF���N�O�W�ABWZC�M�K�SW�ABW�F�NpM yi

~ � N�EGMsN�O�WZS�W�H�I�SWqEXAB|:I�S�NC�F�N6NI
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MyN�Kw[3_]NO�WqEoM�M�K�W�I�HvJLI`F�^`W�S��WZF�JLWdI�H�EXF�H�I�SABC�N�EGI�F�z�UXN�W�SpMRH�I�SsN�O�W�J�I�UGUXW J�N�W [$MyWZF�MyI`S6[�CrNpCBP6O�W�FxN�O�W
K�F�[3W�SUG_�EGF��B��SpC�|�O�EoM����p�L�3����L�w�����DJ�I�F�F�W J�NWZ[ ~Y® O�EoM6EoMRN�O�WqW M�M�W�FwJLW�I�H�hYS�I`|wI�MyEXN�EGI�F$« ~ ��~
RTSQU�V�WYXEWNZ�Và[!]Gù j:�6WZJ�K�SS�WZF`NsJ�I�F�F�W J�NEX^(EXN<_3m ]v` ¾���èpþ�b e G e éoçqç�èré
ý]�lÿ c ��SWZJLK�S�SW�F�N�UG_�JLI`F�F�W J�N�W [
gvé��Yb³è]ýmg1�����¯���±éGiB� e ∆ > 0 e é ÀvÀLÿ���èr��� t ∈ R

+ �Yb���������ü`éoç��
ç T (t) ≥ t + ∆ ç����Õbx�Yb�è��
G(τ) ∈ C, ∀τ ∈ [T − ∆ T ].

y��L�� e C ý����:ÿ��l�Lçq�Gb��qç����Rÿ<À��ÿ�����������ýV¾���èpþ�b(çL½
® O�EGMY[�WLz�F�EXN�EGI�FDEGAB|�UGEXW MvN�OwCrNYI�F�W6EGMYC�UXP&C{_3MvC�i�UGW&N�I�zwF�[DCdN�EGABWLglEXF�N�WZS�^rC�U3I�H*UXWZF���NO ∆ n([3K�SEGF��

P6O�EGJpOxN�O�Wq��SpC�|�O�EGMsJ�I�F�F�WZJ�NWZ[ ~
Ù^S�¬sÚJ¨+Û|[!]Ð}�] � F"C][3EoMJLSWLN�WVN�EGABW�M�WLN�N�EGF���n�NO�W�MC�AB|�UGEGF���NEXABW�|�S�Ir^(Eo[3WZMdC�FwCrN�K�SC�U�M�W�UGWZJLN�EGI�F
I�H�[�PQWZUXUXg�NEXABWDj���ÀL½�ì }�Ä n }{Ö î m ~

� MRA�WZF�N�EGI�F�W [D|�SW�^(EXI`K�M�UX_`n�C�UXI`F��qN�O�W�P&C{_(|wI`EXF�Nygl|�C�N�O�MZn�W C�JpO]adbdcABWZC`MyK�S�W M1M�I�ABW�¸�K�C�F`NE,N<_
yi ∈ R

C�NQNEXABW t0
N�O�C�NREoMQN�O�WZFxJ�I�ABAVK�F�EGJZCrNWZ[BNIVNO�W�I�N�O�W�SpMYNO�S�I`K���O�N�O�W�UGEXF�T3MQI�H@NO�W�EXFw[3K�JLW [

EGF3H�I`S�ADCrNEXI`F��`SC�|�O@n G(t) n�C�F�[xK�M�WZ[xC�M&EGF�|�K�N6N�I�CBJLI`F�MyWZF�M�K�MRz�UXN�W�S
ẋi =

∑

j∈Ni

aij [xj(t) − xi(t)], xi(t0) = yi,
j�« ~X} m

P6O�W�SW Ni = {j ∈ Z
+
N : εij ∈ E(t)} C�SW'N�O�W°F�WZEX�`O(iwI`SM¬I�HBadbdc i EGF G(t)

~ ö WLN x =
(x1, · · · , xN )T n3N�O�WZF$K�MyEGF��DMyNC�Fw[�C�Sp[�F�I�NC�N�EGI�F�M&EGF$��SpC�|�O]N�O�WZI�S_�n@j
« ~G} m&JZC�FxiwWqSW�P6SE,N�N�WZFxC`M

ẋ = −Lx, x(t0) = y j�« ~¿� m
P6O�W�SW L [�W�F�I�N�WZMRNO�WqPRW�EG��O�N�W [ ö C�|�UoC�J�EGC�F]ADCrNS�EX� ~� NxEGM�PRW�UGU�T(F�IrP6Fµj�MyWZW�n�� ½¿¾�½Gndì }�Ä n ��Ö î mBN�O�C�N�EXH�N�O�W"��SpC�|�OòEoM"j¿ê<I�EGF�N�UG_�m]J�I�F�F�W J�NWZ[*n6NO�W�F C
J�I�F�M�W�FwMyK�MdJ�C�F²i:WVSWZC�JpO�WZ[$EGF¶j
« ~¿� m ~d® O�W�F�W���Nd|�SI�|:I`M�E,NEXI`F²MyO�IrPsM9N�OwCrNdC�JLI`F�MyWZF�M�K�M9JZC�F»C�UGM�I
i:WqSWZC�JpO�WZ[]H�I�S�j
« ~¿� mREXHuNO�Wq��SpC�|�OxEoM&S�W JLK�SS�WZF�N�UG_�JLI�F�F�WZJLN�WZ[ ~
§©¨mZuÞ�Z�ß®WNX®WNZ�V²[^]Ðw jl\QI�F�M�W�FwMyK�M'�6W C�JpO�EGF��(m ] ¶ � þ�þ�ÿ{ç��6�Yb��sé��ZÀLÿr�DiDèr�±é
ÿr�B¾��èþ�bDéoçR�����3���������±���d�pÿ��x�
���p�L���pý�gvé��Yb²è]ý~g1�L���u��éGiD� ∆ è��:ý��Gb�èr�

T̂ , sup
t∈R+

T (t) − t < ∞.

��b��L�"�Gb��YÀp���5d����L�w���,�]è�ý�ÿpþ:���pýûú � èpþ:�Xè`�Lé
è��°�pÿ���ç��L��ç��(ç�ûY�,�l���xú ´ á�½Ðü2·�gvé����vWL�3|:I�F�WZF�N�EoC�UGUX_°�pÿr�xfr����¾`�
��ÿ]è��pÿr��ç�����ç��(ç�é��»�Yb���è�¾����p�8iD�L�w�Yç�� c ç�þ�è��p� ½
³&��ÿZÿyÀL½�e�NC�SyNEXF���CrN1NO�W9EGF�EXN�EoC�UwN�EGABW�EGF�MyNC�FwJLW�n t0 n3C�MyW ¸`K�W�F�J�WsI�H@O�C�U,H�glI�|:W�F�N�EGA�W�EXF�NW�S^{C�UGMZn {Ti} nP6EXN�O Ti = [tLi tRi ) EGM6J�I�F�MyN�SK�JLN�WZ[xC�MRH�I`UXUGIrPsMZt
}`~ � F�E,NEGC�UXUG_�n�M�WLN tL1 = t0

~
��~6® O�WBEXF3H�I`S�ADC�N�EGI�F»�`SC�|�O G iwWZEXF��$SWZJ�K�S�SW�F�NUX_¬JLI`F�F�W J�N�W [*n@WZF�MyK�S�W M9NO�WBWL�3EoM<NW�F�J�W�I�H T (tL1 )MyK�JpO¶N�OwCrN G(τ) ∈ C, ∀τ ∈ [T − ∆ T ]

~ e(WLNBNO�W�F tR1 = T (tL1 )
~�® O(K�M�nQN�O�W$z�SMyNBN�EGABW

EXF�N�WZS�^rC�U�n T1 = [tL1 tR1 ) n�EoMsJLI`F�M<NS�KwJ�N�W [ ~
��~6å C{^(EXF��'N�O�W»z�SMyN k NW�SADM�I�HqNO�W³M�WZ¸�K�WZF�JLW»I�HqN�EGABW»EGF�N�W�S^rC�UoM�CrNxO�C�F�[@n T1, . . . , Tk

n6N�O�W
(k + 1) ýNþ NEXABWqEGF`NW�S^rC�U*EoM6MyW�N6N�I

Tk+1 = [tLk+1 tRk+1) = [tRk T (tRk )),

P6O�W�SWqC��`C�EXF�n T (tRk ) WL�3EoM<NpM6[3K�W�N�I�NO�WqS�W JLK�SSW�F�N&J�I�F�F�WZJ�NEX^(EXN<_]C�MM�K�AB|3N�EGI�F ~
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® O�W�N�WZS�ADM9I�H�N�O�W�MyW ¸�K�W�F�J�W�I�HvNEXABW�EXF�N�WZS�^rC�UGM {Ti} J�I�F�MyN�SK�J�NWZ[xNO�EGM9PRC{_`n�H�K�UXz�UGU�N�O�WqH�I`UXUGIrP6EGF��
|�S�I`|wWZSyNEXW Mÿ`t
• |Ti| > 0, ∀i j�F�I`F3glW�AB|3N<_�m
• Ti ∪ Ti+1 = [tLi tRi+1)

j
J�I�F�N�EG��K�I�K�Mpm
• Ti ∩ Tj = ∅ j�F�I`F3glIr^�W�SUoC�|�|�EGF��(m
• |Ti| ≤ T̂ ∀i j�i:I�K�F�[3WZ[wm® O�W¬z�SpM<N]|�S�I`|wWZSyN<_æH�I�UGUXIrPsM�M�EGF�JLW ∆ > 0

~ñ® O�W¬H�I`UXUGIrP6EXF��'N<PQI£C�S�W²J�I�F�M�WZ¸�K�WZF�JLW MBI�HqO�C{^(EXF��
tLk+1 = tRk

~ � F¬C`[�[3EXN�EGI�FxN�I�N�O�EGMZn
Gi = ∪t∈Ti

G(t)

EoM<o�ÿré����±���'�ÿ�����������ý»H�I`S�C�UGU i
~²® O(K�MZn�N�O�W]M�WZ¸�K�WZF�JLW {Ti} H�K�U,z�UGUoMqN�O�W]O(_(|wI�N�O�W MyEoM�I�H ® O�W�I�SW�A� EXFôì }ZÄ î P6O�EoJpO£EGAB|�UXEGWZM�WL�3|:I�F�WZF�N�EoC�UQJ�I�F(^�WZS��`W�F�J�WBI�HsC�F(_'JLI�FwMyWZF�MyKwMVMyNCrNWDN�I»N�O�WxC��`S�WZW�ABW�F�N

M�K�i�M�|�C`JLW ~
Ù^S�¬sÚJ¨+Û [^]A�)] ® O�W�C�MMyK�A�|�N�EGI�FxI�FxiwI`K�F�[3W [3F�WZMM&I�H�N�O�W�N�EGA�W�g±EGF�N�WZS�^rC�UoM&EGA�|�UXEGWZ[xi(_�n

T̂ , sup
t∈R+

T (t) − t < ∞,

EoM6F�I�N6S�W ¸`K�EXSWZ[]H�I�SVèrçp�mi9þ:��ÿr�±é
��J�I�F(^�WZS��`W�F�J�WsNI�NO�W�C��`S�WZW�ABW�F�N6MyK�i�My|wC�JLW`n�MyWZWBì }{Ö î ~
×"ØNô�Ø � öv���Qß����l� � á����1Ûuõ3Þj�:����Þ2���2#�ã����\��Þj�:�uÛx�
º K�SuF�W��(NuSWZM�K�U,N���EG^�W M@ABI�SWYEGF�MyEG��O�N�EXF�N�I9N�O�WRJpO�I�EoJLW1I�H�M�I�UGK3N�EGI�FqH�I`S@NO�W6\Rade(h ~r� MuP6EXUGU`i:W&MyO�IrP6F�n
�`EX^`W�F N MyW�NMRH�I�S&NO�W�a�bdcYM6N�ID^(EGM�EXNZn�[3W�N�W�SABEXF�EXF��DP6O�WLN�O�W�S&N�O�WZM�W�MyW�NM6JLI`F�NC�EGF$C�J�I�F�F�WZJ�NEX^(EXN<_�g
|�S�EGABE,NEX^`W1I�S�F�I�N�EGMuC�F NP g�JLI�AB|�UGWLNWY|�SI�i�UGW�A ~�® O�EGM�WL�3|�UoC�EGF�M@P6O(_�CsMyN�SpC�EG��O�N*H�I�SPRC�S[dW���NW�F�M�EGI�F
I�H�NO�WRõ ® a�e(h°C�UG��I`S�EXN�O�Af[�I�W M�F�I�Nv|wWZSyH�I`S�AfPRW�UGU(I�F�NO�W9\Ra�e(h"|�SI�i�UGW�Añi�K3NYC�UoMyI9N�O�WR|�SI�|:I`M�WZ[
O�W�K�SEGMyN�EoJqC�UG��I`S�EXN�O�A H�I�SsJLSWZC�N�EGF���N�O�W�J�I�F�F�WZJ�NEX^(EXN<_�g±|�SEGA�EXN�EG^�W M&JLIr^�WZS�EGF�� A

~
� M�M�K�ABW�N�OwCrNsNO�W N a�bdcYM9C�S�WdNID^�EoM�E,N9M�WLNpM c1, · · · , cN

~ ö WLN6H�K�S�N�O�WZS Vk
[3W�F�I�N�W�NO�WqF�I3[3WZM

EGF A C`M�M�I3JLEoCrN�W [$P6E,NO²NO�W�M�WLN ck
n k ∈ Z

+
N

~ ª I�S�N�O�W���WZF�W�SpCrNEXI`F¬I�HQadbdc |:I`M�EXN�EGI�F�M9N�O�C�Nd^(EoMyEXNM
C�UXU@N�O�W N MyW�NMZn3PQWqPRI�K�UG[�UXEGT�WdNIBM�I�UG^�WdNO�W�H�I�UGUXIrP6EGF���|�SI�i�UGW�A$t
§©¨mZuª�«:S�¬ [^]At)]H¡ é��:ý]è��pÿr�����p�L�±éGfZé��±�m�Gþ:��éGi�é��±éGf{� e s = {p1, . . . , pN} e ç����Õb��Yb�è�� pi ∈ Vi, i ∈ Z

+
N eE ~ W ~ e �pè��5b � qn� éoç�è��Rè]�:ÿ ý��Vé���ç�é
ý��V�Yb���èþ�þ���ÿþ���é
èr�����pÿr�uf{�üDç����l½

h1S�I`i�UXWZA « ~¿� EoM�O�WZF�JLW"JLI`F�JLWZS�F�W [ÕP6E,NOôM�W�UGWZJ�NEXF��£I�F�W³I�H�N�O�W³F�I3[3W M�EGFóWZC`JpOóJLI`F�^`WL�ÕMyW�N
j
O�W�FwJLWLg±H�I�S�N�O$SWLH�WZS�SWZ[�N�I�C�MQNO�WD����þ:���Lç��L�w�lè���éGfr��I�H�NO�CrN9M�WLN�mQN�O�C�NsEXF�[�K�JLW�CBJLI`F�F�W J�N�W []�`SC�|�O ~
§©¨mZuÞ�Z�ß®WNX®WNZ�Và[!]Ð}�] ³R��ÿ c �X�2iâá9½Ðüxéoç NP �y�ÿ~isþ��X���l� ½
³&��ÿZÿyÀL½ ® O�Wv|�SI�I�H�P6EGUGU�i�K�EGU,NuK�|wI`Fq|wI`UX_(F�I`ABEGC�UrS�W [3K�J�NEXI`F�I�H(N�O�WYMCrNEGMyzwC�i�EXUGEXN<_9|�SI�i�UGW�A j�e �v® mvì ��} î ~ª S�I`A C�Fñèr� c é��±��èr���¶e �v® EGF�M<NpC�F�J�W$P6E,NO N JLUoC�KwMyW M�n C1, . . . , CN

nREXF(^`I�UG^�EGF��³iwI(I�UGWZC�F¶UGEXN�W�SpC�UoMZn
l1, . . . , lq

n�PRWqJLI�FwM<NS�K�JLNsC�M�|:WZJLEoC�U�EXF�MyNC�F�JLW�I�HuhYSI�i�UGW�AÃ« ~ � C�MRH�I`UXUGIrPsM�j���ÀL½Gn ª EG��K�SWq« ~ Ä m ~
}`~ ö WLN»N�O�WZS�W£i:W N M�WLNpM»J�I�F�NC�EXF�EGF���I`F�UX_ I�F�W£F�I3[3W ~ ® O�WZM�W£P6EXUGUVSW�|�S�W MyWZF`N¬NO�W¶J�UGC�K�M�WZMZn

C1, . . . , CN
C�F�[�P6EGUXU@i:WqSWLH�W�SSWZ[DNI�C�M����Xèr�(ç�è��*ç��L��ç ~

��~ ö WLN�N�O�WZS�WViwW q C�[�[3EXN�EGI�FwC�UR��é��l����è���ç����
ç�O�C{^(EGF��DN<PRI�F�I3[3W M9W C�JpO ~s® O�WVz�SpM<NdF�I3[3WVEGF¬N�O�W i ýNþUXEXN�WZSC�U&M�WLN nR[�W�F�I�N�WZ[ lti
nRJLI�SSWZM�|wI`F�[�MVN�I"N�O�W¬UGEXN�W�SpC�U li

O�C{^(EGF��³N�O�W'�±�����$^rC�UGK�W�nRP6O�EGUXWxN�O�W
MyW JLI�Fw[]F�I3[3W`n�[3W�F�I�N�W [ lfi

nwJLI�SSWZM�|wI`F�[�MQN�I�N�O�WqUXEXN�WZSC�U li
O�C{^(EXF���NO�W6ÀLèr�¿ç���^rC�UGK�W ~

��� .pM:.��
|Ti|

© .6EB57�.p,�7:(+.K*-687�.pMY3 ¥54J4 .p6+=57:(�� ½ÐÑ¿ÉÕÑ �
|Ti| = sup

a,b∈Ti

© *-,:7
(a, b) = tRi − tLi .
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��~ \QI�F�F�W J�NYWZ^�W�S_�J�UGC�K�MC�U�M�WLNvNIqN�O�W9F�I3[3WsEGFBN�O�WsUGEXN�W�SpC�U:MyW�NvN�O�C�NQEoMY[3EoJ�NpCrN�W [Bi(_�EXNM1WL�3|�SWZMMyEGI�F
j���ÀL½ ø ��C�A�|�UXW�« ~G} m ~

Äw~ ª EGF�C�UXUG_�n3EGF�N�SI([�K�JLW�I�F�WqUGC`M<NsC�[�[3E,NEXI`F�C�U@M�WLN&NO�CrN9J�I�F�F�W J�NpMRN�I�C�UGU*F�I3[3W M&EXFxN�O�WqUXEXN�WZSC�U@MyW�NM ~
´ IrPqn�JpO�I(I`M�EGF���C�S�WZ|�SWZM�W�F�NC�N�EG^�WYH�I`S�N�O�W6JLUoC�KwM�C�U(M�WLNpM�C�F�[�N�O�W6C�[�[3E,NEXI`F�C�U3M�WLNvEoM�N�SEX^(EoC�U3MyEGF�J�W1NO�W�_
I`F�UG_"J�I�F�NC�EXF°I`F�W�F�I3[3W ~ \QO�I(I`M�EXF��¬SW�|�S�W MyWZF`NpCrNEX^`WBH�I�S�NO�W�UGE,NW�SpC�URMyW�NM�O�IrPQWZ^�W�S nuJ�I�SS�W My|:I�Fw[�M
NI³[3W�N�WZS�ABEGF�EXF��²N�O�W»�±���3�Gb
	 ÀLèr��çL�$C`M�M�EG��F�ABW�F�NpMqI�H6NO�W q UGE,NW�SpC�UoM ~ � HsPRW]PRI�K�UG['O�C{^`WDiwWZW�FòC�i�UGW
NI"JpO�I�I�MyW�S�WZ|�SWZM�W�F�NC�N�EG^�WZM�C�ABI�F��¬N�O�W MyW N + q + 1 M�WLNpM�N�O�C�N�EGF�[3K�J�WxC³JLI`F�F�WZJLN�W [£��SpC�|�O£EXF
|:I�UG_(F�I�ABEoC�U�N�EGA�W`n�PQW�PQI`K�UG[$OwC{^�WVM�I�UG^�W []NO�EoM�è�� c é��±��èr���$EGF�MyNC�FwJLW�I�HvN�O�WBe �v® |�SI�i�UGW�A ~ e(EGF�J�W
e �v® EoMYCdPQWZUXUXglT�F�IrP6F NP g�JLI�AB|�UGWLNW&|�S�I`i�UGW�A$n�PRW&J�I�F�J�UXKw[3WRN�O�C�N�h1S�I`i�UXWZA « ~¿� EoM NP g�JLI�AB|�UGWLNW
C`M&PQWZUXU ~
��)Ú�¬ÝÞ'«NS�[^]N_�] e(I�UG^(EXF���NO�W�H�I�UGUGIrP6EXF���e �v® EGF�M<NpC�F�J�W

e �v® = C1 ∧ C2 ∧ · · · ∧ CN

C1 = (l1 ∨ l2)

C2 = (l̄2 ∨ lq)~~~ ~~~
CN = (l1 ∨ l̄2 ∨ l̄q)

EoMvW ¸`K�EX^rC�UGW�F�NvP6EXN�O�z�F�[3EGF���SW�|�SWZM�W�F�NC�N�EG^�W M�C�ABI�F���N�O�W N +q+1 M�WLNpM�EXF ª EG��K�SW&« ~ Ä N�OwCrNYEGF�[3K�J�W
CDJ�I�F�F�WZJ�NWZ[���SpC�|�O ~�å W�SW�n l̄i [3WZF�I�NWZMRNO�WqF�W���CrNEXI`F�I�H li

~

C1

lt1 lf1

C2

lt2 lf2

CN

ltq lfq

ª EG��K�SWV« ~ Ä t&ù9W�N�W�SABEXF�EXF���P6O�EoJpO¬I�HvN�O�WqN<PQI]F�I3[3WZMsN�I]^(EoMyEXN9EGF²WZC`JpO°��é����L��è���ç����sJLI`S�SWZM�|wI`F�[�MRNI
[�WLN�WZS�ABEGF�EGF��BN�O�WD�±������	 ÀLèr��çL�V^rC�UGK�W�I�H�N�O�W�UGE,NW�SpC�UoM l1, . . . , lq

~

å C{^(EXF���[�EGMJLK�MM�WZ[�N�O�W�C�UG��I�SEXN�O�AÂC�F�[$EXNMs|�S�I`|wWZSyNEXW M&EXF²[3W�NC�EXU±n�EXN9EoMsF�IrPN�EGABWqN�IDSK�F²M�I�ABW
M�EGAVK�UoCrNEXI`F�W��3C�AB|�UXW M ~
- À�� æ6;	 7<�p��0�;<41/<�
� F²N�O�EoM�M�WZJLN�EGI�F@n�C�M�ADC�UGUuM�W�UGWZJ�NEXI`F¬I�HvNO�W�M�EXA�K�UoCrN�EGI�FwM6ADC�[3W�EGM9|�S�W MyWZF�N�WZ[ ~s® O�WVI`i3ê<WZJLN�EG^�W�EoM6NI
O�EX�`O�UXEG��O�NBMyI`A�W]I�H6N�O�W]T�WZ_°JpO�C�SpC�JLN�W�SEoM<NEGJZM�I�H6N�O�W]|�SI�|:I`M�WZ[°M�I�UGK3N�EGI�F°ABW�N�O�I3[�M ~³® O�SI�K���O�I`K3N
NO�EoMRM�WZJLN�EGI�F@n�NO�WdM�WZC�SJpO�C�SWZC�n A n3EoMQJpO�I`M�W�FDNI�i:WdC�UXU:I�H�N�O�WdI�i�MyNC`JLUGWsH�SW�W�My|wC�JLW`nwé
½�� ½Gn3NO�W�P6O�E,NW
C�S�W C�EXF$C�UGU*z��`K�S�W M ~� F ª EX�`K�S�WB« ~ Ö n�N�O�WBM<NpC�S�N�EGF��]|:I`M�EXN�EGI�F�MdI�H1N�O�WBa�bdcYMqC�S�W�JpO�I`M�W�F²SpC�Fw[3I�ABUG_xP6O�EXUGWVNO�W�z�F�C�U
|:I`M�EXN�EGI�F�M�C�SW]I`|3N�EGABEX�ZWZ[°i(_ � UG��I`S�EXN�O�A « ~G}�~"® O�W]ABI`MyN�EGAB|wI`SyNpC�F�N�C`My|:WZJLN�NI»F�I�N�EoJLW]EoMVN�O�C�N
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NO�W²NO�SW�W»adbdcYM]C�SW¬F�I�N]S�W M<NS�EoJ�NWZ[òNI£|�C�MMDI`FÕN�O�W»MC�ABW ÷�MyEo[3WQ÷xI�H�N�O�W³I�i�MyNC`JLUGWZMDi�K�N�C�SW
F�W�^�WZSyNO�W�UGWZMM����p���3�����L�w���,�BJ�I�F�F�WZJ�NWZ[xCrN&N�O�W�z�^�WqM�K�S�^`W�EGUXUoC�FwJLWdEXF�MyNC�F�JLW M�n ª EG��K�SWq« ~¿Ö j
iwmlg1« ~¿Ö j�Hm ~� UGM�I�n(F�I�N�EoJLW�N�O�C�NQNO�WdSC�F�[3I�ABUG_�M�W�UGWZJLN�W [�EGF�E,NEGC�U�|wI�MyEXN�EGI�F�MQEGF ª EX�`K�SW�« ~ Ö j
C�mY[3I�F�I�N&F�WZJ�WZMM�C�S�EGUG_
EGF�[3KwJLW�CBJLI`F�F�WZJLN�W [�EGF3H�I`S�ADCrNEXI`F��`SC�|�O�C�F�[]N�O�C�N6N�O�W�C�S�W CVEoMsJLI`AB|�UXW�N�WZUX_]M�K�S^�WZ_�WZ[ ~
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ª EG��K�SW�« ~ Ö t � F°W��3C�AB|�UXW]\Rade(h MyEGAVK�UGC�N�EGI�F ~]® O�WDA�I�M<N�EGAB|wI`SyNpC�F�NVC�M�|:WZJ�NqNI¬F�I�NEGJ�WDEGMqN�O�C�N
NO�W9adbdcYM1C�SW6F�I�NYS�W M<NS�EoJ�NWZ[�N�Iq|�C`M�MYI�F�N�O�W�M�C�A�W�÷�MyEo[3WQ÷RI�HwNO�WsI`i�M<NpC�J�UXW M�i�K3NQC�S�W6F�WZ^�WZSyNO�W�UGWZMM
�����3���������±����JLI`F�F�W J�N�W [�C�N&N�O�W�z�^`WqMyK�S^�WZEXUGUoC�F�J�W�EGF�MyNC�FwJLWZM&EGF ª EX�`K�S�Wq« ~¿Ö j�i:m í « ~ Ö j�Hm ~

� F�I�NO�W�S�\Ra�e3h M�EXA�K�UoCrN�EGI�F³J�C�F»iwWDM�W�W�F»EXF ª EG��K�S�W�« ~ � n*P6O�WZS�WVN�O�WBC�SWZC�S�WZ|�S�W MyWZF�NCrNEXI`F¬EGM
NpC�T`W�F$C�M6C�SC�F�[3I`AkADCrN�SEX�]P6E,NO$I�i�MyNC`JLUGW�[�W�F�M�E,N<_ ρ = 0.3

~

¤G¥L¦ ¤X§�¦ ¤X¨¦ ¤X©�¦
ª EX�`K�SW�« ~ � t � F�I�N�O�W�Sd\Rade(h�MyEGAVK�UoCrNEXI`F ~
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ª EG��K�SW�« ~ � EGUGUXK�MyN�SpCrNWZM&JLI`F�F�W J�N�EG^(E,N<_�J�I�F�MyN�SpC�EGF�W [�MyK�S�^`W�EGUXUoC�F�J�W9I�H@N�O�WqM�I�JZC�UGUXW [�÷Lõ»C�F�O�C�NyNpC�F
�`S�Eo[�÷ ~ � FBNO�EGMQWL��C�A�|�UXW`n�N�O�W�JLI(I`|wWZSC�N�EG^�W&F�CrNK�SWsI�H�N�O�W9MyI`UXK�N�EGI�FDi:WZJLI`ABWZMvWZ^�W�FDABI`S�WsC�|�|�C�SW�F�N ~® O�W1N<PRI�adbdcYM�C�S�WR[3SI�|�|:WZ[VI�¯DCrN�N�O�WRK�|�|:W�S�UGWLH�NvJLI�SF�WZS�EGF A C�F�[�A�Ir^`WQ[3IrP6F(P&C�Sp[�M*EGFVI`S[3WZS@NI
H�K�U,z�UGUuN�O�WZEXS9J�I�ABABI�F$��I�C�U*I�HvJ�I�AB|�UGWLNW�JLIr^�WZSC���W ~ � F¬WZMMyWZF�JLW`n3N�O�W�a�bdc P6O�I�MyWqP&C{_(|wI`EXF�N�g±|�C�N�O
OwC�MBi:W�W�FÕ[3WZ|�EGJLN�W [æEGFò[�C�M�O�WZ[wëri�UoC�JpT'MyK�S^�WZ_3MVNO�W$^�WZSyNEGJZC�UGUX_°C�UGEG��F�W [æMyN�SW�WLNpM�P6O�EXUGWxN�O�W$I�N�O�WZS
I`F�W$j
M�I�UGEG[wërS�W [�m�JLIr^�WZSMsN�O�W�I�NO�W�SpM ~�´ I�NEGJ�WBO�IrPfN�O�WBEGF�N�W�S�gl^�W�O�EGJ�UXW�JLI�F�F�WZJLN�EG^�EXN<_¬EoM�ADC�EXF�NC�EXF�WZ[
J�I(I�|:W�SpCrN�EG^�WZUX_�C�M@N�O�WRa�bdcYM�N�EGABW�UG_q|�C�MM*NO�W1O�I`S�EG��I`F�NC�UGUG_�C�UGEG��F�W [qM<NS�WZWLNM ~u� UGM�IsEGF�NO�EGMuWL��C�A�|�UXW`n
NO�WBH
C�JLN�N�O�C�NdNO�WBz�F�C�UvMyI`UXK3NEXI`F³EoM�ABW�SW�UG_¬UXI3JZC�UGUX_¬I`|3N�EGADC�UvEoMqC�|�|�C�S�WZF�N�H�SI�AâNO�W�[�C�M�O�W [wë{SWZ[
P&C{_(|wI`EXF�N�g±|�C�N�O@n3P6O�EGJpO$JLI`K�UG[�SpCrN�O�W�S6i:W�C�MyN�SpC�EG��O�N&UXEGF�W�M�W��`A�WZF�N ~

¤o¥L¦ ¤G§�¦

¤X¨�¦ ¤G©�¦
ª EG��K�SW9« ~ � t�\QI`AB|�UXW�N�W9M�K�S^�WZEXUGUGC�F�JLW&I�H:NO�W9M�IVJ�C�UXUGWZ[�÷�õ²C�F�OwCrNyNpC�FB��SEo[�÷ ~�´ I�N�EoJLW6O�IrPòN�O�WsEXF�NW�S�g
^`W�O�EoJLUGW6JLI`F�F�WZJLN�EG^(E,N<_�EoM�ADC�EGF�NC�EGF�W [VJLI(I`|wWZSC�N�EG^�W�UG_�C�MuNO�W�_qNEXABWZUX_�|�C�MMuN�O�W6O�I`S�EG��I`F�NC�UGUG_�C�UXEG��F�WZ[
MyN�SW�W�NM ~

- À�� �³4Q/98/�y7�59;�/�������	���2����
� FBEXAB|:I�S�NC�F�N�|�SI�i�UGW�AñEGFDJLI(I�|:W�SpCrNEX^`WQa�bdc�M�K�S^�W�EGUGUGC�F�JLWQEGM�NIdADC�T�W&MyK�SWQN�O�C�N�NO�W6MyWZF�M�I�Sv[�CrNpC
JZC�FBSWZC�JpODC�UXU3NWZC�AµABW�A�iwWZSMvi�K3NQC�UoM�Idi:W6NSC�F�MyABEXNyNWZ[�i�C�JpTVN�I�NO�WsI�|:W�SpCrNI�S ~ � F�N�O�EGM1|�C�|:W�S n�PRW
|�S�W MyWZF`NWZ[³C]JLI(I`|wWZSC�N�EG^�WV|wCrN�O"C�F�[¬NC�M�T¬|�UoC�F�F�EXF��xC�UG��I`S�EXN�O�AÃNO�CrN�ADC�[3WBMyK�S�WVN�O�C�N�NO�WBP6O�I�UGW
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M�K�S^�WZEXUGUGC�F�JLWqC�S�W CVP&C�M&JLIr^`W�SWZ[*n3C�F�[$CrN&N�O�W�MC�ABWdN�EGABW�N�O�WqWZF�N�EGS�W�adbdcñ��SI�K�|�PRC`M����p�L�3���������±���
�pÿ����:�p���l�pý]EXF$I`S[3WZSRN�IDWL��JpO�C�F���WdEGF3H�I�SADCrN�EGI�F$C�Fw[]K�|�UXI�C�[�E,N6NIBN�O�WqI`|wWZSC�N�I�S ~® O�W�ADC�EGFxABI�N�EG^{C�N�EGI�F$H�I`SsEXF�NS�I3[3K�J�EXF��BN�O�EoMsPRWZC�T�W�S6F�I�N�EGI�F$I�HvJ�I�F�F�WZJ�NEX^(EXN<_]EoM9M�WZJ�K�S�EXN<_]C�F�[
M�K�S^�WZEXUGUGC�F�JLWYC�|�|�UGEGJZCrNEXI`F�M*P6O�WZS�W�NO�W1^`W�O�EoJLUGWZM*ADC{_�O�C{^�W�NI9My|�UXEXN@N�WZAB|wI`SC�S�_�EXFqI`S[3WZS�N�I9J�I�AB|�UGWLNW
NO�Wx��EG^�W�F'ABEoM�M�EXI`F£WL¹�J�EXWZF`NUX_"i�K3NDC�SWDSWZ¸�K�EGS�W ["N�I»W M<NpC�i�UGEoMyO£J�I�F�NC`J�NVSWZJ�K�S�SW�F�NUX_³EXF£I`S[�W�SqNI
W���JpO�C�F��`WDEXF�H�I�SABC�N�EGI�F'C�F�[:ë{I�S�NI²ADC�T`WBM�K�SWBN�O�C�N�C�UGUYK�F�E,NpMVC�SWDEGF`NpC�JLNVC�F�['PRW�UGU,g±H�K�F�JLN�EGI�F�EGF�� ~ª S�I`AÂC�N�O�WZI�SWLNEGJZC�U*M<NpC�F�[�|wI`EXF�NZn3SWZJ�K�SS�WZF`N&JLI`F�F�WZJLN�EG^(E,N<_�I�H�NO�W�EXF3H�I`S�ADC�N�EGI�F]�`SC�|�O]EoM6M�O�IrP6F�NI
i:WVM�K3¹�JLEGW�F�N6H�I�S�JLI�F(^`W�S��W�FwJLWdI�H ö C�|�UGC`JLEoC�F$JLI�FwMyWZF�MyKwMRz�U,NW�SpM&H�I�SsN�O�WVJ�I�UGUXW J�NWZ[$MyWZF�M�I�S6[�CrNpC ~ � N
M�O�I`K�UG[$i:W�F�I�N�W []NO�CrN9N�O�EoMsPRI�ST]JLI`F�M�EG[3WZSM6J�I�F�F�WZJ�NEX^(EXN<_�J�I�F�MyN�SpC�EGF�NM6I�H�i:I�NO¬UXEGF�WLglI�H�g�M�EX�`O`NsC�F�[
UGEGA�EXN�W [¬MyWZF�M�I�S&SC�F���W�N<_(|wW M6EGF]NO�Wq|�SWZM�W�F�J�WdI�H�I`i�MyNC�J�UXW M ~

- À�� �à���5�@2��u/98����
ì } î e(|�C�F�I`MZn:ù ~ h ~ C�F�[²õ¬K�SSpC{_�nu� ~ õ ~ n��
�6I�i�KwM<N�JLI�F�F�WZJLN�EG^�EXN<_$I�HYF�W�N<PQI`S�T`WZ[x^�WZO�EoJLUGWZMZn �n³R�ÿZ� ½

ÿ<Àd�Gb�� 43 �� k"!#!#! ã ÿr� ÀL�L��L�����ÿr�%$��p�Léoç�é
ÿr�"èr�:ý ã ÿ����±��ÿr� ´5ã $ ã ·�n(cvI�U ~(� n(h�C�SC`[3EoMyW � MyUoC�F�[@n
«RC�O�C�ADC`M�n3ù�WZJ ~:� ��� Ä�~

ì � î'& EXA$n�( ~ C�F�[¬õ¬W Myi�C�O�E±nwõ ~ n)� º F$ADCr�3EGABEX�ZEXF���N�O�WVM�WZJ�I�F�[$M�ADC�UGUXW M<N9WZEX�`W�F(^rC�UGK�WqI�HYC�MyNC�N�W�g
[3W�|:W�F�[�W�F�Nq��SpC�|�O²UoC�|�UGC`JLEoC�F@n ��k*!#!+! ����è���ç�è����±é
ÿr��çDÿr�æè��3�lÿ~iBè���é
���pÿ����±��ÿr��n*cvI`U ~@Ö3} n ´ I ~�} n� ��� � n(|�| ~�}�}Z�rí:}{� � ~

ì � î-, C{^(UGC�F�I`MZn@õ ~ õ ~ C�F�["hvC�|�|�C�MZn�b ~/.w~ n0�p\QI�F�N�SI�UGUXEGF��»\QI�F�F�WZJLN�EG^�EXN<_²I�H&ù�_(F�C�ABEoJ�bdSC�|�O�MZn �
³R��ÿ �Z½dÿ<Àx�Yb�� 44 132 k*!#!#! ã ÿ��ZÀL�����L���p�²ÿr�4$����éoç�é
ÿr�è��:ý ã ÿr�w���ÿr� ´Õã $ ã ·`n1e(WZ^�EGUGUXW`nQe(|�C�EXF@n
ù9W J ~w� ��� Ö n(|�| ~��`� ï�ï í(�`������~

ì Ä î-, C{^(UGC�F�I`MZn3õ ~ õ ~ C�F�[$hvC�|�|�C�MZn�b ~5.w~ n��<h�I�NW�F�N�EoC�U ª EGW�Uo[�M&H�I`S9õ²C�EXF�NC�EXF�EXF��]\QI`F�F�WZJLN�EG^(E,N<_�I�H
õ¬I�i�EGUGW ´ WLN<PRI�ST3M�n ��k"!#!#!�����è���ç�è�����é
ÿ���ç�ÿ��769ÿ c ÿr�±é
��ç�n`cvI�U ~`��� n ´ I ~rÄ n � K�� ~�� ���(� nr|�| ~ ï }{� í
ï }Z��~

ì Ö î ù9W'bdW�F�F�C�S�Iwnsõ ~ \ ~ C�F�[ . C�[3i�C�i�C�EGW�n �V~ n8�yù�WZJ�W�F�N�SpC�UGEX�ZWZ[ô\QI`F`NS�I`UsI�H�\QI`F�F�W J�N�EG^(E,N<_òH�I`S
õ¬K�UXN�EXg � ��W�F�N�e(_3M<NW�ADMZn �±³R��ÿ �Z½�ÿ<À��Yb�� 45 132 k*!#!#! ã ÿr� ÀL�L��L����»ÿr�9$����éoç�é
ÿr�ôè��:ý ã ÿr�w����ÿ��´Õã $ ã ·`nwe3C�F¬ù9EGW��`I�nw\ � nwù9W J ~�� �`� � n�|�| ~������ ï í(���`����~

ì � î . E±nvõ ~ C�F�[ ø �`W�SpM<NWZ[(N n�õ ~ n/��ù9EoMyN�SEXi�K�N�WZ[ò\QI�I`S[�EXF�C�N�EGI�Fæ\QI�F�NS�I`UYI�Hsõ¬K�UXN�EoC��`W�F�N�e(_3MyN�WZABM
¦ O�EXUGWRhYS�W MyWZS�^(EGF���\QI�F�F�WZJLN�WZ[�F�WZMM�n ��k*!+!#!$�3�èr��ç�è`�L�±é
ÿr��ç&ÿr�:6�ÿ c ÿr�±é
�Lç�nrcvI�U ~{��� n ´ I ~ZÄ n � K�� ~� ���(� n(|�| ~w�����rí ��� ��~

ì � î e(S�EG^rC�MyNC{^rC�n & ~ C�F�[Be(|:I�F��wn`õ ~~¦ñ~ n;��õ¬K�UXN�EXg � ��WZF�NR\QI�I`S[�EXF�C�N�EGI�F�K�F�[3WZSR\QI�F�F�WZJ�NEX^(EXN<_�\QI�F�g
M<NSC�EXF�NMZn �n³R��ÿ �Z½Rÿ<À��Gb�� ` iB����é
�pèr� ã ÿr�w���ÿr� ã ÿ��ZÀL�������:�p� ´N`hã�ã ·�n@e(WZC�NyN�UGW�n ¦»� n*a�e � n . K�F ~� ��� ï�n(|�| ~:����Ä ï í����`Ö���~

ì ï î e3JpO�I�K(PRW�F�C`C�SpM�n ®�~ n ª W�SI�F@n ø ~ n�C�F�[ å IrPqn .�~ n<�yõ²K�U,NE,gl^�WZO�EoJLUGW9|�C�N�O]|�UGC�F�F�EGF���H�I`SRF�I�F3glUXEGF�W�I�H
MyEG��O�NYJLI`A�A�K�F�EoJ�C�N�EGI�F@n ��³R�ÿZ� ½@ÿ<À&�Yb�� ` iD�L��é
�pèr� ã ÿr���±��ÿ�� ã ÿr�ZÀL�������:�p� ´N`hã�ã ·�n�õ¬EGF�F�WZC�|wI`UXEoMZn
õ¬EXF�F�WZM�I�NpC�n�a�e � n . K�F ~w� ��� � n(|�| ~wÖ � Ö � í3Ö � ���3~

ì � î ø My|:I`M�EXN�I�n .w~ õ ~ C�F�[]ù�K�F(i�C�S n ®�~J¦ñ~ n=�yõ»C�EGF`NpC�EGF�EGF��VP6EGS�WZUXW M�M&J�I�F�F�W J�NEX^(EXN<_�JLI�FwM<NSC�EXF�NMQH�I`S
MyP&C�SADMsEGF»NO�W�|�S�W MyWZF�JLW�I�H1I`i�M<NpC�J�UXW M�n �n³R��ÿ �Z½&ÿyÀ��Yb��ak*!#!#!ÜkL�����L����èr�±é
ÿr�:è�� ã ÿ��ZÀL�������:�p�]ÿ��69ÿ c ÿ���é
�LçVèr�:ý ` �3�lÿ~iBè���é
ÿ�� ´ k ã 6 ` ·`n º SUGC�F�[3Iwn ª UGI�SEG[�C�n3õ²C{_ � ��� � n(|�| ~���Ä`�{í3�`Ö�}�~

ì } ��î ´ ��K�_�W�F�n å�~ n�h�WZ��WZM�O�T(EoC�F@n ´V~ n��sC{_(ABI�F�[@n�õ ~ n:bdK�|3NpC�n ��~ nwC�F�[²e(|:WZJ�NI�S n .w~ n)� � K3N�I`F�I�ABI�KwM
JLI�ABA�K�F�EoJ�CrNEXI`F²SW�UoC{_(MsH�I�SdNC`J�NEGJZC�U�S�I`iwI�NMZn ��³&��ÿZ� ½Rÿ<À��Gb�� 11 132 k����������:èr�±é
ÿr��èr� ã ÿr� ÀL�L�����:�p�ÿr� ` ýmfrèr���p�ý>69ÿ c ÿ���é
�Lç ´ k ã�` 6�·�nw\QI�EGAVi�SpC�n(h�I�S�N�K��`C�U±n � �`� � n�|�| ~��`Ö{í�Ä � ~

ì }�} î º U,H
C�N�EXg�e3C�iwWZSZnu� ~ n)� ª UXI3JpT(EXF���H�I`SsAVK�U,NE,g�C��`W�F�Ns[3_(F�C�ABEoJqMy_3MyN�W�ADMZt1C�UG��I`S�EXN�O�ABM6C�F�[�N�O�WZI�S_�n �
k*!#!#!è�3�èr��ç�è`�L�±é
ÿr��ç�ÿ�� ` �3��ÿmiDèr�±é
� ã ÿr�w���ÿr��n�cvI`U ~�Ö�} n ´ I ~�� n�õ»C�S ~�� ��� � n�|�| ~�Ä � }Lí�Ä�� � ~
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ì } � î ö EGF@n .�~ n�õ¬I`SM�W�n ��~ n�C�F�[ � F�[3WZSM�I�F@n3« ~ nB� ® O�W�AVK�UXN�EXglC���WZF`N&SW�F�[3WZ��^`I�K�MQ|�SI�i�UGW�A$n �v³R��ÿ �Z½vÿyÀ
�Gb�� 42 C< k"!#!#! ã ÿ��ZÀL�����L���p�dÿ��7$��p�Léoç�é
ÿr�$èr��ý ã ÿr�w���ÿr� ´5ã $ ã ·�n�ù9W J ~�� ��� � nr|�| ~3}{Ö � ï í:}{Ö3}Z��~

ì }Z� î ª Cr�*n .w~ C�F�[£õ¬K�S�SpC{_�n'� ~ nD��bdSpC�|�O ö C�|�UGC`JLEoC�F�M�C�F�[£MyNC�i�EGUXEG�ZC�N�EGI�F°I�Hs^`W�O�EoJLUGW�H�I`S�ADC�N�EGI�F�MZn �
³R��ÿ �Z½YÿyÀ��Gb�� 15 1E2 k ¡�`hã z�ÿr���Gý ã ÿr�(¾����çpç�n � ��� � n(|�| ~�� ï �{í�� ï`ï ~

ì }�Ä î . C`[3i�C�iwC�EGW�n ��~ n ö EGF@n .w~ n�C�F�[�õ¬I`SM�W�n ��~ e ~ nF�p\QI�I`S[�EXF�C�N�EGI�F�I�Hw��SI�K�|�M�I�H�ABI�i�EXUGWRC�K3N�I`F�I�ABI`K�M
C���WZF�NM�K�MyEGF��xF�WZC�S�W M<NdF�W�EG��O(i:I�SdS�K�UXW M�n ��k"!#!#! ����èr��çL½ ` �3��ÿmiDèr��½ ã ÿr�w����ÿ���n@cvI�U ~�Ä ï�n ´ I ~@� n� ��� � n(|�| ~w� ï�ï í:} ��� }`~

ì } Ö î õ¬I�SWZC�K@n ö ~ nG��e(NC�i�EXUGE,N<_ñI�H�AVK�UXN�EoC��`W�F�N"M�_3M<NW�ADM"P6E,NO NEXABWLg�[3WZ|wWZF�[3W�F�N°JLI`A�A�K�F�EoJ�C�N�EGI�F
UXEGF�T3M�n �vk"!#!#!è�3��è���ç�½ ` �3��ÿmiDèr��½ ã ÿ����±��ÿr��n�cvI`U ~�Ö � n ´ I ~�� n � ��� Ö n�|�| ~@} ���rí:} ï �3~

ì }Z� î �6W�F@n ¦ñ~ C�F�[$«RWZC�Sp[*nx� ~x¦ñ~ n)�p\QI�F�M�W�FwMyK�M9MyWZW�T(EXF���EGF²A�K�U,NEGC���WZF`N9M�_3M<NW�ADM6K�Fw[3W�Sd[3_(F�C�ABEXg
J�C�UGUG_]JpO�C�F���EGF��VEGF�N�W�SpC�JLN�EGI�F]N�I�|:I�UGI��`EXW M�n �©k"!#!#!â����èr��ç�½ ` �3��ÿmiDèr��½ ã ÿr���±��ÿ���n3cvI�U ~�Ö � n ´ I ~�Ö n� ��� Ö n(|�| ~w�`Ö�Ö{í(�`��}�~
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[tc, tc + Tp]
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e3WZJ�NEXI`F»\ ~ Ö(~ ª EGF�C�UGUG_�n3NO�EGMs|�C�|:W�S6EoM6JLI`F�JLUGK�[3W [�EGF²e(WZJLN�EGI�F²\ ~ ��~
�¨À:� �»2�4K¤H�p��	 ¥6412x	 7O���03;y41/
� FxNO�EGM9MyW J�N�EGI�FxPRWdP6EGUGU�M<NpCrNW�N�O�W�|�SI�i�UGW�AÂEXFxN�WZS�ADM6I�Hu^`W�O�EoJLUGW�A�I3[3WZU�C�Fw[�J�I�F�N�SI�U�I�i�ê<WZJ�NEX^`WZM ~
� Ø � Ø±Ù �BÛ��l��õ�Ü±Û�� ávßRÛwÜ
ö WLN6NO�W�C�WZS�EoC�U�^�WZO�EoJLUGWdABI3[3WZU@iwWq�`EX^`W�FxEXF¬[3EoMJLSWLN�WdNEXABWqi(_

pi+1 = pi + h vi
jl\ ~X} m

vi+1 = vi + h ai

‖vi‖∞ ≤ vmax

‖ai‖∞ ≤ amax

d(pi) ≤ 0

(0, 0, 1) vT
i ≤ ||vi|| sin γ̄,

NO�CrNREGMZn`CV[3EGMJLSWLNW&N�EGABW�n([3I�K�i�UXWsEGF�N�WZ��SpCrN�I`SvP6E,NODN�EGABW9MyN�W�| h C�F�[BK�|�|wWZS1i:I�K�Fw[�MYI`F�ADC���F�EXN�K�[�W
I�H1My|:W�W [*n vi ∈ R

3 n*C�F�[¬C�JZJLW�UGW�SpCrNEXI`F ai ∈ R
3 ~9® O�W�SW�EGMdC�UoM�I�CDN�WZS�SpC�EGF¬JLI`UXUGEGM�EGI�F²JLI`F�MyN�SpC�EGF`N�I�F
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|:I`M�EXN�EGI�F@n pi ∈ R
3 nvC�MqPRW�UGU1C�M�C�F'K�|�|:W�S�iwI`K�F�[ γ̄ ∈ (0, π/2] I�F"NO�W�¼�EG��O�N�|�C�N�O£C�F���UGW ~$® O�W

J�I�UGUXEoM�EXI`FxJ�I�F�MyN�SpC�EGF�NREoM
d(pi) , H(xi, yi) + ∆ − zi ≤ 0,P6O�W�SW H(xi, yi)

[3WZF�I�NWZM6NO�W�C�U,NE,NK�[3W�I�HvN�O�WVN�WZS�SpC�EGF¬CrN9NO�W�|:I�EGF�N pi = (xi, yi, zi)
C�F�[ ∆ > 0[�W�F�I�N�WZMqC�ABEXF�EXA�K�A·J�UXW C�SpC�F�J�W�[3EoM<NpC�F�J�W�n�M�WLNqi(_$N�O�WDI�|:W�SpCrN�I`S ~ � NqM�O�I`K�UG[»iwWDF�I�N�W [*n*NO�CrN�N�O�W

NO�W�I`S�_¬i:W�UGIrP C�[�A�EXNM�J�I�F�M�EG[�W�SpC�i�UG_$A�I`S�W���WZF�W�SpC�U�[3_(F�C�ABEoJ�M�C�F�[³JLI`F`NS�I`UuJ�I�F�MyN�SpC�EGF�NMM�@C�M�UXI`F��
C`MRN�O�W ´ ö h�i:W�UGIrPóNW�SA�EGF�C�N�WZMRH
C`M<N6WZF�I�K��`O@n�C�F(_�ABI3[3WZU�J�C�F�i:WqK�M�WZ[ ~� F�I`S[�W�SDNIæM<NpCrNW»M�C�H�WLN<_¶|�S�I`|wWZSyNEXW MDI�HqNO�W²|�SI�|:I`M�WZ[¶NSC�ê<WZJ�NI�S_£|�UoC�F�F�W�S n6PQW²ADC�T�W$N�O�W
H�I`UXUGIrP6EGF��DC�MMyK�AB|3NEXI`FxC�iwI`K3N&N�O�W�NW�SSC�EXF ~
ê ß®ß;��¬ÝÞ�XEWNZ�V��!]N_�] ® O�W6ADCr�3EGABC�U(N�WZS�SpC�EGF�EGF�J�UXEGF�CrNEXI`F@n α n�EoMYM�ADC�UGUXWZS�N�O�C�F�NO�WsADCr�3EGAVK�A ¼�EX�`O�N
|wCrN�O¬C�F���UGW γ̄

~
� F�EGF�M<NpC�F�J�WZMuP6O�W�SWQN�O�EoMvC�MMyK�A�|�N�EGI�F�[�I�W M�F�I�N�O�I�Uo[�CrN�EGM�I�UoCrNWZ[VM�|:I�NMZn�C�^�EGS�N�K�C�U��yEGF�JLUGEXFwCrN�EGI�F�g

M�ABI(I�N�O�WZ[��BN�WZS�SpC�EGF°C�i:Ir^�W�N�O�W]S�W C�UYI`F�W�J�C�F°iwW]JZC�UoJLK�UoCrNWZ['C�Fw[³KwMyW ['EXF�MyN�W C�["I�H&NO�W�I�SEG��EGF�C�U±n
NO(K�M&H�K�UXz�UGUXEGF��BN�O�W�C�MMyK�AB|3NEXI`F ~
� Ø � Ø � � á���Þ�ã�áuÜ��{�+�{Ûuõ3Þj�:�uÛu�
ù�WZM�EG��F�EGF��BN�O�W�NSC�ê<WZJLN�I�S_D|�UoC�F�F�W�S n3PQW�PRI�K�Uo[xUXEGT�WdN�IBABW�W�N6N�O�W�H�I`UXUGIrP6EGF���I`i3ê<WZJLN�EG^�W M ~
ú º |wWZSC�N�W�N�O�Wq^`W�O�EoJLUGWqM�C�H�W�UG_»j<é
½�� ½Gn:P6E,NO�EXFxNO�W�M<NpCrNW�C�F�[$JLI`F`NS�I`U�UXEGABE,NpMm
ú � SS�EG^�W�CrN&NpC�S��WLN6|:I`M�E,NEXI`F
ú \QI�AB|�K3NWdN�SpCrê<WZJLN�I`S�EGWZMREGFxSWZC�U:N�EGA�W
ú � UGUXIrPôH�I�S6EGF3H�I�SADCrNEXI`F�K�|�[�C�N�WZM
ú a9M�WqMyADC�UGU@JLI`F�N�SI�U*WL¯�I�S�N
ú � JpO�EGW�^�WdUGIrPóN�O�S�W CrNsC�F�[xSpC�[�C�S&WL�3|wI�MyK�S�W
ú � JpO�EGW�^�W�CBMyO�I�S�NRNEXABWqI�Hu¼�EG��O�N
� [�WZC�UGUG_°PQW$PRI�K�Uo[£UGEXT`WxN�I"H�I�SADC�UGUX_°�`K�C�SpC�F�N�WZW�NO�Wxz�SMyNBN<PQI"EXN�W�ADMZnRMCrNEGMyH�_'N�O�W�H�I`UXUGIrP6EGF��

N<PRIBC�F�[DABEGF�EGA�EG��WqC�F]I�i�ê<WZJ�NEX^`WsH�K�FwJ�N�EGI�FxJLI`A�|:I`M�WZ[]I�H*NO�W�UGC`M<NQN�O�SW�W ~Y® O�W�I`i3ê<WZJLN�EG^�W9H�K�F�J�NEXI`F
ABEG��O�N6N�O�W�SWLH�I�SW�iwWqI�H�NO�W�H�I�UGUXIrP6EGF���H�I�SA

∑

i

h
(

‖ai‖2
2 + bg(pi) + c

)

, jl\ ~ � m
P6O�W�SW pi, ai, h

C�S�W&[3WLzwF�WZ[BC�i:Ir^�W`n b, c > 0 C�SWRMJ�C�UGC�SuPRW�EG��O�NpM�n g SW�|�SWZM�W�F�NpMuCdABWZC`MyK�SWRI�H�NO�SWZCrN
C�F�[xSC`[�C�S&W��(|:I`M�K�SWdC�F�[�N�O�W�M�K�ABADCrNEXI`FxMyN�SWLNpJpO�WZM&Ir^`W�SQN�O�WqP6O�I`UXW�ABEoM�M�EXI`F ~
� Ø � Ør� #�ã`á��RÜ±Û�� ��Þ�Ý�Þ�Û��óÛu��Þ
¦ WBH�I�SAVK�UGC�N�W�n@M�I�ABWZP6O�CrN�UXI(I�MyWZUX_`n�N�O�WBIr^�WZSC�UXU�N�SpCrê<W J�N�I`S�_$|�UoC�F�F�EXF��x|�S�I`i�UXWZAÁEXF³N�O�W�H�I`UXUGIrP6EGF��
P&C{_ ~
§©¨mZuª�«:S�¬��!]:_u] k����L�èr�±éGf{�����æèr��ýæ���ò��é
�����±���¶�5b�ÿ ÿ{ç��³�pÿ����±��ÿr�¿ç ai

ç����5bò�Yb�èr���Yb��±iBÿ ý���� ´5ã ½ ª ·
ç���èr���±é���¾�Àp��ÿmi p0

çLèyÀL�L�,�����pè��5b��Lçq�Gb��q��èr��¾��L� e pf e g�b(é��G��èpþ�þ:�ÿ�ü`éGiBè��l�����^i�é��wéGi�éL°�é���¾]�Yb���ÿ c o�����±éGf{�
Àp�3���L�±é
ÿr� ´5ã ½Ðü®·�½

® O�W]NW�SA C�|�|�S�I{�3EGABC�N�WZUX_"EGMBC`[�[3WZ[@nQM�EXF�J�WxM�I�UG^(EXF��²N�O�Wx|�S�I`i�UXWZA÷N�I"I�|3NEXADC�UXEXN<_'N�K�SF�M�I�K�N
NI²i:W�JLI`AB|�K3NC�N�EGI�F�C�UXUG_»EGF�N�SpC�JLNC�i�UXWBH�I`S�|�SI�i�UGW�ADM�P6EXN�O°UGI�F���W�SVO�I�SEX�ZI�F�M ~�å IrPQWZ^�WZSZnuE,HsPRW�C�SW
P6EGUGUXEGF���N�I$MyW�NyN�UGW�H�I�SqC��`I�I3[*n*i�K3NdF�I�N�F�WZJ�WZMM�C�S�EGUX_$I`|3N�EGADC�U�MyI`UXK3NEXI`F»EGF²NW�SABMdI�HYN�O�W�I�i�ê<WZJ�NEX^`W
H�K�F�J�NEXI`F£j±\ ~¿� mLn(NO�Wq|�SI�i�UGW�AÂiwW JLI�ABW MRN�SpC�J�NpC�i�UGW ~
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� FBNO�EoM1M�WZJ�NEXI`FBPQW6P6EGUXU�|�S�I`|wI�MyW6CqM�I�UGK3N�EGI�F�NIqhYS�I`i�UGW�Ak\ ~X} [3W M�J�S�EGi:WZ[BC�i:Ir^�W ~u® O�WsM�I�UGK3N�EGI�FBP6EGUXU
i:W9Cv�6W JLW [3EXF�� å I�SEG��I�F]\QI`F`NS�I`U@jN� å \&mvMJpO�W�ABW6K�M�EXF�� ´ I�F�UXEGF�WZC�SYhYSI��`SC�A�ABEGF��Bj ´ ö hQm�H�I`SvN�O�W
M�O�I`SyN&N�WZS�A |�UoC�F�F�EGF�� ~�® O�W�JLW�F�NSC�U:Eo[3W C�i:W�O�EXF�[xNO�W�|�SI�|:I`M�WZ[xMyI`UXK3NEXI`F�EoMRN�IDKwMyWqCBJLI`F�[3EXN�EGI�F�C�U
|�UGC�FVJpO�C�F���EGF��sM<NSC�N�WZ��_�n P6O�WZS�W`n{MyNC�SyNEXF��6H�S�I`A CsH�WZC`MyEGi�UGW1MyI`UXK�N�EGI�F@nrC6F�WZP°|�UoC�FqH�I`S@N�O�W1SW�ADC�EGF�EGF��
|wC�S�NRI�H*N�O�WdABEGMMyEGI�F]EGMRI�F�UX_DC�JZJLWZ|3N�W [DE,HuE,N&��EG^�W MQC�F�EXFwJLSW�ABW�F�NC�U:[�WZJLSWZC`MyWsN�I�NO�W�N�W�SABEXFwC�U*JLI�M<N ~® O�W]T�WZ_'|�S�I`i�UGW�A EGMVN�O�WZF°N�I³S�W�NC�EXFæMCrH�W�N<_"C�F�['z�F�E,NW�N�EGABW]NpC�M�T"J�I�AB|�UGWLNEXI`F£P6O�W�F£N�O�W�|�UGC�F
EoMqJpO�C�F���W [ ~q® O�EGM�|�S�I`i�UXWZAâEGMqM�I�UG^�W [¬i(_¬EXF�J�UXKw[3EXF��xCxM�C�H�WLN<_¬ADC�F�W�K�^`W�S n:P6O�EGJpO³��K�C�SC�F`NW�W M6N�O�W
W��3EGMyN�WZF�JLW�I�H9C¬M�C�H�WDNC`MyT'JLI`AB|�UXW�N�EGF��¬NSC�ê<WZJ�NI�S_ ~$® O�W]MCrH�W�N<_³ADC�F�W�K�^`W�S�EoM�EGF�JLI`S�|:I�SpCrNWZ[³EXF�NI
NO�WVM�O�I�S�N6N�WZS�A |�UoC�F�F�EGF�� ´ ö h�|�SI�i�UGW�A ~l¦ W�P6EGUGU@H�K�S�N�O�WZS�ABI`S�Wq[3EoM�J�K�MM&N�O�W�JpO�I�EoJLW�I�H�NW�SA�EGF�C�U
J�I`MyN6H�K�F�JLN�EGI�FxH�I�S&NO�WqUXI`F���N�W�SAÂ|�UGC�F�F�EGF���n�C`M&PQWZUXU@C`M&O�IrPôPRWqJ�C�FxADC�T`W�M�K�SWdN�O�C�N6N�O�Wq^`W�O�EoJLUGW
C`J�NK�C�UGUX_�C�SS�EG^�W MRC�N&N�O�W�NpC�S��WLN6P6EXN�O�I`K3N9JLSpC�M�O�EGF���EXF�N�I�NO�W�N�WZS�SpC�EGF ~
� Øv�YØ±Ù ��á�Ü��1Þj�±á�� ���1Þ�Ü����QÛ£Ý)�Qß Ú"Ûxõ�Û�ß����l���°áuãQ����á�� � á���Þ�ã`á�Ü
� M&[3EGMJLKwM�M�WZ[DW C�SUXEGW�S n�� å \òOwC�MQ|�S�Ir^`WZ[�NI�i:WdCV|wIrPRW�S�H�K�UwN�I(I�U:NI�C�JpO�EXWZ^�Ws�`I�I3[D|:W�S�H�I�SADC�F�J�W9EGF
CxJLI`AB|�K3NC�N�EGI�F�C�UXUG_$N�SpC�JLNC�i�UXW�PRC{_ ~�® O�W�ABC�EXF"Eo[3WZC�EXFñ� å \ñEGM�NIx[3EG^(EG[�WBC�|�UoC�F�F�EXF��x|�SI�i�UGW�A
EGF�N�I'C»M�O�I�S�N�O�I�SEX�ZI�FæC�F�[£C³UXI`F��»O�I`S�EG��I`F°|�C�S�N ~æº ^`W�S�NO�W$MyO�I`SyN�O�I�SEG��I�F¶C»[3W�NC�EGUGWZ[£|�UGC�F£EGM
JZC�UoJLK�UoCrNWZ[³C�F�[³Ir^�WZSsN�O�W�UGI�F���O�I`S�EG��I`F»I`F�UX_²CxJLI�C�SpMyWV|�UGC�F@n@I`SdF�I�|�UoC�F"CrN�C�UGU�EGMdF�WZWZ[3W [ ~�® O�W
M�O�I`SyNRN�WZS�A |�UoC�F�EGMQNO�W�FxE,NW�SpCrNEX^`W�UG_�K�|:[�C�N�W []C�MQNEXABWdW�^�I`UX^`WZMZn`ADC�T�EGF��VN�O�W�O�I`S�EG��I`F�I�H@NO�Wd|�UGC�F
���p�pý���n�C�UXP&C{_3MQW��(N�W�Fw[3EXF��BC�z��(W [�C�ABI�K�F�N6I�H�N�EGABWqEXF�N�I�NO�W�H�K3N�K�S�W ~® O�WdP&C{_�PRWqC�|�|�UG_!� å \òNIBN�O�EoM&|�SI�i�UGW�AkEoM&EGUXUGK�MyN�SpCrN�W []EGF ª EX�`K�S�WV\ ~G}�~Y® O�Wdz��`K�S�Wq[3WZ|�EoJ�NM
NO�W�C�W�SEoC�U�^`W�O�EoJLUGW9C�Fw[�JLI`S�SWZM�|wI`F�[3EGF���|�UoC�F]C�NYN<PQI�[3E,¯�W�SW�F�NQN�EGA�W�EXFwM<NpC�F�NM ~v� N1N�O�Wsz�SpM<NQEXF�MyNC�F�N
C�M�O�I�S�N1NW�SA |�UGC�F»j
M�I�UGEo[]C�Fw[�[3I�N�N�W []UGEXF�WZMpmYEoMQJZC�UoJLK�UoCrNWZ[DKwMyEGF�� ´ ö h ~3® O�EoMQN�SpCrê<WZJLN�I`S�_�EXFwJLUGK�[3WZM
C�M�C�H�WLN<_�ABC�F�W�K�^�W�S�j
[3I�NyNWZ[�m9C�F�[$EoM�C�K���ABWZF`NWZ[xP6EXN�O»CBNpC�M�TxJ�I�AB|�UGWLNEXF���N�SpCrê<WZJLN�I`S�_"j
[�C`MyO�W [�m ~® O�W�W��3EGMyN�WZF�JLW�I�HYNO�WDM�C�H�WLN<_$ADC�F�WZK�^�WZSdC�N�N�O�W�W�F�[³I�H1N�O�WDM�O�I�S�N9NW�SAÁ|�UGC�F³EoM�C"�pÿ���ç����èré����9I�H
NO�W ´ ö h ~@� N�NO�W�WZF�[³I�HYNO�W�MCrH�W�N<_¬ADC�F�WZK�^�WZS9NO�W�N�SpCrê<WZJLN�I`S�_xEGM�[3EGSWZJ�NWZ[²N�IrP&C�Sp[�MsNO�W�NC�S��W�N
C�F�[xO�C�M6N�O�W�J�UXEGAVi¬C�F���UGW α n�P6O�EoJpO$i(_�[3W�z�F�EXN�EGI�F$EGMsWZ¸�K�C�U�NIBN�O�WqADC��(EGADC�U�NW�SSC�EXFxEXFwJLUGEXF�C�N�EGI�F ~

target
p

α

ª EG��K�SW$\ ~G} t ® PQI³JLI�FwMyW JLK3NEX^`WD|�UGC�F�M ~³´ I�N�W]N�O�WxMyO�I`SyNVN�W�SA÷|�UoC�Fój
M�I�UGEo[£C�F�[æ[3I�N�N�WZ[wm�nYMCrH�WLN<_
ADC�F�W�K�^`W�S]j�[3I�N�N�W [�m�nYC�F�["NC`MyT'JLI`A�|�UXW�N�EGF��$N�SpCrê<W J�N�I`S�_òj
[�C`MyO�WZ[�mLn�SWZC`JpO�EGF��xN�O�W]NC�S��W�NZn pf

n�I�F
NO�Wq��SI�K�F�[³j�N�O�EoJpT�M�I�UGEo[�m ~

® O�EGM&H
C`J�NsWZF�C�i�UGWZM&KwM&N�IBNpC�T�WdNO�W�z�F�C�U*|�C�S�NsI�HuN�O�W�NSC�ê<WZJ�NI�S_�C�MsCBMyN�W C�[3_]J�UXEGAVi¬C�F�[�CDMyN�W C�[3_
[�WZMJLW�F�NvNIrPRC�S[�M�N�O�W&NC�S��W�N�C�N α [3W��`S�WZWZM�EGF�JLUGEXFwCrN�EGI�F�nw�pÿr����éoç�é
ÿr�qÀp���p�si�_�[3WZM�EX�`F ~�® O�CrNYC�JLI`UXUGEGM�EGI�F
H�SW�W�N�SpCrê<W J�NI�S_]EoM9I`i3NC�EXF�W [²C�UoM�I�CrH�NW�SdS�W�g±|�UGC�F�F�EGF���nué
½��Z½Gn*NO�CrNqMCrH�WLN<_$EoM9SWLNpC�EGF�WZ[@n�H�I`UXUGIrPsMsH�SI�A
NO�WdI�i�M�W�S^rCrN�EGI�F�NO�CrN&E,H*NO�WdF�W�P�|�UoC�F�F�EXF��qH�I�S&MyI`ABWsS�W C�M�I�FBH
C�EXUoM�n`N�O�W9I�Uo[D|�UoC�F]EGMRM<NEXUGU:^{C�UXEo[�C�F�[
JZC�F$i:WqWL�3WZJ�K3N�W [�C�UXU�NO�WqPRC{_�N�I�N�O�W�NpC�S��W�N�ì Ä î ~å C{^(EXF��¬C$|�UoC�F�n�NO�W�^�WZO�EoJLUGWDF�IrP |�S�I3JLWZWZ[�MdNI¬WL�3WZJ�K3N�W�N�O�WBz�SpMyNV|�C�S�NqI�H&N�O�W�|�UoC�F'Ir^�WZS�C�F
W��3WZJLK�N�EGI�FqO�I`S�EG��I`F Te

n{P6O�EoJpOqAVK�MyN�i:W1M�ABC�UXUGW�S@N�O�C�F�N�O�WRMyO�I`SyN*NW�SA|�UGC�F�F�EGF��6O�I�SEG��I�F�n Tp = Nh
~



� � ����  ?�¡ Å

ª EG��K�SW]\ ~X} C�UGM�I�[3WZ|�EoJ�NMqN�O�WDM�E,NK�CrNEXI`F"C�H�N�W�S Te
n@P6O�W�F³N�O�W ´ ö hf|�UoC�F�F�EGF��xEGM�|:W�S�H�I�SABWZ[³I�F�J�W

ABI`S�WqC�Fw[xC�F�WZPô|�UoC�F$EoM6JLI`F�M<NS�KwJ�N�W [ ~
Ù^S�¬sÚJ¨+Û���]:_u] � N�EoMVK�M�WLH�K�U�n�i�K3NBF�I�NVF�WZJ�WZMM�C�S�_`n�NO�CrN Tp, Te

C�S�W]JpO�I`M�W�F°MyI²N�O�C�NVN�O�W�MCrH�WLN<_
ADC�F�W�K�^`W�S&EoM6MyO�I`SyNW�SREXF$[3K�SpCrNEXI`F�NO�C�F Tp − Te

M�EXF�J�WdN�O�WZF]NO�W�S�W�g±|�UoC�F�F�EXF���JLI`ABA�WZF�JLW M&iwW�H�I�SW
NO�WV^`W�O�EoJLUGWqO�C`M9MyNC�S�N�W [�N�O�W�M�C�H�WLN<_]ADC�F�W�K�^`W�S ~ � F$H
C`J�N n�H�SI�AÃCD|wWZSyH�I`S�ADC�F�JLWq|:W�SpMy|:WZJLN�EG^�W`n�EXN9EGM
EGF$��WZF�W�SpC�U*[3W MyEGSC�i�UGW�NO�CrN6NO�Wq^�WZO�EoJLUGW�C`J�NK�C�UGUX_»�:�2f{����O�C`MRN�IDWL�3W JLK3NW�NO�W�MCrH�WLN<_]ABC�F�W�K�^�W�S ~

� FæI�Sp[3W�SVN�I»C�|�|�UG_³NO�W�C�iwIr^`W]M�I�UGK3N�EGI�F£MyN�SpCrNW���_"I�F�W�O�C�MVN�I²z�F�[æC²PRC{_³N�I³F�W��`I�N�EoCrNWDN�O�W
EGF�MyNC�F`N 2α N�K�SFóCrN�N�O�W»N�I�|�I�HqN�O�W»NC`MyTÕJLI`A�|�UXW�N�EGF��°N�SpCrê<W J�NI�S_æEGFôMyI`ABW²PRC{_`n6MyI°NO�CrN�N�O�W
J�I�F�MyN�SpC�EGF�NMBEGF�ABI([�W�UVjl\ ~X} mDC�SW$A�W�N ~f® O�W�SW¬C�SW²MyWZ^�WZSC�URP&C{_3MBI�Hq[3I�EGF��'NO�EGMZn6C�M�[�EGMJLK�MM�WZ[
i:W�UGIrPqn�i�K�NsPQWqM�O�C�UGU*ADC�T�W�N�O�W�M<NpC�F�[3EGF��DC�MM�K�AB|3N�EGI�F�N�O�C�N6N�O�W�EoM�M�K�W�O�C`M&iwWZW�F$S�W MyI`UX^`WZ[�H�I�S&N�O�W
zwSMyNs|�UoC�F�F�EGF��BEGF�M<NpC�F�J�W ~å C{^(EXF��dI�K�N�UGEXF�W [�N�O�W&|�SEXFwJLEG|�UXW&i:W�O�EGF�[�I�K�S�H�I�SAVK�UoCrNEXI`FVI�HwN�O�W&NSC�ê<WZJLN�I�S_�|�UoC�F�F�EGF���|�SI�i�UGW�A
C`M]C�F|� å \ |�SI�i�UXWZAxn&PRW²F�IrPâ|�SI3JLW�W [¶N�IæC£M�I�ABWZP6O�CrN]ABI`S�W²[3W�NC�EXUGWZ[ÕUGI(I�TÕCrN]EXNM�^rC�SEXI`K�M
J�I�AB|:I�F�WZF`NpM ~

� Øv�YØ � �Í�Qá�ã`Þ$Þ�Û�ã�� �RÜ±Ý)���l���l�óÝ)�Qß��°á��QÜ����1ÛwÝ*ã�#]ã`á���ã�Ý)�\�\���l�
® O�W ´ ö hµC�UGUGK�[3WZ["NI³C�iwIr^`W�n@H�I`S�NO�W�M�I�UGK3N�EGI�F°I�H&N�O�WxMyO�I`SyNVN�W�SA |�UGC�F�F�EGF��»M�K�i�|�SI�i�UXWZAxnvJZC�F
i:WB[3WZMJLSEXi:WZ[»C�M9H�I�UGUXIrPsM ~�� NdN�O�W�N�EGABWVI�H1|�UoC�F�F�EGF��wnwUGWLNdN�O�W�^�WZO�EoJLUGWVi:WVEGF³MyNCrNW pc, vc

~ ö WLNqC�UGU
|�UGC�F�F�EGF��D^rC�SEGC�i�UXW M&O�C{^�WdN<PRIDMyK�iwM�J�S�EG|3NMsP6O�W�SWdN�O�WqzwSMyN6S�WZ|�S�W MyWZF�NRNO�W�EGF�[3W���I�H�N�O�Wq|�UGC�F@n�C�F�[
NO�W�M�WZJ�I�F�["SW�|�SWZM�W�F�NpMdN�O�WDNEXABW]MJ�C�UXWDI`F°P6O�EoJpO³NO�W]^`W�O�EoJLUGW�[3_(F�C�A�EoJ�M�EXFójl\ ~X} mqC�SW�[3WLzwF�WZ[*n
é
½�� ½Gn pk,i

EoM&N�O�Wq|�UGC�F�F�W []|:I`M�E,NEXI`F$I�Hu|�UGC�F k CrN h · i N�EGABWqK�F�EXNMsC�H�N�WZS&N�O�Wq|�UoC�FxP&C�M&EGF�E,NEGC�N�W [ ~
RTSQU�V�WYXEWNZ�V��!]N_�] ás��èBç
b�ÿ����&�l���Diñþ��Xèr� e g1�aiB�pèr�³�Gb�� c �Lç��Ír��:ÿ~gv�²ç�ÿr���3�±é
ÿr�³�lÿ��Gb��RÀLÿr���Xÿ~gvé���¾�H� ³6½

minimize
ak

N∑

i=0

h
(

‖ai‖2
2 + bg(pi) + c

)

+ Ψ(pk,N ) jl\ ~ � m
ç�½G�l½ pk,i+1 = pk,i + h vk,i i = 0, · · · , N − 1

vk,i+1 = vk,i + h ak,i i = 0, · · · , N − 1

d(pk,i) ≤ 0 i = 0, · · · , N

‖vk,i‖∞ ≤ vmax i = 0, · · · , N

‖ak,i‖∞ ≤ amax i = 0, · · · , N

(0, 0, 1) vT
k,i ≤ ‖vk,i‖ sin γ̄ i = 0, · · · , N

pk,0 = pc, vk,0 = vc

Ψ(pk,N ) ≤ Ψ(pk−1,N ) − ε

vk,N = vmax(cosφ cos α, sinφ cos α, sin α)

φ = è������lè��xü ((0, 1, 0) (pf − pk,N )T , (1, 0, 0) (pf − pk,N )T
)

g�b��L�� k éoçRþ:�Gèr�»é���ý��ü e N = Tp/h e èr��ýB�Gb��������Di�é���èr���pÿ{ç�� e Ψ : R
3 → R

+ e èr��ý��pÿ{ç��Rý`������2iB�����
iDèr�±¾�é�� e ε > 0 e gvé���� c �$ý���ûY���pý c �L�Gÿmg1½ø��b���ûY�:è��Y��g1ÿ³�pÿr��ç�����è�é�����ç�iBèEr����Yb��]�Xè{ç��Qþ�è�����ÿ<ÀD�Yb��
�±��èpo������ÿr���]����éGi c é��²�Yb���ýré����p����é
ÿ��"ÿ<À��Yb����lè���¾��L��½ ` ����ÿ��Gb��L�vfrèr��é
è c �G��çVèr���ý`�
û1�:�pý�è{ç��Yb���é��V�ÿ��3�x�
�����±þ�è����
ç e gvé��Gb�ÿr�3�6é���ý��ü k e é�� ´Õã ½ ª ·�½�k�ÀV�Gb��L���DéoçV�:ÿdÀL�pè{ç�é c �X�Bç�ÿr�,�3��é
ÿ��°�lÿ"j±\ ~ � m��Yb����'�Gb���ç
b�ÿr���
�����Di þ��Xèr�³éoç��3��ý���ûY���ý`½
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Ù^S�¬sÚJ¨+ÛR�!]At)] � Md|�C�S�N�I�HvN�O�Wn� å \ñM�JpO�WZABW�n�PQW�P6EXUGU�C�UGPRC{_3Msi:W�I�F²I`K�S�P&C{_�N�I]W��3WZJLK�N�WBC�F
I`UG[³|�UoC�F³P6O�W�F'C]F�W�Pµ|�UGC�F³EoM�JLI�FwM<NS�K�JLN�W [ ~�® O(K�M�N�O�W�I`UG[»|�UoC�F'J�C�F³I�H�NW�F'MyWZS�^`W�C�M�C�H�WZC`MyEGi�UGW
MyNC�SyNEXF��BM�I�UGK3NEXI`F�EGFxN�O�WqI`|3N�EGABEX� CrN�EGI�F ~

� F³N�O�W�JZC�M�W�P6O�WZF»F�I$F�WZPñH�WZC`MyEGi�UGW�|�UGC�F»EoMdH�I�K�F�[@nvé
½��Z½Gn�N�O�W ´ ö h M�I�UG^�WZS9H
C�EXUoM�N�Ix|�SIr^�Eo[3WBC
M�I�UGK3NEXI`F»NI£j±\ ~ � mLn�N�O�WBW��(W JLK3NEXI`F°JLI�F�NEXF(K�W MdC�UXI`F���N�O�WDI`UG[³|�UoC�F ~�® O�WBEGF3H�WZC`MyEGi�EGUXEXN<_»ADC{_¬O�C{^`W
[�E,¯�W�SW�F�N9M�I�K�SpJLW M�n(EGF�JLUGK�[3EGF����
ú ® O�WqMyW�NsI�H�JLI�F�NS�I`UGMQN�OwCrN6H�K�UXz�UGU@N�O�W�NW�SABEXF�C�U�JLI�M<Ns[3W JLSW�ABW�F�NsJLI`F�MyN�SpC�EGF`N&i:W�EGF��DW�AB|3N<_ ~
ú e(EGF�JLW$NO�W¬N�WZS�ABEGF�C�U�JLI`MyN�EoM�ABI`MyN�I�H�NW�F�J�C�UGJ�K�UGC�N�W [æH�SI�A C'��SpC�|�OÕSW�|�SWZM�W�F�NpCrN�EGI�F¶I�H�N�O�W

W�F(^(EXSI�F�A�WZF�NZn�E,NsABEG��O�NRUGWZC`[DNI�NSC�ê<WZJLN�I�SEGWZM1N�O�C�NRNK�SF]I�K�NRNIBiwWq[3_(F�C�A�EoJ�C�UXUG_BEXF�H�WZC�M�EGi�UXW�EGF
N�O�W�H�K�N�K�SW ~

ú cYC�SEXI`K�MdI�|3NEXABEG�ZC�N�EGI�F"S�I`K3N�EGF�WBH
C�EGUGK�S�W M�EXFwJLUGK�[3EGF��$F�I�F í JLI`F�^`W�S��WZF�JLW�C�F�["C�i�F�I�SABC�U�N�WZS�ABEXg
F�CrNEXI`F ~

Ù^S�¬sÚJ¨+Û��!]Ðw�] º |3NEXABEG�ZC�N�EGI�F£SI�K3NEXF�W�H
C�EGUGK�S�W MVADC{_°C�UGP&C{_(MVI3J�JLK�S�SW���C�Sp[3UXW M�MqN�O�W$JpO�I�EoJLW]I�H
NW�SABEXF�C�U�JLI�M<N n�C�F�[�ADC{_DN�O�W�SWLH�I�SW�F�I�N6i:WqF�W��`UXW J�NWZ[�EXF¬C�F(_]JZC�M�W ~
� Øv�YØr� �9Ý/��ä$õ�á��|�&Ü±Û�Þj���l�óÞ�ã�Ý0�{Ûuõ3Þ�á�ã��
� FBNO�EoM1M�WZJ�NEXI`FBPQWsP6EGUGU�MyWZWsO�IrP¶N�O�W�MyO�I`SyN�NW�SA |�UoC�FD|�S�I3[3K�J�WZ[�i(_�NO�W ´ ö h£J�C�FDiwW9JZC�F�I`F�EoJ�C�UGUG_
W��(N�W�Fw[3WZ[xC�UGU�N�O�W�P&C{_�N�I�N�O�WdNC�S��`WLN n�EGF$CVP&C{_BN�O�C�NREoM6JLI`UXUGEoMyEGI�F]H�S�WZW�i(_�[3W MyEG��F@n�C`M&MyK��`��W M<NWZ[DEGFª EG��K�SWV\ ~X}`~Y® O�EoM&EGM6W��3|�UXEoJLEXN�UG_][3I`F�W�H�I�S6WZ^�WZS�_D|�UoC�F$EGF�MyNC�FwJLW�n k ~
RTSQU�V�WYXEWNZ�V��!]At)]�` ��è{ç
r"�pÿmi9þ:�X���±é���¾³���è@o��p�L��ÿr���»éoç�ý���ûY�:�pý³è{ç�è�ÀL�èrç�é c �X�x�����Di�é���èr�1�±��èpo������ÿr���
g�b3é
�ÕbÕ���pè��5b��Lçx�Yb��x��èr��¾���� e pf

½ûás�°èr�ó��ü`���L��ý��pý�þ:�Xè�� e g1�TiD�pèr�ôè»ç
b�ÿ������l���DiÃþ:�Gèr� Pk
ÿ~f{���

�±éGiD�!b�ÿ���éL°Zÿ�� Tp e è���¾~iD�������ý�gvé��YbÕè"�lèrç
r'�ÿ~isþ��X����é��(¾°�±��è@o��p���lÿ�����½ k�À��:ÿ³ç����5bò�è�� c ��ÀLÿr�3�:ý e�Yb��"�ü������:ý��pý�þ��Xèr�éoçx�3��ý���ûY���ý`½ � éLr��2gvéoç�� e é À$�:ÿ�ÀL�èrç�é c �X�»ç
b�ÿ����������Diâþ:�Xè��ôéoç�ÀLÿr�3��ý°é��ó�Yb���H� ³Ãjl\ ~ � m e �Yb�����ü`���L��ý��pý�þ:�Gèr�"éoç��3��ý���ûY���ý`½
� JZC�F�I`F�EGJZC�U:PRC{_BI�Hu[3WLzwF�EXF���C�F]WL�(NW�F�[3W [�|�UoC�FxEoM1NI�C�K���ABWZF`NQN�O�WqMCrH�W�N<_DABC�F�W�K�^�W�S&CrNRN�O�W

WZF�[BI�H:N�O�WsMyO�I`SyNvNW�SAµ|�UoC�FBP6EXN�ODCqMyN�SpC�EG��O�NvUXEGF�WsMyN�WZC`[3_�J�UXEGAViDC�N α [3WZ��SW�WZMuNIrPRC�S[�M�NO�W&NC�S��`WLN n
H�I`UXUGIrPRWZ['i(_"C»ADCr�3EXA�K�A SC�N�WDNK�S�F¶C�F�[°C²MyN�SpC�EG��O�NVUGEGF�W�[3W M�J�W�F�NVWZF�[3EGF��³C�N�N�O�W]NC�S��`WLN ~²® O�W
[�EX^`W�EGMVEXF�E,NEGC�N�WZ[æCrN�C¬|:I�EGF�N ptop

j
M�W�W ª EG��K�SW�\ ~ � m�nv[3W�z�F�WZ[æC�M�NO�W�NI�|°^�WZSyNWL�"I�HsC$N�SEoC�F��`UXW`n
{pk,N , ptop, pf} n�EGF$N�O�W�^�W�S�N�EoJ�C�U*|�UoC�F�W�P6EXN�O¬W [3��WqEGF�J�UXEGF�CrNEXI`F�M α n�H�I`S6N�O�WVN<PQIBK�|�|wWZS9WZ[���WZM ~ � F
EGF�MyNC�F�JLW MsP6O�WZF ptop

C�F�[ pf
C�SW�M�I�JLUGI`M�W�N�O�C�NsN�O�W�[3EX^`W�N�IrP&C�Sp[�M pf

^(EXI`UGC�N�WZM6N�O�W�^`W�O�EoJLUGWZM9[3EX^`W
J�I�F�MyN�SpC�EGF�NMZn�I`S1P6O�WZF pf

EGM1EXF�M�Eo[3W6N�O�W9ADCr�3EGAVK�A N�K�SF]J�EXSpJLUGW6H�SI�A ptop
C�Fw[�J�C�F�F�I�NQiwWsSWZC`JpO�WZ[@n

NO�WqWL�(NW�F�[3W [x|�UGC�F$EGM&K�Fw[3WLz�F�WZ[ ~
¦ O�W�F'|�UoC�F�F�EGF��¬C]N�SpCrê<WZJLN�I`S�_¬I`F3g±UGEGF�W�C�F�[³W�EXN�O�WZS�N�O�W ´ ö h j±\ ~ � mLn@I�S�NO�W�H�I�SABC�N�EGI�F³I�H6C�F

W��(N�W�Fw[3WZ[�|�UoC�FVC`J�JLI`S[�EXF��9N�Idù9W�z�F�EXN�EGI�F�\ ~ � H
C�EGUGMZnrF�I�F�W�P£|�UGC�FVEoM�M�W�UGWZJLN�W [VC�Fw[qN�O�WRC�W�SEGC�U`^`W�O�EoJLUGW
T`W�WZ|�M&WL�3WZJ�K3N�EGF���N�O�WqI�Uo[�|�UGC�F ~´ I�NWQC�UoM�I&N�O�C�N�C�F(_�JpO�I�EoJLW1I�H(NC`MyT�JLI`A�|�UXW�N�EGF��sNSC�ê<WZJ�NI�S_9C�i:Ir^�WYN�O�W1N�SEGC�F���UGW {pk,N , ptop, pf}EoMRC�UoMyIVJ�I�UGUXEoM�EXI`FBH�S�WZW9i(_�[�WZM�EX�`F ~ «Q_�K�M�EXF��VEGF3H�I�SADCrN�EGI�F�C�iwI`K3N1NO�W9O�EX�`O�WZMyN1NW�SSC�EXF�C�U,NE,NK�[3W�n(I`F�W
JZC�F°H�I`S�A ABI�SW�W�UoC�i:I�SpCrNW�n�C�F�['UGWZMMVJ�I�F�M�W�S^rCrNEX^`W�n�WL�(N�WZF�[3WZ[£|�UGC�F�M ~»® O�W�EGAB|wI`SyNpC�F�NVNO�EXF��²EGM
NO�CrN6NO�W�JLI`F�MyN�SK�J�NEXI`F�EoM&I�H�UXIrP JLI`A�|�K3NC�N�EGI�F�C�U�J�I�AB|�UGWL�3EXN<_ ~
� Øv�YØ¡  ¢sá��l��Þ�ÛwãQ� �RÜ±Ý)���l���l�óÝ)�1ßµÞ�Û�ã��\���QÝ@Ü<õ�á��rÞ
® O�W�|�K�S|wI�MyWBI�HRNO�WBN�WZS�ABEGF�C�UQJLI`MyNZn Ψ : R

3 → R
+ n�EGF'N�O�W ´ ö hkjl\ ~ � mqEGM�NI¬��K�Eo[3WBNO�W]M�O�I�S�N

NW�SAñ|�UoC�FVEGF�[�EXSWZJLN�EGI�F�M�N�O�C�N�ADC�T�WYNO�WR¼�IrP6F�Ir^`W�SpC�UGU�N�SpCrê<W J�NI�S_��`I�I3[*n{EGF�NW�SABM�I�H�N�O�WRI�i�ê<WZJ�NEX^`W
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α

p

p
k,N

top
p

fª EG��K�SW"\ ~¿� t ® PRIæC�UXN�WZS�FwCrN�EG^�W M�H�I�S]H�I�SA�EGF��£C'NpC�M�TòJ�I�AB|�UGWLNEXF��£MyN�SpCrNW��`_ ~ñ® O�W»[�C`MyO�gl[3I�NyNWZ[
J�K�S^�W$EXUGUGK�M<NSC�N�W MBN�O�W²C�U,NW�SF�CrNEX^`W¬[3WZMJLSEXi:WZ[òEGF�ù9W�z�F�EXN�EGI�F\ ~¿�(~ô´ I�N�W$NO�CrN�NO�EoMDEGM�I�F�UG_æI`F�W
I�H�ADC�F(_°P&C{_3M�NI³SWZC`JpO°N�O�WxNpC�S��WLN�P6O�EGUXWx¼�_(EGF��"C�iwIr^`W�NO�W¬M�C�H�Wx[�C`MyO�WZ[£UGEGF�W¬C�F�[¶M�C�N�EoM<H�_(EGF��
NO�W²^`W�O�EoJLUGW¬[3_(F�C�ABEoJ�M²jl\ ~X} m ~ � H�N�O�W�SWxEoM�C'��C�|òiwW�N<PQWZW�F γ̄ C�F�[ α nRN�O�W$NO�EXFóM�I�UGEo[¶J�K�S�^`W$EGM
C"UGWZMMDJLI`F�MyWZS�^rC�N�EG^�W$MyK�JpOòI�|�N�EGI�F ~�® O�W$EGA�|:I�S�NC�F�N�NO�EGF��°EGM�NO�CrNDNO�W²JLI`F�MyN�SK�J�NEXI`FæEoMDI�HdUXIrP
J�I�AB|�K3NpCrNEXI`F�C�U@J�I�AB|�UGWL�3E,N<_ ~

H�K�F�J�NEXI`Fòjl\ ~ � m ~ � NdP6EGUGU�C�UGM�I]i:W�K�MyW [¬i:W�UGIrPñN�I�ABC�T�W�MyK�SW�NO�W�SW�EGM�F�I�NqC�F»EXF3zwF�E,NWBF�K�AVi:W�SdI�H
|�UGC�F$JpOwC�F��`WZM ~

� M]EGF@n�� ½¿¾�½Gndì Ä î ndì }{Ö î n&N�O�W»N�W�SABEXFwC�U�J�I`MyN�H�K�F�JLN�EGI�F@n Ψ n6EGMx[3W�SEG^�WZ[òH�SI�A C£M�O�I�S�N�W M<N�|�CrNO
|�S�I`i�UXWZA EXFÕC³��SpC�|�O ~°® O�EoMBEoM�[�I�F�WxEXFòC³MyNC�F�[�C�S['H
C`MyO�EXI`F¶C�Fw[£EoMVNO�W�SWLH�I`S�WxI�F�UX_£[3W M�J�S�EGi:WZ[
i�S�EGWL¼�_�O�W�SW ~

® O�W���SpC�|�O"EoM�JLSWZC�N�WZ["i(_²NpC�T(EGF��²C$O�I�SEG��I�F�NpC�UGUX_²W ¸�K�EG[�EGMyNC�F`N�ABW MyO£C�F�["K�MyEGF��$NO�WDN�WZS�SpC�EGF
C�U,NE,NK�[3W z = H(x, y) C`M&^{C�UXK�WZM&H�I`S&N�O�W�F�I([�WZM ~1� i:Ir^�WdN�O�EGMsM�WLNsI�H�F�I([�WZMZn3H�I�K�S�C�[�[3EXN�EGI�FwC�U*F�I3[3W
UoC{_�WZSMdC�SW�C`[�[3W [³C�N z = H(x, y) + j∆H

ABWLNW�SpM�n j = 1, · · · , 4 n*P6O�W�SW ∆H
EGM�N�O�W�EGF�N�WZSdUoC{_�WZS

[�EGMyNC�F�JLW ~ ø C�JpO"F�I3[3WDEGMdNO�W�F°J�I�F�F�W J�NWZ[³i�_»WZ[3�`WZM�N�I¬EXNMqïxF�WZEX�`O�i:I�SpMdEXF³N�O�W�M�C�A�WBUoC{_�WZSdC�F�[
NO�W � F�WZEX�`O�i:I�SpM&C�i:Ir^�W`n(C�F�[�iwWZUXIrP ~

® O�WYWZ[3�`W1JLI�M<N@EoM�CsPQWZEX�`O`NWZ[�M�K�AI�H ø K�JLUGEo[3WZC�FV[3EoM<NpC�F�J�W1C�F�[�NO�S�W CrN�W��3|wI�MyK�SW�n EGF�C�J�J�I�Sp[�C�FwJLW
P6EXN�O�NO�W6JpO�I�EoJLW MuI�H g(·), b, c EGF�N�O�W6I`i3ê<WZJLN�EG^�WQH�K�F�J�NEXI`F¬j±\ ~¿� m ~ � F�I�Sp[3WZSuNI�KwMyW Ψ NIq[3WZJ�EG[3W&P6O�WZF
NI�JpO�C�F���Wd|�UGC�F�MZn�PQWq[3WZADC�F�[]N�O�C�N Ψ EoMsC�UGP&C{_(MQ|:I`M�E,NEX^`W�n�O�WZF�JLW Ψ : R

3 → R
+ ~

� �`C�EXF@n�C�M1EXF¬ì Ä î n�ì } Ö î PQW�J�C�UoJLK�UGC�N�W&N�O�W9I�|�N�EGABC�U�JLI�M<N1N�I��`I�H�S�I`A W C�JpOBF�I3[3WsK�M�EGF��VCqù�E ê<T3MyN�SpC
N<_(|:W9I�H*C�UX�`I�SE,NO�AµC�F�[�N�O�WZF�EGF`NW�S|wI`UGC�N�W&NO�WsF�I3[3Ws^rC�UXK�W MvNIqz�F�[ Ψ

~v® O�WsEGF�N�W�S|:I�UoCrN�EGI�FBSI�K3NEXF�W
KwMyW [*nwJZC�F$iwW�M�O�IrP6FxN�IDi:W�JLI`F�M�EGMyN�WZF`N9C�F�[�H�S�WZW�H�S�I`AÂUGI3J�C�U*ABEGF�EGAVK�ADMsEGF�M�EG[�WqWZC�JpO¬J�K�iwWqEGF$N�O�W
�`S�Eo[ ~� N�EGM�C�UoMyI°PRI�S�N�OÕF�I�N�EGF��°O�W�SW¬NO�CrN�NO�W²|:I`MMyEGi�EGUXEXN<_òI�HqK�|�[�CrNEXF��£N�O�WJ�yI�¯:glUXEGF�W��²JLI`AB|�K3N�W [
NW�SABEXF�C�UQM�O�I�K�UG[°F�I�NVi:W]Ir^`W�SUXI(I�T`WZ[ ~x® O�WDNW�SA£�yI�¯:g±UGEGF�W���EoM�SpCrN�O�W�SqNI²iwW�EXF�NW�S|�S�W�N�W [°C�MZn�C�N
C$A�K�JpO£M�UXIrPRW�SqMC�AB|�UGEXF��¬SpCrNW�N�O�C�F'N�O�WDNSC�ê<WZJLN�I�S_¬|�UoC�F�F�EXF��¬UGI(I�|@nRé
½�� ½Gn�EGF'N�O�W�I�Sp[3W�SqI�HQNW�F�M
I�HVMyW JLI`F�[�M²j�
ÀL½�ì }Z� î m ~ � M]F�W�PÁEGF3H�I�SADCrNEXI`FóC�i:I�K3N�NO�W»WZF(^�EGSI�F�ABW�F�N�I`S�ABEGMMyEGI�F�I`i3ê<WZJLN�EG^�W M
EoM���CrNO�W�SWZ[*nuE,NVJZC�F°i:WD|�SI(J�WZMMyW ['C�F�[³H�WZ['iwC�JpT²SW��`K�UGC�S�UG_¬NI$N�O�W�I`F�UGEXF�WD|�UGC�F�F�W�S�N�O�SI�K��`O°C�F
K�|:[�C�N�W [xN�W�SABEXFwC�U@JLI�M<N ~ª EGF�C�UGUG_�n�EXHuNO�Wq|�UoC�F�F�EXF��DC�F�[xS�W�g±|�UoC�F�F�EXF���JZC�FxiwWqW��(W JLK3NWZ[xI�F$C�N�EGABW�M�JZC�UGW�P6O�EGJpOxEoM&H
C�MyN�WZS
NO�C�F�N�O�Wd^`W�O�EoJLUGWd^�W�UGI3JLEXN<_DI�F�W�J�C�F@n(i(_qê<I�EGF�EGF���M�W��`ABW�F�NMRI�H�MyO�I`SyNRN�WZS�AÂ|�UGC�F�MRP6O�W�SW�N�O�WqMCrH�WLN<_
ADC�F�W�K�^`W�S&O�C`M&iwWZW�F$I�ABEXNyN�W [*n3|�UoC�F$C�FxEXFwJLSWZC�M�EGF���UG_DUXI`F���WZSRN�SpCrê<WZJLN�I`S�_DC�O�WZC�[]P6E,NO$iwW�NyN�WZSsI�|�N�EXg
ADC�UXEXN<_�|�SI�|:W�S�N�EGWZM ~ � F�N�O�W&WL�(NS�WZA�W&J�C`MyWQP6O�W�SW&C�UGU`NO�EoM�|�UGC�F�F�EGF��dEGM�M�K�J�J�WZMM<H�K�U±n{N�O�EGM�P6EGUXU3|�S�I3[3K�J�W
C�JpO�C�EGF¬I�H1M�O�I`SyNsNW�SAâ|�UGC�F�M9C�UXUuN�O�WVP&C{_]NIDN�O�W�NC�S��`WLN�C�F�[$F�WZE,NO�W�S�N�O�W�M�C�H�WLN<_xADC�F�WZK�^�WZS9F�I`S
NO�W�N�WZS�ABEGF�C�U�|�C�S�N6I�H�NO�WqWL�(NW�F�[3W [x|�UGC�F�P6EGUGU@W�^`W�S6O�C{^`W9NI�i:WqWL�3W JLK3NWZ[ ~
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� Øv�YØYô �!�QÛû "Ü:�uá�ã���Þj�l�
� FxNO�EGM9MyW J�N�EGI�FxPRW�MyNC�N�W�NO�Wq|�SI�|:I`M�WZ[]C�UX�`I�SE,NO�A$n�CrH�NW�S6ADC�T(EGF��DC�FxEXF�EXN�EoC�UuC�MMyK�AB|3NEXI`F ~
ê ß®ß;��¬ÝÞ�XEWNZ�V¤�!]Gt/] ® O�Wdz�SpMyN9M<NW�|xEXF � UG��I`S�EXN�O�AÃ\ ~X} SWLNK�S�FwM6CVH�W C�M�EXi�UXW�M�I�UGK3N�EGI�F ~

� F³^(EXWZP I�HYNO�WD[3EoM�J�K�M�M�EGI�F»C�iwIr^`W�n:N�O�EoM�C�MMyK�A�|�N�EGI�F»EoMd^�WZS�_$SWZC�M�I�FwC�i�UGW�i�K3NqW��3J�UXKw[3WZMdJ�C`MyW M
P6O�W�FxN�O�W�NC�S��W�N6|wI�MyEXN�EGI�FxEGMsWL�(N�SW�ABW�UG_]J�UXI�MyWdN�IBNO�WqUoC�K�F�JpO$|:I`M�E,NEXI`F@n�C�Fw[xJZC�FxF�I�Nsi:W�SWZC`JpO�WZ[
WZ^�WZFxP6EXN�O¬C�ADCr�3EGABC�U�N�K�SF ~
ê «Në�Zx¨mWNX®ì�¬¥�!]N_�]
ª ½ ® O�Ws^`W�O�EoJLUGWsEoMYUoC�K�F�JpO�WZ[DCrNREXFwJLUGEXF�C�N�EGI�F α C�F�[B^`W�UGI3JLEXN<_ vmax

EGFDNO�W�[3EGSWZJ�NEXI`FDI�H�N�O�WsNC�S��`WLN ~� NdUoC�K�F�JpO@n:N�O�W�^�WZO�EoJLUGW�H�I�UGUGIrPsM9C][�WLH
C�K�U,NqWL�(NW�F�[3W [¬|�UoC�F"JLI�FwM<NS�K�JLN�W [¬i(_$C�K���ABWZF`NEXF���N�O�W
EXF�E,NEGC�U@M<NpCrN�W�C`J�J�I�Sp[3EXF���N�I�ù�WLzwF�E,NEXI`F»\ ~ ��~

ü�½ ® O�Wq^`W�O�EoJLUGW�WL�3WZJ�K3N�W MRN�O�Wq�`EX^`W�Fx|�UoC�F�H�I�S&N�EGABW Te
~

© ½ ¦ O�EGUGWqWL�3WZJ�K3N�EGF���nwC�F�W�Pô|�UGC�FxEoM6M�I�K��`O`NsC`J�JLI`S[�EXF���N�IDù�WLz�F�E,NEXI`F�M�\ ~G} C�F�[²\ ~ �3~
¦ ½ � HdF�W�PÂEGF3H�I`S�ADCrNEXI`F�MDC�SSEX^`W�C�Fw[ Ψ F�W�W [�M�N�I'i:W¬S�W J�C�UGJ�K�UGC�N�W [*nYNO�EGMDEoMB|:W�S�H�I�SA�W [æEGFòN�O�W

i�C�JpT(�`S�I`K�F�[ ~9º F�J�W�CDF�WZP Ψ EGMdJ�C�UGJ�K�UoCrN�W [$E,NdEGMdC�|�|�UXEGWZ[²EXF»ù�WLzwF�E,NEXI`F'\ ~G} C�M�PRW�UGUuC�M9EXF Ö
iwWZUXIrP ~

§ ½ ö WLN ε > 0 iwW�z��3W [�NO�S�I`K���O�I�K3N&N�O�WqA�EoMMyEGI�F ~� H�C�F�WZPô|�UoC�F Pk+1
C�JZJLI�Sp[3EGF���NIDù9W�z�F�EXN�EGI�F�M�\ ~G} C�F�[¬\ ~ � EoMRH�I�K�Fw[*n(N�O�WZFxN�O�W�F�WZPô|�UoC�FxEGM

C�JLN�EG^{C�N�W []EGF�MyN�WZC`[]I�HuNO�WqI�Uo[�I�F�W`n Pk
~

¨ ½ � H�N�O�W�NpC�S��W�N&EoM&F�I�NsS�W C�JpO�W [*n(��I�N�I �3~
Ù^S�¬sÚJ¨+Û���]Ð}�] ® O�W]JpO�I`EGJ�W�I�Hs|�S�I3JLWZWZ[3EGF��»C�UXI`F��$N�O�W]I�Uo['|�UoC�F£I`S�M�P6E,NpJpO�EGF��¬N�I"C¬F�WZP I�F�W`n
NO�W�SW�i(_xEXFwJLSW�ABW�F�NC�UXUG_]EGAB|�SIr^�EGF��BNO�WqN�WZS�ABEGF�C�U�JLI�M<N nwJ�C�F$iwW�^�EGW�PRWZ[$C`M9C�J�I�F�[3EXN�EGI�FwC�U@^`W�SpMyEGI�F
I�H*N�O�W�MCrN�EoMyzwJLEGF��Dì }Z� n } � î JLI`F`NS�I`U�MyN�SpCrN�WZ��EGWZM1K�MyW [DEGF]MyI`ABW6H�I�SADMYI�H�� å \ ~ � FDN�O�W MyWH� å \�C�|�|�UGEXg
JZCrNEXI`F�M�n�N�O�WsJ�I`MyNvC`J�NpM�C`MvC�JLI�F�NS�I`U ö _`C�|�K�F�Ir^dH�K�F�JLN�EGI�FBP6EXN�OBP6O�EoJpO�I`F�W6J�C�FBJLI`F�MyN�SK�J�NYC�JLI`F`NS�I`U
P6EXN�ODUGI3J�C�U�I�|3NEXADC�UXEXN<_�|�SI�|:W�S�N�EGWZMvC�F�[���K�C�SC�F`NW�W [V�`UXI`i�C�U�MyNC�i�EXUGEXN<_ ~ � F�NO�W6NSC�ê<WZJ�NI�S_qI�|3NEXABEG�ZC�g
NEXI`Fæ|�SI�i�UXWZA J�I�F�M�EG[�W�SWZ['O�WZS�W`n�N�O�W$JLI`K�F�N�W�S|�C�SyN�I�H9M<NpC�i�EGUXEXN<_'EGM�MCrH�WLN<_°C�F�['NC`MyT°J�I�AB|�UGWLN�EGI�F�n
P6O�EGJpO�C�S�Wsi:I�NO�C�UGS�W C�[3_���K�C�SC�F�N�W�W [Vi(_BC�F(_�M�EGF���UGW6|�UoC�F ~v® O�W6NW�SABEXF�C�UwJ�I`MyNYH�K�F�JLN�EGI�FDO�WZS�W9C`J�NpM
i(_³|�S�Ir^(Eo[3EGF��¬C$A�W C�F�M�I�HREGAB|�SIr^�EGF��xN�O�W�JLI`MyNqH�I�S�J�I�AB|�UGWLNEXF��$NO�W�ABEoM�M�EXI`F³i(_"JpO�C�F��`EXF���NI²C
F�W�P |�UoC�Fòj�P6O�EGUGW�SWLNpC�EGF�EXF��]M�C�H�WLN<_¬C�Fw[¬NC`MyT¬J�I�AB|�UGWLN�EGI�F:msP6O�EoJpO²EoMdWL�3WZJ�K3N�W [¬I�F»N�O�WBJLI`F�[3EXN�EGI�F
NO�CrN6NO�W�N�WZS�ABEGF�C�U@J�I`MyNsEGM&EGF�J�S�WZA�WZF�NC�UGUG_][3WZJ�S�W C�M�WZ[ ~
�¨ÀYä ï�ðO�@4Y2��*0�;�8��'�a�»2�4�åv�@230�;p���
� FxNO�EGM9MyW J�N�EGI�FxPRWdP6EGUGU@|�SIr^�W�N�O�C�N6N�O�Wq|�SI�|:I`M�WZ[�MyI`UXK�N�EGI�FxP6EXUGU@EGF�[3W�W [$MyI`UX^`W�hYSI�i�UXWZAâ\ ~G}�~
§©¨mZuÞ�Z�ß®WNX®WNZ�V]�!]N_�] k�À��Gb������L���èré��"è����±é�����ý`��ý`ÿZ�Lç��:ÿ��1é��:�����pè{ç��hgvé��Yb(é��»�Yb��Vç
b�ÿ����Q�����Diñþ:�Gèr���wé���¾
b�ÿr��éL° ÿr� e èr��ý c ����ÿr�:ý³�Yb�è�� e ý�ÿ ��ç��:ÿr�q�5b�èr�(¾`��ç�ÿ³�Yb�èr�d�Yb��TiDè�ü`éGiBè��1���L���èré��òé��:����é��:è���é
ÿ�� e α e éoç
�ü(�p��pý`�ý e �Yb���� ` � ¾�ÿr��é��Yb�i ã ½ ª ç�ÿr�¿f{�Lç<³R��ÿ c �X�2i ã ½ ª ½
³&��ÿZÿyÀL½ ª EGSpM<NYF�I�N�W6NO�CrNQWZC�JpODC`J�JLWZ|3N�W [�|�UGC�FDEGMQM�C�H�WsC�F�[�SWZC`JpO�WZM�NO�Ws�`I`C�U3i(_BJLI`F�M<NS�KwJ�N�EGI�F ~ e(I�EXH
NO�W�SW6EoM�I�F�UG_�C�z�F�EXN�W6F(K�A�iwWZSvI�H*JpO�C�F���WZM�I�H:|�UoC�F�N�O�WsC�W�SEoC�U(^�WZO�EGJ�UXW6P6EGUGU3S�W C�JpO�N�O�W&NpC�S��WLN ~u® O�WZF
F�I�N�W�N�O�C�N�N�O�W Ψ g±^rC�UGK�WDI�H&W C�JpO°C�JZJLWZ|3N�W ['|�UGC�F'AVK�MyNVi:W]CrNVUGWZC`M<N ε iwW�NyNW�S�NO�C�F'NO�W�|�SW�^(EGI�K�M
I`F�W ~ e3EXF�J�W Ψ ≥ 0 n(N�O�W�SW�JZC�F¬CrN6ABI`MyN6iwW dΨ(p0)/εe JpOwC�F��`WZM ~ª K�S�N�O�WZS�ABI�SW�n{NO�WsC�UG��I`S�EXN�O�AñEGM�EXN�WZSC�N�EG^�W&i(_V[3WZM�EG��F@n�C�F�[VN�O�W�� å \£MJpO�WZA�W&ADC�T`WZM�EXN1JLI�AB|�K�g
NpCrNEXI`F�C�UGUX_�WL¹�JLEGW�F�N ~ ª EXFwC�UGUX_`n�N�O�W�I�i3ê<W J�NEX^`W�H�K�F�J�NEXI`F£j±\ ~¿� m&EoMsC�|�|�S�I{�3EGADCrN�WZUX_DABEGF�EGA�EG��W [ ~&® O�EGM
|�S�Ir^`WZMQN�O�Wq|�S�I`|wI�MyEXN�EGI�F ~
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Ù^S�¬sÚJ¨+Û��!]A�)]ñ� HuNO�W�^�WZO�EGJ�UXWqMyNC�SyNpM&I�K3N6P6EXN�O¬C�K�MyWZSs[3WLzwF�WZ[xK�|�|:W�S6i:I�K�F�[xI�F�N�EGA�W�NIDS�W C�JpO
NpC�S��W�NZnvC�F�[£I�F�UG_³F�W�P |�UoC�F�M�N�O�C�N�MCrNEGMyH�_»NO�W]i:I�K�F�[£C�SW]C`J�JLWZ|3N�W [*n�NC`MyT°JLI`AB|�UXW�N�EGI�F°P6EGUXURi:W
�`K�C�SpC�F�NW�WZ[ ~B® O�W�C�S��K�ABW�F�N�PQI`S�T3MdWZ¸�K�C�UXUG_²PRW�UGUYP6EXN�O°Cx��EG^�W�F³H�K�WZUYUXEGABE,N ~ � F"N�O�W MyWDEGF�MyNC�F�JLW M
I`F�W�J�C�F]NO(K�M6[3SI�|�N�O�WqSWZ¸�K�EGS�WZABW�F�N6I�F$[3WZJZC{_�I�F�N�O�W�NW�SABEXF�C�U@JLI�M<N Ψ H�SI�A ´ ö hfjl\ ~ � m ~

å C{^(EXF��³[3EGMJLKwM�M�WZ['NO�W]|�S�I`|wI�MyW [£MyI`UXK�N�EGI�F°ABWLNO�I3[æC�Fw[£MyI`ABW�I�H9EXNM�|�SI�|:W�S�N�EGWZMZn�E,NBEGM�F�IrP
NEXABWqNIBS�K�F$M�I�ABWqMyEGAVK�UoCrNEXI`F�W���C�AB|�UGWZM ~
�¨À:î æ&;	µ7O�p��0�;<4Q/O�
ª I�S�W�F(^(EXSI�F�ABWZF`NpC�U@SW�|�S�W MyWZF`NpCrNEXI`F@n3S�W C�U�N�W�SSpC�EGFxWZUXWZ^rCrN�EGI�F¬[�C�NCDIr^`W�S&NO�WB\RC`M�JZC�[3WqABI�K�F`NpC�EGF�MZn
¦³� nvO�C{^`W�iwWZW�FòK�M�WZ[ój�MyWZW ª EG��K�SW$\ ~ � m ~£® O�W�[�C�NC`MyW�N�K�M�WZ[£EGMBC"MyK�iwMyW�N�WL�(NSC`J�N�W ['H�SI�A÷N�O�W
I`F�W�C�|�|wW C�SEXF��BEGF'ì } ï î   ~Q® O�W�H�K�UXUXg±SWZM�I�UGK3NEXI`F�WZUXWZ^{C�N�EGI�F$EGABC���W`n3EGM6ADC`[3WqK�|$I�H 16, 385× 16, 385F�I([�WZMdCrN 10 A�W�N�WZSM�O�I�SEG��I�F�NpC�U�M�|�C�J�EXF�� ~s® O�W�^�W�S�N�EoJ�C�U@SWZM�I�UGK3N�EGI�F¬EoM 0.1 ABWLNW�SpM ~�® O�EGMd[�C�NC�M�WLN
I3JZJLK�|�EGWZMsS�I`K���O�UG_ Ö b�«óI`Fx[�EGM�T�C�F�[]EoM&NO�W�SWLH�I`S�W�EGA�|�SC`J�N�EoJ�C�U�N�IDPRI�STDP6E,NO ~1å IrPQWZ^�W�S n3C�M&P6EGUXU
i:W�M�W�WZFBH�S�I`AµNO�W�M�EGAVK�UoCrNEXI`FDS�W MyK�UXNMZn�i�K3NRC�UGM�Iq|wI`EXF�NWZ[DI`K3N1EGF²ì } � î n�NO�W9WZF�^(EGS�I`F�ABW�F�N1M�O�I�K�Uo[Bi:W
[�WZJLI`AB|wI�MyW [�EGF�CqADC�F�F�W�SvNO�CrNYEoM1J�I�F�M�EoM<NW�F�NYP6E,NOBN�O�W9ABC�F�W�K�^�W�SEGF��qJ�C�|wC�i�EGUXEXN�EGWZMYI�H�N�O�W9^�W�O�EGJ�UXW ~® O�W�SWLH�I�SW�n�N�O�EoM6O�EG��O$UGW�^�WZU@I�HvC�JZJLK�SpC�J�_DEGMsF�I�NsF�WZWZ[3W [�N�I�J�C�|3N�K�S�W�NO�W���UGI�iwC�U*JpO�C�SpC�JLN�WZS�EoM<NEGJZMRI�H
NO�W6W�F(^(EGS�I`F�ABW�F�N�i(_�NO�W&N�WZS�ABEGF�C�U3JLI�M<N n Ψ ~u® O�WRUGIrPRW�S�g±SWZM�I�UGK3N�EGI�FqADC�|�M�K�M�WZ[�EXF�N�O�W6M�EXA�K�UGC�N�EGI�F�M
OwC{^�W$N�O�W�SWLH�I�SW¬i:W�W�FóM�K�i3g�MC�AB|�UGWZ[ÕCrN�WZ^�W�S_ 16 ýNþ C�Fw[ 256 ýNþ EXF�MyNC�F�JLW`n&S�W MyK�UXN�EGF��°EGFóC'EXF�NW�S�g
|�E,�3W�UYM�|�C`JLEGF��]I�H 160 C�F�[ 2560 ABWLN�WZSM�SWZM�|wW J�N�EG^�WZUX_ ~ � F²NO�W�^`W�S�N�EoJ�C�U�[3EGSWZJ�NEXI`F@n�N�O�W�SW�C�S�WVz�^�W
O�I�SEX�ZI�F�NC�UuUoC{_�WZSM6P6EXN�O 600 ABWLN�WZSM�EGF»i:WLN<PRW�W�F ~�® O�WV^`W�S�N�EoJ�C�U�|:I`M�E,NEXI`F�M9I�H1WZC`JpO²F�I3[3WB[3W�|:W�Fw[
I`FxN�O�W�C�U,NE,NK�[3WqI�HuN�O�W�NW�SSC�EXF$CrN&NO�CrNs|�C�SyNEGJ�K�UoC�S6|:I�EGF`N6I�HuNO�WqADC�|@n�C`M&WL�3|�UoC�EGF�WZ[$C�i:Ir^�W ~�® O�W
F�I�F3glK�F�EXH�I�SA �`S�Eo[xi�K�EGU,N�N�O�EoMsP&C{_�nwJ�C�F¬i:W�M�W�WZF¬C�M9MyN�SWLNpJpO�EGF��DI�K3N9N�O�W�UoC{_�WZSM&I�HYCDK�F�EXH�I�SA �`S�Eo[
I`FxN�O�W�NW�SSC�EXFxMyK�S�H
C�J�W ~

ª EG��K�SWB\ ~ � t ® O�W�N�WZS�SpC�EGF¬W�UGW�^rC�N�EGI�F²ADC�|»K�MyW [¬EGF¬N�O�WBM�EXA�K�UGC�N�EGI�F�M9S�WZ|�SWZM�W�F�NMsC�F»C�SWZC�I�HYABI�SW
NO�C�F 82 T(A ×82 T(A NpC�T`W�FÕH�SI�AðN�O�W°\RC�MJ�C�[�W¬SC�F���W`n ¦»��~ � NxJ�I�F�NC�EXF�MDN�O�W"MyK�ABABEXN�I�HVõ¬N ~
�9C�EGF�EXWZSZn�õ¬N ~�� [�C�ADMsC�F�[xõ$N ~ e�N ~wå W�UGW�F/© M ~

¦ EXN�O"NO�WBF�I�F3glI�|�N�EGA�EG��W [ @ � É�Ô �/ª J�I([�W�K�M�WZ[@n�EXNdNpC�T`WZMdI�F'C{^�WZSC���W 15.8 M�WZJLI`F�[�M�N�I$i:I�NO
i�K�EXUXN�NO�WD��SpC�|�O"SW�|�SWZM�W�F�N�EGF���N�O�WDWZF(^�EGSI�F�ABW�F�NqC�F�['JZC�UoJLK�UoCrNW�NO�WBN�WZS�ABEGF�C�UYJ�I`MyN ~ õ¬I3[3EXH�_(EXF��
C�F°WL�3EoM<NEXF��»��SpC�|�O�j�EGF£I`S[3WZSqN�I»EXF�J�I�S|wI`SC�N�WBABEGMM�EXI`F°I�i3ê<W J�N�EG^�W MmLn�NpC�T`WZMqI`F�UX_ 1.5 MyW JLI`F�[�M�I`F
C{^`W�SpC��`W ~u� UXUuJLI�AB|�K�NCrNEXI`F�MRO�C{^�Wdi:W�W�Fx|:W�S�H�I�SA�W []I`FxC�M�O�C�SWZ[ ö EGF�K���JLUGK�MyN�W�S n3K�M�EXF���I`F�W�I�HuEXNM
H�I`K�S 2.80 b å � � F�NW�UK«9WZI�Fx|�SI(J�WZMMyI`SM ~
¸ &�(E*-,)ILMN.. 4 F ¥ 3 ¥ * 4�¥p§+4 . ©r¥ 7 ¥&¨y¥ 6 ¥54 ,�B § .'ILBD1+6 ©d¥ 7¬ 7:7:C� ®�® © 1EI¿INP =D.B 4 BD=5F8P 9 ¥ ,:(+*-6+=57:BD6QP . © 1<® ©r¥ 7 ¥ ®ÕM ¥ ,:7:.
M�®Õ7�.p6m;�.@7�.pM�®ÕB86+. § F®7G9/B+>*¯W®
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�sK�F�F�EGF��BN�O�W�C�UG��I�SEXN�O�A PRW���WLN&NO�W�N�SpCrê<W J�N�I`S�_�M�O�IrP6FxEXF ª EG��K�SWq\ ~ Ä�~Y® O�Wd|�UXI�N9C�UoMyIBMyO�IrPsM
C�MyK�i�MyW�NRI�H*N�O�W�MCrH�WLN<_�ADC�F�WZK�^�WZSM ~�´ I�NWsNO�CrN&F�I�F�W9I�H*NO�WZM�WdPQWZS�W9C`J�NK�C�UGUX_BW��(W JLK3NWZ[ ~v´ W�P�EGA�g
|�S�Ir^`WZ[�|�UoC�F�MvPRW�SW6EXN�W�SpCrNEX^`W�UG_VSW�|�UoC�J�EXF���N�O�WsI`UG[BI`F�WZMZn�i:WLH�I`S�WsN�O�Ws^`W�O�EoJLUGW6SWZC�JpO�WZ[�N�O�W�JLUGEXA�i�EXF��
|wC�S�NsI�H�NO�W�N�SpCrê<W J�NI�SEXW M ~
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ª EG��K�SW�\ ~ Ä t � NRN�O�W�W�F�[]I�H*N�O�WdMCrH�W�N<_�ADC�F�W�K�^`W�SYNO�W�N�SpCrê<WZJLN�I`S�_�EGMR[3EGS�W J�N�W [BN�IrP&C�Sp[�MYN�O�W9NC�S��W�N
C�F�[xO�C�M6N�O�W�J�UXEGAVi¬C�F���UGW α n�P6O�EoJpO$i(_�[3W�z�F�EXN�EGI�F$EGMsWZ¸�K�C�U�NIBN�O�WqADC��(EGADC�U�NW�SSC�EXFxEXFwJLUGEXF�C�N�EGI�F ~å W�SW�n3NIDMyEGAB|�UXEXH�_]W��3|wI�MyEXN�EGI�F@n(NO�W�MCrH�WLN<_]ABC�F�W�K�^�W�S6EoM6M�O�IrP6FxC�N6W�^�WZS�_BNW�F�N�OxNEXABWVMyN�WZ| ~

� Mv[3EoM�J�K�M�M�WZ[VWZC�S�UGEXWZSZnrEXNvEGM�NO�WRN�WZS�ABEGF�C�U�J�I`MyNZn Ψ(p) nrNO�CrN1JZC�|3NK�S�W MuN�O�W&��UGI�iwC�U3JpO�C�SpC�JLN�WZS�EoM<NEGJZM
I�H�iwI�N�OqNO�WYWZF�^(EGS�I`F�ABW�F�NuC�F�[dN�O�WQABEGMMyEGI�FqI`i3ê<WZJLN�EG^�W M ~�® O�EGM�EGM�S�W C�[3EGUX_�[3I`F�WYi(_�^rC�S�_(EGF��&N�O�WRJLI�M<NpM
EGFDNO�W9�`SC�|�OBS�WZ|�S�W MyWZF�NCrNEXI`FBI�H�N�O�W�W�F(^(EXSI�F�A�WZF�N ~ ª EG��K�S�Wd\ ~¿Ö M�O�IrPsM�NO�W9W�¯:W J�NQI�H�MyP6EXNJpO�EXF��VI�F
C�SpC�[�C�SvO�C{^(EGF��qCd[�WLN�W J�NEXI`FDSC`[3EXKwM�I�H 10 T(A ~�® O�W6|wI�MyEXN�EGI�FBI�H:N�O�W6SC`[�C�SvEoMvADC�ST�W [VP6EXN�ODC�i�UoC�JpT
NS�EoC�F���UGW�n�P6O�EXUGWD_�WZUXUGIrP J�EXSpJLUGWZMqC�S�WDK�M�WZ[³NI¬ABC�|'I�K3NqNO�WD^�I`UXK�ABWDP6O�WZS�W�NO�W�^�WZO�EoJLUGW�EoMq^(EoMyEGi�UGW
NI]NO�WBSC`[�C�S ~�® O�WB|�CrNO»ADC�ST�W [¬P6E,NO³J�EXSpJLUGWZMZn*MyO�IrPsM9N�O�W�I`K3NJ�I�ABWVI�HYN�O�W�NSC�ê<WZJLN�I�S_x|�UGC�F�F�WZS
P6O�W�F³N�O�W�SC`[�C�SdEoM�F�I�NqC�J�J�I�K�F�NWZ[$H�I`S ~ a9F�C{PRC�S�W�I�H1EXNMdW��(EoMyN�W�FwJLW�n�NO�W���W�F�W�SpCrN�W [¬|�C�N�O»|wC�MMyW M
SEG��O�NYN�O�S�I`K���OBNO�W9[3W�N�WZJLN�EGI�F]C�S�W C�I�H�N�O�W9SpC�[�C�S ~�® O�WsI�NO�W�SQ|�CrNO@n�F�C�ABW�UG_�N�O�W�I�F�WsADC�S�T`WZ[�P6E,NO
M¸�K�C�SWZMZn1M�O�IrPsM�N�O�W$I`K3NJ�I�ABW�P6O�W�F¶N�O�WxN�WZS�ABEGF�C�UsJ�I`MyN�EGF�J�I�S|wI`SC�N�WZMVN�O�WxSpC�[�C�S ~æ® O�WxN�O�SWZC�N
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ª EX�`K�SW�\ ~¿Ö t ® O�WdW�¯:W J�NsI�HuNO�S�W CrN6WL�3|:I`M�K�SWdI`F]NO�Wq��WZF�W�SpCrNWZ[]|�CrNO ~
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W��3|wI�MyK�SWqEoM6F�IrPôABEGF�EGA�EG��W [$i(_�JLEGSpJLK�A�^�W�F�NEXF��BC�Fw[]¼w_�EGF���C�N9CBAVK�JpO$UGIrPQWZS&C�U,NE,NK�[3W`n�K3NEXUGEX�ZEXF��
NO�Wq|�SI�NWZJ�NEXI`F�|�S�Ir^(Eo[3WZ[�i(_DN�O�W�NW�SSC�EXFxC�F�[�NO�W�SW�i(_]C{^`I�Eo[3EXF���[3W�N�WZJLN�EGI�F ~º F�WYI�H3NO�W1ABI`MyN�|�SI�ABEGF�W�F�NuJpOwC�SpC�J�NW�SEGMyN�EoJ�M�I�H�C�[3I`|3N�EGF��9CO� å \"MJpO�W�ABWYEoM*NO�CrN nri(_�SWZ[3KwJLEGF��
NO�W�JLI`AB|�K3NC�N�EGI�F�C�U*WL¯�I�S�N9[3SpC�MyN�EoJ�C�UGUG_�n(E,Ns�`EX^`WZM&K�MRNO�Wq|:I`MMyEGi�EGUXEXN<_DN�IDSW�|:WZC�N�W [3UX_�MyI`UX^`W9NO�W ´ ö h
I`F3glUXEGF�W�P6EXN�O°NO�W]J�K�S�SW�F�N�MyNC�N�W]C`M�C¬F�WZP EXF�EXN�EoC�UR^rC�UGK�W ~¬® O�EoM�P&C{_�nuH�W�W [3i�C`JpT³EoM�EGF�JLI`S�|:I�SpCrNWZ[
C�F�['C�J�W�S�NC�EXF'[3W��`S�WZW�I�HQSI�i�KwM<NF�WZMMdEGM�I`i3NC�EXF�W [ ~D´ W���N n@NIx|�K3N�N�O�WDSI�i�KwM<NF�WZMMd|�S�I`|wWZSyNEXW MdI�H
NO�W�NSC�ê<WZJLN�I�S_�|�UoC�F�F�W�S9N�IDNWZMyNZn�NO�WVW��3EGMyN�WZF�JLW�I�Hv|�C�SpC�ABWLNS�EoJdK�F�J�W�S�NC�EGF�N<_�nwA�W C�M�K�SW�ABW�F�NsF�I`EGM�W
C�F�[DI�N�O�WZSQ[3EoM<NK�Si�C�F�J�WZM�j
M�K�JpO]C�M1P6EXFw[D��K�MyN1I`S1|�UoC�F�NyglABI3[3W�U:ABEGM�ADCrNJpO:m�EGMQEGF`NS�I3[3KwJLWZ[ ~�® IqNO�EGM
WZF�[*n3NO�WqF�I`A�EGF�C�U*K�|:[�CrN�WqW ¸�K�CrNEXI`F@n pk,0 = pk−1,1

n�EoM&ABI3[3E,zwWZ[�N�I
pk,0 = pk−1,1 + w,

P6O�W�SW w EGMdC�K�F�E,H�I`S�ABUG_$[�EGMyN�SEXi�K3N�W [²F�I`EGM�WV|�C�SC�ABWLN�WZSZn U(−w̄, w̄)
~�® O�EoMdA�I3[3EXzwJZCrN�EGI�F»EXAB|�UGEXW M

NO�CrN6PRW�n3CrNQN�O�W�F�W��(NQNEXABWdEXF�MyNC�F�JLW`n(P6EXUGU�F�I�N&ABIr^�W9W���C�J�NUX_�NIVNO�W�F�I�ABEXFwC�U:|wI�MyEXN�EGI�F�PQWdC�EGA�W [
H�I`S�i�K3N�SpCrNO�W�SqNI³C¬SpC�Fw[3I�A |wI`EXF�NVEGF£EXNM�^(EGJ�EXF�EXN<_ ~ � F£P6O�CrNVH�I�UGUXIrPsMZn�EXF°I`S[3WZS�NI²EGM�I�UoCrNWDN�O�W
W�¯:W J�NqI�H1N�O�W�F�I�EoM�WV|�C�SC�A�W�N�WZSZn:PQWBM�WLN Tp = 10 n N = 6 n*C�Fw[»MyN�K�[3_$NO�W���W�F�W�SpCrN�W [¬|�C�N�O�MdC�F�[
I`i3ê<WZJLN�EG^�WBH�K�FwJ�N�EGI�F�j�JLI�F�NS�I`UYWL¯�I�S�Npm�C`M w̄ ^rC�S�EGWZM�EGF'N�O�WDEGF�N�WZS�^rC�U [0, 0.5]

~ ª EG��K�SW�\ ~ � MyO�IrPsM
NO�Wq��WZF�W�SpCrNWZ[�|�CrNO�M6JLI`S�SWZM�|:I�F�[3EGF���N�I�H�I�K�S6EXF�J�S�W C�M�EXF���^rC�UGK�W M&I�FxN�O�WqF�I�EoMyW�|�C�SC�A�W�N�WZS ~

0 1 2 3 4 5 6 7 8 9

x 104

0

1

2

3

4

5

6

7

8

9

x 104

0

1000

2000

3000

4000

5000

x (×104 ABWLNW�SpMm
y

z

¤o¥L¦
w̄ = 0.01

0 1 2 3 4 5 6 7 8 9

x 104

0

1

2

3

4

5

6

7

8

9

x 104

0

1000

2000

3000

4000

5000

x (×104 ABWLN�WZSMpm
y

z

¤G§r¦
w̄ = 0.1

0 1 2 3 4 5 6 7 8 9

x 104

0

1

2

3

4

5

6

7

8

9

x 104

0

1000

2000

3000

4000

5000

x (×104 ABWLNW�SpMm
y

z

¤G¨�¦
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ª EG��K�SW$\ ~ � t ® O�W]WL¯�WZJ�NBI�H&NO�W�F�I�EoMyW�|wC�SpC�ABWLNW�S n w nvI`F°N�O�W]��WZF�W�SpCrNWZ['|�C�N�O�M ~ ª I�S�NO�W$M�C�T�W
I�HdSWLH�WZS�WZF�JLW`nYNO�W¬F�I�ABEGF�C�U6|wCrN�Ofj w̄ = 0 m�nRO�C�MBi:W�WZFÕM�T�W�NJpO�W [£P6EXN�O�C"P6O�EXN�W²M�I�UGEG[¶UXEGF�W ~ó� M
w̄ EGF�J�S�W C�M�WZMZn1NO�W²I�¯*M�WLNDH�SI�AðN�O�W²F�I�ABEXFwC�Us|�C�N�O�i:WZJ�I�ABWZMDABI`S�W¬WZ^�Eo[3WZF`N n&i�K3N]EoM�SW�|:WZC�N�WZ[�UX_
M�K�|�|�S�W M�M�WZ[�i(_DN�O�Wq|�UGC�F�F�W�S ~
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� M6J�C�F]i:WdM�W�WZF]EGF]NO�WdN�O�EGS[�JLI`UXK�ABF�I�H ® C�i�UXW�\ ~X} n(N�O�Wd��SWZC�N�WZMyNR[�EGMyN�K�Si�C�F�JLW�JLI`S�SWZM�|wI`F�[�MYN�IDC
[�EGM�|�UoC�JLWZABW�F�NQI�H@A�I`S�W9N�O�C�F 40%

~ ® C�i�UGWd\ ~G} C�UGM�I�I�¯�W�SpM1C`[�[3EXN�EGI�F�C�UwEGF�M�EX�`O�NQEGF`NI�NO�W�M�EXA�K�UoCrN�EGI�FwM
ADC`[3W ~ � F$C`[�[3EXN�EGI�FxN�IBNO�W�|�C�SyNEGJ�K�UoC�S&^rC�UGK�WZM6I�H w̄ NO�CrN9OwC{^�W�iwWZW�F¬JpO�I�MyWZF@n3N�O�W�C�J�NK�C�U�WL¯�WZJ�NsI�H
EXNZn�WL�3|�SWZMM�WZ["C�MqADCr�3EGAVK�A·I�¯*MyW�N]j�EGF'A�W�N�WZSMpm�H�S�I`A NO�W�F�I`A�EGF�C�Uv|wI�MyEXN�EGI�F°J�C�F'iwWDSWZC`[»H�SI�A
NO�W�M�WZJLI`F�["JLI�UGK�ABF ~B® O�WDSW�UoCrN�EG^�WB[3EoM<NK�Si�C�F�J�W�nYé
½�� ½GnuN�O�WBSpCrN�EGI$iwW�N<PQWZW�F³N�O�WBADCr�3EGAVK�A I�¯*MyW�N
C�F�[³N�O�WDADC��(EGAVK�A EXF�NW�S�g±F�I3[3WDM�|�C�J�EXF���n@M�W�S^�WZM�C`MqCxJ�I�AB|�C�SC�N�EG^�W�A�W C�M�K�SW�I�H1N�O�W�MyEG��WBI�HRN�O�W
[�EGMyN�K�Si�C�F�JLW ~ ª EGF�C�UGUG_�n(C�M1M�W�WZF�EGFDN�O�W9H�I�K�S�N�O�JLI�UGK�ABF@n�N�O�W�JLI`F�N�SI�U�W�¯:I`SyNREXF�J�S�W C�M�WZMYC`M1C�H�K�F�J�NEXI`F
I�H w̄

~
w̄ õ²Cr� ~ I�¯�M�WLN �6WZUGC�N�EG^�Wq[3EoM<NK�S�iwC�F�J�W ‖a‖2

0.0 − − 4.88
0.01 ± 37 A 2.5% 4.98
0.05 ± 184 A 10.8% 7.94
0.1 ± 367 A 20.3% 15.12
0.2 ± 734 A 29.6% 17.32
0.3 ±1101 A 36.0% 30.48
0.5 ±1835 A 42.4% 48.73® C�i�UGWV\ ~X} t � A�|wC�J�NsI�H�NO�W�C�[�[�WZ[$[3EoM<NK�S�iwC�F�J�W ~

�¨À�� �³41/98/��795�;y/����à��	���2����
� FVN�O�EoMu|�C�|:W�S n{S�W MyK�UXNM�S�WZ�`C�S[3EGF��&NSC�ê<WZJ�NI�S_9I`|3N�EGABEX� CrN�EGI�F�H�I`S�C�W�SEGC�U�^�WZO�EoJLUGWZM@EGFqNO�WYNO�S�WZWQ[3EGABW�F3g
M�EGI�F�C�U(M�|�C`JLWRO�C�M�i:W�W�F�|�SWZM�W�F�N�W [ ~ � F�|�C�SyNEGJ�K�UGC�SZn{|�SI�|:W�S�N�EGWZM�M�K�JpO�C`MQçLèyÀL�L�±��C�Fw[]��è{ç
r��pÿ~isþ��X�L�±é
ÿr�
PRW�SW�EXFxH�I3JLKwM ~® O�W�C�UXN�W�SF�C�N�EG^�W�I�K3NUXEGF�WZ["EGF"N�O�EoMqPRI�ST:n*W��(N�W�Fw[�Mq|�SW�^(EGI�K�MdSWZM�K�U,NpM�i(_²|wI�M�M�WZMM�EXF��$|�SIr^rC�i�UGW
MCrH�W�N<_�|�S�I`|wWZSyNEXW M@EGFVC 3 ù¶MyW�NyNEXF�� ~ � FVC`[�[3EXN�EGI�F@n{EGF�I�K�SuJ�C`MyW`n MCrH�W�N<_dC�UGM�I6SW�F�[3WZSM@NC`MyT�JLI`A�|�UGWLNEXI`F
|:I`MM�EXi�UGW ~ ® O�EoMDEGM�[3K�W$NI£C°JLI�A�i�EGF�CrNEXI`FòI�HdEo[3W C�MDP6O�EoJpOÕEXFwJLUGK�[3W»C'F�Ir^`W�UsMCrH�W�N<_£ADC�F�WZK�^�WZS
J�I�A�i�EXF�WZ[�P6EXN�O�CRNC`MyTdJLI`A�|�UXW�N�EGF��&N�SpCrê<W J�N�I`S�_�C�F�[qC6J�I�F�[3EXN�EGI�FwC�U�|�UoC�F�glJpO�C�F���EGF��6MyN�SpCrN�WZ��_`n�P6O�WZS�W`n
MyNC�SyNEXF���H�SI�AÁC�H�W C�M�EXi�UXW�MyI`UXK3NEXI`F@n*C�F�WZPñ|�UoC�F²H�I`S9NO�W�S�WZABC�EXF�EXF���|�C�S�N�I�HvN�O�W�ABEGMM�EXI`F²EGMdI`F�UX_
C`J�J�W�|3NWZ[�E,H�E,N&��EG^�W MRC�F]EGF�JLSW�ABWZF`NpC�U*[3W JLSWZC�M�WsNIVNO�WdN�WZS�ABEGF�C�U*JLI�M<N ~v® O�WdMCrH�W�N<_DADC�F�WZK�^�WZSRC�UGM�I
OwC�M�N�O�WRiwWZF�WLz:JLEoC�U(MyEo[3WRWL¯�WZJ�N�N�OwCrNuEXN�ABC�T�W M@EXN�|:I`MMyEGi�UGWYNI�JLI`|wWRP6EXN�O�O�C�S[�S�W C�UXg�NEXABWQJ�I�F�MyN�SpC�EGF�NM ~

«RW J�C�KwMyW&I�H�NO�WsJLI`A�|�K3NC�N�EGI�F�C�U�i�K�Sp[3W�FBEXN1EGF`NS�I3[3KwJLWZMZnrNpC�M�T�JLI`AB|�UXW�N�EGI�FBEoMvO�W�SW6F�I�N1C�JpO�EGW�^`WZ[
i(_�ABWZS�WZUX_�|�S�I`UXI`F���EGF��sNO�W&UXWZF���NOBI�H�NO�W&|�UoC�F�F�EGF���O�I`S�EG��I`F ~ � F�MyN�W C�[*n�E,NvEoMvC�S��K�W [qN�OwCrNYSWZ¸�K�EGS�EGF��
ABI`F�I�NI�F�EoJLEXN<_�I�H�N�O�WVJLI`A�|:I`M�EXN�WqJLI�M<NsEoM6MyK�¹DJ�EXWZF�N6H�I�S9C�|�|�SI`C�JpO�EXF��VN�O�W�NC�S��W�NsMyW�N ~ ù�WZJLI`K�|�UGEXF��
NO�WBUXWZF���NO»I�H1N�O�W�|�UoC�F�F�EXF���O�I`S�EG��I`F¬H�SI�AÁI�K�S�NpC�M�T¬JLI�AB|�UGWLNEXF���I`i3ê<WZJLN�EG^�WZMZn�W�F�C�i�UGWZMdK�M�N�I$[3WLg
NW�SABEXF�WqEXN9M�I�UGW�UG_�I�F�N�O�WqiwC�M�EGM&I�H�C�JZJLK�SpC�J�_�[3W�ADC�F�[�M6C�Fw[xJ�I�AB|�K3NpCrNEXI`F�C�U*SWZM�I�K�SpJLW M ~

�¨À°� ���/�Õ��2���/98����
ì } î bdSC�F�JpO�C�SIr^rC�n ��~ C�F�[ . I`O�C�F�M�W�F�n ®�~w��~ n=� ø �(|�UXEoJLEXN9C�|�|�S�I�C�JpO�W MYNIBJ�I�F�MyN�SpC�EGF�W [�ABI3[3W�U@|�S�W�g

[3EGJLN�EG^�W�JLI�F�NS�I`U�t6C]M�K�S^�WZ_�n � µ ÿ ý�����é��(¾ e kZý������±é ûQ�pèr�±é
ÿr�æè��:ý ã ÿr���±��ÿ���n*cvI�U ~��`Ö n ´ I ~�� n � ��� Ä n
|�| ~@} ��}�í�} Ö � ~

ì � î \QO�W�F@n)( ~ C�F�[ å KwC�F��wn .w~ nB� � F�WZPôJLI`A�|�K3NC�N�EGI�F�C�U�C�|�|�SI`C`JpODN�IBMyI`UX^(EGF��BC�J�UGC`M�MRI�HuI�|3NEXADC�U
JLI�F�NS�I`Uv|�S�I`i�UGW�ADM�n �!k����������:èr�±é
ÿr��èr�+I3ÿ��3���:èr�1ÿyÀ ã ÿr���±��ÿ���nucvI`U ~uÖ ï�n ´ I ~�� n } ����� n*|�| ~Q}Z����}�í}Z� ï ��~



� ï ����  ?�¡ Å

ì � î e3JpO�EGW�SABC�F@n .�~ n å K�UXU±n .�~ nsC�Fw[ ¦ C�S[*n6ù ~ n+� º F3glUXEGF�W¬NSC�ê<WZJLN�I�S_æJ�I�ABADC�F�[òSWZM�O�C�|�EGF��'H�I`S
S�WZK�M�C�i�UGW9UoC�K�F�JpO�^�WZO�EGJ�UXW M�n �©³R��ÿ � ½vÿ<Àd�Gb�� ` k `O` q �3é
ý�è��:�p� e � èmf é,¾�èr�±é
ÿr� e èr�:ý ã ÿ����±��ÿr� ã ÿ��x�ÀL�L�����:�p��èr��ý>!vü`é c é��Ln � K�� ~w� ��� ��~

ì Ä î U���SW�F@nuh ~ C�F�[ ö W�I�FwC�Sp[*n ´�~ ø ~ nf� � JLI`F(^�W�S��WZF�N�[3_(F�C�ABEGJBP6EGF�[3IrP C�|�|�S�I�C�JpO²NI¬I�i�MyNC`JLUGW
C{^�I�Eo[�C�F�JLW`n �Hk"!#!#! ����è���ç�½vÿr�±69ÿ c ÿ���é
�Lç�n3cvI�U ~w��} n ´ I ~�� n � ��� Ö n(|�| ~@} ï�ï í�}Z��Ö3~

ì Ö î e3JpO�I�K(PRW�F�C`C�SpM�n ®�~ n å IrPqn .�~ nrC�F�[ ª W�SI�F@n ø ~ nM�{ù�WZJ�W�F�N�SpC�UGEX�ZWZ[V\QI(I�|:W�SpCrNEX^`W ® SpCrê<W J�NI�S_9hYUoC�F3g
F�EXF���I�H�õ¬K�UXN�EG|�UGW � EGSJ�SC�H�NRP6EXN�O å C�S[]e�CrH�WLN<_xbdK�C�SpC�F�N�WZWZMZn � ` k `O` q �3é
ý`èr�:�p� e � è~fZé,¾�èr�±é
ÿr� eèr�:ý ã ÿr���±��ÿ�� ã ÿr�ZÀL�������:�p�Bèr��ý>!vümb(é c é�� e ³R��ÿ~fZé
ý`�L���� e 6�b�ÿZý`�<k�çp�Gèr�:ý e ` ��¾��(çp��n � ��� Ä�~

ì � î �6EGJpOwC�Sp[�M�n ��~ C�F�[ å IrPqn .w~ h ~ n
��õ¬I3[3W�U�|�S�W [3EoJ�N�EG^�WsJ�I�F�N�SI�U3I�H:^`W�O�EoJLUGW&ADC�F�WZK�^�WZSM�P6EXN�OD�`K�C�S�g
C�F�N�WZWZ['JLI`A�|�UXW�N�EGI�F³N�EGA�W�C�F�["S�I`i�K�MyN�H�WZC�M�EGi�EXUGEXN<_�n �^³&��ÿZ� ½6ÿ<À��Gb��hk"!#!#! ` iD�L��é
�pè�� ã ÿr�w����ÿ��ã ÿ��ZÀL�������:�p� ´Y`hã�ã ·`n�cvI�U ~�Ö n . K�F ~w� ��� � n(|�| ~�Ä � ��Ä�í�Ä � Ä � ~

ì � î �6EGJpOwC�Sp[�M�n ��~ C�Fw[ å IrPqn .�~ h ~ n��
�6I�i�K�M<NB^rC�SEGC�i�UGW]O�I`S�EG��I`FæABI3[3W�U6|�SWZ[�EGJLN�EG^�W$JLI�F�NS�I`U1H�I`S
^�W�O�EGJ�UXW$ADC�F�WZK�^�WZS�EGF��wn ��k��w�l�����:è��l½²I3½T69ÿ c �(ç�� � ÿr���,é��:�pèr� ã ÿr�w���ÿr��n&cvI�U ~6}Z� n ´ I ~ � n � ��� � n
|�| ~��`���{í3�`Ö�}�~

ì ï î e3JpO�I�K(PRW�F�C`C�SpM�n ®�~ n å IrPqn .w~ n�C�F�[ ª W�SI�F�n ø ~ n��
�6WZJ�WZ[3EGF���O�I`S�EG��I`F¬|�CrNO²|�UoC�F�F�EXF���P6E,NO²EGA�g
|�UXEoJLEXN²M�C�H�WLN<_Õ��KwC�SpC�F�N�WZWZMZn � ³R��ÿ �Z½�ÿ<À³�Gb���k*!#!+! ` iD����é
�è�� ã ÿ����±��ÿr� ã ÿr� ÀL�L��L���� ´Y`hã�ã ·`n
cvI�U ~�� n � ��� Ä n(|�| ~wÖ`Ö � �rí3Ö`Ö ï }`~

ì � î'& K�P&CrNpC�n5( ~ C�Fw[ å IrPqn .w~ h ~ n��e�NC�i�UXW�N�SpCrê<W J�NI�S_x[3W MyEG��F²H�I�S�O�EG��O�UG_¬JLI�FwM<NSC�EXF�W [¬W�F(^(EGS�I`F3g
A�WZF�NM�K�M�EXF��dSWZJLW [3EGF��9O�I`S�EG��I`FVJLI`F�N�SI�U±n ��³&��ÿZ� ½*ÿ<ÀR�Yb��lk*!#!#! ` iB����é
�pèr� ã ÿr�w���ÿr� ã ÿr� ÀL�L�����:�p�´Y`hã�ã ·`n�cvI�U ~@} n � ��� Ä n(|�| ~�� � � í3� �(� ~

ì } ��î «QWZUXUGEGF���O�C�A$n .�~ n & K(PRC�NC�n
( ~ n�C�F�[ å IrPqn .�~ h ~ n
��e(NC�i�UXW&SWZJLW [3EGF���O�I�SEX�ZI�FqNSC�ê<WZJ�NI�S_�JLI`F`NS�I`U
H�I�S$JLI�AB|�UGWL�ÕW�F(^(EGS�I`F�ABW�F�NMZn �s³R��ÿ �Z½�ÿ<À²�Yb�� ` k `<` q �3é
ý�è��:�p� e � èmf é,¾`è���é
ÿ�� e è��:ý ã ÿr�w����ÿ��ã ÿ��ZÀL�������:�p�Bèr�:ý7!vümb(é c é��Ln � K�M<NEXF�n ® WL��C�MZn � K�� ~w� �`� ��~

ì }�} î � F�EoMyE±n�ù ~���~ nj�6I`i�EXFwMyI`F@n .�~+¦ñ~ n�C�Fw[7U���SW�F�n h ~ n;� º F3glUXEGF�WYNSC�ê<WZJLN�I�S_�|�UoC�F�F�EGF��9H�I�SvC�WZS�EoC�U�^�W�g
O�EGJ�UXW M�tuC�MCrH�W&C�|�|�S�I�C�JpOqP6EXN�OV�`K�C�SpC�F�NW�WZ[dNpC�M�T�JLI`A�|�UXW�N�EGI�F@n ��³R��ÿ � ½*ÿ<ÀR�Gb�� ` k `O` q �3é
ý`èr�:�p� e� èmf é,¾�èr�±é
ÿr� e èr��ý ã ÿr�w����ÿ�� ã ÿr� ÀL�L�����:�p�Bèr��ý>!vümb3é c é��Ln & W�_3M<NI�F�W`nw\QI�UGI�SpC�[3Iwn � K�� ~:� ��� ��~

ì } � î � F�EoMyE±nQù ~1�V~ nXU���SW�F@nYh ~ nQC�F�[û�sI�i�EGF�M�I�F@n .w~Í¦ñ~ n³�e3CrH�WxS�W JLW [3EXF��³O�I`S�EG��I`F¶J�I�F�N�SI�URI�H�C�F
C�W�SEoC�UY^`W�O�EoJLUGW�n �{³R��ÿ �Z½�ÿ<À]�Gb�� 45 1E2 k*!#!#! ã ÿr� ÀL�L�����:�p�¬ÿ��Q$��p�Léoç�é
ÿr�óè��:ý ã ÿ����±��ÿr� ´5ã $ ã ·`n
e3C�F$ù9EGW��`I�n:\ � n�ù9W J ~w� ��� ��~

ì }Z� î õ¬WLN�N�UGW�S n9« ~ C�Fw[�«RC`JpO�W�Uo[3WZSZn ø ~ nH�p\QI�AVi�EXF�EGF��°I`F3g�C�F�[ÕI<´DEGF�W»I`|3N�EGABEX� CrN�EGI�FÕNWZJpO�F�EG¸�K�W M
H�I�SdWL¹�JLEGW�F�NdC�K3N�I`F�I�ABI`K�Ms^`W�O�EoJLUGWB© MsNSC�ê<WZJLN�I�S_xhYUGC�F�F�EGF���n ��³R�ÿZ� ½QÿyÀV�Yb�� ` k `<` q �3é
ý`èr�:�p� e� èmf é,¾�èr�±é
ÿr� e èr��ý ã ÿ����±��ÿr� ã ÿ��ZÀL�����L���p�dè��:ýq!vümb(é c é��Ln�e�C�F ª SpC�F�J�EGMJLIwn�\ � n�ade � n � K�� ~�� ��� Ö3~

ì }�Ä î ª W�S��KwMyI`F@n6ù ~ C�F�[óe�NW�F�N��`n ��~ nH� ® O�W»ù�W�UoC{_�WZ[ÕùGµ'C�UG��I`S�EXN�O�A H�I�S]WL¹�JLEGW�F�N]|�C�N�O�SW�|�UoC�F�g
F�EXF���n ��³R��ÿ �p�p�ý�é���¾�çVÿ<À��Yb��Ok"!#!#! kL�����L����èr�±é
ÿr��èr� ã ÿr� ÀL�L��L�����ÿr�O69ÿ c ÿ���é
�LçVèr�:ý ` �3�lÿ~iBè���é
ÿ��´ k ã 6 ` ·�n � |�SEXU � ��� Ö3~

ì } Ö îV& K�P&CrNpC�nf( ~ C�F�[ å IrPqn .�~ h ~ n0� ® O�S�WZW�[�EXABW�FwMyEGI�F�C�UvS�W JLW [3EXF���O�I`S�EG��I`F"J�I�F�N�SI�UuH�I�S�a � cdM�n �
³R��ÿ �Z½vÿyÀ��Yb�� ` k `O` q �3é
ý�è��:�p� e � èmf é,¾`è���é
ÿ�� e è��:ý ã ÿ����±��ÿr� ã ÿ��ZÀL�����L���p�Vèr��ý>!vümb3é c é��Ln3h1S�Ir^(EXg
[3W�F�J�W�nx�sO�I3[3W � MyUoC�F�[@n � K�� ~�� �`� Ä n(|�| ~@}Z�rí:}Z��~

ì }Z� î bdI�I3[3SEoJpO@n@õ ~��V~ nue(N�EGS�UGEXF���n ¦ñ~ \ ~ n�C�F�[ ª S�I�M<N n)� ~ ö ~ n5� � N�O�WZI�S_¬I�H&M�C�N�EoM<zwJ�EXF��x[3W JLEoMyEGI�FwM
C�F�[²J�I�F�N�SI�U±n ��k"!#!#!��3�èr��ç�è`�L�±é
ÿr��ç�ÿr� ¶ �{ç����8i�ç e µ èr�£è��:ý ã � c �����:���±é
��ç e ³6èr��� ` n�cvI`U ~*� ï�n´ I ~w� n ´ Ir^ ~*} ��� ï�n`|�| ~ � �`�{í ��� ��~



��Ç Ô`Ê Ç ?��q¡ �/� ?�ÈwÉ Æ ¡�Ì � Ô � Ç@Ç Ê Ç/?���Æ ¡4��?�¡*Ê � ÔxÑB?�>@Ê�È:Ô�? ÍB¶ Ò � � ?3É:Ì � Ç Î�� � ÍM·ÅdÆD¸   Ô`?3É*Ê ÆuÇ �`�
ì } �{î \QK�SyNEGMZn .w~j¦ñ~ C�F�[B«RWZC�S[@nj� ~j¦ñ~ n���e3C�N�EoM<z:JLEGF���t�C�F�W�P�C�|�|�S�I�C�JpOVN�IVJ�I�F�MyN�SK�J�NEX^`W&F�I�F�UGEGF�WZC�S

JLI�F�NS�I`U�n �©k*!+!#! ����èr��ç�½ ` �3�lÿ~iBè��l½ ã ÿr�w����ÿ���n3cvI�U ~�Ä`� n ´ I ~ � n � �`� Ä n�|�| ~@} � � � í:}�} � ��~
ì } ï î ö EGF�[�MyN�S"¹�A$nrh ~ C�F�[Vh�C`M�J�K�J�J�E�nrc ~ n;�<c�EGM�K�C�UGEG�ZCrNEXI`F�I�HwUGC�S��`WYN�WZS�SpC�EGF�MuADC�[3WRWZC`My_`n ��³&��ÿZ� ½*ÿ<À&�Yb��

k*!#!#! � éoçp��è���éL° èr�±é
ÿr� e � k ¶aº » ª nue3C�F»ù9EGW��`I�n@\ � n�a�e � n º J�N ~*� �`� } n�|�| ~����`�{í�Ö � Ä n*ì º F�UXEGF�W î
O`N�N�|@t�ë�ërP6P6P ~ JZJ ~ �`C�N�WZJpO ~ W [3K:ë{|�S�I�ê<WZJ�NpMpërUGC�S��`WB¼�ABI3[3W�UoMpër|�M ~ O�N�ABU ~





Y ¡¢® �a� ½

_ £�¡¢®� �%��� ¾ � £�� ½ �/�!� ���À¿ ¥¦� ����� ^��o� Z ��¨��/��
[ �¡]\1���J� �i� � Y ¨/¡o����/��«





_ £�¡¢®� �%��� ¾ � £�� ½ �/�!� ���À¿ ¥¦� ����� ^��o� Z ��¨��/��
[ �¡]\1���J� �i� � Y ¨/¡o����/��«

µ�¶7·9¸�¹"ºJ»KºB¼2¸�½�¸

Í5ÎXÏÑÐ¿ÒÔÓ:Õ�Ð
Á Ø�ÝàÜÑè¿á æ�ÜÞáà×:â0ß+ÙXç-âSÝ/á�Ý�ÛWl	ÜÑè¿áàâÔÝ�ë�â�Ú�áàØ�æ�Ø,+ÑÛÔáàØ�â�é�Û#ÝàÜ2á�Ý�Û�ß�Ø�áàØ�âSé7ÛSä�ä�ë�ã:ÛSÙ�Ü[ßÂâ�éÂsKt7üy�vuSüy�?áàÜÑæ�öÚDâSÝ�ÛÔä/ß+Ø�Ù�è¿ÝàÜ¿áàØ�+[Û#áàØåâSé.ÛSé:ß è¿â�ä�ä�â]è[ÛÔáàØ�â�é.æ�ÜÞáà×:â0ß+ÙÑõQ÷�é áà×+ØåÙ ï�âSÝàûDø)áà×:Ü6Ú�Ýàâ�ã+äåÜ¿æ�âSç�áàÜÑæ�ÚDâSÝ�ÛÔäé:â0ß�Ü±ß+Ø�Ù'á�ÝàØ�ã:ì�áàØ�â�é�ØåÙ�ç-âSÝàæÂì:äåÛÔáàÜ[ßJÛSÙdÛ èÑâ�é+Ù'á�Ý�ÛSØ�é:Ü[ß�â�Ú�áàØåæ�Ø�+[Û#áàØ�â�é Ú�Ýàâ�ã+äåÜ¿æ1ø9ï�×+Øåè�× Ø�Ù�áàâãDÜfØ�é:èÑä�ì:ß+Ü[ß4Øåé5áà×:Ü ì+é7ß+ÜÞÝàä�ë�Ø�é î é:âSé+ö�ä�Øåé+Ü[ÛÔÝ�ædÛ#áà×:ÜÑædÛ#áàØåèÑÛSä�Ú+Ýàâ î Ý�ÛSæ�æ�Ø�é î Ú+ÝàâSã:ä�ÜÑæ ó w8z y9ôÞõÖ2×:ÜNãDÜÑé+Ü�:áàÙKâÔç/ì+áàØ�ä�Ø,+¿Øåé î áà×:ÜfÙ�ì î�î Ü¿Ù'áàÜ[ß1æ�Ü¿áà×:â0ßdçùâÔÝ â�é�ö�äåØ�é+Ü á�Ý�ÛWl	ÜÑè¿áàâSÝ�ë!â�Ú�áàØåæ�Ø�+[Û#áàØ�â�éªÛÔÝàÜØ�ä�äåì+Ù'á�Ý�ÛÔáàÜ[ß5ã0ë5Û6æ�Ø�Ù�Ù�Ø�ä�Ü î ì+Øíß+ÛSé+èÑÜfÜ�+ÛSæ�Ú+äåÜSõ

��������� Ò��XÏ � %�â�æ�Ú+ì+á�ÛÔáàØ�âSé7ÛSä:)8Ú+áàØ�ædÛÔä�%�â�é]á�Ýàâ�ä{ø�)8é�ö�äåØ�é+ÜfÖ?Ý�Û�l'ÜÑè¿áàâÔÝ�ëcy äåÛSé+é:Ø�é î øÄÃ�ß:ÛÔÚ+áàØ�êTÜñ}ÝàØåßD#!Ü¿áà×+â0ß+ÙÑø(#!ØåÙ�Ù�Ø�ä�Ü6ñ8ì:Øåß:ÛÔé:èÑÜ�õ
Å À|{ .`/Q032�4659798:0�;y41/
Æ >@?�|�C�SC`[3EX�`A I�H@¸�K�C�UXEXNC�N�EG^�W6JLI`F`NS�I`U�[3WZM�EG��F@n�N�O�C�N1EGM1C�MMyI3JLEoCrNEXF���C�ABW C�M�K�S�W&I�H:NO�Wh÷LK3N�EGUXEXN<_)÷

P6E,NO£C¬JLWZSyNpC�EGF'J�I�F�N�SI�UYC`J�NEXI`F@n�O�C`Mqi:W�W�F£CxH�I`K�F�[�C�N�EGI�F'I�HsJ�I�F�N�SI�UvWZF���EGF�W�WZS�EGF��xN�O�EXF�T(EGF�� ~
\QI`F�M�WZ¸�K�W�F�NUX_`n@I�|3NEXADC�UYJLI�F�NS�I`U�EoMqSW���C�Sp[3WZ[²C`M�I�F�WBI�H1N�O�WDA�I`S�WBC�|�|wW C�UGEXF��$|:I`MMyEGi�UGWBA�W�N�O�I3[(g
I`UXI`��EGWZMRH�I`S9JLI`F`NS�I`U*[3WZM�EX�`F ~Qå IrPQWZ^�WZSZn3C�M6JZC�|3NEX^rC�N�EGF���C�F�[$C�|�|wW C�UGEXF��BC`M&N�O�W�K�F�[3WZS�UG_(EXF���NO�W�I`S�_
ABEG��O�NviwW`n�SWZC�U,glPQI`S�Uo[qC�|�|�UXEoJ�C�N�EGI�F�M�O�C{^`WRM�I�H
C�S�iwWZW�FDMJ�C�SpJLW ~ e(I`A�W&I�H�N�O�WRSWZC`MyI`F�M�H�I�S�N�O�EoM�ABEX�`O�N
i:W�N�O�W�UXWZ^�W�UuI�HYADCrNO�W�ADC�N�EoJ�C�UuK�F�[3WZSMyNC�F�[3EGF���F�WZWZ[3W [*n�[3I�K�i�NyH�K�U�^(EGC�i�EGUXEXN<_�I�HYI�|3NEXABEG�ZC�N�EGI�F¬K�F3g
[�W�S�K�F�JLWZSyNpC�EGF£JLI`F�[3EXN�EGI�F�MZnvC�F�['O�EG��O£M�W�FwMyEXN�EG^(E,N<_°C���C�EGF�MyN�A�W C�M�K�SW�ABW�F�N�C�F�['ABI([�W�UGEXF��»W�SS�I`SM ~� F�I�NO�W�Sd|�C�SyNEGJ�K�UGC�S�UG_]EGAB|wI`SyNpC�F�NsH
C`J�N�I`SsI�SEG��EGF�CrNWZM&H�SI�A N�O�W�O�EG��O²JLI`AB|�K3NC�N�EGI�F�C�U�[3WZABC�F�[$H�I`S
M�I�UG^(EXF��dF�I�F�UGEXF�WZC�S º |�N�EGABC�U:\QI�F�NS�I`U�h1S�I`i�UXWZADMsj º \QhQm ~�� M1C�ABC�NyNW�SvI�H:H
C�JLNZn`i�_�WL�(N�WZF�[3EGF��dN�O�WZEXS
÷�H�S�WZW�|wCrN�O³W�F�J�I3[3EXF��]ABWLNO�I3[�÷�ì } î nu\RC�F�F�_¬C�F�[±�6WZEG[»O�C{^�W�[3W�ABI`F�M<NSC�N�W [$N�O�W NP g&O�C�S[3F�WZMM
I�HYz�F�[�EXF��$C]M�O�I`SyNWZMyN�T(EXF�I([�_�FwC�ABEGJV|�CrNO²H�I`SdC�|wI`EXF�NdA�Ir^(EGF���C�ABEG[�MyN�|wI`UX_(O�W [3SC�U�I`i�M<NpC�J�UXW M9EGF
C²N�O�SW�W�[3EXABWZF�MyEGI�FwC�U1WZF(^�EGSI�F�ABW�F�N]ì � î ~ \QI`F�MyW ¸�K�W�F�N�UG_�n�CrN�N�WZF`NEXI`F£O�C{^`WDiwWZW�F£|�C�EG[°N�I¶èpþ�þ:�ÿ�ü��
éGiDèr�±é
ÿr�àiD�L�Yb�ÿ ý{ç]C�F�[°JLI`AB|�K3NC�N�EGI�F�C�UXUG_²W�¹DJ�EXWZF�N�C�UG��I`S�EXN�O�ADMdNO�CrN�J�I�AB|�K3NW�T(EXF�I([�_�FwC�ABEGJZC�UGUX_
H�W C�M�EXi�UXWVN�SpCrê<WZJLN�I`S�EGWZMRNO�CrN�C�SW^÷�F�W C�S�g±I`|3N�EGADC�U@÷�EXF²M�I�ABWVM�W�F�M�W ~ ù9K�WVN�IDNO�WVSpC�|�EG[¬[3WZ^�WZUXI`|�ABW�F�N
I�HQi:I�NO"J�I�AB|�K3NW�S�N�W JpO�F�I`UXI`��_¬C�F�[³JLI`A�|�K3NC�N�EGI�F�C�U�ABW�N�O�I3[�M�O�IrPRW�^`W�S n:N�O�WDC�i:Ir^�W�|�EoJ�N�K�S�WBO�C`M
i:W��`K�F�NI�JpO�C�F���W ~ «RW MyEo[3WZMRC{^(EXI`F�EoJ�M1C�F�[]JpO�W�ABEGJZC�UwEXF�[�K�M<NS�_`n(EXF�J�S�W C�M�EXF���UG_�ADC�F(_BF�WZPóEXFw[3K�MyN�SEGC�U
C�|�|�UGEGJZCrNEXI`F�M6I�H�I�|�N�EGABC�U�JLI`F�N�SI�U@J�C�F$F�IrPi:W�I`i�MyWZS�^`WZ[ ~ � F$NO�EoM6|�C�|:W�S n�NO�Wq|�SI�i�UGW�A I�H�ABEGMMyEGUGW
�`K�Eo[�C�F�J�W�P6EXUGU@i:WqEXFxH�I3JLK�M ~

} � }



} � � ���u  ?�¡4Ç
� N�EGM�C£PQWZUXUXg±W M<NpC�i�UGEoMyO�W [£H
C`J�N]EGF�F(K�ABW�SEGJZC�UsC�F�C�UG_3MyEoM�nQN�OwCrN�C'|�SI�|:W�S�[3EGMyN�SEGi�K3N�EGI�FÕI�H��`S�Eo[

|:I�EGF�NM�EoM�JLSK�JLEoC�U�H�I�S�i:I�NOVNO�W6C�J�J�K�SpC�JL_�I�H�N�O�W&C�|�|�SI{�3EXADCrNEXF��9MyI`UXK�N�EGI�F@n�C�F�[qNO�W6JLI`A�|�K3NC�N�EGI�F�C�U
W�¯:I`SyN¬j
M�W�W`n�� ½¿¾`½Gnsì � n Ä î m ~ � Fæ��WZF�W�SpC�U±nv��SEo[£C�[�C�|3N�EGI�FæEGMBJ�C�S�SEGWZ[°I`K3N�i(_£M�I�ABW�J�I�A�i�EXFwCrN�EGI�FæI�H
SWLg�[3EoM<NS�EGi�K3NEXI`Fµj
MyN�SpCrNW��`EGJZC�UGUX_ÕABIr^(EXF��£N�O�W"F�I3[3WZMpm�ndSWLz�F�WZABW�F�N"j�C�[�[3EGF��3ër[3WZUXW�N�EGF��æF�I3[3W MmLn9I`S
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EGF"N�WZS�ADM�I�H6JLI`AB|�K3NC�N�EGI�F�C�U�WL¯�I�S�N ~ � F³N�O�EoMq|�C�|wWZSZn*NO�WBH�I3JLK�M�EoMqI`F³EGAB|�S�Ir^(EGF��$C�J�J�K�SpC�JL_$H�I`S�C
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ÉKÊ ËMÊ ÉKÊ Ì�Í
u J =

∫ T

0
L(x, u)dt + Ψ(x(T ))M ~ N ~ ẋ = f(x, u)

g(x, u) ≤ 0
x(0) ∈ Si

x(T ) ∈ Sf ,

P6O�W�SW�NO�W¬M<NpCrNW x ∈ R
n nQN�O�W¬J�I�F�N�SI�U u ∈ R

m nRC�F�[æN�O�W$J�I�F�MyN�SpC�EGF�NM g : R
n × R

m → R
p ~� UXUuADC�|�|�EGF���M&EXFxN�O�EGM9|�C�|:W�SsC�S�WqC�MM�K�ABWZ[]N�IDi:WVMyABI(I�NOxC�F�[�N�O�W�[�_�FwC�ABEGJZC�U�M�_3M<NW�AÂJ�I�AB|�UGWLNW

M�IxN�O�C�NqW�^�WZS�_²J�I�F�N�SI�U�EGF�|�K3N n u(·) n�SWZM�K�UXNM�EGF"CxPRW�UGU,g�[3W�z�F�WZ[»N�SpCrê<W J�NI�S_�n x(·) ~�� F'K�F�[3WZS�UG_(EXF��
C`M�M�K�AB|3NEXI`FDO�IrPQWZ^�WZS�EoMvNO�CrNR[3K�W&N�IVEXAB|:W�S�H�WZJ�NQEXF3H�I`S�ADC�N�EGI�F@n�N�O�WsT(EGF�W�ADC�N�EoJ6JLI�FwM<NSC�EXF�NMZn�C`MvPQWZUXU
C`MvNO�WsNpC�S��WLN1M�WLN n Sf

n�ABEX�`O`NRJpO�C�F��`Ws[3SpC�MyN�EoJ�C�UGUG_�[3K�SEGF��qN�O�W�JLI`K�SpMyW6I�H:¼wEX�`O`N ~ \QI`F�M�WZ¸�K�W�F�NUX_`n`PRW
JZC�FBF�I�N1K�M�W&N�O�W6H
C�ABEXUG_VI�H:NWZJpO�F�EG¸�K�W M�N�O�C�N1SW�UG_�I�FBI�¯:glUXEGF�Ws�`W�F�WZSC�N�EGI�FVI�H@CdN�SpCrê<WZJLN�I`S�_�[�C�NC�i�C�M�W
H�I`S�I`F3glUXEGF�W²EGF�N�W�SSI��`C�N�EGI�F ì �rí�� î ~µ� UGM�I�nsC`M�M�K�ABEXF��°N�O�W³|�SI�i�UGW�A I�SEX�`EXFwCrN�W MBH�SI�A CæJLI`AB|�UXW��*n
SWZC�U,glPRI�SUG[BC�|�|�UXEoJ�C�N�EGI�F@n`N�O�W�W��(EoMyN�W�FwJLWsI�HuC�F�C�UX_�NEGJZC�UwM�I�UGK3NEXI`F�MYEoMQ[�EGM�S�WZ�`C�S[3W [*n�NO(K�MQM�W�WZT(EXF���H
C�MyN
J�I�AB|�K3NpCrNEXI`F�C�U@C�UX�`I�SE,NO�ADM1H�I`SsMyI`UX^(EGF���N�O�W º \Qh ~
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ª I�S9N�O�WVC`J�NK�C�U�[3WZM�EX�`F$I�H�N�O�W�JLI�AB|�K�NCrNEXI`F�C�UuC�UG��I�SEXN�O�A$n�NO�W�é�� ûY��é����BýréGiD�L��ç�é
ÿr�:è��v|�SI�i�UGW�A I�H
JpO�I�I�MyEGF��²C¬J�I�F�N�SI�U�H�K�FwJ�N�EGI�F°EGF£C$��EG^�WZF°My|�C`JLW`n�O�C{^`WBN�I¬i:WDN�K�SF�W ['EXF�N�I²C]ûY��é����]ý�éGiB����ç�é
ÿ��:èr�
I`|3N�EGADC�U3|�C�SC�ABWLN�WZS�M�W�UGWZJLN�EGI�F�|�S�I`i�UGW�A$n3é
½��Z½Gn�C9F�I�F3glUXEGF�W C�S�ADCrN�O�W�ADCrNEGJZC�U(|�SI���SpC�ABABEGF��s|�SI�i�UGW�A
j ´ ö hQm ~v® O�EoM�|�SI3JLW M�MVI�H6S�WZ|�SWZM�W�F�N�EGF��$N�O�W]JLI`F`NEXF(K�I`K�MqNEXABW]H�K�F�J�NEXI`F�M�i(_'C$z�F�EXN�W�F(K�AVi:W�S�I�H
|wC�SpC�ABWLNW�SpM�n&EoM]SWLH�WZS�SWZ[¶N�IòC�M»����è���ç�����é þ:�±é
ÿr�ñC�F�[ÕEoM]N<_�|�EGJZC�UGUX_ÕC�JpO�EGW�^`WZ[òi(_¶WZE,NO�W�S�N�WZAB|wI`SC�U
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ABW�N�O�I3[UXW C�[�M]N�IòEXAB|�UGEoJLEXN¬J�I�F�MyN�SpC�EGF�NM�C�F�[ô��SpC�[3EGW�F�N�W��3|�S�W M�M�EGI�F�MZnsP6O�EoJpOôEGFóNK�S�FADC{_ò�`EX^`W
EGF�J�S�W C�M�WZ[qJLI`AB|�K3NC�N�EGI�F�C�U`J�I�AB|�UGWL�3E,N<_`n�NO�WQH�I(J�K�M@EGFqNO�EGMu|�C�|wWZS�P6EGUXU�iwWQI�FqNSC�F�MJLSEX|3NEXI`F�A�W�N�O�I3[�M
iwC�M�WZ[�I�F'�l�2i9þ�ÿ���èr�uý�éoç��L�����±éL°Zè���é
ÿ�� ~

� N�EoMsH�K�S�N�O�W�S�JLI�FwJLW�|�N�K�C�UXUG_$EXAB|:I�S�NC�F�N�N�I$[3E,¯�W�Sdi:WLN<PRW�W�FÕýré����p���9C�Fw[£é��:ý�é����p�L�sN�SpC�F�MJLSEX|�N�EGI�F
ABW�N�O�I3[�Mqj�MyWZW ª EG��K�SW�ù ~G} m ~ ª I�S6C���EG^�WZF º \Qh�n3EXFw[3EXSWZJLN6A�W�N�O�I3[�MZn3P6O�EoJpOxC�S�W�i�C�M�WZ[�I�F]N�O�WqJZC�UXg

Nλ

consistency

consistency

LagrangianHamiltonian

Lagrange multipliers

KKT

Adjoints

PMP

direct transcription

indirect trancription
OCP OCP

OCP

λ

N
OCP

ª EX�`K�SW�ù ~G} tYù�EXSWZJLN6C�F�[xEXFw[3EXSWZJLN&N�SpC�F�MJLSEX|�N�EGI�FxA�W�N�O�I3[�M ~

J�K�UGK�MYI�H�^rC�S�EoCrNEXI`F�M�n`M<NpC�S�N1I�¯]i(_�EXF�NS�I3[3K�J�EXF���N�O�W å C�ABEGU,NI�F�EoC�F�C�F�[�H�I�SAVK�UoCrNEXF���NO�W9I`|3N�EGADC�UGE,N<_
J�I�F�[�E,NEXI`F�M6C�JZJLI�Sp[3EGF���N�I�N�O�Wqh�I`F`NS�_�C��`EXFxõ²Cr�3EGAVK�Akh1S�EGF�JLEG|�UGWDj�h1õ¬hRm ~�® O�W�_DNO�W�F$|�SI3JLWZWZ[�i�_
NSC�F�MJLSEXi�EGF���N�O�W�C`M�M�I3JLEoCrNWZ[¬N<PRIx|wI`EXF�NqiwI`K�F�[�C�S�_»^{C�UXK�W�|�S�I`i�UXWZA j ® h1«Rc�hQmDj
[�W�F�I�N�WZ[ º \Qh λ

EGF ª EG��K�SWBù ~G} m ~ � F"JLI`F`NSC`M<N n:[�EXSWZJLNdABWLNO�I3[�M�N�SpC�F�MJLSEGiwWqNO�W º \Qh[3EGS�W J�NUX_`n*O�W�F�J�W�NK�S�F�EXF��xEXN
EGF�N�I�C�UoC�S��W ´ ö hñj�[3W�F�I�N�W [ º \Qh N EXF ª EX�`K�SW�ù ~G} m ~1® O�W�[�K�C�U�NIBN�O�EoM ´ ö h�C�F�[]N�O�W ö C��`SC�F���W
A�K�UXN�EG|�UXEGW�SpMvADC{_�i:W6C�JpO�EGW�^`WZ[�i�_VPRC{_qI�HwNO�W ö C���SpC�F��`EGC�F�C�F�[�N�O�W & C�SK�MyO�g & K�O�F3g ® K�JpT`W�SQj &G& ® m
J�I�F�[�E,NEXI`F�M ~D® O�W�[�EXSWZJLNyg9C�Fw[»EGF�[3EGS�W J�NqABWLNO�I3[�MqO�C{^`W�Cx|�C�SyNEGJ�K�UGC�SqMyEGAB|�UXWDSW�UoCrNEXI`F²H�I`S�N�O�W�M�I
JZC�UGUXW ["�pÿ~isþ��X�L���qABW�N�O�I3[�M�ì }Z� î n�H�I�S6P6O�EGJpO�N�SpC�F�MJLSEG|3N�EGI�F]C�F�[x[3K�C�UGEG�ZCrNEXI`F]EGF�[3WZWZ[xJLI�ABA�K3N�W M�n�M�I
NO�CrN�N�O�W ö C���SpC�F���WDAVK�U,NEX|�UGEGW�SpMVI�H6N�O�W ´ ö h C�SW]C»AVK�UXN�EG|�UGW�I�H6N�O�W$[3EoM�J�S�W�N�EG��WZ[£^{C�UXK�WZM�I�H6N�O�W
C`[{ê<I�EGF�Ns^rC�SEGC�i�UXW M&C�MMyI3JLEoCrNWZ[]P6E,NO�NO�Wqh1õ¬h ~

� U,NO�I�K���O°EGF�[3EGS�W J�NVABWLNO�I3[�MVC�S�WDJ�I�F�M�EG[�W�SWZ[³N�I²|�S�I3[3K�J�WDABI�SW�C�J�J�K�SpCrN�WBSWZM�K�UXNMZn�NO�W�_'C�SW
F�I�NqN<_(|�EoJ�C�UGUG_²K�M�WZ[»N�I¬MyI`UX^`W�|�S�I`i�UXWZADM�O�C{^(EXF��$JLI`AB|�UXW��³[3_(F�C�A�EoJ�M�I`S�JLI`F�M<NSC�EXF�NqMyW�N ~D´ WZE,NO�W�S
C�S�W�NO�W�_"MyK�EXNC�i�UGWBH�I�Sq|�SI�i�UGW�ADM�P6O�WZS�W�NO�WDK�F�[3WZS�UG_(EXF�� º \QhfEoM�JLI`F�M�EG[3WZS�W [¬NI¬iwW�JpO�C�F���W C�i�UGW
EGF°NW�SABM�I�H&N�O�W�z�F�C�UQADC�F�EXH�I�Uo[*n Sf

C�F�[wërI�S�N�O�W]JLI`F�M<NSC�EXF�NVM�WLN n g(x, u)
~¬® O�EoMqEGMVADC�EGF�UX_'[3K�W

NI]NO�WV|:I`MM�EXi�UG_$EXUGUXglJ�I�F�[3EXN�EGI�F�WZ[¬|�SI�|:W�S�N�EGWZM9I�HvNO�W ® hQ«Qc�h�n:i�K3N�C�UGM�I�NO�WVI3JZJ�C�M�EGI�F�C�UXUG_�NWZ[3EGI�K�M
[�W�SEX^rCrNEXI`F�I�HqNO�W»F�W JLW M�MC�S_¶J�I�F�[3EXN�EGI�FwM�^(EGC£h1õ¬h ~ «QW C�SEXF��°EXFóABEGF�[�NO�W²N<_(|:W²I�H�|�S�I`i�UXWZADM
J�I�F�M�Eo[3W�SWZ[�EXFxNO�EGMs|�C�|:W�S n(N�O�W�H�I3J�K�M&P6EXUGU*NO�W�SWLH�I`S�W�i:WqI�F$[3EXSWZJLN&N�SpC�F�MJLSEX|�N�EGI�FxA�W�N�O�I3[�M ~

� FfABI`MyN²[3EGS�W J�N²ABWLNO�I3[�M£j
M�W�W`n��Z½¿¾�½GnVì } � î C�F�[N�O�W°S�W�H�W�SW�F�J�WZM�N�O�WZS�WZEXF:m�n�N�SpC�FwM�J�S�EG|3N�EGI�FEGM
C`JpO�EGW�^�W [�i(_»èdþ���é
ÿr��éQ|�C�S�N�EXN�EGI�F�I�H@NO�WdN�EGA�WqEGF�N�WZS�^rC�U�EGF�N�IBCV|�SWZMJLSEGiwW [�F(K�AVi:W�S6I�HuM�K�i�EGF`NW�S^rC�UoM
P6O�I`M�W�WZF�[3|:I�EGF�NM�C�S�WBJ�C�UXUGWZ[¶�:ÿ ý��Lç ~]® O�W ´ ö h ^rC�S�EoC�i�UGWZM�ADC{_$NO�W�F'i:WBNC�T`W�F'C�MdNO�WD^rC�UGK�WBI�H
NO�WBM<NpCrN�W M�C�F�[wërI�S9J�I�F�N�SI�UoM9C�N9N�O�WZM�WVF�I3[3W M ~�® O�WVEGF�N�WZ��SpC�UuJ�I`MyN9H�K�FwJ�N�EGI�FwC�U�C�F�[$NO�W�J�I�F�MyN�SpC�EGF�N
M�WLN�C�S�WB[3EoM�J�S�W�N�EG��WZ["M�EXABEGUGC�S�UG_²C�F�["C�|�|�S�I{�3EGADCrN�W [¬i(_»C�F(_¬|�SWLH�WZS�SWZ[³¸�K�C�[3SpCrNK�SWVSK�UXW¬j�JLI�FwMyK�UXNZn
� ½¿¾�½Gnvì � n }�Ä î m ~ ª EGF�C�UXUG_�n*C�[�[3E,NEXI`F�C�U�JLI`F�M<NSC�EXF�NpMsC�SW�EGA�|:I`M�WZ[²I�F¬NO�W ´ ö hô^rC�S�EoC�i�UGWZM9MyI]N�O�C�N9N�O�W
MyNC�N�WqW ¸`KwCrN�EGI�FwMRC�S�WdH�K�UXz�UGUXW [$CrN6N�O�W�MyIDJ�C�UXUGWZ[xJLI`UXUGI3J�C�N�EGI�F]|:I�EGF�NM ~
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� NQEGMYC�PRW�UGUXg±W M<NpC�i�UGEGM�O�W [VH
C`J�NYEGFDF(K�ABW�SEGJZC�U�C�FwC�UG_(M�EoM�nrNO�CrNRC�|�S�I`|wWZS1[3EoM<NS�EGi�K3NEXI`F�I�H:�`S�Eo[�|wI`EXF�NpMvEGM
J�S�KwJLEoC�U�H�I�S�i:I�N�O�N�O�W&C`J�J�K�SC`JL_dI�HwN�O�W6C�|�|�S�I{�3EGADCrN�EGF��9M�I�UGK3NEXI`F@n�C�Fw[qN�O�W&J�I�AB|�K3NpCrNEXI`F�C�U�WL¯�I�S�N6ì � nÄ î ~ \QI�FwMyW ¸`K�W�F�N�UG_�n�N�O�W6K�M�W6I�H*C�[�C�|3NEX^`WR�`S�Eo[�ABWLN�O�I([�MvO�C�M�H�I`SYUGI�F���i:W�W�F�C�FBWZMMyWZF`NEGC�U3W�UGW�ABW�F�NYEGF
NO�W�M�|�O�W�SW�I�H�F(K�ABW�SEGJZC�U*MyI`UXK�N�EGI�FxI�H�|�C�S�N�EoC�U@[3EX¯�W�SW�F�N�EoC�U*W ¸`KwCrN�EGI�FwMdj
h1ù ø msC`M&PQWZUXU@C`M&I�Sp[3EXFwC�S_
[�E,¯�W�SW�F�N�EoC�U�WZ¸�K�C�N�EGI�F�MQj º ù ø m1ì }{Ö î ~ ù9W My|�E,NWQi:W�EGF���C�F�C�JLN�EG^�Wvz�WZUG[qH�I�SuN�O�WQUGC`M<N�JLI�K�|�UXW1I�H�[3W J�C�[�WZMZn
NI]NO�W�iwW M<N�I�HYI`K�S�T(F�IrP6UGWZ[���W�n:K3NEXUGEX�ZEXF���C�[�C�|3NEX^`WV��SEo[¬ABWLN�O�I([�MsH�I`S9z�Fw[3EXF���I`F3g±UGEGF�W�M�I�UGK3N�EGI�FwM
NIDN�O�W�N�SpCrê<W J�NI�S_�I�|3NEXABEG�ZC�N�EGI�F¬|�SI�i�UGW�AÃO�C`M6F�I�NdiwWZW�F²J�I�F�M�EG[�W�SWZ[xW�UoMyWZP6O�W�SW ~6® O�WVi�C�M�EGJ�EG[3W C
EoM�N�O�C�NDi�_°J�I�F�J�W�F�N�SpCrNEXF��»N�O�WxF�I3[3W M�C�F�[°O�WZF�JLW$JLI`AB|�K3NC�N�EGI�F�C�UQW�¯:I`SyNBEGF£N�O�I`M�W�|�C�SyNpMVI�HsN�O�W
�`S�Eo[³N�O�C�N�S�W ¸�K�EXSWBABI`MyNVCrNyNW�F�N�EGI�F�j�Z½¿¾�½GnvC�SWZC�MdP6EXN�O£M�O�C�S|"F�I�F3glUGEXF�W C�SE,NEXW M�C�F�["UoC�S��WDMyI`UXK�N�EGI�F
^rC�S�EoCrNEXI`F�MmLn�EXN9iwW JLI`A�W M6|:I`MMyEGi�UGWqN�ID��C�EGF$C`J�J�K�SC`JL_�P6O�EXUoM<N�S�W�NC�EGF�EGF���JLI`AB|�K3NC�N�EGI�F�C�U*WL¹�JLEGW�FwJL_ ~® O�EGM�J�C�F�iwWQS�WZ�`C�S[3W [�C�MuI�F�WYI�H3N�O�WRWL�3|�UoC�FwCrN�EGI�FwM�N�I9N�O�WRMyK�JZJLW M�MuI�H(N�O�WQSWZJ�WZ[3EGF��sO�I`S�EG��I`F�JLI`F`NS�I`U
j:� å \&m6I�SsABI3[3W�U�|�S�W [3EoJ�N�EG^�WqJ�I�F�N�SI�UYj�õ¬hR\&m&ABWLNO�I3[�MVj�MyWZW�nu� ½¿¾�½Gn�ì }Z� n } � î m ~Yå WZS�W`n3N�O�W�[3I�K�i�NyH�K�U
^(EoC�i�EGUGE,N<_¬I�H1UXI`F���N�W�SAÁI�|�N�EGA�EG�ZC�N�EGI�F²K�F�[3W�S�K�FwJLW�S�NC�EXF"JLI`F�[3EXN�EGI�F�M�EGM�C`[3O�W�SWZ[@n@MyI]N�O�C�NdEGF�MyN�WZC`[
I�H�M�I�UG^(EXF���NO�W º \QhòI�FxN�O�W�H�K�UXU@EGF�N�WZS�^rC�U±n3I�F�WdSW�|:WZC�N�W [3UX_�MyI`UX^`WZM&EXNsI�F�N�O�WqEGF�N�W�S^rC�U [tc, tc + Tp]EGF�MyN�W C�[ ~�å WZS�W tc

[�W�F�I�N�WZM�NO�WsJLK�S�SW�F�N�N�EGABW6EXF�MyNC�F�JLW6C�F�[ Tp
EoM�N�O�W6|�UGC�F�F�EGF���O�I�SEG��I�F ~uå IrPRW�^`W�S n

WZ^�WZF¬EXF$NO�Wa� å \ôJZC�M�W�n3NO�WVM�K�i3glO�I�SEG��I�F º \QhÕI�F [tc, tc + Tp]
EoMsABI`MyN9I�H�N�W�F²M�I�UG^�W []iwC�M�WZ[xI�F@n

EXHvF�I�N6W ¸`K�EG[3EoMyNC�F�N�j�K�F�E,H�I`S�A�mLn�i�K3N9C�N6UXW C�MyN�è�þ:��é
ÿ���é1NW�AB|wI`SC�U@[3EoM�J�S�W�N�EG�ZCrNEXI`F]NWZJpO�F�EG¸�K�W M ~� F$�`W�F�WZSC�U�n�N�O�W�SWdW��3EGMyN6N�O�SW�WdN<_(|:WZM6I�Hu��SEo[�C`[�C�|3NEXI`F]NWZJpO�F�EG¸�K�W M�ì Ö î t
}�~ b�����
û1�:�2iB�����Lt�MyN�SpCrNW��`EGJZC�UGUX_²C`[�[3EGF��$WL�(N�SpCxF�I3[3WZM�NI$N�O�WDW��3EGMyN�EGF��$��SEG[³EGF"I`S[�W�S�N�I¬EGAB|�SIr^�W

UGI(JZC�U*�`S�Eo[]SWZM�I�UGK3NEXI`F ~
�3~ þ�����
û1�:�2iB�����Lt�W�AB|�UGIr_(EXF���O�EG��O�WZS1I�Sp[3WZSYF(K�ABW�SEGJZC�UwMJpO�WZA�W M1EGF�SW��`EXI`F�MvP6O�WZS�W6NO�WdUXI3J�C�UwC`J�JLK�g

SpC�JL_]F�W�W [�MRN�IDi:WqEXAB|�SIr^�W [ ~
��~ �D������ûY���8iD�L�w�Lt@ADC�EGF�NC�EXF�EGF���Csz��(W [VF(K�A�iwWZSvI�H:F�I3[3WZMZn�i�K3NvSW�UGI3J�CrNEXF��9NO�W�AµMyN�SpCrNW��`EGJZC�UGUX_�Ir^�WZS

N�O�WqEXF�N�WZS�^rC�U ~
bdWZF�W�SpC�UGUG_�nsNSC�ê<WZJLN�I�S_ÕI�|3NEXABEG�ZC�N�EGI�FôSK�F3g±N�EGABWZM$C�SW³J�S�EXN�EoJ�C�UXUG_�[3W�|:W�Fw[3EXF��òI`FóNO�W³F(K�A�iwWZS$I�H
^rC�S�EoC�i�UGWZMuEGFqN�O�W ´ ö h ~�® O�WZM�W1EGF�NK�S�F�n�C�SWY|�SI�|:I�S�N�EGI�F�C�U�N�I9N�O�WRF(K�AVi:W�S�I�HwF�I3[3WZMuEXFVN�O�WQN�WZAB|wI`SC�U
[�EGMJLSWLNEX� CrN�EGI�F�n:O�W�F�J�WLg±H�I�S�N�O»[3WZF�I�NWZ[ N

~�å IrPfN�O�WBM�I�UGK3N�EGI�F¬NEXABW�^rC�SEXW M9C�MdCDH�K�F�J�NEXI`F»I�H N EGM
[�W�|:W�F�[3EGF��²I`F"N�O�W�MyN�SK�J�NK�SWDI�HRN�O�W]J�I�F�M�Eo[3W�SWZ[³|�SI�i�UGW�A$nuC`[3I�|�N�WZ['M�I�UGK3N�EGI�F'ABWLNO�I3['C�F�["F�I�N
NO�W9UGWZC`M<N;��NO�Ws|�C�SyNEGJ�K�UoC�S ´ ö hæM�I�UG^�WZSvK�MyW [ ~ ª EX�`K�S�Wsù ~¿� EGUXUGK�MyN�SpCrN�W M�N�O�W�C{^�WZSC���W`n�C�F�[�ADCr�3EGAVK�A
SK�F3g±N�EGABWZM9I�H ´ h º h ® P6O�EoJpO¬EoM&N�O�W�MyI`UX^`W�S6K�M�WZ[�H�I�S�C�UGUuM�EXA�K�UGC�N�EGI�F�M&EGF$N�O�EGM9|�C�|:W�S ~Q´ h º h ® EGM
C�F�K�|:[�C�N�W []^`W�SpMyEGI�F�I�H ´ hRe º ö ��CBe(WZ¸�K�WZF�N�EoC�UDÖ�K�C`[3SC�N�EoJshYSI��`SC�ABA�EGF��]j±e�Ö�hQmRi�C`MyW [�ABWLNO�I3[
H�I`S�MyI`UX^(EGF�� ´ ö h1MBì } ï î ~ � NqEGMdPRI�S�N�O»ABWZF`NEXI`F�EGF���n*NO�CrN�NO�WDC{^�W�SpC��`W�C�F�[³ADCr�3EGAVK�AÁO�C{^`W�i:W�WZF
NpC�T`W�FDi:I�N�O]Ir^�W�SQCqF(K�AVi:W�SQI�H@|�UoC�F�F�EXF��VO�I�SEX�ZI�F�M9j�N<_(|�EoJ�C�UGUG_ 10 [3E,¯�W�SW�F�N1^rC�UXK�W Mm1C�F�[BEXN�WZSC�N�EGI�F�M
j�N<_(|�EGJZC�UGUX_ 100 − 150 EXN�WZSC�N�EGI�F�M9|wWZS�|�UGC�F�F�EGF��]O�I`S�EG��I`Fwm ~d® O�EoM9EGF²I�Sp[3WZSsN�I�EGM�I�UoCrNWqN�O�WVSW�UoCrN�EGI�F
i:WLN<PRW�WZFxN�O�WqF(K�A�iwWZS6I�H�F�I3[3WZM6C�F�[�NO�W�M�I�UGK3N�EGI�FxS�K�F3g�NEXABW M ~® O�W¬WZMMyWZF�JLW$I�H ª EX�`K�SW$ù ~¿� EGMBNO�CrNDNO�W²JpO�I`EGJ�WxI�H N EoMBN�I£C"UoC�S��W$WL�(N�WZF�NBSWZMyN�SEoJ�N�W [òi�_
SWZC�U,g±N�EGABWVJLI`AB|�K3NC�N�EGI�F�C�U�SWZ¸�K�EGS�WZABW�F�NM ~9å WZF�JLW`nwEXN�EGM9WL�(N�SW�ABW�UG_$EXAB|:I�S�NC�F`N9N�I]T`W�WZ| N C�M9UXIrP
C`M�|:I`MMyEGi�UGWDP6O�W�F£C�EXABEGF��»C�N�JLI`F�M<NS�KwJ�N�EGF��²J�I�AB|�K3NpCrN�EGI�FwC�UGUX_²W�¹�JLEGW�F�NVABWLNO�I3[�M�H�I`SqN�SpCrê<W J�NI�S_
I`|3N�EGABEX� CrNEXI`F ~v® O�W�SWLH�I`S�W`n�EXN&EGMRNO�W�Eo[3W CVI�H r g±SWLz�F�W�ABW�F�N&N�O�C�N&M�K�EXNMRI�K�SR|�K�S�|:I`M�WZMQi:WZMyN ~Y® IVNO�EGM
WZF�[*n�UGWLN p = [t1, · · · , tN ] ∈ R

N [3WZF�I�NW�C�|�C�S�N�EXN�EGI�FxI�H [0, T ] n
0 = t1 < t2 < · · · < tN−1 < tN ≤ T.

� [�C�|3NEX^`W���SEG[$ABW�N�O�I3[�MdC�SW�N�O�WZF²i�C`MyW [$I�F¬W�EXN�O�W�S��5d��3é
ýréoç��±��é c �3�±é
ÿr�'I�HYC�iDÿr�wé��lÿ��QÀp�3���L�±é
ÿr�wnwI`S
Àp�3���L�±é
ÿr��èr��i�é��wéGi�éL° èr�±é
ÿr�òj ª õ»m�ì Ä n Ö n } � î ~
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ª EG��K�SW�ù ~ � t ® O�WDEXFwJLSWZC�M�EGF��xC{^`W�SpC��`W�C�Fw[³ADC��(EGAVK�A S�K�F3g�NEXABW MqI�H ´ h º h ® C`MqCxH�K�F�J�NEXI`F'I�H
N

~ \QI�AB|�K�NCrNEXI`F�M6C�SW�|wWZSyH�I`S�ABW [�I`FxCDM�O�C�S�W [ ö EXF(K3�$JLUGK�M<NW�S n�K�M�EXF��DI�F�W�I�H�EXNM&H�I`K�S 2.80 b å �� F�NW�UK«9WZI�F$|�SI3JLWZMM�I�SpM ~

® O�W�W ¸`K�EG[3EoMyN�SEXi�K�N�EGI�F]|�S�EGF�JLEG|�UGW�j ø hQmRSWZ¸�K�EGS�W M1C�JpO�I`M�W�F�|:I`M�EXN�EG^�W�[�WLz�F�EXN�W�ABI�F�E,NI�SQH�K�F�J�NEXI`F
j
I�S�PQWZEX�`O`N�m�n w n�NI�iwWVWZ¸�K�Eo[3EGMyN�SEGi�K3N�W [$Ir^�WZSsC�UGU�MyK�i�EXF�NW�S^{C�UGM ~ õ²CrNO�W�ADCrNEGJZC�UGUX_`n3N�O�W ø hóJZC�F¬i:W
W��3|�S�W M�M�WZ[�EGFx^rC�S�EGI�K�MRW ¸`K�EX^rC�UGW�F�N&H�I�SADM�n�� ½¿¾�½Gt

mi(p)=

∫ ti+1

ti

w dt−
∫ T

0
w dt

N − 1
= 0, i = 1, · · ·, N−1,

mi(p)=

∫ ti

ti−1

w dt−
∫ ti+1

ti

w dt = 0, i = 2, · · · , N−1.

� MqC�F³W���C�AB|�UGW�n w ≡ 1 �`EX^`WZMdS�EoM�WVNI�NO�W�H�S�W ¸�K�W�F�N�UG_²K�M�WZ[³K�F�EXH�I�SA j
WZ¸�K�Eo[3EGMyNC�F�Npm�[3EoM�J�S�W�N�EG�ZC�g
NEXI`F]ABWLNO�I3[ ~Qº N�O�W�S6JLI`A�ABI`F�UX_BWZA�|�UXIr_`WZ[DABI�F�E,NI�SQH�K�F�J�NEXI`F�MREXFwJLUGK�[3W�N�O�W�÷LC�SJ�UXWZF���NODABI�F�EXN�I`S
H�K�F�J�NEXI`F�÷rn w =

√
ε + ẋ2 j�JLUoC�EGA�W [�NI�iwW&NO�W&A�I�M<NvW�¹DJ�EXWZF�NvC�ABI�F���C�UGU3JpO�I�EoJLW MmLn�C�F�[{÷LJ�K�S^{C�N�K�SW

ABI`F�E,NI�S�H�K�FwJ�N�EGI�F�÷rn w = (ε + ẍ2)
1
4
~�å WZS�W�N�O�W�[3WZM�EX�`F3gl|�C�SpC�ABWLNW�S n ε ≥ 0 n�[3W JLEo[3WZM�O�IrPµ[3WZF�MyW

NO�WqF�I3[3W MsC�SW�UGK�AB|:WZ[$EGF�NO�W�JLEGSpJLK�A�^�W�F�N&I�H�C�SWZC�MRP6EXN�O$UoC�S��W�MyI`UXK3NEXI`F$^{C�S�EoCrNEXI`F�M ~
® O�WYH�K�F�JLN�EGI�F�C�U�H�SpC�ABWZPQI`S�T�N�I���SEG[��`W�F�WZSC�N�EGI�F�j ª õ»mLn{EGMui�C�M�WZ[�I�FqNO�W1|�SEGF�JLEG|�UGW1I�H�M�|:WZJLEXH�_(EXF��

C²A�W C�M�K�SW�I�H&N�O�W��`S�Eo['¸�K�C�UGE,N<_ ~�® SC`[3EXN�EGI�F�C�UXUG_�nu|�S�EGF�J�EX|�UGWZMVC�M�M�ABI�I�N�O�F�WZMM�nuI�S�N�O�I`��I�FwC�UGE,N<_²C�F�[
J�UXKwM<NW�SEXF���|�SI�|:W�S�N�EGWZM�I�HwNO�W6��SEo[�C�S�W&EGF�JLUGK�[3W [�EGF�N�O�W&H�K�F�J�NEXI`F�C�U±n I(p) n�ì Ä n }Z� î ~ õ¬EGF�EXABEG��EGF�� I(p)P6EGUGU@|�SI([�K�JLWqC�F$I`|3N�EGADC�U*|�C�SyNE,NEXI`F�P6EXN�O$SWZM�|wW J�N&N�IBNO�W�JpO�I`M�W�F���SEG[x¸�K�C�UGEXN<_�ABWZC�M�K�SW ~

«&C`MyW [»I`F³NO�WDN<PRI$WL�3EGMyN�EGF��$H�SpC�ABW�PRI�ST3M�H�I�SVC`[�C�|3NEX^`WB��SEG[³��WZF�W�SpCrNEXI`Fòj ø hµC�Fw[ ª õ»mLn�PRW
F�IrPÃI`K3N�UGEGF�W³C°�`W�F�WZSC�UXEG��W [ÕC�|�|�SI`C`JpO ~ �6W���C�Sp[3UGWZMM�N�O�W"JpO�I�EoJLW²I�H w nsPRW²S�WZADC�ST£N�OwCrN�F�I([�W
C�UXUGI3J�C�N�EGI�Fqi(_9NO�W ø h�nrJZC�F�i:WQ[3W�N�WZS�ABEGF�WZ[�i(_�EXAB|:I`M�EXF��9C6F(K�AVi:W�S�I�H�¾���é
ý��pÿr��çp�±��è�é�����çpn m(p) ≤ 0

~
® O�WZM�W9JLI`F�M<NSC�EXF�NpMYC�SW&N�I�i:W9C�K���ABW�F�NWZ[BP6EXN�OBN�O�W9I�SEG��EGF�C�U�J�I�F�MyN�SpC�EGF�NMZn g(x, u)

~�´ I�N�W9N�O�C�NYN�O�EGM
C�|�|�SI`C`JpOVEGF`NS�I3[3KwJLWZMvC`[�[3EXN�EGI�F�C�U�JLI`F�MyN�SpC�EGF`NpM�C�F�[BMyNCrNW&^{C�S�EoC�i�UXW M6j�F�C�A�WZUX_ p m�EGF�N�O�WsC�K���ABW�F�NWZ[´ ö h ~�å IrPQWZ^�W�S n�E,NsC�UoM�IVW�FwC�i�UGW�KwMRN�I�K�MyWqC�|�C�S�N�EXN�EGI�F�P6E,NOxM�ADC�UGUXWZSQF(K�A�iwWZS6I�H�F�I([�WZM&JLI`A�|wC�SWZ[
P6EXN�O�C�Ffè]þ���é
ÿr��éBC�F�[æz��3WZ[ò[3EoM�J�S�W�N�EG�ZCrNEXI`F£ABWLNO�I3[*nRM�I"N�O�C�NBN�O�WxN�I�NC�U6F�K�AVi:W�SDI�Hd^rC�SEGC�i�UXW M
C�F�[¬JLI`F�MyN�SpC�EGF`NpM6ABEX�`O�N9M<NEXUGUui:W�SWZ[3KwJLWZ[ ~R® O�WVEG[3W CDEoM6N�O�W�F$N�I�H�I�SAVK�UoCrNW�N�O�W�|�S�I`i�UXWZAÂI�H�F�I([�W
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[�EGMyN�SEXi�K3N�EGI�F¬C�M6CBJ�I�F�MyN�SpC�EGF�WZ[]I�|3NEXABEG�ZC�N�EGI�F$|�SI�i�UGW�A$t

minimize
p

I(p) j�ù ~G} m
M ~ N ~ m(p) ≤ 0,

P6O�EGJpO¶EGM�N�I"i:WxC�K���ABW�F�NWZ[°P6EXN�OæN�O�WxK�F�[3WZS�UG_(EXF�� ´ ö h ~ ª SI�A j
ù ~G} mVE,NBEGMBM�W�WZF°N�O�C�N ø h C�F�[ª õ C�SW9ABW�SW�UG_�M�|wW JLEoC�U*J�C`MyW M1I�H�N�O�WdM�K����`WZMyN�W [�C�|�|�S�I�C�JpO ~�¦ WqJ�I�F�J�UXK�[�W9NO�EGM&M�WZJLN�EGI�F]i(_D�`EX^(EGF��
W���C�AB|�UGWZM&I�H�N�O�WqK�M�C���WdI�H�N�O�EoMsC�|�|�SI`C�JpO ~
��)Ú�¬ÝÞ'«NS R�]N_�] e(W�NyNEXF�� di = ti+1 − ti, i = 1, · · · , N − 1 nYNO�W²MyI`UXK�N�EGI�F£NI"N�O�WxH�I�UGUGIrP6EXF��
I`|3N�EGABEX� CrNEXI`Fx|�S�I`i�UXWZA$t

ÉKÊ ËFÊ ÉKÊ Ì�Í
d I(d) =

∑N−1
i=1 di − ε ln di

s.t. m(d) =
∑N−1

i=1 di − T ≤ 0 (di ≥ 0),

EoMqNO�WDWZ¸�K�Eo[3EoM<NpC�F�Na� å \µ[�EGMJLSWLNEX� CrN�EGI�F'MJpO�W�ABWBP6E,NO ε [3W JLEo[3EGF��$N�O�W�MyN�WZ|°UXWZF���NO�j
C�Fw[³O�W�F�J�W
|�UGC�F�F�EGF��DO�I�SEG��I�F:m ~v® O�EoMRH�I�UGUXIrPsM6M�EXFwJLW�E,H (N − 1)ε ≤ T n(NO�W�F

∇iI(d) = 1 − ε

di

= 0 =⇒ di = ε.

��)Ú�¬ÝÞ'«NS�R�]At)] ® O�W�UGEXF�W C�SsJ�I�F�MyN�SpC�EGF�N

m(d) =

ε1(N−1)
∑

i=1

di − ε2T ≤ 0,

SWL¼wWZJ�NpMsNO�W�I�i3ê<W J�N�EG^�W�I�H1[3EoMyN�SEXi�K�N�EGF�� ε1
|�C�S�NM�I�HvNO�W�F�I([�WZM�EXF»N�O�W�z�SpM<N ε2

|�C�SyNpMsI�H1N�O�W�N�EGABW
EGF�N�WZS�^rC�U ~

® O�W�ADC�EXF"S�W C�M�I�F¬H�I`SqiwWZEXF��xEGF�N�WZS�W M<NWZ[³EXF³N�O�EoMdN<_(|wW M�I�H&JLI�FwM<NSC�EXF�NMdUGEXW MqC�UGI�F���N�O�W�UGEGF�WBI�H
NO�I�K���O�NRI�H�� å \6ë�õ¬hR\ÕC�|�|�SI`C`JpO�WZMM��NO�CrN&EGM&J�I�F�M�EG[�W�SEXF���JLK�SS�WZF�NQEGF3H�I�SADCrN�EGI�F�C�MQ|wWZS�EoMyOwC�i�UGW�M�I
NO�CrNsEXNsEoM&H
C{^�I`SC�i�UXW9N�I�J�I�F�J�W�F�N�SpCrNW9NO�WqF�I3[3WZM&EGFxN�O�WqF�WZC�SRH�K3NK�SW ~

Å ÀYä Å ���(;��1/ æR037�5�óG×ÜÁ ;
����;
�p�ÙØó79;�5��v/98��
® SpC�[3EXN�EGI�F�C�UXUG_�n�N�O�W�|�SI�i�UGW�AÃI�HYMyN�W�WZS�EGF��]C�A�EoMMyEGUXW�N�I�EXNM9NC�S��`WLNsEoM9i�SI�T`W�F¬[3IrP6F¬EGF�N�I»j�CrN9UGWZC`M<N�m
N<PRIDMyK�i�|�SI�i�UGW�ADMZt�NO�Wq|�SI�i�UGW�A I�HQ�±��è@o��p���lÿ����]ÿþ:�±éGi�éL°Zè���é
ÿ��³C�F�[DNO�Wq|�SI�i�UGW�A I�H&èr�3��ÿm�Gþ�é��Xÿr�6ý��2�
ç�é,¾�� ~9® O�EGM�J�C�F¬i:WV^(EGW�PRWZ[¬C`MsC�JLI`F�N�SI�U�M�_3M<NW�AÃO�C{^(EXF���N<PQI�[3WZ��SW�WqI�HvH�S�WZWZ[3I`AO�:C�F²EGF�F�WZS9UGI(I�|
j�N�O�W�C�K3NI�gl|�EXUGI�N�mRC�F�[xC�FxI�K3NW�S6UGI(I�|'j�N�O�WqN�SpCrê<W J�N�I`S�_BI`|3N�EGABEX�ZW�S�m�j
M�W�W ª EX�`K�S�Wqù ~ � m ~

Auto−pilot

PlantOptimizer
Trajectory

Constraints
Objectives uref

xref

uc

u y

ª EG��K�SWqù ~ � t ® PQIBUGW�^`W�U@M�W�|�C�SC�N�EGI�F]I�H�NO�WqABEGMMyEGUGWd�`K�Eo[�C�F�J�W�|�S�I`i�UGW�A ~

® O�W�NSC�ê<WZJLN�I�S_$I�|3NEXABEG��WZSq|�S�Ir^(Eo[3WZMdC�H�WZC`MyEGi�UGWVH�WZWZ[(g±H�I�SPRC�S[»JLI�F�NS�I`U�C�F�[»SWLH�WZS�WZF�JLW�N�SpCrê<W J�NI�S_
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NO�CrNvEoM�I�|3NEXADC�U�EGF�M�I�ABWQM�|:WZJLEXz�W [VM�W�F�M�WQP6EXN�O�S�W My|:WZJLNuNI�n�� ½¿¾`½Gn�N�EGA�WQN�IdEGF`NW�SpJLWZ|3N�I`SuEGF�N�WZSJ�W�|3N�^�W�g
UGI3JLEXN<_�n�C�F�[VM�K�i3ê<W J�N�N�I�JLI`F�MyN�SpC�EGF`NpM�I`F@n�� ½¿¾`½Gn�N�W�SABEXFwC�U3C�M�|wW J�NvC�F��`UXW�j��`EX^`W�F�i�_qP&C�SO�W C�[�WL¹�J�EXWZF�JL_
C�F�[�NC�S��`WLN&^�K�UXF�WZSC�i�EGUXEXN<_�m1I`S&|�CrNO$M�W��`ABW�F�NRUGI3J�C�N�EGI�F'j
[3EoJ�NpCrN�W [xi�_�NC�JLN�EoJ�C�U@JLI�FwMyEo[3W�SpCrNEXI`F�Mpm ~ � N
EoM&NO�W�FxN�O�W�NC�M�T�I�H�N�O�W�C�K3NI�gl|�EXUGI�N&NID|wWZSyH�I`S�A NO�W�N�SpCrê<W J�NI�S_�H�I`UXUGIrP6EGF�� ~

«R_�^(EGSyNK�WdI�H�NO�EoM6MyWZ|�C�SpCrNEXI`F@n(I�F�UG_$ç�� c ÿpþ:�±éGiBè��uM�I�UGK3N�EGI�FwM6J�C�F�EXFx��WZF�W�SpC�U�i:WdH�I�K�F�[@n3i�K3N6N�O�W
C`[3^rC�F�NC���WqEoM&N�OwCrN9NO�WV[3W�NC�EXUoM6I�H�NO�W�[3_(F�C�ABEGJZM6I�H�N�O�W�ABEGMMyEGUGW�I�F�UG_]WZF�N�W�SpM6EGF�N�IDNO�WqN�SpCrê<W J�NI�S_
I`|3N�EGABEX� CrNEXI`Fq|�C�S�N@I�H(N�O�WY|�SI�i�UGW�AfC�MYj
S�WZUGC�N�EG^�WZUX_dMyEGAB|�UXW{m*JLI`F�[3EXN�EGI�F�M@I�F�N�O�WYS�W�H�W�SW�F�J�W�N�SpCrê<W J�N�I`S�_ ~� F»N�O�EoM�PQI`S�T�n�NO�W�WL�3EGMyN�WZF�JLW�I�H1C�F»C�K3NI�gl|�EGUXI�N9EGMdC�MM�K�ABWZ[*n�MyI�N�O�C�N�NO�W�H�I3JLKwM9P6EGUXUvM�I�UGW�UG_�i:W�I�F
NO�W�N�SpCrê<W J�NI�S_DI�|3NEXABEG�ZCrNEXI`F�|wC�S�N ~

«R_�A�W C�F�MYI�H*M<NpC�F�[�C�S[�C�|�|�S�I{�3EGADCrN�EGI�F�|�SI3JLWZ[�K�S�W M�EXF�¼�EG��O�N�glJ�I�ABAVK�F�E,N<_xj
M�W�W�n��Z½¿¾�½Gn:ì � � n �3} î mLn
NO�WVM�E,�(g�[3W��`S�WZWLglI�H�g±H�S�WZWZ[3I`AÁj � ù�I ª m&W ¸�K�CrNEXI`F�M6I�H�ABI�NEXI`FxI�HuNO�W�ABEoM�M�EXUGWqEGF

R
3 nwJZC�F$i:W�S�W [3K�J�WZ[

NI � ù�I ª |�UoC�FwC�S&ABIr^�W�ABWZF`N&EGF]N<PRI�I`SyNO�I��`I�F�C�U:M�K�i�M�|�C`JLWZMZn(F�C�ABWZUX_DNO�W�|�EXNJpO3gpn�C�F�[�_`C{P&gl|�UoC�F�W ~
e3EXF�J�W�NO�W � ù9I ª W ¸`KwCrN�EGI�FwMqI�H6ABI�NEXI`F�M�EGF°N�O�WZM�W�|�UoC�F�W MVC�SW�M�EXABEGUGC�S�C�Fw[°[3WZJ�I�K�|�UGWZ[@n�EGF°P6O�C�N
H�I`UXUGIrPsMZn{ê<K�M<N6NO�Wq|�EXNJpO3gl|�UoC�F�Wq[3_(F�C�ABEGJZM&P6EXUGU@i:W�JLI�FwMyEo[3W�SWZ[ ~® O�W � ù9I ª WZ¸�K�CrNEXI`F�M�I�HVABI�NEXI`FóEGFôNO�W³|�E,NpJpOô|�UoC�F�W'JLI`F�M�EG[3WZS]NO�W"S�I�NCrNEXI`FóI�H�C£i:I([�_`g
z��(W ['JLI(I�Sp[3EGF�CrNW�H�SpC�ABW`n (Xb, Zb)

C�iwI`K3NVC�F ø C�SyNO3g�z��(W ["EXF�WZSyNEGC�U�H�SC�ABW�n (Xe, Ze)
n�C�MqM�W�W�F'EGFª EG��K�SWqù ~ Ä�~

xe

ze

xb

zb

v

u

w

F

Fx

Fz

q, M

θ

ª EG��K�SWqù ~ Ä tYõ¬EoMMyEGUXWqM�_3M<NW�AÂ^rC�S�EoC�i�UGWZM ~

® O�Wq��Ir^�WZS�F�EXF���[3_(F�C�ABEoJdWZ¸�K�CrNEXI`F�M6C�SW

u̇ =
Fx

m
− qw − g sin θ

ẇ =
Fz

m
+ qu + g cos θ

q̇ =
M

Iy

θ̇ = q

ẋe = u cos θ + w sin θ

że = −u sin θ + w cos θ,

P6O�W�SW u C�F�[ w C�SW9NO�W Xb
C�Fw[ Zb

JLI`A�|:I�F�W�F�NM&I�HuNO�Wq^�WZUXI3JLEXN<_�^`WZJ�NI�S n xe
C�F�[ ze

[�W�F�I�N�W�N�O�W
|:I`M�EXN�EGI�F¬I�H�NO�W�ABEGMM�EXUGWqEXF$NO�W�EGF�W�S�N�EoC�U@H�SC�A�W (Xe, Ze)

n q EoM&N�O�W�|�EXNJpO²C�F���K�UoC�S6SpCrNW�n θ [�W�F�I�N�WZM
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NO�Wx|�E,NpJpOæC�F���UGW�n m EGMVN�O�W�ABEGMMyEGUGW]ADC�MM�n g EGMVN�O�W]��SpC{^(E,NpCrNEXI`F�C�UvH�I`SJ�W�n�P6O�EGUXW Iy

[�W�F�I�N�WZMVN�O�W
|�E,NpJpO�EXF���ABI`A�WZF�N&I�HuEGF�W�S�N�EoC ~v® O�WqM�_3M<NW�A EGF�|�K3NpMsC�SWsNO�W�C�|�|�UXEGWZ[]|�E,NpJpO�ABI`A�WZF�NZn M n(N�I`��W�N�O�WZS
P6EXN�O$NO�WVC�W�SI([�_�FwC�ABEGJ�H�I`SJ�WZMZn Fx, Fz

nwC�JLN�EGF��DC�UGI�F��BNO�W Xb
C�F�[ Zb

C��3EGM6SWZM�|:WZJ�NEX^`W�UG_ ~ ù�K�SEXF��
NO�W¬MyEGAVK�UGC�N�EGI�F�M�PRWxC`[3I�|3N�N�O�W$J�I�F�MyNC�F�NM���EG^�WZFæEGFû�6W�H�W�SW�F�J�W"ì ��� î C�F�[òMyW�N m = 204.02 kg n
g = 9.8 m/s2 C�F�[ Iy = 247.437 kg m2 ~

�sWLH�W�SSEXF��£N�I ª EG��K�SW»ù ~ Ö n6N�O�W²z�SpM<N$MyEGAVK�UGC�N�EGI�FóM�O�IrPsMDNO�W»NW�SABEXF�C�U9�`K�EG[�C�F�J�W²|�C�S�N�I�HVC
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UGEGF�W9M�W���ABWZF`NpM ~ � FBN�O�W9C�[�C�|3N�EG^�WsJZC�M�W�n�C�F ø h£i�C`MyW [�I�FBN�O�W9C�SpJLUGW�F���N�O�ABI�F�EXN�I`SvH�K�F�JLN�EGI�F�EoMvK�M�WZ[ ~
e3W�W�EGF��$i:W�_�I`F�[»N�O�WDK�F�WZ¸�K�C�UYC��3EGM�MJ�C�UGWZMZn�N�O�WDF�I3[3WZM�O�C{^`W�i:W�WZF°[3EGMyN�SEGi�K3N�W [»ABI`S�W�W�^`W�F�UG_²Ir^�WZS
[�E,¯�W�SW�F�N�|wCrN�O£M�W��`ABW�F�NM ~ � F'H
C�J�N n�N�O�WZS�W]C�S�W 7 F�I3[3WZM�ë 100 m |�CrNO£MyWZ��ABW�F�N�EGF°N�O�W]C�[�C�|3N�EG^�W
JZC�M�W�n3P6O�EGUGW�N�O�W�MC�ABWdz���K�S�W�^rC�SEXW MRiwW�N<PQWZW�F 5 − 13 EGF�NO�W�MyNCrNEGJqJZC�M�W ~
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ADC�EXF$SWZC�M�I�FwM1H�I`S&N�O�EoM ~
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SWZM�K�UXNMRNO�W�SW�I�H�C�SW�|�SWZM�W�F�N�W [�EGF¬e3WZJ�NEXI`F ø ~ Ö C�F�[�zwF�C�UGUX_`n�MyI`ABW�J�I�F�J�UXKw[3EXF���SW�ADC�S�T3MRC�SW�ADC�[�W
EGF²e(WZJLN�EGI�F ø ~ ��~
ß À:� �»2x���y;
	 ;�/���2�;���
\QI`F�M�EG[3WZS&N�O�WqF�I�F�UGEXF�WZC�S6J�I�F�N�SI�U@M�_3M<NW�A

Σ :

{
ẋ = F(x, u) j
M�_3M<NW�A [�_�FwC�ABEGJZMm
y = h(x) j
M�_3M<NW�AÂI`K3N�|�K3Npm

P6EXN�OóMyNC�N�W x ∈ X nsJ�I�F�N�SI�U u(·) ∈ U C�F�[òI�K3N|�K3N y ∈ Y ~å W�SW X ,U C�F�[ Y C�S�W²M�ABI(I�N�O
ADC�F�E,H�I`UG[�M�I�HQ[3EGABW�F�M�EGI�F n, p C�F�[ m SWZM�|wW J�NEX^`W�UG_ ~V� UXUvADC�|�|�EXF��`MdEXF³N�O�EGMd|�C�|wWZSZn@C�S�WBC�MMyK�A�W [
NI�i:WDMyABI(I�NO ~ � H Σ EGM�JLI`AB|�UXW�N�W`n�N�O�WDJLI`AB|wI�MyW [¬ADC�|�|�EGF���H�S�I`A u(·) N�I y(·) EoMdS�W�H�W�SS�W [$N�I$C�M
NO�WqEGF�|�K3N�g±I`K3N�|�K�N9ADC�|xI�H Σ CrN x0

ì }`} î t
IOΣ

x0
: u(·) 7→ y(·).

® O�W]ABI`MyN�JLI`ABA�I`F£[3WLzwF�E,NEXI`F�M�I�H&N�O�W�I�i�M�W�S^rC�i�EGUXEXN<_»|�S�I`|wWZSyNEXW MqI�H Σ N�O�W�F°i:I�EGUR[3IrP6F'NI¬N�O�W
EGFrê<W J�N�EG^(E,N<_D|�S�I`|wWZSyNEXW MvI�H IOΣ

x0

P6E,NO]SWZM�|wW J�NYNI�NO�W9EGF�EXN�EoC�UwJ�I�F�[�E,NEXI`F@n x0
~ \QI`F�MyEo[3WZSYN<PRIVM<NpCrNWZMZn

x1
C�F�[ x2

nri:W�EGF��9W ¸`K�EX^rC�UGW�F�NQj�[3W�F�I�N�W [ x1 ∼ x2
m*EXH�C�Fw[qI�F�UG_dE,H�NO�W�_�O�C{^`W�N�O�WRM�C�ABWYEXF�|�K3NyglI�K�N�|�K3N

ADC�|�H�I`SsC�UGU@C�[3ABEoM�M�EGi�UXW�EGF�|�K3NpM�n�é
½��Z½Gn
x1 ∼ x2 ⇐⇒ IOΣ

x1
(u(·)) = IOΣ

x2
(u(·)), ∀u(·) ∈ U .

ª K�S�N�O�WZSZnvUGWLN
I(x0)

[3W�F�I�N�W]N�O�W'�Õd��3éGfrèr�X���:�p�¬���Xè{çpç]I�H x0
n&é
½�� ½GnYUGWLN

I(x0) = {x ∈ X : x ∼ x0}
~

«&C`MyW []I`F]NO�EGMZn�PRW�C�SS�EG^�WdCrN6NO�W�H�I�UGUXIrP6EGF���N<PQID[3W�z�F�EXN�EGI�F�M�ì } � n }Z� î ~
RTSQU�V�WYXEWNZ�VÐ�h]N_ j � F�[3EoM<NEXF��`K�EoMyO�C�i�EGUXEXN<_�m ] ��g1ÿDçp��èr���Lç e x1

èr��ý x2
èr���ç�èré
ý]�lÿ c �VEGF�[3EoM<NEXF��`K�EoMyO3g

C�i�UGW]é À�èr��ý�ÿ������Dé À��Yb�����è������5d��3éGf{è��X������½
RTSQU�V�WYXEWNZ�V��h]At j º i�M�W�S^{C�i�EGUXEXN<_�m ] Σ éoç]çLè�é
ý³�lÿ c �xI�i�M�W�S^rC�i�UGW�CrN x0

é À
I(x0) = {x0} ½²k���éoç

Àp�3���Yb�����ç�èré
ý]�lÿ c ��ÿ c ç����Df{è c �X��é À
I(x) = {x} ÀLÿr��èr��� x ∈ X ½

� N�EoMBF�I�NC�i�UXWxN�OwCrNDN�O�W¬WZ¸�K�EG^{C�UXWZF�JLW$SW�UoCrNEXI`F¶I`F X n6C�F�[æO�W�F�J�WxI`i�M�W�S^{C�i�EGUXEXN<_�nQEGM�C°¾��Xÿ c è��
�pÿ��:�p�lþ��&EXFxN<PRIBM�W�FwMyW M�t
§©¨mZuÞ�SQ¨+X"âA�h]N_�] � UXURç��lè��l�Lç�é�� X è�������ÿ c ��ýréoç���é��(¾��3éoç
b��ý�Àp��ÿ~iÁ�pè`�Õb»ÿr�Yb�����½
§©¨mZuÞ�SQ¨+X"âA�h]At)] ��b���¾��L���L�èr���ý����è@o��p�L��ÿr��é
�Lç�èr����3�w����ç��±��é
�L���pý�½
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� UGM�I�n3I`i�M�W�S^{C�i�EGUXEXN<_DEGM9C�F"é��ZûY�wé��l�2�:b�ÿ���éL° ÿr�°�ÿ��:�p��þ:�±n�MyEGF�JLW`t
§©¨mZuÞ�SQ¨+X"âR�a]Aw)] ��b�������éoç��:ÿ]� þ�þ��L� c ÿ��3�:ýxÿr�"�Gb�����éGiD�8��é��w�l���Dfrèr���Yb�è���b�è{ç��lÿ c ���pÿ���ç�é
ý������pý�é��
ÿ���ý�������ÿ]ý�éoçp�±é���¾��3éoç
b�þ�ÿré��w�
ç�½

\QI`F�M�WZ¸�K�W�F�NUX_"E,N�EGMV|wI�M�M�EGi�UXW�N�I»EGF�N�SI3[3K�JLW]^{C�S�EGI�KwMqS�W M<NS�EoJ�NEXI`F�MZnuI`SVSW�UoCr��CrNEXI`F�MqI�F£ù�WLzwF�E,g
NEXI`F ø ~ ��~ e(I�ABW�I�H�N�O�WZM�WqA�I3[3EXzwJZCrN�EGI�FwM6C�SWdJ�I�F�M�EG[�W�SWZ[�iwWZUXIrP<� ~
RTSQU�V�WYXEWNZ�V��h]Ðw j ¦ WZC�T"I�iwMyWZS�^rC�i�EXUGE,N<_�m ] ��b���ç��{ç��l�2i Σ éoç��è����X�pýñg1�pè®r����"ÿ c ç����Df{è c �X�»èr� x0

é À
�Yb������³��ü`éoç���è'���Lé,¾+b c ÿr�
b�ÿZÿ ýòÿ<À x0 e N(x0) e ç����5b¶�Gb�èr�

I(x0) ∩ N(x0) = {x0} ½ Σ éoç$PRWZC�T(UX_
I`i�M�W�S^{C�i�UGW�é À�é��Qéoçvg1�pè®r�����ÿ c ç����Df{è c �G�Dèr�R�2fr�L��� x ∈ X ½
Ù^S�¬sÚJ¨+ÛA�a]:_u] ® O�W�F�I�NEXI`F¬I�HYPRWZC�TxI�iwMyWZS�^rC�i�EXUGE,N<_'j
ù�WLzwF�E,NEXI`F ø ~ � msEGMdC�SW�UoCr��C�N�EGI�F$I�HYhYSI�|�g
WZSyN<_ ø ~X}`~

bdEG^�WZFxC�M�_(MyN�WZA Σ C�F�[xC�F]I`|wWZFxM�WLN Ω ⊆ X n(NO�W�S�W M<NS�EoJ�NEXI`F ΣΩ
SWLH�WZSMQN�IBCBJLI`F`NS�I`U*My_3MyN�W�A

P6EXN�O°MyNC�N�WDMy|wC�JLW Ω n�[3W�z�F�W [³i(_¬NO�WBS�W M<NS�EoJ�NEXI`F»I�H F C�F�[ h N�I Ω × Ux0

Ω
C�F�[ Ω S�W My|:WZJLN�EG^�WZUX_ ~å W�SW Ux0

Ω
[3WZF�I�NWZM9N�O�W�MyK�i�MyW�N�I�H1C�UGU�C`[3ABEGMMyEGi�UGWVEGF�|�K3NpMsNO�CrN���WZF�W�SpCrNWZM&NSC�ê<WZJLN�I�SEGWZM&NO�CrNqM<NpC�S�N

EGF x0
C�F�[�UXEGWqEXF Ω

~
RTSQU�V�WYXEWNZ�Va�a]Ð} j Ω glEXF�[�EGMyN�EGF���K�EGM�O�C�i�EXUGE,N<_�m ] ��g1ÿ¬é���é��±é
èr�Yçp��èr���Lç e x1, x2 ∈ Ω èr��Dç�èré
ý²�lÿ c � Ω �EGF�[3EoMyN�EGF���K�EoM�O�C�i�UGW]é À

IOΣΩ

x1
(u(·)) = IOΣΩ

x2
(u(·)), ∀u(·) ∈ Ux1

Ω ∩ Ux2

Ω .

® O�EGM6SW�UoCrNEXI`F]P6EGUXU�iwW�[3WZF�I�NWZ[ x1
∼
Ω x2

C�F�[
IΩ(x)

~
RTSQU�V�WYXEWNZ�VR�h]A� j�e(N�SI�F���I�i�M�W�S^rC�i�EGUXEXN<_�m ] ��b��Dçp�{ç����8i Σ éoç�çLè�é
ý$��ÿ c ��ç��±��ÿr�(¾��,�$ÿ c ç����Df{è c �X�xèr�
x0

é À1ÀLÿr�]W�^�WZS�_°ÿþ����"���Lé,¾+b c ÿ��
b�ÿ ÿZý Ω ÿyÀ x0 e IΩ(x0) = {x0} ½ Σ éoç��pèr���G�ý³MyN�SI�F��`UX_�I�i�M�W�S^rC�i�UGW
é À�é��Qéoç�ç����ÿr��¾����]ÿ c ç����Df{è c �X�RÀLÿ���èr��� x ∈ X ½
Ù^S�¬sÚJ¨+Û��h]At)] ® O�WVF�I�NEXI`F¬I�HvM<NS�I`F��DI�i�M�W�S^rC�i�EGUGE,N<_»j�ù9W�z�F�EXN�EGI�F ø ~ Ö m&S�W M<NS�EoJ�NpM6hYSI�|:W�S�N<_ ø ~¿�3~
å W�F�J�W�nRM<NS�I`F��³I`i�M�W�S^{C�i�EGUXEXN<_'EXAB|�UGEXW MBI�i�M�W�S^rC�i�EGUGE,N<_°M�EXF�J�W

IΩ(x) = {x} H�I�SDC�UGU Ω ⊆ X �`EX^`WZM
I(x) = {x} H�I�S&NO�W�My|:WZJ�EGC�U@JpO�I�EoJLW�I�H Ω = X ~
RTSQU�V�WYXEWNZ�VS�a]Aé j � F�MyNC�F�N1I�i�M�W�S^rC�i�EGUGE,N<_�m ] ��b��dç��{ç����8i Σ éoçsç�è�é
ý��lÿ c �9é���ç��lè�����èr�:�pÿ��(çp�,��ÿ c ç��L�DfE�
è c �G�Dèr� x0

é À��Yb������B�ü�éoç��sè]�:��é,¾Eb c ÿ��
b�ÿ ÿZý N(x0) e ç����Õb²�Yb�èr�*ÀLÿ����2f{������ÿþ����"���Lé,¾+b c ÿ��
b�ÿ ÿZý Ω ÿyÀ
x0

�pÿ�����èré��:�pýVé�� N e IΩ(x0) = {x0} ½ Σ éoç��pèr���X�pýBEGF�MyNC�F`NpC�F�WZI�K�M�UG_qI�i�M�W�S^rC�i�UGW�é À6é���éoç&çLÿ�èr�v�8fr�����
x0 ∈ X ½
Ù^S�¬sÚJ¨+Û]�a]Aw)] ® O�W�F�I�NEXI`F²I�HQEXF�MyNC�F�N�I�iwMyWZS�^rC�i�EXUGE,N<_'j
ù�WLzwF�E,NEXI`F ø ~ � m6SW�UoCr�3WZM9hYS�I`|wWZSyN<_ ø ~G} n
P6O�EXUGWqS�W M<NS�EoJ�NEXF���h1S�I`|wWZSyN<_ ø ~¿�3~

ª I�S&NO�W�[3_(F�C�ABEoJ�C�U@My_3MyN�W�A$n Σ n�C�F�I`i�M�W�S^�W�SRADC{_�i:W�[3WLz�F�WZ[$C�MRH�I`UXUGIrPsMqj���ÀL½uì } n Ä n }�Ä î m ~
RTSQU�V�WYXEWNZ�Vä�a]Gù j º i�MyWZS�^`W�S�m ]�` ý��r�:èmi�é
�pèr�&ç��{ç��l�2i gvé��Ybæçp��èr���TiDèr��é ÀLÿ��Xý Z e é���þ:�3�viDèr�wé ÀLÿr�Xý
U × Y e ��ÿ¾`���Gb��L�hgvé��Gb'è^iDèþ`þ:é���¾ F̂ : (Z × U × Y) → TZ éoçDèr�°I�iwMyWZS�^`W�S&ÀLÿr���Gb���çp�{ç����8i Σ eé À��Yb������D��ü`éoç���ç�è]ç5iDÿ ÿr�Yb�iBèpþ�þ:é��(¾ Ψ : X → Z e ç����Õb»�Yb�èr�6�Yb��Dý�é
è�¾���èmi ç
b�ÿmgv�'é�� ¡ é,¾��3��V!6½ ª e�pÿ~ihi��3�l�LçVèr��ýD�Yb����L����ÿ��q���è@o��p�L��ÿr��� z(t) − Ψ(x(t)) �ÿ��xfr�L�±¾`�Lçq�lÿ�°Z����ÿ�è{ç t → ∞ ½

� F�[3EoC��`SC�A ø ~G} n Ψ∗
[3WZF�I�NWZMBNO�W$NC�F���WZF�N�ABC�|�|�EGF���n π EGM�|�S�I�ê<WZJLN�EGI�FòK�|wI`FóCæ\RC�S�N�W MyEoC�F

H
C`J�NI�S n�P6O�EGUXW τ [�W�F�I�N�WZM6N�O�W�|�S�I�ê<WZJ�NEXI`F�I�H�N�O�WqNpC�F��`W�F�Nsi�K�Fw[3UXW ~ \QI`ABAVK3NEX^(EXN<_]I�H�NO�WV[3EoC��`SC�A
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X Z

Ψ∗
τX

πX
X × U

(Ψ◦πX , πU , h◦πX )

Z × U × Y

τZ

πZ

TX TZ

Φ

F F̂

ª EG��K�S�W ø ~G} tQ\QI`A�A�K3NC�N�EG^�W�[3EoC���SpC�Ak[�WLz�F�EGF���C�F�I`i�MyWZS�^`W�S ~

ABW C�F�MVN�O�C�NBC�UXUQN�O�W]ADC�|�M�EGF�[3EoJ�CrNWZ[°i(_°C�SSIrPsM�MyO�I�K�Uo[°i:W"�pÿr��çpéoç����L�w��SW��`C�S[�UXW M�MqI�Hs|wI`EXF�N�I�H
C�S�SEG^{C�U� JZJLI`S[3EGF���NIVù9W�z�F�EXN�EGI�F ø ~ � n�NO�W9I`i3ê<WZJLN�EG^�W6P6O�WZF�[3WZM�EX�`F�EGF��VCq�`W�F�WZSC�U3I�i�M�W�S^�WZSZn�EoMvNIqN�SpC�JpT
Ψ(x) n�SpCrNO�W�SqNO�C�F x E,NpMyWZU,H ~$´ I�N�WDNO�CrN�NO�W]MC�ABWDI�iwMyWZS�^`W�Sq[3_(F�C�ABEoJ�MZn F̂ n�ADC{_³C�UGUGIrP M�W�^�WZSC�U
ý�é Ú9�����L�w�RH�K�UXU�I�i�M�W�S^�WZSRADC�|�|�EGF��`MZn Φ n�C�F�[�NO�CrNsEGF��`W�F�WZSC�U�n�C�H�K�UGU�MyNC�N�W�I�i�M�W�S^�WZS

Σ̂ :

{

ż = F̂(z, u, y)
x̂ = Φ(z, u, y)

ADC{_²��ÿr�&i:Wd|�K3N9EGF]NO�W�H�I�SA ˙̂x = Ξ(x̂, u, y)
~

ß À:£ Á 4K¤d;��R�Õ4K¤q4v0�;�8øæló��`0���	��
º F�WB[�EGMyN�EGF���K�EGM�O�EGF��xH�WZCrNK�SW�I�HQABI�i�EXUGWBS�I`iwI�NM�EoMdN�O�WDK�M�WBI�Hq��ü`���L��ÿ �p�lþ���éGfr��M�W�FwMyI`SM9H�I�S�M�W�F�M�EGF��
NO�W�WZF�^(EGS�I`F�ABW�F�NsC�F�[xC�Eo[xUXI3JZC�UGEX� CrN�EGI�F ~Y® O�WqI�K3N|�K3NsI�H Σ EGMsF�WL�(NsWL�(NW�F�[3W [�N�IDABI�SW�WL�3|�UGEGJ�E,NUX_
EGF�J�I�S|wI`SC�N�W»W��(N�W�SI3JLWZ|3N�EG^�W"MyWZF�MyI`S�SWZC`[3EGF��`M ~ «RWZC�SEGF��æEGFABEGF�[�NO�W'|�C�S�N�EoJLK�UGC�SxC�|�|�UGEGJZCrN�EGI�FwM
WZF�JLI`K�F�N�WZS�W [�EGF�N�O�W6SI�i:I�NEGJZMvJLI`A�A�K�F�EXN<_�n`E,N1M�W�WZABM1JLI�F(^`W�F�EGW�F�N�N�I�M�|�UGE,NvNO�WsM<NpCrNW6^�WZJLN�I`SZn x ∈ X n
EGF�N�I9N<PQIs|wC�S�NMM� I`F�WQ[�WLz�F�EGF��9N�O�WRM<NpCrN�W1I�H3N�O�W1|�UoCrN�H�I�SAEGF�EXNMlg1ÿr�
r~�lç�þ�è��p��n W nrC�F�[dNO�WQI�N�O�WZS�I`F�UX_
EGF�EXNMR�ÿ��Zû�¾��3��è���é
ÿ��x�lç±þ�è��p�Ln C nrMyI&NO�CrN x = (xw, xc) ∈ W×C = X ~�® O�WYPRI�ST�glM�|�C�J�WuI�H(N�O�WQS�I`iwI�NZn
W n{EoMuC`M�M�K�ABWZ[�N�I9iwWRCsMyABI(I�NO�C�F�[qJ�I�F�F�WZJ�NWZ[�ADC�F�E,H�I`UG[�I�H�[3EXABWZF�MyEGI�F nw ∈ {1, 2, 3} ~*å IrPRW�^�WZSZn
NO�WBJLI�F�z���K�SpCrNEXI`F3g�My|�C`JLW`n C n�ABEG��O�N�O�C{^`WVC�Si�EXN�SpC�S_�[3EGABW�F�M�EGI�F@n nc

n*C�F�[¬EGF�J�UXK�[�WZM9N<_�|�EGJZC�UGUX_xN�O�W
[�WZMJLSEX|3NEXI`F�I�HuNO�WqEGF`NW�SF�C�U@MyNC�N�W M&I�H�NO�Wq|�UoCrN�H�I�SA ~

\QI`F�M�EG[3WZSsJLI`F`NS�I`U,g�Cr¹DF�Wd[3_(F�C�ABEoJ�My_3MyN�W�ADM&I�HuH�I`S�A$t

Σrob :







ẋw = fw(x) + gw(x)u
ẋc = fc(x) + gc(x)u
y = he(x)
0 6= e(xw),

P6O�W�SW xw ∈ W n xc ∈ C n u(·) ∈ U C�F�[ y ∈ Y ~R® O�W�ADC�| e(q) = 0 [3WLzwF�WZM9I�i�MyNC`JLUGWZMqj�P&C�UGUoMmREGF
NO�WdW�F(^(EXSI�F�ABWZF`N ~�¦ W9KwMyW9N�O�W�F�I�NpCrN�EGI�F he

NIVEGF�[3EoJ�CrNWsNO�W9EGF�N�W�SpC�JLN�EGI�FDI�H*N�O�WdMyWZF�MyI`SMYP6E,NO�N�O�W
WZF(^�EGSI�F�ABW�F�N�i�K3NYC�UoM�IsN�IdW�AB|�OwC�M�EX�ZW1NO�W6[3W�|:W�F�[�W�F�J�WQI�H�N�O�WQI`K3N�|�K�N�I`F�NO�W��L�ufZé���ÿ��xiD�L�w�lè��JiBèpþ ~� FBNO�EoMY|�C�|wWZSZn`N�O�W�J�C�M�W6P6O�WZS�W&NO�W9JLI`AB|wI`F�W�F�NMYI�H�N�O�W9W�F(^(EXSI�F�ABWZF`N9j�Z½¿¾�½Gn3MyK�S�SI�K�Fw[3EXF���NW�SSC�EXF�n
I`i�MyNC�J�UXW MVI`S�P&C�UGUoMmVJ�C�FæiwWxABI([�W�UGWZ[æC`M�C"M�EXF��`UXW`nYJLI`F�F�WZJLN�W [*n (nw − 1) g�[3EGA�WZF�M�EXI`F�C�U&MyABI(I�NO
ADC�F�E,H�I`UG[¬j
O(_�|:W�S�g�MyK�S�H
C�J�W m�EGF W P6EGUXUwiwW9EXFBH�I3JLKwM ~ � N1EoM�H�K�S�N�O�WZSQC`M�M�K�ABWZ[�N�OwCrNYNO�WsO(_(|wWZSyg�MyK�SyH
C`JLW
[�WLz�F�W [xi�_ e(q) = 0 J�C�F�i:Wq|�C�SC�A�W�N�WZS�EG��W []C�M

q = θ(sθ), sθ ∈ S ⊆ R
(nw−1),
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P6O�W�SW θ EoM�C`M�M�K�ABWZ[°N�I»i:W]T(F�IrP6F ~³® O�EoMVUoC�MyN�C`M�M�K�AB|3NEXI`F°S�WZUGC�N�WZM�N�I³I�F�W�I�H6N�O�W�H�K�F�[�C�ABW�F3g
NpC�U�|�SI�i�UGW�ADMdEGF»SI�i:I�N�EoJ�MZn�F�C�ABWZUX_xN�O�WBM�EGAVK�UXNC�F�W�I`K�M9UGI3J�C�UXEG�ZC�N�EGI�F»C�F�[²ADC�|³i�K�EGUG[�EXF��x|�SI�i�UGW�A
j±e ö � õ»m�n�P6O�WZS�W&I�F�W&N�SEXW M�N�IqSWZJ�I�F�MyN�SK�J�N�NO�WsW�F(^(EGS�I`F�ABW�F�NC�U�ADC�|@n θ n(C�Fw[VNO�W6H�K�UGUwMyNC�N�W6^`WZJ�NI�S n
x nQC�NVN�O�WxMC�ABW�NEXABW ~ «Q_°C`M�M�K�ABEXF��²N�OwCrN�N�O�WxADC�|æEoM���EG^�W�F�nvPQW�H�I3JLK�M�I�FòC»M�K�i�|�SI�i�UGW�A÷EGF
e ö � õ£n�FwC�ABW�UG_VNO�W9SWLglUGI(JZC�UGEX� CrNEXI`F�|�S�I`i�UXWZA P6O�W�SW6N�O�WdM<NpCrNW9^�W J�NI�S n x n(EoMYNI�i:W9SWZJLI`F�MyN�SK�J�NWZ[
iwC�M�WZ[�I�F¬CBJLI�A�i�EGF�CrNEXI`F�I�HuWL�(NW�SI(J�W�|3NEX^`WqC�F�[�EXF�NS�I3JLWZ|3N�EG^�WqM�W�F�M�I�S�glS�W C�[3EGF��`M ~
��)Ú�¬ÝÞ'«NSÂ�h]N_�] \QI�F�M�Eo[3W�SvNO�WsK�F�EGJ�_(J�UXW6^`W�O�EoJLUGWsABI3[3W�UwWZ¸�K�EG|�|:WZ[BP6EXN�O�CqSpC�F��`W6MyWZF�MyI`SvABI�K�F�N�W [
C�UXI`F��DEXNM9[�EXSWZJLN�EGI�F$I�HvI�SEGW�F�NC�N�EGI�F@n φ

~ � N�ABIr^`WZM&EGF�MyEo[3WVC�F¬W�UGUXEG|3NEGJ�zwW�Uo[*n�P6EXN�O²OwC�UXH�glC��(W M c1
C�F�[

c2
n�J�W�F�N�WZS�W [�C�N6N�O�WqI`S�EG��EGF]I�H W j�
ÀL½ ª EX�`K�SW ø ~ � m ~

x1

x2

φ

c1

c2

ª EG��K�SW ø ~ � t ® O�WVK�F�EGJ�_(J�UXWVS�I`iwI�N�WZ¸�K�EG|�|:WZ[¬P6EXN�O³I�F�WVSC�F���W�g±ABWZC`MyK�S�EGF��DMyWZF�M�I�SpM6ABIr^�EGF���EGF�M�EG[�W
C�F$W�UGUXEG|3N�EoJdz�WZUG[ ~

® O�W�FxN�O�WqO(_(|:W�S�glM�K�S�H
C�JLW
(q1

c1

)2

+
(q2

c2

)2

− 1 = 0,

ABI3[3WZUGM&NO�W�M�K�S�SI�K�F�[3EGF���EGF
R

2 ~ � N9JZC�FxiwWq|�C�SC�ABWLN�WZS�EG��W [�i(_DNO�W�C�F��`UXW τ ∈ S1 n�M�I�N�O�C�N

q =

[
q1

q2

]

=

[
c1 cos(τ)
c2 sin(τ)

]

= θ(sθ),

P6EXN�O sθ = τ
~Y® O�W�JLI`F`NS�I`U*My_3MyN�W�A J�C�F$i:WqABI([�W�UGWZ[xC�M

ẋ1 = u1 cos(φ)
ẋ2 = u1 sin(φ)

φ̇ = u2

y = (c1 cos(τ) − x1) cos(φ) + (c2 sin(τ) − x2) sin(φ),

P6O�W�SW (x1, x2) ∈ R
2 EoM�N�O�W�|wI�MyEXN�EGI�F¶I�H6N�O�W�SWLH�WZS�WZF�JLW�|:I�EGF�N�I`F°N�O�W]SI�i:I�NZn φ ∈ S1 [3W�F�I�N�W M

EXNMBI`S�EGW�F�NpCrN�EGI�F¶C�F�[£N�O�WxN<PRI³JLI`F�N�SI�UREXF�|�K3NMZn u1
C�F�[ u2

C�SW]NO�WxS�I`iwI�NM© M�UGEGF�WZC�SygqC�F�[æUGC�N�WZSC�U
^`W�UGI3JLEXN�EGWZM&SWZM�|wW J�N�EG^�WZUX_ ~ � F$C`[�[3EXN�EGI�F@n τ C`M6CVH�K�F�J�NEXI`FxI�HuNO�WqM<NpCrNWqEGM&EGAB|�UXEoJLEXN�UG_�[�WLz�F�W [xi�_

c2 sin(τ) − x2

c1 cos(τ) − x1
= tan(φ).

��)Ú�¬ÝÞ'«NSÂ�h]At)] \QI`F�M�EG[3WZS1C�F�I`F�O�I�UGI�F�I�ABEGJ&ABI`i�EXUGW6SI�i:I�NYWZ¸�K�EG|�|:WZ[BP6EXN�O�C�J�W�F�N�SpC�UGUG_�ABI�K�F�N�W [
^(Eo[3W�I�J�C�ABWZSC ~u® O�WsWZF(^�EGSI�F�ABW�F�NYJLI`F�M�EGMyNMvI�H�N�O�Ws�`I`C�U(¼wC���C�F�[�N�O�W�M<NpC�S�Nv¼wC�� ~�® O�WsNC�M�T�H�I`SvN�O�W
SI�i:I�NqEoMdN�I$ADC�|"N�O�W�WZF(^�EGSI�F�ABW�F�N�P6O�EGUXWDUGI3J�C�UGEG��EGF���EXNM�W�UXH&EXF³N�O�WDADC�| ~D´ CrNK�SpC�UGUX_`n@I�F�WBI�H1N�O�W
W C�M�EXW M<N�P&C{_(M�NIxJ�I�F�MyN�SK�J�NqC$JLI(I�Sp[3EGF�CrNW�M�_3M<NW�A EoM�N�I¬MyW�N�N�O�WB��I�C�Uu¼wC��$C�M�NO�WBI�SEX�`EXF"C�F�[³MyW�N



}`} ï ����  ?�¡Ðá
NO�WVMyNC�SyN&¼wC���I`FxN�O�W x1

g�Cr�3EoM�n�é
½�� ½GnwP6EXN�O¬JLI(I`S[3EGF�C�N�WZM (d0, 0)
~ � H�PQW�C`M�M�K�ABWdN�O�C�NsI�FxN�O�WqEGADC��`W

|�UGC�F�WqP6O�CrN6PRWqJ�C�FxEo[3W�F�N�EXH�_]EoMRN�O�W�[�EGMyNC�F�JLW�I�H�N�O�Wd^`W�S�N�EoJ�C�U*UXEGF�WdH�WZC�N�K�SWdN�I�N�O�W�J�W�F�N�WZSsC�F�[]N�O�W
H�I3JZC�U@UGW�F���N�OxI�H�N�O�W�JZC�ABW�SpC�EGM&I`F�W�n3NO�W�FxNO�WqI�K3N|�K3NsI�H�N�O�W�My_3MyN�W�A J�C�F$i:WqWL�3|�SWZMMyW []C`M

y1 = tan(φ − CrNpC�F (−x2, d0 − x1))
y2 = tan(φ − CrNpC�F (−x2,−x1)).

ê�Øv�vØlÙ ���l��Û�ã���Ý/������Þ2� Ý)�Qß� {õ3Þj�:�uÛ\���l��Ûwãj��Û�ãQ�
� M9|:I�EGF�N�W [$I�K3NdEXF»e(W J�NEXI`F ø ~ � nwI`i�M�W�S^{C�i�EGUXEXN<_]EoM9C�F°é��ZûY�wé��l�2�:b�ÿ���éL° ÿr�°JLI`F�JLWZ|3N�j�h1S�I`|wWZSyN<_ ø ~ � m ~´ I�NEGJ�W»NO�CrN�N�O�W"I�i�M�W�S^rC�i�EGUGE,N<_òF�I�NEXI`F�M�UXEoM<NWZ[�EGF e3WZJ�NEXI`F ø ~¿� SW�UoCr�wërS�W M<NS�EoJ�NDhYSI�|:W�S�N�EGWZM ø ~G}
C�F�[ ø ~¿� i�K3N1NO�W�SW9EoMYF�I�F�CrNK�SpC�UwM�WLN�N�EGF��qH�I`SQM�I�UGW�UG_�ABI3[3EXH�_�EGF���hYS�I`|wWZSyN<_ ø ~ ��~v® IVC�[�C�|3N1NO�EoMYH�I`S
NO�W�C�SWZC�EGFxABEGF�[*n3NO�W�H�I�UGUGIrP6EXF��BEoM6MyK�����W M<NWZ[ ~
RTSQU�V�WYXEWNZ�V¤�a]¡ë j±e(ADC�UGU,g±N�EGABWqI�i�M�W�S^rC�i�EGUGE,N<_�m ]v` ��ÿr���,é��:�pèr��ç��{ç��l�2i e Σrob e éoç�ç�èré
ý]��ÿ c ��MyADC�UGUXg
NEXABWDI`i�MyWZS�^rC�i�UXW²è�� x1 e é À&ÀLÿr�]èr�w� x2 ∈ X è��:ý²è���� T > 0 e �Yb��������ü�éoç���çBè²�pÿ����±��ÿr� e u(·) ∈ Uè��:ý t̃ ∈ [0 T ] e ç����5b$�Yb�èr�

he(x(t̃, x1, u(·))) 6= he(x(t̃, x2, u(·))).
kL�QéoçYÀp�3���Yb�����ç�èré
ý]�lÿ c ��çDiBè����¯����éGiD�Bÿ c ç��L�Dfrè c �X��é Àqé��1éoçqç�ÿ�èr�R�2fr�L��� x1 ∈ X ½
Ù^S�¬sÚJ¨+Ûì�h]L}�] ® O�W"F�I�N�EGI�FI�HBMyADC�UGUXg�NEXABW"I�i�M�W�S^rC�i�EGUXEXN<_ñj
ù�WLz�F�E,NEXI`F ø ~ ï�m]SWZMyN�SEoJ�NMxhYSI�|�g
WZSyN<_ ø ~ ��~
Ù^S�¬sÚJ¨+Ûí�a]G�/] � U,NO�I�K��`OfF�I�N²ADC�[�W°WL�3|�UGEGJ�E,N n�ABI([�E,z�W [ ^�W�SpM�EXI`F�M$I�HDù9W�z�F�EXN�EGI�F ø ~ ïñj<é
½�� ½Gn
PRWZC�T(UX_�ërMyN�SI�F���UG_BM�ADC�UGU�N�EGABWqI�i�M�W�S^rC�i�EGUXEXN<_�mRJ�C�Fxi:WqI�i3NpC�EGF�WZ[�EXF¬C�|�|�C�SW�F�N&ADC�F�F�WZSM ~

® I»MyN�SWZMMqNO�W�[3EoMyN�EGF�J�NEXI`F£iwW�N<PQWZW�F'NO�W]F�WZP6UX_'EGF�N�SI([�K�JLW [°JLI�FwJLW�|�NVI�H9M�ADC�UGU,g±N�EGABW�I�i�M�W�S^�g
C�i�EGUXEXN<_òj�ù9W�z�F�EXN�EGI�F ø ~ ï`m�C�F�["NO�I`M�WDI�Hse(WZJLN�EGI�F ø ~¿� n�SWZJ�C�UXUYN�O�C�N Ω gl[�EGMyN�EGF���K�EGM�O�C�i�EXUGE,N<_`n@NO�W�K�F3g
[�W�SUX_(EGF��xJ�I�F�J�W�|3N�I�HRù9W�z�F�EXN�EGI�F ø ~ Ö n@I�F�UX_¬EGF(^�I�UG^�W M9M�W�|�C�SC�N�EGI�F²I�H1|:I�EGF`NpMdEXF³N�O�WBSWZMyN�SEGJLN�EGF�� Ω

~
� F¶WL�(N�WZF�M�EXI`F@nvN�O�W]NW�SA÷LEXFwM<NpC�F�NC�F�W�I`K�MyUG_)÷BEGF¶ù�WLz�F�EXN�EGI�F ø ~ � EGAB|�UXEGWZM�NO�CrNDC²|:I�EGF�N�A�K�M<NBi:W
[�EGMyN�EGF���K�EGM�O�C�i�UXW6H�SI�A E,NpMsé���çp��èr�w�u���Lé,¾+b c ÿ��pçsN�O�SI�K���O�N�SpCrê<W J�N�I`S�EGWZMuNO�CrNQMyNC{_�EXFBNO�W9MC�ABWqé���ç���èr�w�
���Lé,¾+b c ÿ��
b�ÿ ÿZý ~ ® O�WZS�W�H�I�SW�nRN�O�WZS�W»EGMDF�I£F�CrNK�SpC�U9M�WLN�N�EGF��°H�I�SxMyI`UXWZUX_¶ABI([�E,H�_(EGF��£hYSI�|:W�S�N<_ ø ~ � n
P6EXN�O�I�K3N6F�W JLWZMMC�SEXUG_�ABI3[3EXH�_(EXF���hYSI�|:W�S�N<_ ø ~X} C�Fw[wë{I`S ø ~¿� j�J�H ~ �6WZADC�ST(M ø ~G} n ø ~¿� C�F�[ ø ~ � m ~ � F
J�I�F�N�SpC�MyNZn(NO�W�F�I�N�EGI�F$I�HvM�ABC�UXUXg±N�EGA�WqI`i�M�W�S^{C�i�EGUXEXN<_�[3I(WZM6F�I�Ns|�K3NdC�F(_�J�I�F�MyN�SpC�EGF�NMRI�FxN�O�W���WZF�W�S�g
C�N�W [VNSC�ê<WZJLN�I�SEGWZM�F�I�S�NO�W6|�C�S�NvI�H*M<NpCrNWLg�My|�C`JLWQN�O�C�NYO�C�M�NI�iwWs[3EoMyN�EGF���K�EoM�O�WZ[*n`i�K3N6ç�ÿr�G�L���VS�W M<NS�EoJ�NpM
NO�W�N�EGABWLglEXF�NW�S^{C�U�N�O�C�NsO�C�MRNIDiwW�J�I�F�M�Eo[3W�SWZ[]EXF$I�Sp[3WZSQNIBz�F�[$[3WZ^�EoCrNEXF���I`K3N�|�K3N ~

bdEG^�WZFBN�O�W�W�F(^(EXSI�F�A�WZF�NC�U�ABC�|@n θ(sθ)
n�N�O�WdMyWZF�M�I�SYABWZC`MyK�S�WZA�WZF�NM1C�S�WsJ�I�F�M�Eo[3W�SWZ[DC`M1CqADC�|�g

|�EXF��wn he : X → Y ~ ª I`SsCB��EG^�WZF�ABWZC`MyK�S�WZA�WZF�NZn y ∈ Y n�N�O�W�EXF(^`W�SpMyWdEXADC���W�I�H y K�Fw[3W�S he
EoM&N�O�W

M�WLN�I�H1C�UXU x ∈ X M�K�JpO¬NO�CrN he(x) = y
~ � F²�`W�F�WZSC�U�n X C�F�[ Y [3I�F�I�NdO�C{^�WqNO�W�MC�ABWVJZC�Sp[3EGF�C�U

F(K�A�iwWZS�M�I¬N�OwCrN�C¬ABW C�M�K�S�WZABW�F�N�ABEX�`O`N�JLI�SSWZM�|wI`F�[²NI²ABI�SWBN�O�C�NVI�F�W]M<NpCrNW�EXF X ~²® I²J�I�|:W
P6EXN�O$NO�EoM�n(NO�W�H�I�UGUXIrP6EGF��D[3W�z�F�EXN�EGI�F�M6C�S�W�ADC�[3W ~
RTSQU�V�WYXEWNZ�VS�a]¡î j�e(W�N1I�H�H�W C�M�EXi�UGW9MyNC�N�WZMpm ] ��b��VMyW�N1I�H�H�W C�M�EXi�UGWsMyNCrNWZMHgvé��Yb����ç±þ�������lÿ y e ý`�L��ÿr���pý
FSy e éoçVý`�
û1�:�pý]èrç��Yb��Vé��xfr���pçL�VéGiDè�¾���ÿyÀ y �3�:ý���� he

é��»�Yb���ç���èr���8�lç±þ�è��p� e E ~ W ~ e
FSy = {x ∈ X : he(x) = y}.

® I]EGF�N�SI3[3K�JLW�C�ABWZC`MyK�SW�I�HYO�IrPfPQWZUXU�C�JLWZSyNpC�EGF²|:I�EGF`NdEXF²N�O�WBM<NpCrNWLg�My|�C`JLWqADCrNpJpO�WZM�C��`EX^`W�F
ABW C�M�K�S�WZABW�F�NZn�C�H�K�F�JLN�EGI�F�C�U@I�Svfrèr�,���8��Àp�3���L�±é
ÿr�²EoM&F�WZWZ[3W [*t
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RTSQU�V�WYXEWNZ�V¤�a]:_)ï j�cYC�UXK�WLg±H�K�F�J�NEXI`Fwm ]�` �pÿ����±é�����ÿr�(ç�����ý�é Ú9�L��L�w��é
è c �X� e ��ÿr�u���:�l¾`è���éGfr�QÀp�3�:����é
ÿ��:èr� e
Vy : X → R

+,
ç����5b$�Yb�è�� e

x ∈ FSy ⇐⇒ Vy(x) = 0,éoç��pè����X�pý�è�f{è������8��Àp�3���L�±é
ÿr��½
� NREGM1F�I�NpC�i�UGW6NO�CrNQù�WLzwF�E,NEXI`F ø ~G} � EoMQPQWZUXUXglM�K�EXN�W [�H�I�S1MJLWZF�C�SEXI�MvP6O�WZS�WsI`F�WsABEG��O�N1O�C{^`W6F�I�EoMy_

ABW C�M�K�S�WZABW�F�NM ~ � F²M�K�JpO²J�C`MyW M�n(NO�WqH�W C�M�EXi�UGWVMyNC�N�WZMsABC{_xJLI`F�MyEoMyNsI�HYC�UGU x n:MyKwJpO$N�O�C�N Vy(x) ≤ ε nH�I`S9M�I�ABW ε ∈ R
+ ~

«R_"K3N�EGUGEX�ZEXF��»N�O�W�^rC�UGK�WLg±H�K�F�JLN�EGI�F@n�EXNVEGM�|:I`MMyEGi�UGWDN�I»[�S�EG^�WDNO�W]MyNC�N�W]W M<NEXADC�N�EGI�F°P6EXN�O�EGF°N�O�W
M�WLNqI�HYH�WZC`MyEGi�UGW�MyNC�N�WZMZn FSy

~�® O�EoMdP6EXUGUvi:W�M�O�IrP6F»EGF"��SWZCrNW�Sd[3WLNpC�EGUvEXF'e(WZJLN�EGI�F ø ~ Äw~V´ W��(NZn@PRW
H�I3J�K�M9I`F¬N�O�W�|�SI�i�UXWZA I�HYUXI3J�C�UXEG��EGF��DNO�WBC�J�NK�C�U�M<NpCrNW!gvé��Yb(é��"N�O�EoMdMyW�N ~ � F²I�Sp[3W�SsN�I�[�EGMyN�EGF���K�EGM�O
NO�WVMyNC�N�WZMsEXF FSy

n�EXN9EoM6F�W JLWZMMC�S_DN�O�C�N6N�O�W�My_3MyN�W�A I�K3N|�K3N�[�IDF�I�N9SW�ADC�EXF¬JLI`F�MyNC�F�N n@é
½��Z½GnwN�O�W
W���JLEXN�EGF���J�I�F�N�SI�UuO�C�M9N�I�iwWB[3WZM�EG��F�W [¬MyK�JpO²N�O�C�N ẏ 6= 0

~ ª I�SdWZC`JpO¬|wI`EXF�N x0 ∈ X n*E,N�EGM�|:I`MMyEGi�UGW
NI�C�MMyI3J�EGC�N�W�C�F�I�N�O�WZSsMyW�NRNIDE,N9J�I�F�M�EoM<NEXF���I�HvC�UGU*|:I�EGF`NpMRN�O�C�NsO�C{^�WdNO�W�M�C�ABWdI`K3N�|�K3N6¼�IrP ~
RTSQU�V�WYXEWNZ�V£�a]:_u_ j�e(W�NxI�HVI�K�N�|�K3Nx¼�IrPâWZ¸�K�EG^rC�UGW�F�N¬M<NpCrN�W Mm ] q éGf{��� èr���Õè�ý~i�éoçpç�é c �G�æ�pÿr�w����ÿ�� e
u(·) ∈ U e ÀLÿr�¬�è`�Õb£ç���èr��� x0 ∈ X e �Yb���ç��L�VÿyÀDç���èr����ç]�Yb�è��Vèr���¬I�K3N|�K3N�¼�IrP WZ¸�K�EG^{C�UXWZF�NVN�I x0K�F�[3W�S u(·) e ý`�L��ÿr���pý OFu

x0
e éoç�ý���ûY�:�pýBè{çqèr���:ç��lè��l�Lç x1 ∈ X e ç����Õb]�Yb�è����Yb������q�ü`éoçp��ç T > 0 ç����Õb

�Yb�è��:ÀLÿ���èr��� t ∈ [0 T ] e
he(x(t, x1, u(·))) − he(x1) ≡ he(x(t, x0, u(·))) − he(x0).«R_�ABW C�F�MRI�HuN�O�W�N<PRIBMyW�NM6[3W�z�F�WZ[�EGF�NO�EoM6MyW J�N�EGI�F�n3E,N6EoM&|wI�M�M�EXi�UXWdN�IB|�K�N9JLI�FwM<NSC�EXF�NMQI�F�N�O�W

W���JLEXN�EGF���JLI`F`NS�I`U ~ð ì�S�Zu¨+S�¬ �a]:_u] q éGfr�L� x0 ∈ X e é À³�Gb��L���æ��ü`éoç��
ç³è��µ��ü(��é���é��(¾��pÿr���±��ÿ�� e ux0
(·) ∈ U e èr�:ý�è

���Lé,¾+b c ÿ��
b�ÿ ÿZý e N(x0)
ç����5b$�Yb�èr�

FSy ∩ OFux0
x0 ∩ N(x0) = {x0}, j ø ~X} m

�Yb����»�Yb���ç��{ç��l�2iÂéoçvg1�pè®r����DçDiDèr���¯���±éGiB�Bÿ c ç����Df{è c �X�Bè�� x0
½

³&��ÿZÿyÀL½ ¦ W�|�S�Ir^`W6i(_�J�I�F�N�SpC�[3EoJ�NEXI`F ~ e(K�|�|:I`M�WsNO�W�M�_3M<NW�A EGM��:ÿ��YPQW C�T(UG_�M�ABC�UXUXg±N�EGA�W�I�i�M�W�S^rC�i�UGW
C�N x0

n*é
½��Z½Gn
∃ x1 ∈ N(x0)\x0

C�F�[ T > 0 : ∀t ∈ [0 T ] C�F�[ ∀u(·) ∈ U ,

he(x(t, x1, u(·))) ≡ he(x(t, x0, u(·))). j ø ~¿� m
ª I�S&NO�W�My|:WZJ�EGC�U�JpO�I`EGJ�W�I�H t = 0 n ø ¸�K�CrNEXI`F"j ø ~¿� mQ��EG^�W M

he(x1) = he(x0) = y, j ø ~ � m
ABW C�F�EGF��DNO�CrN x1 ∈ FSy

~ \QI�F�M�EG[�W�S6NO�W�F¬NO�W�M�|:WZJLEoC�UuJpO�I�EoJLW�I�H u(·) = ux0
(·) nwP6O�EoJpO$N�I`��W�N�O�WZS

P6EXN�O ø ¸�K�CrNEXI`F¶j ø ~ � m9C�F�[²ù�WLz�F�E,NEXI`F ø ~G}�} EXAB|�UGEXW MsNO�CrN x1 ∈ OFux0
x0

~då W�F�J�W�PRWVOwC{^�WVM�O�IrP6F
NO�CrN9C`M�M�K�ABEGF��²j ø ~¿� mREGAB|�UGEXW M&N�O�WqW��3EGMyN�WZF�JLW�I�H x1

M�K�JpO�N�O�C�N
(x1 ∈ N(x0)\x0) ∧ (x1 ∈ FSy) ∧ (x1 ∈ OFux0

x0 ), ⇔
FSy ∩ OFux0

x0 ∩ N(x0) 6= {x0}.

\QI`F�MyN�SpC�EGF`Nqj ø ~X} m&MyWZS�^`WZM&C�MRNO�W�i�C�M�EoMRH�I�Ss[3W MyEG��FxI�HvC�JLN�EG^�W�I�i�M�W�S^�WZSM ~® O�W�I�SW�A ø ~G} C�UoMyI�|�S�Ir^(Eo[3WZMdC�F²EGF�N�K�EXN�EG^�W�EGF`NW�S|�SWLNC�N�EGI�F¬I�HYN�O�WBJLI`F�JLWZ|3N�I�H1M�ABC�UXUXg±N�EGA�W�I�i�g
M�W�S^rC�i�EGUGE,N<_ ~V´ C�A�WZUX_`n*E,HQH�S�I`AâN�O�WBT(F�IrP6UGWZ[3�`WVI�HYN�O�WBABWZC`MyK�S�WZA�WZF�NZn y(t) j�P6O�EoJpO³[3W�z�F�W M FSy

m
C�F�[DEXNMR[3W�SEG^{C�N�EG^�W6¼wIrPÕC�NYN�EGABW t j
P6O�EGJpO�[3WLz�F�WZM OFu

x
mYI�F�WdJ�C�FDK�F�Eo¸`K�W�UG_B[�WLN�WZS�ABEGF�W6NO�W�MyNC�N�W�n

x(t) n�N�O�WZF¬C�[�_�FwC�ABEGJZC�U@M�_3M<NW�AÂEoM6MC�Eo[�NIDiwW�M�ADC�UGU,g±N�EGABWdI`i�M�W�S^{C�i�EGUXEXN<_ ~
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ß ÀYä Ès¤<�Q�@2ÄÔl�@2 Å ���(;��1/ æR037�5�ó
� F]N�O�EoM&MyW J�NEXI`F@n`PRWdS�WZ^�EoM�E,NYNO�WdS�I`iwI�NQABI3[3W�U:H�SI�A ø ��C�AB|�UGW ø ~G}�~�® O�W�M�W�F�M�I�SQS�W C�[3EGF��`M1O�IrPRW�^�WZS
P6EGUGU1[3EX¯:WZS ~ � NqEGM�F�IrPµC�MM�K�ABWZ[»N�O�C�NdNO�WDSI�i:I�N�EGMqW ¸�K�EX|�|wW [»P6EXN�O l SC�F���W�g±ABW C�M�K�S�EGF��]M�W�FwMyI`SMZn
I`S�EGW�F�NWZ[ÕCrN�C�F���UGWZM αi, i = 1, · · · , l P6E,NO�S�W My|:WZJLNDN�I φ

~ �6WLH�WZS�SEGF��'N�I ª EG��K�SW ø ~ � n6M�W�F�M�I�S iABW C�M�K�S�W MB[3EGMyNC�F�JLW ρi
C���C�EGF�MyNBM�I�ABW$MyABI(I�NOòJ�UXI�MyW [¶J�K�S�^`W�n θ : S1 → R

2 n1NO�CrN�ABI3[3W�UoM�N�O�W
NW�SSC�EXF ~ ø C�JpO°M�W�F�M�I�SqEoM�[3EGSWZJ�NWZ['C�UGI�F��$C$SpC{_²ADC�T(EGF��¬C�F°C�F���UGWDI�H φ + αi

P6EXN�O'N�O�W x1
glC��(EoM ~® O(K�M6N�O�WqI`K3N�|�K�NMRH�I�SsN�O�WqM�_(MyN�WZA C�S�W

yi = ρi, i = 1, · · · , l.

x1

x2
φ

u2 u1

α1

α2
αl

ρ1

ρ2
ρl

θ(s1)

θ(s2)
θ(sl)

ª EG��K�SW ø ~ � t ® O�WqK�F�EGJ�_(J�UXW�SI�i:I�N6WZ¸�K�EG|�|:WZ[xP6EXN�O l SC�F���W�g±ABWZC`MyK�S�EGF���M�W�FwMyI`SM ~

® O�W¬��I`C�U&EGM�NI°S�W JLI�FwM<NS�K�JLN�NO�W$H�K�UGU�MyNC�N�W�n x = [x1, x2, φ] n&i�C�M�WZ[¶I�FÕMyWZF�M�I�SDSWZC�[�EXF���M
ρ = (ρ1, · · · , ρl)

~ � M�S�WZABC�S�T`WZ[òEGFJLI`Frê<K�F�JLN�EGI�FóP6EXN�O ù9W�z�F�EXN�EGI�F ø ~ � n6N�O�W³I`i3ê<WZJLN�EG^�W²P6O�WZF
[�WZM�EX�`F�EXF��$Cx�`W�F�WZSC�U�I`i�M�W�S^�W�S�EoMdN�IxN�SpC�JpT z = Ψ(x) nuSC�N�O�WZS�N�O�C�F x EXNM�W�UXH ~]® I�NO�EoM�W�F�[*nuE,N�EoM
F�I�N�W [xN�O�C�NsN�O�W�|�SI�i�UGW�A I�H�S�W JLI�FwM<NS�K�JLN�EGF�� x EGF$N�O�EoMs|�C�SyNEGJ�K�UoC�S6|�SI�i�UGW�A$nwEGM6W ¸�K�EX^rC�UXWZF`N6NIDN�O�W
SWZJ�I�F�MyN�SK�JLN�EGI�F'I�H6^�WZO�EoJLUGW�I�SEXWZF�NCrNEXI`F@n φ nvC�F�['N�O�W�|�C�SpC�ABW�N�W�SV^{C�UXK�WZMZn si ∈ S1 n i = 1, · · · , l nJ�I�SS�W My|:I�Fw[3EXF��°N�IæN�O�W³|wI`EXF�NMxI`F�N�O�W"JLK�S^�W»A�W C�M�K�SWZ[óC��`C�EGF�MyN ~ � N$EoM�M�I¶M�EXFwJLW²NO�W»SW�UoCrNEX^`W
I`S�EGW�F�NpCrN�EGI�F$C�F���UGW�I�H�W C�JpO$MyWZF�MyI`SZn αi

n3EoM6T(F�IrP6F ~ e(W�NyNEXF��BNO�WqI�iwMyWZS�^`W�S&M<NpCrN�W
z = Ψ(x) = [s1, · · · , sl, φ]T ∈ Z ,

NO�W�H�I�UGUGIrP6EXF��B�`W�I�ABW�N�SEGJZC�U�S�WZUGC�N�EGI�F�M�O�EG|]i:WLN<PRW�WZF x C�F�[ z O�I�Uo[�MZt
θ(si) = [x1, x2]

T + ρiR(φ+αi)e1, i = 1, · · · , l, j ø ~ Ä m
P6O�W�SW e1 = [1 0]T C�F�[ Rα

[3WZF�I�NWZMRNO�WqS�I�NC�N�EGI�F]ADC�N�SE,�*n

Rα =

[
cos(α) sin(α)

− sin(α) cos(α)

]T

.

� EXABEGF���CrNsJ�I�F�MyN�SK�J�NEXF��BC�FxC�|�|�SI�|�SEoCrN�W�^rC�UGK�WLg±H�K�F�JLN�EGI�F�N�O�C�N9J�C�F$C�Eo[]N�O�WqI`i�MyWZS�^`W�S&[3WZM�EG��F@n(H�I`S
W C�JpO$MyWZF�M�I�S i n�[3WLzwF�WqCBABC�|�|�EGF�� vi : Z → R

2 C`J�J�I�Sp[3EXF���N�I
vi(z) = θ(si) − ρiR(φ+αi)e1.



��È�É*ÊGËu? � ª Í ?�¡ Ëu?�¡ ÍÂ�`Æ ¡ @æÆ ª Ê�Ô`?Ïã Æ ª Æ É*Ê�ÈæÒ�Ì Í É*? ¸�Í }{�3}

� F�NK�E,NEX^`W�UG_�n vi(z) |wI`EXF�NMVI�K3N�P6O�W�SWDABWZC�M�K�SW�ABW�F�N i EXFw[3EGJZCrNWZM�NO�CrN�N�O�W�^`W�O�EoJLUGW�EoMqUGI(JZCrNWZ['EGF
R

2 ~Y´ W��(NZn�[3W�z�F�W vij : Z→R
2 C`M

vij(z) = vi(z) − vj(z),

P6O�EGJpO³EXF�[�EGJZCrN�W M�N�O�WB[3EX¯:WZS�WZF�JLW�iwW�N<PQWZW�F²NO�W�^�W�O�EGJ�UXW�UXI3JZCrN�EGI�F»WZMyN�EGABC�N�W [¬i(_¬A�W C�M�K�SW�ABW�F�NM ρiC�F�[ ρj
~ ª EGF�C�UGUG_�n(N�O�Wq^{C�UXK�WLg±H�K�F�J�NEXI`F$EGM6[3W�z�F�W [xC`M

Vρ(z) =
1

2

l−1∑

i=1

∑

j>i

vij(z)T vij(z).

® O�W�F�I`F3glF�W���CrN�EG^�W9^{C�UXK�WLg±H�K�F�J�NEXI`F@n Vρ(z) n3M�W�S^�W MYC�MRC�ABWZC`MyK�S�W�I�H@O�IrP�PRW�UGU z n(ADCrNJpO�WZMRCVM�WLNQI�H
ABW C�M�K�S�WZABW�F�NMZn ρ ~�® I�M�W�W&N�O�EGMZn`EXN1EoMvF�I�N�EoJLWZ[�NO�CrN Vρ(z) = 0 EGA�|�UXEGWZMYN�O�C�N1EXF�NO�WsI�iwMyWZS�^`W�SvM<NpCrNW�n
z j�P6O�EGJpO³F�CrNK�SC�UXUG_¬JLI`S�SWZM�|wI`F�[�M&NIxC�M<NpCrNW�n x ∈ X n*i�_$SW�UoCrNEXI`Fæj ø ~ Ä mym�n�NO�W�^�W�O�EGJ�UXW�|�S�W JLEoMyWZUX_
ABW C�M�K�S�W M*NO�W1[3EoM<NpC�F�J�WZM ρi

C���C�EGF�M<N*NO�W1|:I�EGF�NM θ(si), i = 1, · · · , l
~ � FqN�O�W1I�NO�W�S�[3EGS�W J�N�EGI�F�n J�UXW C�SUX_

EXH ρ C�SW6N�O�W�ABWZC�M�K�SWZ[B[3EoM<NpC�F�J�WZMQC�F�[ z EGMYN�O�WdC�J�NK�C�UwI�i�M�W�S^�WZSYM<NpCrNW�n`N�O�WZF vi(z) = [x1, x2]
T , ∀i nC�F�[³O�W�F�J�W Vρ(z) = 0

~�® O�EoMqC�UGUXIrPsMdK�MdNI¬My|:WZJ�E,H�_¬NO�WDMyW�NqI�H1H�W C�M�EXi�UXWDMyNCrNWZM�i(_¬ABWZC�F�M�I�HQN�O�W
^rC�UXK�W�g�H�K�F�J�NEXI`F@n�C�M6[�EGMJLK�MM�WZ[�WZC�SUGEXWZS ~� M&H�I�S&NO�W�M�WLN6I�H�I�K3N|�K3N6¼�IrPWZ¸�K�EG^rC�UGW�F�NsM<NpCrN�W M�n(H�SI�A·j ø ~ Ä mRPRW�I�i3NpC�EGF

0 = θ′(si)
T Rφ(u1e2 + ρ̇iRαi

e2 − ρiu2Rαi
e1) , Qi,

i(_³z�SpM<N�[�E,¯�W�SW�F�N�EoCrNEXF��¬P6E,NO£S�W My|:WZJLN�N�I$NEXABWxC�F�["NO�W�F°A�K�U,NEX|�UX_(EGF��²i(_ θ′(si)
T Rπ

2

H�SI�A·N�O�W
UGWLH�N ~ ù�WLz�F�EXN�EGI�F ø ~G}�} EGAB|�UXEGWZM6N�O�C�N&I`F]NO�W�M�WLNsI�H�I�K3N|�K3N6¼�IrPWZ¸�K�EG^rC�UGW�F�NsM<NpCrN�W M�n(NO�W���WZI�ABWLNS�EoJ
SW�UoCrNEXI`F£j ø ~ Ä m6AVK�MyN�i:W�|�SWZM�W�S^�W []I`F²CDF�I�F�g±WZA�|�N<_�N�EGABWVEGF�N�W�S^rC�U±n�P6O�EoJpO¬EGA�|�UXEGWZMsN�O�C�N Qi = 0H�I`S9C�UGU i

~vå W�FwJLW�n�N�O�WqADC�|�|�EXF��B[�WLz�F�W [xi�_
Q = [Q1, · · · , Ql]

T = 0,

J�I�F�NC�EXFwMRN�O�W�M�WLNsI�HuI�K�N�|�K3N6¼wIrPôWZ¸�K�EG^rC�UGW�F�NsM<NpCrNWZMRH�I�S&NO�EoMsMy_3MyN�WZA ~
a9F�[3WZS�M�K�E,NpC�i�UGW³C`M�M�K�AB|3NEXI`F�MDI�FóN�O�W²W���JLEXN�EGF��¶J�I�F�N�SI�U±nRN�O�W"MyWZF�MyI`S�I�SEGW�F�NC�N�EGI�F�M�C�F�[òN�O�W

WZF(^�EGSI�F�ABW�F�NpC�U3ADC�|¬j
M�W�Wqì } ��î H�I�SQ[3WLNpC�EGUGMpm�n`E,N1JZC�FBiwW�MyO�IrP6F�N�OwCrNYNO�EGM1MyW�N1C�F�[�NO�WsMyW�NYI�H�H�WZC`MyEGi�UGW
MyNC�N�W M�NI��`WLN�O�W�SuH�K�U,zwUXU(NO�W6JLI�Fw[3E,NEXI`FVI�H ® O�W�I`S�WZA ø ~X} nrP6O�EoJpOVEGA�|�UXEGWZM�NO�CrN�PQW&C�SW1i:I�K�F�[qNI�O�C{^`W
PRWZC�T(UX_]M�ADC�UGU,g±N�EGABWqI�i�M�W�S^rC�i�EGUGE,N<_ ~�® O�WqPRC{_DNO�W�N<PRI�MyW�NMRH�K�UXz�UGU@N�O�W�JLI�Fw[3E,NEXI`F$I�H ® O�W�I`S�WZA ø ~G}
EoM�N�O�C�N�N�O�WB[3EX¯:WZS�WZF`NEGC�U�I�H Q n@[�W�F�I�N�WZ[ ∂zQ

n@M�O�I`K�UG[»F�I�N�i:W�|:W�S|wWZF�[3EoJLK�UoC�SLë{I`SyNO�I��`I�F�C�U*N�I�N�O�W
T`W�SF�W�UwI�H�N�O�W9ADC�| ∂zVρ

~'¦ WdJ�C�FBN�O�WZF�JLI�FwJLUGK�[3W6NO�CrNQN�O�W9N<PQI�M�WLNpM1C�SW6F�I�NQUGI(JZC�UGUX_�|�C�SpC�UGUGW�U�C�F�[
O�W�F�J�WqP6EXUGU�JLSI`MMRWZC`JpO�I�N�O�WZS6EXFxI�F�W�M�EGF���UGW�|wI`EXF�N ~Y® O�EGM&EoM&N�O�WqS�W ¸`K�EXSW�ABW�F�N&I�H ® O�W�I`S�WZA ø ~G}�~

ª S�I`A÷N�O�W$SWZM�K�UXNM�I�H�ì } �rî nYE,NDEoMDJLI`F�JLUGK�[3W [°N�OwCrNBN�O�W$W��3J�E,NEXF��'J�I�F�N�SI�URAVKwM<NDi:W$JpO�I`M�W�F°NI
MCrNEGMyH�_






sin α1 −ρ1~~~ ~~~
sin αl −ρl






[
u1

u2

]

6= 0. j ø ~¿Ö m

´ WL�(NZn:PRWVMyO�IrPN<PRI�M�|wW JLEoC�U@H
C�ABEXUGEXW MsI�H�W���JLEXN�EGF��]JLI`F�N�SI�U*NO�CrN�H�K�U,zwUXU&j ø ~¿Ö mLn:C�S�Wqi:I�K�F�[3WZ[@nwO�C{^`W
i:I�K�F�[3WZ[°[�W�SEX^rCrNEX^`W�n�C�F�["��WZF�W�SpCrNW�|:W�SEXI3[3EoJ�N�SpCrê<W J�NI�SEXW M9NO�CrN�P6EGUGUYS�WZADC�EGF"EGF�M�EG[�W�NO�W�WZUXUGEX|�N�EoJ
WZF(^�EGSI�F�ABW�F�N n�[3W�F�I�N�W [ Ω

~�® O�W&z�SpMyN�I`F�W&K�M�WZM�N�SEG��I�F�I�ABWLNS�EoJvH�K�FwJ�N�EGI�FwM�N�I���WZF�W�SpCrNWQABI�N�EGI�F�N�O�C�N
ABIr^`WZMYiwC�JpTDC�F�[DH�I�S�N�O�P6O�EGUGW9NO�W�I�N�O�WZSQI`F�WsH�I`UXUGIrPsMvNO�W�JLK�S^rCrN�K�S�WsI�HuC�F]W�UGUXEG|3N�EoJ�S�W�H�W�SW�F�J�Ws|�CrNO
iwC�JpTDNIBN�O�WqEGF�EXN�EoC�U*|:I`M�E,NEXI`F ~
���ñjWNX®W:V�ë4�hZuV�X®¨mZu«H_ j ® S�EG��I`F�I�ABW�N�SEGJ ª K�F�JLN�EGI�F�Mpm ] ¦ Wdz�SMyN6W�UoC�i:I�SpCrNW�P6EXN�O$WL��J�E,NEXF��DJ�I�F�N�SI�UoM
I�HuNO�W�H�I�UGUGIrP6EXF���H�I�SA

ux0
(t) =

[
u1(t)
u2(t)

]

=

[
a1 sin(k1 + p1t)
a2 sin(k2 + p2t)

]

.
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«RWZUXIrPqn:E,N�EoM�M�O�IrP6F$N�OwCrN9H�I`S�|wC�S�N�EoJLK�UoC�S9JpO�I�EoJLWZM9I�HvNO�W�|wC�SpC�ABWLNW�SpM�n k1, p1, k2, p2

n:NO�W�W���JLEXN�EGF��
J�I�F�N�SI�U±n ux0

(t) n3��W�F�W�SpCrN�W MY|:W�SEXI3[3EoJ9N�SpCrê<WZJLN�I`S�EGWZM ~uå W�F�J�W9H�I`SRC���EG^�WZF�EXF�E,NEGC�U:|:I`M�EXN�EGI�F@n x0
n3EGF�N�O�W

EGF�N�WZS�EGI�S�I�H Ω n�i(_$C`[{ê<K�MyN�EGF���NO�W�S�WZABC�EXF�EXF���H�S�WZWV�`C�EXF¬|wC�SpC�ABWLNW�SpM�n a1, a2
n�PRW�C�S�WVC�i�UGW�N�I�T�WZW�|

NO�Wq��WZF�W�SpCrNWZ[]N�SpCrê<W J�N�I`S�_DEGF�M�EG[�W Ω H�I�SsC�UXU�NEXABW ~
e(NC�S�N�EGF��BP6EXN�OxN�O�Wq^`W�O�EoJLUGW�I�SEXWZF�NCrNEXI`F@n φ n�i(_]EGF`NW��`SC�N�EGF���EXNM9[3_(F�C�ABEoJ�MZn3PQW�I�i�NC�EGF

φ(t) = φ0 −
a2

p2
cos(k2 + p2t).

� FwMyWZSyNEXF���NO�EGMsEXF�N�I�NO�Wq|wI�MyEXN�EGI�F¬[3_(F�C�ABEGJd_(EXWZUG[�M

ẋ1 = u1(t) cos
(

φ0 −
a2

p2
cos(k2 + p2t)

)

, u1(t)c1(t),

ẋ2 = u1(t) sin
(

φ0 −
a2

p2
cos(k2 + p2t)

)

, u1(t)c2(t).

å W�F�J�W�n

x1(t) = x1(t0) +

∫ t0+t

t0

u1(τ)c1(τ)dτ,

x2(t) = x2(t0) +

∫ t0+t

t0

u1(τ)c2(τ)dτ.

® IDI�i�NC�EGFx|wWZS�EGI3[3EGJ�E,N<_]I�H�A�I�N�EGI�F@n3PRW�PRC�F�NRNID|�K3N9J�I�F�MyN�SpC�EGF�NMRI�F�N�O�W�H�K�F�J�NEXI`F u1
M�K�JpO]NO�CrN

∫ t0+T̄

t0

u1(t)ci(t)dt = 0, i = 1, 2,

H�I`S9M�I�ABW T̄ ∈ R
+ n@é
½�� ½Gn�PRWdSWLNK�SF]NIBN�O�WqEGF�EXN�EoC�U@|:I`M�E,NEXI`FxC�N&N�EGA�W t0 + T̄

~
® IDNO�EGM9W�F�[@n�F�I�N�EoJLWqNO�CrN ci(t), i = 1, 2 n�C�S�Wq|:W�SEXI3[3EoJ�H�K�FwJ�N�EGI�FwMsP6EXN�O²|:W�SEXI3[ 2π

p2

C�Fw[xN�O�C�N
NO�W�JpO�I`EGJ�W k2 = 0 �`EX^`WZM

ci(t) = ci(
2π

p2
− t), i = 1, 2.

® O�W�F$E,H�PRW�JpO�I�I�MyW u1
C�M6C�|wWZS�EGI3[3EoJdH�K�F�J�NEXI`F$P6E,NOx|:W�SEGI([ 4π

p2

P6O�EGJpO�H�K�S�N�O�WZS9M�C�N�EoM<zwWZM

u1(t) = −u1(
4π

p2
− t),

PRWq��W�N
∫ t0+

4π
p2

t0

u1(t)ci(t)dt = 0, i = 1, 2,

P6O�EGJpO$EGA�|�UXEGWZM&NO�CrN6NO�W�^�WZO�EGJ�UXWqP6EGUGU*S�W�N�K�SF]NIDE,N;© M9M<NpC�S�N�EGF���|:I`M�EXN�EGI�F¬CrN t = t0 + 4π
p2

~
® O�W�H
C�ABEXUG_�I�HuH�K�FwJ�N�EGI�FwM�n u1(t)

n�H�K�UXz�UGU*N�O�W�C�i:Ir^�WdA�WZF�N�EGI�F�W [�SWZ¸�K�EGSW�ABW�F�NMREXH�PRWqMyW�N

p1 =
p2

2
,

k1 +
2π

p2
p1 = πn,

H�I`SVM�I�ABW n ∈ Z
~ � F'NO�W�M�EXA�K�UGC�N�EGI�F�M�|�S�W MyWZF`NWZ[³EXF£e(W J�NEXI`F ø ~ Ö n�PRWDO�C{^�WDM�WLN a1 = 0.5, k1 =

−π, p1 = π, a2 = 1.5, k2 = 0 C�Fw[ p2 = 2π n�P6O�EoJpO]H�K�UXz�UGU@NO�WqS�W ¸�K�EXSW�ABWZF`NpMRP6E,NO n = 0
~
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���ñjWNX®W:V�ëä�aZ�V�X2¨mZ�«^t jl\QK�S^{C�N�K�SW ª I`UXUGIrP6EGF���m ] � F�I�NO�W�S�H
C�ABEXUG_æI�H�JLI�F�NS�I`UGM�NO�CrN�ABW�W�N]I�K�S
I`i3ê<WZJLN�EG^�W M6J�C�Fxi:WqWL�(N�SpC�JLN�WZ[�i(_]C�|�|�UX_(EGF��DM<NpC�F�[�C�Sp[�J�K�S�^rC�N�K�SW9H�I`UXUGIrP6EGF���N�WZJpO�F�EG¸�K�W M ~ª S�I`A N�O�W�My_3MyN�W�A [3_(F�C�ABEoJ�M&PRWqI�i3NpC�EGF]NO�CrN

φ = arctan
ẋ2

ẋ1
,

u1 =
√

ẋ2
1 + ẋ2

2,

u2 = φ̇ =
ẋ1ẍ2 − ẍ1ẋ2

ẋ2
1 + ẋ2

2

.

ö WLN
xr

1 = a1 cos(wt)

xr
2 = a2 sin(wt)

[�W�F�I�N�W�N�O�Wq|wWZS�EGI3[3EGJdSWLH�WZS�WZF�JLWdN�SpCrê<W J�NI�S_�n(EXFxNO�EGM9J�C�M�W�n3C�FxWZUXUGEG|�MyW ~'¦ WqO�C{^`W
ẋr

1 = −a1w sin(wt)

ẍr
1 = −a1w

2 cos(wt)

ẋr
2 = a2w cos(wt)

ẋr
1 = −a2w

2 sin(wt),

C�F�[xO�W�FwJLW�PQW�NpC�T`W
u1(t) = w

√

a2
1 sin2(wt) + a2

2 cos2(wt)

u2(t) =
a1a2w

3

u2
1

=
a1a2w

a2
1 sin2(wt) + a2

2 cos2(wt)
.

Ù^S�¬sÚJ¨+ÛA�a]Aé)] � F²|�SEGF�JLEG|�UGW�n:N�O�W�JpO�I�EoJLWVI�HvN�O�W���C�EGF¬|�C�SpC�ABWLNW�SpM�n a1
C�Fw[ a2

n*MyO�I�K�Uo[²[3WZ|wWZF�[
I`F]NO�WqEGF�E,NEGC�U@M<NpCrNW�n x0

n�I`SRABI`S�Wd|�SWZJLEoM�W�UG_�n(N�O�W�[3EGMyNC�F�JLW�N�IBNO�WqJLUGI`M�WZMyN6I�i�MyNC`JLUGW�P6O�EoJpO$J�C�Fxi:W
W M<NEXADC�N�WZ[xi(_DNO�WqSC�F���W�M�W�F�M�I�SpM ~

h1K3NyNEXF��$EXN�C�UXUuN�I`��W�N�O�WZSZn:N�O�WVH�I`UXUGIrP6EXF��]I�iwMyWZS�^`W�S9[3_(F�C�ABEGJZM9EoMd|�S�I`|wI�MyW [xH�I�SdN�O�EGMd|�C�SyNEGJ�K�UGC�S
|�S�I`i�UXWZA$t

ż = −kV

[∂Vρ

∂z

]T

− kQ

[∂Q

∂z

]T

Q, j ø ~ � m
P6O�W�SW kV , kQ > 0 C�SWdM�K�EXNC�i�UX_xJpO�I`M�W�F�I�i�M�W�S^�WZS&�`C�EGF�M ~® O�Wvz�SpM<N@NW�SAEGF�j ø ~ � m*MyWZS�^`WZM�NI9[3SEX^`W�N�O�WQM<NpCrN�WYN�I6NO�W1M�WLN�I�H�H�W C�M�EXi�UXWYMyNC�N�WZMZn FSy

n P6O�EXUGWvN�O�W
I`i3ê<WZJLN�EG^�W�I�H�EGF�JLUGK�[3EGF���N�O�W�M�WZJLI`F�[BNW�SA EoMQN�IBM<NS�EG^�WsN�IrP&C�Sp[�MvNO�WdM�WLN&I�H@I`K3N�|�K3N&¼�IrP�WZ¸�K�EG^rC�UGW�F�N
MyNC�N�W M�n OFu

x

~ e(EGF�JLWVN�O�W MyWqN<PRI]M�WLNpM6H�K�UXz�UGU�NO�W�J�I�F�[3EXN�EGI�F¬I�H ® O�W�I`S�WZA ø ~G} n:P6O�EoJpO¬EXAB|�UGEGWZM9N�O�C�N
NO�W�M�_(MyN�WZAÂEoM&PQW C�T(UG_]MyADC�UXUXg�NEXABW�I�iwMyWZS�^rC�i�UXW`n(C�F(_DN<PQIDMyNC�N�WZM6JZC�FxiwWqUGI3J�C�UXUG_][3EoM<NEXF���K�EoMyO�WZ[ ~® IæI`i3NC�EXFC°H�K�UGUqM<NpCrN�W"I�iwMyWZS�^`W�S nQNO�W³H�K�UXU�I`i�MyWZS�^`W�S�ADC�|�|�EGF���n Φ n9EoM�NIæi:W"[3W JLEo[3WZ[ j���ÀL½ª EG��K�SW ø ~G} m ~ «R_�S�WZUGC�N�EGI�F°j ø ~ Ä mLnwC�F�_�|�C�SpC�ABW�N�W�S6^rC�UXK�W`n si

n�N�I`��W�N�O�WZS6P6E,NO φ n�M�K3¹�JLW�H�I�S�S�W JLI`F3g
MyN�SK�JLN�EGF�� x

~9® O(K�MsNO�W�SWVC�S�WVM�W�^`W�SpC�U�JpO�I�EoJLWZM6H�I�S Φ
~då IrPRW�^`W�S n�EXF²N�O�W�J�C�M�WqI�HvH
C�K�UXN<_xABW C�M�K�S�W�g

ABWZF`NpM�n([3EX¯:WZS�WZF�NY|�C�SpC�ABWLNW�Sv^rC�UGK�W MvABEX�`O`NQ��EG^�W&EXFwJLI�FwMyEoM<NW�F�N1MyNCrNW6WZMyN�EGADCrN�EGI�F�n�P6O(_VH�I`SYEGF�M<NpC�F�J�W
CDM�EGA�|�UXW�^�W J�NI�SsC{^�WZSC���W9JZC�FxiwW�JpO�I`M�W�F ~® O�W1H�I`UXUGIrP6EXF��9|�SI�|:I`M�E,NEXI`F�C�[�[�S�W M�M�WZM@N�O�W6JLI`F(^�W�S��WZF�JLWv|�S�I`|wWZSyNEXW M�I�H�N�O�WR|�SI�|:I`M�WZ[�I`i�MyWZS�^`W�S ~
§©¨mZuÞ�Z�ß®WNX®WNZ�VO�a]:_u]�` çpç��JiD�1�Yb��6�pÿ����±��ÿr�3èr��ý9é�� º çwû1�pçp�*ý�����éGfrèr�±éGf{��èr��� c ÿr�Yb c ÿr�3�:ý`�pýdè��:ý&¾��L���L��è��l�
þ�����é
ÿZý�é
��iDÿr�±é
ÿr��ç�½���b��L�B�Yb��6�Lç���éGiDèr�±é
ÿr��������ÿr�&ÿ<ÀQ�Gb���þ:��ÿpþ�ÿrçL�pýqÿ c ç����Df{����j ø ~ � mQéoç1�Xÿ �è������ c ÿr�3�:ý`�pý
è��:ýx�pèr� c �aiBè`ý��Bèr� c é����èr��é����DçDiDèr��� c �D�±�3��é��(¾D�Yb���ÿ c çL���Dfr�L�Rþ�èr��è~iB�����L�pç e kV

è��:ý kQ
½
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³&��ÿZÿyÀL½ ö WLN z(t) C�F�[ ẑ(t) [�W�F�I�N�WYNO�WQN�SK�WQC�F�[�W M<NEXADCrNWZ[�MyNC�N�W MuSWZM�|:WZJ�NEX^`W�UG_dC�F�[VM�WLN δz = ẑ−z

~
ù�WLzwF�EXF���C�JZC�F�[�EG[�C�N�W ö _`C�|�K�F�Ir^�H�K�F�JLN�EGI�F

V (δz) =
1

2
δzT δz =

1

2
‖δz‖2,

NO�W�N�I�NC�U�[3W�SEG^{C�N�W�I�H V C�UGI�F���N�O�WqI�i�M�W�S^�WZSR[3_(F�C�ABEGJZM�j ø ~ � mRi:WZJ�I�ABWZM

V̇ = −δzT
[

kV

∂V T
ρ (ẑ)

∂ẑ
+ kQ

∂Q(ẑ)T

∂ẑ
Q(ẑ)

]

− δzT ż.

� H δz EGM9MyK3¹�J�EXWZF`NUX_�MyADC�UGU±n3N�O�WZF$PQW�O�C{^`W

vij(ẑ) ≈ ∂vij(z)

∂z
δz, Q(ẑ) ≈ ∂Q(z)

∂z
δz.

´ IrPqn
∂Vρ(ẑ)

∂ẑ
=

l−1∑

i=1

∑

j>i

vij(ẑ)T ∂vij(ẑ)

∂ẑ
,

NO(K�M�n
V̇ = −δzT A(t)δz − δzT ż + O(‖δz‖2)

P6O�W�SW�n
A(t) = kV

l−1∑

i=1

∑

j>i

∂vij(z)T

∂z

∂vij(z)

∂z
+ kQ

∂Q(z)T

∂z

∂Q(z)

∂z
.

e3EXF�J�W�N�O�W�J�I�F�[�E,NEXI`F�I�H ® O�WZI�SW�A ø ~X} EoM&H�K�UXz�UXUGWZ[@n

a(t) =
[√

kV

∂v12(z)T

∂z
, · · · ,

√

kV

∂vl−1,l(z)T

∂z
,
√

kQ

∂Q(z)T

∂z

]

EoM6I�H�H�K�UGU�SpC�F�T�n�N�O�W�SWLH�I�SW
A(t) = a(t)T a(t)

EoM�C�UGPRC{_3MqI�H6H�K�UXURSpC�F�T�nvC�F�[°N�O(K�MZnv|wI�MyEXN�EG^�W][�WLz�F�EXN�W]H�I�SBC�F(_³z��3WZ[ t
~ ù�K�W�N�I¬NO�Wx|wWZS�EGI3[3EGJ�E,N<_

C�F�[][�E,¯�W�SW�F�N�EoC�i�EXUGE,N<_�C`M�M�K�AB|3NEXI`F�M�j
I�F u C�F�[DNO�W�MyABI(I�NO�F�WZMMQI�H@NO�W�I�N�O�W�SRABC�|�|�EGF��`Mpm�n A(t) EGM
|:W�SEGI([�EGJqC�F�[ ż(t) EoM&iwI`K�F�[3W [ ~Y® O(K�M6EXH�PRW�UXW�N kV > k, kQ > k n3PRWdOwC{^�W

V̇ ≤ −kγ‖δz‖2 + P‖δz‖,
P6O�W�SW γ, P > 0

~Y® O�EoMsMyO�IrPsMRN�O�C�N6N�O�W�M�EX�ZW�I�H�N�O�WV[�WZM�EX�`F�|�C�SC�ABWLN�WZS k n�i:I�K�F�[�MsC�F�[�NK�F�WZM6N�O�W
W M<NEXADC�N�EGI�F$W�SS�I`S ~
ß À:î æ&;
	 7O���03;y41/O�
� F$NO�EoM9M�WZJ�NEXI`F¬PQW�J�I�F�M�Eo[3W�S6NO�WVJZC�M�WqP6O�W�F$NO�W�SI�i:I�NsEoMsWZ¸�K�EG|�|:WZ[$P6EXN�O$N<PRIDSC�F���W�g±ABW C�M�K�S�EGF��
M�W�FwMyI`SM�j l = 2 m9C�F�[²ABIr^`WZMsEGF�M�EG[�WVNO�W�MC�ABW�W�UGUXEG|3N�EoJVz�W�Uo[»C`M�J�I�F�M�EG[�W�SWZ[¬EGF ø ��C�A�|�UXW ø ~G} C�F�[
[�W�|�EoJ�NWZ[¬EGF ª EX�`K�SW ø ~ � j�P6EXN�O c1 = 3 C�F�[ c2 = 2 m ~ � F»P6O�CrNsH�I`UXUGIrPsMZn x C�F�[ z P6EGUXU�[3WZF�I�NWqN�O�W
NS�K�W9M<NpCrNWZMvP6O�EGUGW x̂ C�F�[ ẑ P6EGUXU:[3W�F�I�N�W&NO�WsW M<NEXADCrNEXI`F�MvI�HwNO�W�A ~v� UGU�NS�K�WsMyNC�N�W MvP6EXUGU�i:Ws|�UGI�N�N�W [
P6EXN�O�i�UGK�W{ë�[�C�M�O�WZ[�UXEGF�WZMZn(P6O�EGUXWdWZMyN�EGADCrN�EGI�FwM1P6EGUXU:i:W��`SC�|�O�WZ[�EXF�SWZ[:ërM�I�UGEG[ ~�® O�WdS�I`iwI�NRMyNC�SyNpMYI�¯
H�SI�A x(0) = [1, −1, π

2 ]T n�P6O�EGJpO°JLI`S�SWZM�|:I�F�[�M�NI z(0) = [ 23π
4 , 242π

1101 , π
2 ]T EGF"N�O�W Z− My|�C`JLW ~® O�WqI�i�M�W�S^�WZSREoM6EGF�EXN�EoC�UGEX�ZWZ[$CrN ẑ(0) nwC$��èr��ý�ÿmi������`W�F�WZSC�N�W []|:I�EGF�NsEXFxN�O�Wq^�EoJLEGF�EXN<_]I�H z(0)

~Y® O�W
I`i�M�W�S^�W�S&��C�EGF�M&C�SW�M�WLN&NI kV = 5, kQ = 1

~
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Erros in z−space; estimations in red/solid
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φ

ª EG��K�SW ø ~ Ä t º i�M�W�S^rCrN�EGI�F�W�SS�I`SQEGF Z g�My|wC�JLW ~

ª EG��K�SW ø ~ Ä MyO�IrPsM1N�O�W9NSC�ê<WZJ�NI�S_VI�H@N�O�WdJLI`A�|:I�F�W�F�NMQI�H z(t) j�EGF�[�C`MyO�W [wë{i�UXK�W{mYC�F�[ ẑ(t) j
EXF
M�I�UGEo[wë{SWZ[�m ~v® O�EGM6z���K�SW�MyO�IrPsMRNO�W�JLI`F(^�W�S��WZF�JLW�I�HuN�O�WqI`i�MyWZS�^`W�S&EGF]NO�W Z g�My|wC�JLW ~

º HQA�I`S�W�|�SpC�JLN�EoJ�C�U�EGA�|:I�S�NC�F�JLW�O�IrPRW�^`W�S nwEoMdN�O�WDJ�I�F(^�WZS��`W�F�J�W�I�H x̂(t) N�I x(t) EGF³N�O�WDMyNCrNWLg
M�|�C`JLW�n X ~ ª EG��K�SW ø ~¿Ö M�O�IrPsM&NO�WVI`i�MyWZS�^rC�N�EGI�F$W�SS�I`SM6C`MsABWZC`MyK�S�W [xC�H�N�WZS9ADC�|�|�EXF�� ẑ EXF�NI x̂ i(_
ABW C�F�M6I�H�NO�W�H�K�UGU@I�i�M�W�S^�WZS&ABC�|�|�EGF���n Φ ~
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−1

0

1

2
Erros in x−space; estimations in red/solid
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−2
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x 2
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1
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Time

φ

ª EX�`K�S�W ø ~¿Ö t º iwMyWZS�^rCrNEXI`F]WZS�SI�S&EGF X glM�|�C�J�W ~
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þ ?�?�Î ª�� È · J�I�F�N�SI�U9[�WZM�EX�`FÕN�WZJpO�F�EG¸�K�W M�SWZ¸�K�EGS�W¬T(F�IrP6UGWZ[���W²C�i:I�K�NxCrN�UXW C�MyN�MyI`ABW²|�C�S�NM�I�H

N�O�W²MyNC�N�W$^�W J�NI�S ~ � HqC�UGU&N�O�W²M<NpCrN�W$^rC�SEoC�i�UGWZMBF�W JLW M�MC�S_"H�I�SBN�O�W²JLI�F�NS�I`UsMy_3MyN�W�AðJ�C�FòF�I�N
i:W»[3EGSWZJ�NUX_¶ABWZC�M�K�SWZ[*nRP6O�EoJpOÕEGM�C»N<_(|�EoJ�C�U9M�E,NK�CrNEXI`FòEGFóJLI`AB|�UXW��òM�_3M<NW�ADM�nRPRW¬AVK�MyN]C�EGAðC�N
I`i3NC�EXF�EXF���C�F»�Lç���éGiDèr����I�H*N�O�W9K�F�T(F�IrP6F�M<NpCrN�W9^{C�S�EoC�i�UXW M ~ ª I`SQC�[3_(F�C�ABEGJZC�UwM�_3M<NW�A$n3C�F»ÿ c ç����Df{���
EoMdC�F�I�N�O�WZS9[3_(F�C�ABEoJ�C�UuM�_(MyN�WZA P6O�I`M�W�NC�M�TxEGM9N�I�SWZJ�I�F�MyN�SK�JLNsA�EoMMyEGF��]MyNC�N�W�EGF3H�I�SADCrNEXI`F@n�P6O�EGUGW
I`F�UG_]K�M�EXF��BC{^rC�EXUoC�i�UGW�ABWZC�M�K�SW�ABW�F�NpM ~v® O�WqEGF�|�K3N6NIBN�O�WqI`i�M�W�S^�W�S&EoMRN�O�WVI�K3N|�K3NsI�H�N�O�WqI�SEX�`EXF�C�U
M�_3M<NW�A j
P6O�EoJpO³ADC{_¬EGF�JLUGK�[3WBEXNM�EGF�|�K3N�m�n�C�F�[²NO�WBI�i�M�W�S^�WZS9EoM�WL�3|:WZJ�NWZ[»N�Ix|�SI([�K�JLWDC�MdI`K3N�|�K�N
C�F$WZMyN�EGABC�N�W�I�HvM�I�ABWqM<NpCrN�WdH�K�FwJ�N�EGI�F$I�HuNO�WqI�SEX�`EXFwC�U*My_3MyN�WZA ~

\QI`F�M�EG[3WZS&N�O�W�F�I`F�UGEXF�W C�Ss[3_(F�C�ABEGJZC�U@M�_(MyN�WZA

Σ :

{
ż = F(z, u)
y = h(z, u)

P6EXN�ODMyNC�N�W z ∈ Z n�J�I�F�N�SI�U u ∈ U C�F�[�I�K3N|�K3N y ∈ Y ~�å WZS�W`n Z ,U C�F�[ Y C�SW&MyABI(I�NOVADC�F�EXH�I�Uo[�M ~� UXU�ABC�|�|�EGF��`M&EGFxN�O�EoM6|�C�|wWZSZn�C�S�WqC`M�M�K�ABWZ[]N�IBi:W�MyABI(I�NO ~
} ���
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RTSQU�V�WYXEWNZ�V��©]N_ j º i�M�W�S^�WZSpm ]h` ý��r�:èmi�é
�pèr�Rç��{ç��l�2içgvé��Yb°çp��èr���!iBè���é ÀLÿr�Gý W e é��rþ��3�<iDèr�wé ÀLÿr�Xý
Y e ��ÿ�¾����Gb��L��gvé��Yb³è�iDèþ`þ:é���¾ F̂ : (W ×Y) → TW éoç�èr� I`i�M�W�S^�W�SQÀLÿr�V�Yb���ç��{ç��l�2i Σ e é Àq�Yb������
�ü`éoç��
ç¬è"çDiBÿ ÿr�Yb�iDèþ�þ�é���¾ Ψ : Z → W e ç����5bò�Yb�èr�V�Gb��²ýré
èZ¾���è~i ç
b�ÿmgv�óé�� ¡ é,¾��3��� ¡ ½ ª ´ �Yb��
ý`è{ç
b��pý³èr����ÿ~gf�ü(�L����ý`�pý5· e �ÿ~ihi��3����ç�½���b��]ÿ c ç��L�Dfr����¾�éGf{�Lç�èxH�K�UGUYM<NpCrN�W�S�W JLI`F�M<NS�KwJ�N�EGI�F¶é À��Gb��L���
éoç]è{iDèþ`þ:é��(¾ Z : (W × Y) → Z ç����5b"�Gb�èr���Gb��9Àp�3���1ý�é
è�¾���èmi÷é�� ¡ é,¾��3��� ¡ ½ ª éoç��pÿmi�i��3��èr�±éGf{�´ J�H ~�� ª�� èr�:ý � ü � ·�½

Z W

Ψ∗
τZ

πZ
Z × U

(Ψ ◦ πZ , h)
W ×Y

τW

πW

TZ TW

Z

F F̂

ª EX�`K�S�W ª ~G} t1\QI�ABAVK�NCrNEX^`Wq[3EGC���SpC�Ak[3W�z�F�EGF���C�FxI�iwMyWZS�^`W�S ~

� F$NO�WV[3EoC��`SC�AÂI�H ª EG��K�SW ª ~X} n Ψ∗
[3W�F�I�N�W M&N�O�W�NC�F���W�F�N9ADC�|�|�EGF���n π EoMs|�S�I�ê<WZJ�NEXI`F$K�|wI`F²C

\RC�SyNWZM�EGC�F]H
C`J�NI�S n�P6O�EXUGW τ [3W�F�I�N�W MRN�O�Wq|�SI�ê<W J�NEXI`F]I�H�N�O�W�NC�F���W�F�N6i�K�Fw[3UXW ~� JZJLI`S[3EGF���NIVù9W�z�F�EXN�EGI�F ª ~G} n`N�O�W�I�i3ê<W J�NEX^`WsP6O�W�F�[�WZM�EX�`F�EXF��VCq��WZF�W�SpC�U�I�i�M�W�S^�WZSZn�EoMvNIqN�SpC�JpT
Ψ(z) nrSC�N�O�WZS@N�OwC�F z E,NpMyWZU,H ~�® O�WRMy|:WZJ�EGC�U(JZC�M�WYP6O�WZF Ψ WZ¸�K�C�UGM�N�O�WQEo[3W�F�NE,N<_�ADC�|�|�EXF��dC�F�[ W = Z n
EoMqI�H�N�W�F°SWLH�WZS�SWZ[»N�I²C`MqC�FÕé
ý������±é��±�»ÿ c çL���Dfr�L� ~$� UoMyIwn�F�I�N�WBNO�CrN�NO�W�MC�ABWDI�i�M�W�S^�WZSq[3_(F�C�ABEoJ�MZn
F̂ n*ADC{_xC�UXUGIrP M�W�^�WZSC�UQýré Ú��L�������9H�K�UGU�I`i�M�W�S^�W�S9ABC�|�|�EGF��`MZn Z n*C�F�[¬N�O�C�NdEGF»�`W�F�WZSC�U�n:CDH�K�UGUvM<NpCrN�W
I`i�M�W�S^�W�S

Σ̂ :

{

ẇ = F̂(w, y)
ẑ = Z(w, y)

ADC{_²��ÿr�&i:Wd|�K3N9EGF]NO�W�H�I�SA ˙̂z = Ξ(ẑ, y)
~

� MsCBJLI`F�MyW ¸�K�W�F�J�W�I�HuNO�EoMs[3WLzwF�E,NEXI`F@n�C�F�I`i�MyWZS�^`W�SRO�C�MRNO�W�H�I�UGUGIrP6EXF��B|�SI�|:W�S�N<_�t
§©¨mZuÞ�SQ¨+X"â��©]:_u]

w(t0) = Ψ(z(t0))
èr�sç�ÿ~iB����éGiD�Dé���çp��èr���p� t0 e �ré
���Xýrç w(t) = Ψ(z(t)) ÀLÿ��]èr���

t ≥ t0
½

� NsEoM6C�UoM�I�SWZC`MyI`F�C�i�UXW9N�IDSWZ¸�K�EGS�W�N�O�W�C`[�[3EXN�EGI�F�C�U*|�SI�|:W�S�N<_:t
§©¨mZuÞ�SQ¨+X"â��©]At)]n` çB�±éGiD�qþ���ÿ ��p�pý{ç e �Yb������è@o��p�L��ÿr��é
�Lç w(t) è��:ý Ψ(z(t)) �pÿr�uf{����¾���çÕ��ÀLÿ��x�2f{�����
é���þ:�3��½

® O�EGM�M�WZJLI`F�[¬|�SI�|:W�S�N<_�n�é
½�� ½Gn*N�O�WBJ�I�F(^�WZS��`W�F�J�Wq|�SI�|:W�S�N�EGWZM�I�HYNO�W�I`i�M�W�S^�W�S n:ABC{_$i:WD[3W�ABI�F�g
MyN�SpCrNWZ[³EXF°[3EX¯�W�SW�F�N�PRC{_3M ~ � H G EGMqC{�6EGW�ADC�F�F�EGC�F³ABW�N�SEGJBI`F W n�P6O�I�MyW ö EGW�[3WZS�EG^rCrN�EG^�WBC�UGI�F��
NO�Wd^�WZJLN�I`Svz�W�Uo[ F̂ n(EGM1F�W���CrN�EG^�WsH�I�S1WZ^�WZS�_�EXF�|�K3NZn y n (LF̂G < 0) n`NO�W�F�N�O�WH�6EXWZADC�F�F�EoC�F�[3EGMyNC�F�JLW
i:WLN<PRW�WZF�C�F(_�N<PRI�N�SpCrê<W J�NI�SEXW M�N�W�Fw[�MYNIq��WZS�I�j�
ÀL½:ì � î m ~v® O�EoMYEoM1C�|�SI�|:W�S�N<_VI�H�N�O�W9J�I�F�N�SI�UwMy_3MyN�W�A
W C�UGI�F�W ~ � F²JLI�F�ê<K�F�J�NEXI`F¬P6E,NO²hYSI�|:W�S�N<_ ª ~G} n�NO�EoMsEGA�|�UXEGWZM9hYS�I`|wWZSyN<_ ª ~ ��~ õ²I�SWq|�S�W JLEoMyWZUX_`n�PRW
OwC{^�WdN�O�C�N

d

dt

∫

Υt

F̂
ρ0

ds =

∫

Υt

F̂
ρ0

1

2
(LF̂G)(

dτ

ds
,
dτ

ds
)ds,

%��
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M�IBE,H LF̂G < 0 n(NO�W�F

inf

∫ w2(t)

w1(t)

ds ≤
∫

Υt

F̂
ρ0

ds <

∫

ρ0

ds , inf

∫ w2(0)

w1(0)

ds.

w1(0)

w2(0)

ρ0

w1(t)

w2(t)

Υt

F̂ρ0

ρt

ª EG��K�SW ª ~¿� t ® O�W"UXWZF���NOôI�HVN�O�W"��WZI([�WZM�EGJ³JLK�S^�W ρt
ndiwW�N<PQWZW�FóN<PRI£NSC�ê<WZJLN�I�SEGWZM][�WZJLSWZC`MyW M]EXH

LF̂G < 0
~

å IrPQWZ^�WZSZn(NO�WVC�MM�K�AB|3N�EGI�F�N�O�C�NsN�O�W�I�i�M�W�S^�WZS6[3_(F�C�ABEoJ�M&EoMsJLI`F`NSC`J�NEX^`W�n3EoM6^�WZS�_�SWZMyN�SEoJ�N�EG^�WqC�F�[
EGF$ABI`MyN9J�C�M�WZMZn(hYSI�|:W�S�N<_ ª ~ � O�C`MRN�IDi:W�MyO�IrP6Fxi(_�ABWZC�F�M&I�H�[3EXSWZJLN ö _�C�|�K�F�Ir^DA�W�N�O�I3[�M ~

� F'NO�EoM�|�C�|wWZSZn�PQW�MyN�Kw[3_»NO�W]I`i�M�W�S^�W�Sq[3W MyEG��F'|�SI�i�UXWZA H�I`SVC¬JLUoC�MMqI�H6F�I`F�UGEXF�W C�SVM�_3M<NW�ADMZn
f éL° ½ ø K�UGW�S�g ö C��`SC�F���W�M�_(MyN�WZADM�nwP6O�W�SW�N�O�WVI�K3N|�K3N�I�H�N�O�WVM�_3M<NW�A EGM�C�MMyK�ABW []NI�i:WqN�O�W���WZF�W�S�g
C�UXEG��W [D|:I`M�E,NEXI`F�C�Fw[BH�I�SpJLW`n�C�F�[BN�O�W��`I`C�UwEGM1N�I�SWZJLI`F�MyN�SK�J�NYNO�Wd��W�F�W�SpC�UGEX�ZWZ[B^�WZUXI3J�E,NEXW M ~�� F�I�H�N�WZF
|�SC`J�N�EoJLW [$MyI`UXK3NEXI`FxN�IBN�O�W�|�SI�i�UGW�AkI�H�SWZJ�I�F�MyN�SK�JLN�EGF���N�O�W�^`W�UGI3JLEXN<_�^rC�SEGC�i�UXW M&EGM6N�IDF(K�ABW�SEGJZC�UGUX_
[�E,¯�W�SW�F�N�EoCrNW�NO�W�T(F�IrP6F°|:I`M�E,NEXI`F°A�W C�M�K�SW�ABW�F�NM ~¬® O�EoM�C�|�|�SI`C�JpO"O�IrPRW�^`W�S n@H
C�EGUoMqN�I³|wWZSyH�I`S�A
H�I`S&O�EX�`O]C�Fw[DH
C�MyN&^{C�S�_(EGF���^`W�UGI(J�E,NEXW M�n(i�K�NRF�C�N�K�SpC�UGUG_BC�UGM�IVP6O�W�F�NO�Wd|wI�MyEXN�EGI�F�A�W C�M�K�SW�ABW�F�NMQC�SW
J�I�SS�K�|3N�W []i(_�F�I`EGM�W ~

® O�W ø K�UGW�S�g ö C���SpC�F���W]W ¸�K�CrNEXI`F�MBC�SW"é��w����é���ç�é
�¬C�F�[¶ADC{_£i:W¬P6S�EXNyNW�FÕEXF�C'JLI(I`S[3EGF�C�N�WLg±H�SW�W
P&C{_"ì Ä î ~ � NdEoM�F�CrNK�SC�U@NI]T�WZW�|¬NO�EoM�J�I�I`S[�EXF�C�N�W�EGF�[3WZ|wWZF�[3WZF�JLW�EXF»N�O�W�I�i�M�W�S^�WZS9[3W MyEG��F»C`MsPRW�UGU ~® O�WO�6EGW�ADC�F�F�EGC�F��`W�I`A�W�N�SEGJR|:I�EGF�N1I�H*^(EXWZP¶OwC�MvEGF3¼�K�WZF�JLW [B|�C�S�NYI�H*JLI`F�N�SI�U(N�O�W�I�S_�n��Z½¿¾�½Gn�I�|3NEXADC�U
J�I�F�N�SI�U@C�F�[xJLI�F�NS�I`U�[�WZM�EX�`F ~Yå IrPRW�^`W�S n�NO�WqEXAB|�C`J�NsI`F�I`i�MyWZS�^`W�S&[3WZM�EG��F@n�OwC�M&i:W�W�F$ABI3[3WZMyN ~

� FÕì Ö î n*N�O�W�C�K3NO�I�SpMqMyKwJ�JLW M�MyH�K�UGUX_³C�[3I`|3N�N�O�WBH�I`S�ABW�SUG_¬A�WZF�N�EGI�F�W ["J�I�F�N�SpC�JLN�EGI�F"C�F�C�UX_3M�EGM�C�|�g
|�S�I�C�JpO¶N�IæC`[�[3SWZMMDJLI�F(^`W�S��W�FwJLWxI�H�C�FÕEGF`NS�EGF�M�EGJ$I`i�M�W�S^�W�SBH�I`S ø K�UGW�S�g ö C��`SC�F���W$M�_(MyN�WZADMDP6E,NO
|:I`M�EXN�EGI�FæABW C�M�K�S�WZABW�F�NM ~"® O�WZM�W�SWZM�K�UXNM�O�C{^�W�iwWZW�F¶M�|:WZJLEoC�UGEG��WZ[°N�I³N�O�W$J�C`MyW�I�H9UGWLH�NBEXF(^rC�SEoC�F�N
M�_3M<NW�ADMqI`F ö EXWD�`S�I`K�|�M�EGFÕì � î ~ � F'NO�WD|�SWZM�W�F�N�|�C�|wWZSZnuPQWBWL�(NW�F�["NO�WDS�W MyK�U,NpMqI�H�ì Ö î i(_»K�M�EGF��ö _`C�|�K�F�Ir^»N�O�WZI�S_²N�I"MyO�IrP J�I�F(^�WZS��`W�F�J�W�EGF'N�O�W�JLI`F�MyNC�F�NVJ�K�S�^rC�N�K�SW�J�C`MyW`nuP6O�WZF�W�^`W�S�PQWDO�C{^`W
è$þ:��é
ÿ���é��`EX^`W�Fæi:I�K�F�[�MDI`FæNO�W¬^�WZUXI3JLEXN<_£^rC�SEoC�i�UGWZM ~ � FòNO�W²J�C`MyWxI�H�|�O(_3MyEoJ�C�U�j
ABWZJpO�C�F�EGJZC�U6I`S
WZUXW J�NS�EoJ�C�Uom ø K�UGW�S�g ö C��`SC�F���WdMy_3MyN�WZABMZn(N�O�EGMsC`M�M�K�AB|3NEXI`F�EoMsC�S�W C�UGEGMyN�EoJ�I�F�W ~

® O�W»I�S�`C�F�EG�ZCrNEXI`FÕI�H�NO�EGM�|�C�|wWZS�EoM�C`M�H�I`UXUGIrPsM ~ e(W J�N�EGI�F ª ~ � EGMx[3W�^`I�NWZ[ÕNIæEGF`NS�I3[3KwJLEGF��
M�I�ABWd|�SW�UGEXABEGF�C�S_�J�I�F�J�W�|3NpMRI�H@NpC�F��`W�F�NQi�K�F�[3UGW��`W�I�ABW�N�S_$j±e(WZJLN�EGI�F ª ~¿�3~G} mQC�F�[ ø K�UGW�S�g ö C��`SC�F���W
M�_3M<NW�ADM$j�e(W J�NEXI`F ª ~ ��~ � m ~°® O�W$[3WZM�EX�`F£I�H9N�O�WxI�i�M�W�S^�WZSVEoM�NO�W$MyK�i�ê<WZJ�NBI�H�e(WZJLN�EGI�F ª ~ � nYP6O�EGUGW
e3WZJ�NEXI`F ª ~ Ä EGMD[3WZ^�I�N�WZ[£N�I"N�O�W$J�I�F(^�WZS��`W�F�J�W�|�SI�|:W�S�N�EGWZM�I�HdE,N ~ ª EGF�C�UGUG_�nYNO�WZM�W$|�SI�|:W�S�N�EGWZMBC�SW
EGUGUXK�MyN�SpCrNWZ[xEGF¬e3WZJ�NEXI`F ª ~¿Ö n�P6O�W�SWdPRW�|�SWZM�W�F�NsMyI`A�WqM�EXA�K�UoCrN�EGI�FxSWZM�K�U,NpM ~
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ö�Ø � Ø±Ù �9Ý)�l��Û���Þ»×��l�QßRÜ±Ûà�'Û�á��óÛ�Þ�ã��
® O�EGM�|�C�|:W�S�C�MMyK�ABW M9CB|�SW�^(EGI�K�M6T(F�IrP6UGWZ[���WqI�HYJ�UGC`M�M�EGJZC�U*NW�F�M�I�S�C�F�C�UX_3M�EGMsC`MsPRW�UGUuC`M&H
C�ABEGUXEoC�SE,N<_
P6EXN�OÕJLI(I`S[3EGF�C�N�WLg±H�SW�W�J�I�F�J�W�|3NpMVUGEGT�W�NC�F���W�F�NBi�K�F�[�UXW`n ö EGW$[3W�SEX^rC�N�EG^�WZM�C�Fw[æCr¹DF�W$JLI`F�F�W J�N�EGI�FwM
j�JLI`F�MyK�U,N nR� ½¿¾`½GnYì � î I`SBì ï î m ~B® O�S�I`K���O�I�K3NdN�O�WD|wC�|:W�S n ø EXFwM<NW�EGF'M�K�ABADCrNEXI`F"J�I�F(^�WZF`NEXI`F²EoM�K�MyW [
jyé
½��Z½GnuPQW�MyK�AÁIr^�W�SdC�UGUuEGF�[3EoJLW M�C�|�|:WZC�S�EGF��]SW�|:WZC�N�W [3UX_�mLn:|wC�S�N�EoC�U�[3W�SEX^rC�N�EG^�WZM�C�SWVEGF�[3EoJ�C�N�WZ[»P6E,NO
CBJ�I�ABADC�n U,i = ∂U

∂xi

n3P6O�EGUGW�J�Ir^rC�SEGC�F`N&[3W�SEG^{C�N�EG^�W M1I�HuJLI`F`NSC{^rC�S�EoC�F�NYNW�F�M�I�SpM&C�SW9EGF�[3EoJ�CrNWZ[�P6E,NO
C�i�C�S n F i

|j = F i
,j + Γi

kjF
k ~ � H gij

C�S�W�NO�WVJ�I�AB|wI`F�W�F�NpM6I�HYC��6EGW�ADC�F�F�EoC�F$ABWLN�SEoJ�n gij [3W�F�I�N�W M
NO�W'JLI�AB|:I�F�WZF�NM�I�HqN�O�W"[3KwC�UBj
÷�EGF(^�WZSM�WQ÷Zm�A�W�N�SEGJ�n�C�F�[ÕN�O�W"J�I�AB|wI`F�W�F�NpM�I�HVN�O�W ö W�^(EXg<\QEG^(E,NpC
J�I�F�F�WZJ�NEXI`F�MBj�NO�W�\QO�SEGMyN�I�¯:WZU�M�_(AVi:I�UoMm�C�SW���EG^�W�F³i(_ Γi

jk(x) = 1
2gil(glj,k + gkl,j − gjk,l)

~ «Q_
�`SC`[ U n3PQWqABW C�F�N�O�Wq^`WZJ�NI�SRz�WZUG[ gijU,j

∂
∂xi

~Y® O�W�J�K�S�^rC�N�K�SW9NW�F�M�I�S n R n�EoM6[3WLz�F�WZ[xi(_
R(X, Y )Z = (∇X∇Y −∇Y ∇X −∇[X,Y ])Z.

¦ EXN�O$NO�WqEGF�[3WL��I�Sp[3W�SEXF���J�I�F(^�WZF`NEXI`F�MQH�S�I`A ì � î n3N�O�W�N<_(|:W (1, 3) N�WZF�MyI`S R O�C`M6JLI�AB|:I�F�WZF�NM

R i
j kl

∂

∂xi
= R(

∂

∂xl
,
∂

∂xk
)
∂

∂xj
,

M�I�N�O�C�N
R i

m jk = Γi
mj,k − Γi

mk,j + Γi
nkΓn

mj − Γi
njΓ

n
mk,

C�F�[�N�O�W�NO�W��6EoJ�J�E*EG[3WZF�N�EXN<_�n
Y i

|j|k − Y i
|k|j = R i

m jkY m, j ª ~X} m
O�I�Uo[�M   ~

¦ WxF�IrP S�WZ^(EXWZP M�I�ABW�UXW M�M�PQWZUXUXglT�F�IrP6FæJLI`F�M<NS�KwJ�N�EGI�FwM�n�F�C�A�WZUX_'UGE,H�NEXF��³�`W�I�ABW�N�SEGJZC�UQMyN�SK�JLg
NK�SWZM&I�F$C�ABC�F�EXH�I�Uo[ X N�IB��WZI�ABWLNS�EoJ�C�U:MyN�SK�JLN�K�SWZMRI�FxEXNMRNC�F���WZF�N&i�K�F�[3UGW�n TX j���ÀL½@ì � î m ~Y® O�WZM�W
I`|wWZSC�N�EGI�F�M�P6EGUGU3iwW6O�WZUX|�H�K�U�P6O�EGUXWsMyN�Kw[3_(EXF��dNO�WsJLI`F�^`W�S��WZF�JLWQ|�S�I`|wWZSyNEXW M�I�HwN�O�W6I`i�MyWZS�^`W�SuN�O�SI�K���O
J�I�F�N�SpC�JLN�EGI�F¬C�FwC�UG_(M�EoMqj�e(W J�N�EGI�F ª ~ Ä�~ � m ~ ö WLN x iwW�UXI3J�C�U�JLI(I`S[3EGF�C�N�WZM&I`F X C�F�[ (x, v) NO�WVJ�I�SS�W�g
M�|:I�F�[3EGF��DEGF�[3K�J�WZ[$JLI(I`S[3EGF�C�N�WZMRI`F TX ~
ú ® O�W²fr������é
�pèr�Q��é Àp�qI�HsC$^`WZJ�NI�S�z�WZUG[ Y = Y i ∂

∂xi

I�F X n�EoM�N�O�W]^�WZJLN�I`S�z�W�Uo['I�F TX ��EG^�WZF"i(_
Y V = Y i ∂

∂vi

~
ú ® O�W�b�ÿr��éL° ÿr�w�lè��u�,é Àp�6I�H Y [3W�|:W�F�[�M6I�FxN�O�WVJpO�I�EoJLW�I�HvCDJ�I�F�F�WZJ�NEXI`FxC�F�[xEGM6N�O�W�^`WZJLN�I�S&zwW�Uo[$I�F

TX ��EG^�WZF]i(_ Y H = Y i(∂
∂xi − Γm

li vl ∂
∂vm )

~
ú ® O�W�¾��ÿ ý��Lç�é
�Vç�þ���èr�DEoM&C�^�WZJLN�I`S1z�WZUG[ O

Z
I�F TX n(K�F�Eo¸�K�W�UG_]J�I�F�MyN�SK�J�NWZ[�H�S�I`AkC�J�I�F�F�WZJ�NEXI`F ∇I�F X C�M O

Z= vi ∂
∂xi − Γi

jkvjvk ∂
∂vi

~
� H φ EoMRC�[3EX¯:WZS�WZF�N�EoC�U:H�I�SA I�F X n τ∗φ [3W�F�I�N�W M1EXNM&|�K�UXUGi�C`JpTBN�I TX ~v� [�E,¯�W�SW�F�N�EoC�U } g�H�I`S�A φI`F X nwC�UGM�ID[3WLzwF�WZMsCDMJ�C�UGC�S&H�K�F�JLN�EGI�F

I(φ) I�F TX ��EG^�WZF�i(_
I(dxi) = vi j ® O�EGM9F�I�NpCrN�EGI�F$EoM6F�I�N

MyNC�F�[�C�S[ ~&® O�WqUGWLN�N�W�S
I
MyNC�Fw[�M&H�I�SVé
ý������±é ûQ�pèr�±é
ÿr�wn:M�EXFwJLWVCDJ�Ir^�WZJLN�I`S φ n:EXF²CDM�W�FwMyW`nwC�UGSWZC�[�_²éoçVC

H�K�F�J�NEXI`F¬I�F�N�O�W�NpC�F��`W�F�N6^�WZJLN�I`SMpm ~�® O�W
I
JLI`F�MyN�SK�J�NEXI`F�W���NW�F�[�MRN�IDO�EG��O�WZS&I�Sp[3W�S&NW�F�M�I�SpM ~ø �(|�S�W M�M�EXI`F�MVH�I�S�N�O�Wxi�SpC�JpT`WLN�i:WLN<PRW�WZF£NO�WZM�W�UGEXH�N�WZ[¶^�W J�NI�S�z�W�Uo[�MBC�SW]UGEGMyN�W [£EGF ® C�i�UXW ª ~G}�~

® O�WZM�WQW��(|�S�W M�M�EXI`F�MuP6EXUGU3iwWRK�M�WZ[VH�I�SuN�O�W6J�I�AB|wI`F�W�F�N í P6EoMyWRJLI�F�NSC`J�N�EGI�F�C�F�C�UX_3M�EGMuEXFDe(W J�N�EGI�F ª ~ Äw~ �3~
¸"åA7�(EB 4¿© ,�9�(+.p6+.@38.pM�7:(+. ¨ BD6+6+. ¨ 7:*-BD6v*-,)7:BDMN,�*-BD6E?AILMN..��+9�(+* ¨ (<7:(+. � .@3E* ? � * 3®* 7 ¥1¨ BD6+6+. ¨ 7�*-BD6+,�*-,
P
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[·, ·] Y H Y V
O

Z

XH [X, Y ]H −(∇XY )V
I((R(·, X) −∇X))V

XV −[Y H, XV] 0 XH − I(∇X)V

O

Z −[Y H,
O

Z] −[Y V,
O

Z] 0

® C�i�UGW ª ~G} tY«RSpC�JpT�W�NMQI�H�N�O�WqUGEXH�N�WZ[x^`WZJ�NI�S&z�WZUG[�M ~

bdEG^�WZF²C��6EGW�ADC�F�F�EGC�FxABW�N�SEGJ�n g n�I�F X nwN�O�W�SWqEGM�C�H
C�ABEXUG_xI�HvF�CrNK�SpC�U@ABWLNS�EoJ�MsI�F TX ��EG^�WZF
i(_

G(XH + Y V, XH + Y V) = τ∗(ag(X, X) + bg(Y, Y ) + 2cg(X, Y )),

P6O�W�SW a, b C�F�[ c C�S�W�J�I�F�MyNC�F`NpM�n�I�SsEGF¬��WZF�W�SpC�U±n3H�K�F�JLN�EGI�F�M9I�H gijv
ivj ~&® O�WVJ�C`MyW a = b = 1 C�F�[

c = 0, P&C�M6MyN�K�[3EGWZ[xEGF'ì } �rî ~�® O�Wd�`W�F�WZSC�UXEG��W [�e3C`M�C�T(E*A�W�N�SEGJdSWZC`[�M

G =

[
dxi

Dvi

]T

⊗
[

a c
c b

]

gij

[
dxj

Dvj

]

,

P6O�W�SW Dvi = dvi +Γi
jkvjdxk ~vå WZS�W`n [dxi, Dvi] EoMvN�O�W�JLI�H�SC�ABWs[3K�C�UwN�I�N�O�W9H�SC�A�W [∂

∂xi

H

, ∂
∂xi

V

]
~

� N1N�O�WsI`S�EG��EGFBI�H*Cq��WZI3[3WZM�EGJ&F�I�SABC�U�JLI(I�Sp[3EGF�CrNWsMy_3MyN�WZAxn�N�O�W ö EGW9[3W�SEG^{C�N�EG^�W M�I�H�N�O�W�JLI�H�SpC�ABW`n
W ¸�K�C�U

LY V

[
dxi

Dvi

]

=

[

0 0

Y i
|j 0

] [
dxj

Dvj

] j ª ~ � m

LY H

[
dxi

Dvi

]

=

[
Y i

|j 0

R i
k jl vk Y l 0

] [
dxj

Dvj

]

LO

Z

[
dxi

Dvi

]

=

[

0 δi
j

R i
k jl vk vl 0

] [
dxj

Dvj

]

LI(R(·,Y ))V

[
dxi

Dvi

]

=

[

0 0

(R i
m klY

l)|j vk vm (R i
j kl+R i

k jl)Y
lvk

][
dxj

Dvj

]

.

ö�Ø � Ø � ê��RÜ±Û�ãB�M¢sÝ/��ã�Ý)�l��Û �'�K�rÞ�Û��|�
\QI`F�M�EG[3WZSvCdM�_3M<NW�AñP6EXN�O���WZF�W�SpC�UGEX�ZWZ[V|wI�MyEXN�EGI�F�JLI(I�Sp[3EGF�CrNWZMZn x n�C�F�[V�`W�F�WZSC�UXEG��W [q^�WZUXI3J�E,NEXW M�n v n�H�I�SP6O�EGJpO²PRW�C�S�W�C�i�UGW�NI�[3W�z�F�WVT(EGF�WLNEGJLg&C�F�[¬|:I�NW�F�N�EoC�U�W�F�WZS��`_ ~ ª I�SdMyK�JpO³My_3MyN�W�ADMZn�NO�W�H�I`UXUGIrP6EGF��
MJ�C�UGC�SRH�K�F�J�NEXI`F@n

L(x, v) , T (x, v) − U(x),

P6O�W�SW T (x, v) C�F�[ U(x) [�W�F�I�N�W�N�O�WDT(EGF�WLNEGJLg9C�F�[³|:I�N�WZF�N�EoC�UvW�F�W�S��_²SWZM�|wW J�NEX^`W�UG_�n@[3W�z�F�WZMqN�O�W� è�¾���è���¾�é
èr�æI�HYN�O�WBM�_3M<NW�A ~ � F³N�O�EGMdPRI�ST:n*PRW�H�I(J�K�M�I�K�SdC�NyN�WZF�N�EGI�F"I�F³M�_3M<NW�ADMdP6O�I`M�W�T�EGF�W�N�EoJ
WZF�W�S��_�H�K�F�J�NEXI`F$EGM&I�HuNO�W�H�I�SA

T (x, v) =
1

2
gij(x)vivj ,

P6O�W�SW gij
EoMqCT�6EXWZADC�F�F�EoC�F"ABWLNS�EoJ�I�F³N�O�WDJLI`F3z��`K�SC�N�EGI�F²ADC�F�E,H�I`UG[@n X ~D® O�W ø K�UGW�S�g ö C��`SC�F���W

[�E,¯�W�SW�F�N�EoC�U*W ¸�K�CrNEXI`F�M�n�P6O�EoJpO�PRW�C�MMyK�ABWd��Ir^`W�SFBN�O�W�ABI�NEXI`F]I�H�N�O�WqJLI`F�M�EG[3WZS�W []M�_3M<NW�A$n3[3WLz�F�W
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Cx[3_(F�C�A�EoJ�C�UuM�_3M<NW�AâI�F»N�O�W�M<NpCrN�WBM�|�C�J�W�n Z = TX n:N�O�WVNpC�F��`W�F�N�i�K�F�[3UGW�I�HvN�O�WBJLI`F3z���K�SC�N�EGI�F
ADC�F�E,H�I`UG[@n X n�C�F�[$C�SW��`EX^`W�Fxi�_

ẋi = vi,
d

dt
(
∂L

∂vi
) − ∂L

∂xi
= gijF

j , i = 1, . . . , n,

P6O�W�SW F j C�SWBN�O�W�W��(N�W�SF�C�UYH�I�SpJLW M�C�JLN�EGF��¬I�F'NO�W]M�_3M<NW�A$n�P6O�EGJpO iDèr�³iwW]EXF�N�WZS�|�S�W�N�WZ['C`MqN�O�W
EGF�|�K�N ~�¦ W�H�K�S�N�O�WZS9C�MM�K�ABW�NO�CrN�PQW�O�C{^`W�[�EXSWZJLNsA�W C�M�K�SW�ABW�F�NMRI`F�NO�Wq|:I`M�E,NEXI`Fx^rC�S�EoC�i�UGWZM&C�F�[
H�I`SJ�WZM ~ \QI�A�i�EGF�EXF���NO�EoMsP6EXN�O$N�O�WqWL�3|�SWZMMyEGI�F�H�I�S&NO�W ö C���SpC�F��`EGC�F@n`N�O�WVM�_3M<NW�AÃJ�C�Fxi:W�P6S�EXNyNW�F@n
EGF$UXI3JZC�U@JLI(I`S[3EGF�C�N�WZMZn3C�M

Σ0 :







ẋi = vi, i = 1, . . . , n
v̇i = −Γi

jk(x)vjvk − gijU,j + F i

y = h(x, v, F ) = (x, F ).

� F�NW�SABM�I�HwNO�WsC�iwMyI`UXK3NWRN�EGA�W�gl[�W�SEX^rCrNEX^`W�n Dtv
i = dvi

dt
+Γi

jkvj dxk

dt

n�My_3MyN�WZA Σ0
J�C�F�W ¸�K�EX^rC�UXWZF`NUX_

i:WqP6SE,N�N�W�F¬C`M

Σ :







ẋi = vi

Dtv
i = −gijU,j + F i

y = (x, F ).

a�MyEGF��xN�O�W�EGF�N�SI3[3K�JLW [²UGE,H�NEXF��xI`|wWZSC�N�EGI�F�MZn:N�O�WD[3_(F�C�ABEGJZM9I�HRM�_(MyN�WZA Σ n@EoM��`EX^`W�F³i�_$NO�WB^�W J�N�I`S
zwW�Uo[

F =
O

Z −( ��SpC�[ U)V + F V

¥ºÀ�£ Ès¤H����2ÄÔ��@2 Å ���(;|�1/
ª I�S�NO�W6JLUoC�MMuI�H:M�_3M<NW�ADM�n Σ n�[3WZMJLSEGiwW [VEGF�e(WZJLN�EGI�F ª ~¿�3~¿� n�PRW&F�IrP£EGF�N�SI([�K�JLW6C�H�K�UGU�M<NpCrN�W&Eo[3W�F�NE,N<_
I`i�M�W�S^�W�S n Σ̂ ~

�sWLH�W�SSEXF��RNI ª EX�`K�S�W ª ~ � n PQWvUGWLN (ξ, η) [3WZF�I�NW�N�O�W1MyNC�N�WvI�H�NO�WvI�iwMyWZS�^`W�S n S(x, ξ) = 1
2
[3EoM<N (x, ξ)2 n

Sβ = ∂S
∂ξβ

C�F�[ Rα = I(R(·, �`SC`[ S))α = R α
β γιη

βSγηι n�P6O�WZS�W R α
β γι

EGMsN�O�W�J�K�S^{C�N�K�SW�N�WZF�M�I�S ~
� F�C`[�[3EXN�EGI�F@n Φα [3W�F�I�N�W M�N�O�WRþ�è���èr���X�������èr��ç±þ�ÿr����I�H F i C�UGI�F���NO�W6��WZI3[3WZM�EGJ&J�K�S�^`W�n ρ n�H�S�I`A x N�I ξ

~

X

x

Φ

ξ

ξ̇
η

v v̂

Sx

Sξ

ρF

ª EG��K�SW ª ~ � t ® O�W�M�_3M<NW�A�g�C�Fw['I�i�M�W�S^�WZSq^{C�S�EoC�i�UXW M�n�C�SW�[3W�F�I�N�W [°i(_ ö CrNEXF£C�F�[£bdS�WZW�T³UXW�NyN�WZSM
SWZM�|:WZJ�NEX^`W�UG_ ~

® O�Wq|�C�SpC�UGUXWZU�N�SpC�F�M�|:I�S�N&I`|wWZSC�N�I`SZn Ki
α
n�O�C�M6N�O�W�H�I`UXUGIrP6EXF���|�S�I`|wWZSyNEXW M�n3P6O�EoJpO¬C�SW�WZC�M�EGUX_�^`W�SE,zwWZ[

EGF ª WZS�ABE�J�I�I`S[�EXF�C�N�W M�t
Ki

α|βSβ = 0. j ª ~ � m
Ki

αSα = −Si j ª ~ Ä m
Ki

αKj
βgαβ = gij j ª ~ Ö m



ãVÊ�? ¸ � Ç�Ç Ê � Ç]� ª Í ?�¡ Ëu?�¡ Ín�`Æ ¡4á9Ó@Ô�?�¡���� � ? ¡ � ÇD? ?"ÒwÌ Í É*? ¸dÍ } �`Ö

a9|wI`F$EXF�N�SI3[3K�J�EXF���NO�EGMsF�I�NpCrN�EGI�F�n(N�O�W�H�I`UXUGIrP6EXF���I`i�MyWZS�^`W�S&[3_(F�C�ABEoJ�M6EoM6M�K����`WZMyN�WZ[�H�I�S Σ t
ξ̇α = ηα − AgαβSβ , α = 1, . . . , n

Dtη
α = −BgαβSβ − gαβU,β + Φα + CRα, j ª ~ � m

P6O�W�SW A, B C�F�[ C C�SWVI`i�MyWZS�^`W�S��`C�EGF�MZn�|wI�M�M�EXi�UX_¬[3WZ|wWZF�[3EGF��$I�F S C�F�[ |η|g
~V´ I�N�W�N�O�C�NdP6O�WZF

ξ = x n�NO�W�F Sβ = 0 C�Fw[ Ki
α = δi

α
j�N�O�W & S�I`F�WZJpT`W�Sq[3WZU,NpC`m�n�O�WZF�JLW»j ª ~ � mqM�C�N�EoM<zwWZM�NO�W][3EoC��`SC�A

|�S�I`|wWZSyN<_�I�HYù9W�z�F�EXN�EGI�F ª ~G}�~6� M9I�i�M�W�S^�WZS6I�K3N|�K3N�ADC�|�|�EGF���n Z nwPQWqADC{_�H�I`S9EGF�MyNC�FwJLWqK�M�W Z1 =
(ξα, ηα) n�I�S Z2 =(xi, Ki

αηα)
~ \QO�I(I�MyEGF���N�O�W6UoCrN�N�W�SvC�|�|�SI`C�JpOu¢rnrN�O�WR^`W�UGI3JLEXN�EGWZMZn vi n�C�S�WRWZMyN�EGADCrN�W [

C`M
v̂i = Ki

αηα. j ª ~ � m
® O(K�MZn�|�K�NyN�EGF��»j ª ~ � m&C�F�["j ª ~ � mQN�I`��W�N�O�WZSZn(NO�W�H�I�UGUXIrP6EGF���I�i�M�W�S^�WZSZn Σ̂ n�EoM6M�K����`WZMyN�WZ[�H�I�S Σ

Σ̂ :







ξ̇α = ηα − AgαβSβ

Dtη
α = −BgαβSβ − gαβU,β + Φα + CRα

v̂i = Ki
αηα

a�MyEGF��"N�O�W¬EXF�N�SI3[3K�J�WZ[£UGEXH�N�EGF��°I�|:W�SpCrNI�SpM�n�NO�W²[3_(F�C�ABEoJ�M�I�H�N�O�W¬I`i�M�W�S^�W�S�EGMB�`Ir^�WZS�F�W [°i(_°N�O�W
^`WZJLN�I�S&zwW�Uo[

F̂ =
O

Z −A( ��SpC�[ S)H − B( �`SC`[ S)V − ( ��SpC�[ U)V + ΦV + CR
P6O�W�SW R = Rα ∂

∂vα

~ � N1EoMvF�I�NC�i�UXW&NO�CrNQEXFBNO�W9J�C`MyW6I�H�¼wCrNYABWLNS�EoJ�n Σ̂ S�W [3K�JLW M�N�I�N�O�WsPRW�UGUXg±T(F�IrP6Fö K�W�F(i:W�S��WZS6I�i�M�W�S^�WZS ~® O�W�I�i�M�W�S^�WZS Σ̂ nuEoM�W M�M�W�F�N�EoC�UGUG_¬N�O�W�M�C�A�W�C`M�N�O�W�I�F�WDEGF�N�SI3[3K�JLW ["EXF�ì Ö î n�M�W�W�C�UGM�I'ì � î ~T¦ W
O�W�SW�C�UXUGIrP N�O�WBI�iwMyWZS�^`W�Ss��C�EGF�MsNI]^rC�S_¬C�F�[»O�C{^�W�C]JpO�I`EGJ�WVI�H1ABIr^�EGF��DH�I`SJ�W�NW�SABMdi:WLN<PRW�WZF UC�F�[ F n:P6O�EGJpO¬C�S�W�NS�W CrN�W [¬[3EX¯:WZS�WZF`NUX_xEGF¬I�K�SsI`i�M�W�S^�W�S ~Q® O�EGM6UoCrN�N�WZSsH�SW�WZ[�I�AÂP6EGUGU�O�IrPRW�^`W�S6F�I�N
i:WDWL�3|�UGI�EXN�W [»EGF³N�O�WB|�SWZM�W�F�N�|�C�|:W�S ~ � F°e(W J�N�EGI�F ª ~ Äw~ � n@PQW�H�I`UXUGIrPkì Ö î n@i(_»JpO�I(I`M�EXF�� C = 1 C�Fw[
NO�WqI�K�N�|�K3NsADC�|�|�EGF�� Z1

n3P6O�EXUGWqEGF¬e3WZJ�NEXI`F ª ~ Ä�~ Ä PQWqK�M�WqC���W�F�W�SpC�U C C�F�[ Z2
~

¥ºÀNä �"41/HÔ��@2��K�u/98��$ò�/��Í�@ó��(;�
� F�NO�EoM�M�WZJ�NEXI`F@nZJ�I�F(^�WZS��`W�F�J�WuEoMMyK�W M@C�SW�N�SWZC�N�WZ[di(_9ABW C�F�M*I�H(J�I�F�N�SpC�JLN�EGI�F�C�F�C�UX_3M�EGMvj±e(WZJLN�EGI�F ª ~ Ä�~ � m
C�F�[*n3EGF]NO�WqJ�C`MyW�I�H�J�I�F�MyNC�F�NRJLK�S�^rCrNK�SW�n(i(_DA�W C�F�MRI�H�C�JLI�F(^`W�F�N�EGI�F�C�U ö _`C�|�K�F�Ir^�ABWLN�O�I(["j�e3WZJ�g
NEXI`F ª ~ Äw~ Ä m ~v® IdN�O�EGM1W�F�[�O�IrPRW�^`W�S nrPQW6[3WZ^�I�NW9e(WZJLN�EGI�F�M ª ~ Ä�~G} C�F�[ ª ~ Ä�~¿� NI�[3W�SEG^�EGF���WL�3|�SWZMM�EXI`F�M
H�I`S6N�O�Wd^rC�S�EoCrNEXI`F�I�H�M�I�ABWq¸`KwC�F�N�EXN�EGWZMsC�UXI`F��BC��`W�I3[3W MyEoJ ~
ö�Ør 1Ø±Ù �9ã�Ý)���j�sá�ã`Þ ê��K�QÝ�Þj�±á��l�
ö WLN�N�EGF�� Sα = gαβSβ

n3N�O�W å C�ABEGU,NI�F3g . C�JLI`i�E�WZ¸�K�C�N�EGI�F σ|ασ|βgαβ = 1 n(H�I`S σ =
√

2S n�EGAB|�UGEXW M
SαSα − 2S = 0, j ª ~ ï`m

® C�T(EGF��DNO�WVJLIr^rC�S�EoC�F�N9[3WZS�EG^rCrN�EG^�WqI�H�j ª ~ ï`mLnwK3NEXUGEG��EGF��DN�O�W�H
C�JLNsN�OwCrN9NO�W ö W�^(EXg<\QEG^(E,NpCDJLI�F�F�WZJLN�EGI�F
EoM&NI�SpMyEGI�F3g±H�SW�WBj Sα|β = Sβ|α

m&C�F�[�SC�EGM�EGF��VNO�W�z�SpM<N6EGF�[3W���n�PQW�O�C{^`W

Sβ

|αSα − Sβ = 0. j ª ~ � m
Ö åG6<7:(+.ÍI ¥p¨ .ÍB5I�6+BD*-,NF<;�. ¥ ,:1+M:.p;�.p687�,|�+* 7);�*-=D(87 § . ¥p© 3 ¥ 687 ¥ =D.pBD1+,'7:B ¨ BD6+,�* © .M
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® O�W�F@n�J�I�A�i�EXF�EXF��²j ª ~ � mLn@j ª ~ Ä m�n@j ª ~ ï`m&C�F�['j ª ~ � m�n�EXN6H�I�UGUGIrPsM1NO�CrN

Si
|βSβ − Si = 0. j ª ~G} � m

® O�W�JLIr^rC�SEGC�F�NR[3WZS�EG^rCrN�EG^�W�I�Hqj ª ~ � mR��EG^�WZM
Sβ

|α|γSα+Sβ

|αSα
|γ−Sβ

|γ = (Sβ

|α|γ − Sβ

|γ|α)Sα + Sβ

|γ|αSα + Sβ

|αSα
|γ − Sβ

|γ = 0.

asN�EGUXEG��EGF����6EoJ�J�E�© M6Eo[3W�F�NE,N<_`n Sβ

|α|γ − Sβ

|γ|α = R β
ι αγSι n3PQWq�`WLN

Sβ

|γ|αSα = Sβ

|γ − R β
ι αγSιSα − Sβ

|αSα
|γ . j ª ~G}�} m

� F¬CBM�EXABEGUGC�S&H
C�M�O�EXI`F@n3PRWdI`i3NC�EXF
Ki

β|γ|αSα = R ε
β αγKi

εS
α + Ki

β|αSα
|γ . j ª ~G} � m

� N�MyO�I`K�Uo[�i:WY|:I`MMyEGi�UGW�N�Is[3WZS�EG^�W1bdS"¹�F(P&C�UGU,glUGEXT`W�WZMyN�EGADCrNWZM*I�H Sβ

|γ
C�F�[ Ki

β|γ
H�S�I`A j ª ~G}�} m�C�F�[Bj ª ~G} � m ~� FxNO�Wq|�SWZM�W�F�N6|�C�|:W�S n3O�IrPRW�^�WZSZn(PRWdH�I(J�K�M&I�F¬M�|�C�J�WZMRI�HvJLI`F�MyNC�F�NsJLK�S�^rCrNK�SW ~

ö�Ør 1Ø � � á��l�rÞ�Ý)��Þ � �1ã��*Ý�Þj�1ã�Û

� FxNO�W�J�C`MyW�P6O�WZF X O�C`M6JLI`F�M<NpC�F�N6JLK�S^rCrN�K�S�W`n*é
½��Z½GnwP6O�W�F
R β

ι αγ = κ(δβ
γ gια − δβ

αgιγ), j ª ~G}Z� m
W ¸�K�CrNEXI`F"j ª ~G}�} mRADC{_�iwWqW��3|�UXEoJLEXN�UG_]M�I�UG^�W [�H�I`S Sβ

|γ
i(_]ABWZC�F�M&I�HuN�O�W � F�M�C�N��

Sβ

|γ = Υ1(S)δβ
γ + Υ2(S)SβSγ . j ª ~G}�Ä m

õ²K�U,NEX|�UX_(EGF���P6EXN�O Sγ H�SI�AñNO�WsSEX�`O�NvC�F�[�K�M�EXF���j ª ~ � m�EXABABWZ[�EGC�N�W�UG_V_(EGW�Uo[�M�NO�CrN Υ1 +2SΥ2 = 1
~

e3K�i�MyN�EXN�K3NEXF���N�O�EoM6i�C`JpTDEXF�N�I²j ª ~X}`} mLn3EXNsSWZC�[�M

(2SΥ′
1 + 2Sκ + Υ2

1 − Υ1)(δ
β
γ − 1

2S
SβSγ) = 0,

H�SI�A P6O�EoJpO�PRW�I�i3NpC�EGF

Υ1(S) =







√
2κS cot

√
2κS E,H κ > 0

1 EXH κ = 0
√

2|κ|S coth
√

2|κ|S E,H κ < 0,

C�F�[$C�M6MyNC�N�WZ[�WZC�S�UGEGW�S n
Υ2(S) =

1 − Υ1(S)

2S
.

Ù^S�¬sÚJ¨+Û��©]:_u] ® O�WDH�I�SAVK�UGC`M�P6O�W�F κ ≤ 0 n�C�SW�NO�W]C�F�C�UG_�N�EoJ�C�UYJ�I�F�N�EGF(K�CrNEXI`F'I�HRN�O�WDH�I`S�A�K�UoC
P6O�W�F κ > 0

~ � F�NO�W�M�WZ¸�K�W�U±n3I�F�UX_DNO�W κ > 0 H�I`S�AÂEGM6�`EX^`W�F ~
\QI`F�M�EG[3WZS�EGF���N�O�Wq|wC�SpC�UGUXWZUwNSC�F�M�|wI`SyN6I�|:W�SpCrNI�S n(PQW�ADC�T`W�NO�W � FwM�C�N��

Ki
α = Υ3(S)Si

|α + Υ4(S)SiSα. j ª ~G} Ö m
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õ²K�U,NEX|�UX_(EGF���j ª ~X}{Ö mqP6EXN�O Sα H�SI�A·N�O�W�S�EG��O�N�C�F�['K�M�EXF��òj ª ~ Ä mLnvC�F�[ój ª ~X} � mLn�PRW�I�i�NC�EGF Υ3 +
2SΥ4 = −1

~ e(K�i�MyN�EXN�K�N�EGF��]NO�EoM9i�C`JpT�EGF²NO�W � F�MCrN��xj ª ~G} Ö msC�Fw[¬K3N�EGUGEX�ZEXF��xhYSI�|:W�S�N<_°j ª ~ � mLn�PRW
�`WLN

Ki
α|βSβ

(
2SΥ′

3 + Υ3 − Υ3Υ1

)
(Si

|α − 1

2S
SiSα) = 0.

e3I�UG^�EGF���H�I�S Υ3(S) n�PQWqC�S�SEX^`WdC�N

Υ3(s) = − sin
√

2κS√
2κS

,

C�F�[$JLI`F�MyW ¸�K�W�F�N�UG_�n

Υ4(s) = − 1

2S
(1 + Υ3(S)) = −κ

√
2κS − sin

√
2κS

(
√

2κS)3

P6O�EGJpO$_(EXWZUG[�MRN�O�W�z�FwC�U@W��(|�S�W M�M�EXI`F�H�I`S&N�O�Wq|�C�SC�UXUGW�U:NSC�F�My|:I�S�N

Ki
α = − sin

√
2κS√

2κS
Si

|α − κ

√
2κS − sin

√
2κS

(
√

2κS)3
SiSα.

´ I�NEGJ�EXF����6WZADC�ST ª ~X} n3PQW�[3EX¯�W�SW�F�N�EoCrNWBj ª ~X}{Ö mRP6E,NO$S�W My|:WZJLN6N�I ξβ C�F�[�I�i3NpC�EGF
Ki

α|β = Υ′
3(S)SβSi

|α + Υ3(S)Si
|α|β + Υ′

4(S)SβSiSα + Υ4(S)Si
|βSα + Υ4(S)SiSα|β .

�sW��`C�S[�EXF���N�O�W�z�SMyN9C�Fw[�H�I`K�SyNOxN�W�SA$n(H�S�I`A j ª ~G} Ö m�n�PRW�O�C{^�W

Si
|α =

1

Υ3(S)

[
Ki

α + Υ4(S)siSα

]
.

® O�W9NO�EXSp[DNW�SA EGM&MCrN�EoMyH
C�J�NI�S_�n`P6O�EXUGW Sα|β
EGF�NO�W�z�H�N�O�N�WZS�AkJZC�F�i:WdJZC�UoJLK�UoCrNWZ[D^(EoC]j ª ~G}�Ä m1C�F�[

W ¸�K�C�UoM
Sα|β = Υ1(S)gαβ + Υ2(S)SαSβ . j ª ~G}Z� m

hvC{_(EGF��DCrNyNW�F�N�EGI�F�N�IBNO�W�M�WZJLI`F�[]N�W�SA$n�MyEGF�J�WqPQW�O�C{^`W
Si

|α|β = gijSα|β|j ,
j ª ~G} � m

PRW�[3EX¯:WZS�WZF�N�EoCrN�WDj ª ~G}Z� mQP6E,NO¬S�W My|:WZJLNRNI xj n3_(EGW�Uo[3EXF��
Sα|β|j = Υ′

1(S)Sjgαβ + Υ′
2(S)SjSαSβ + Υ2(S)Sα|jSβ + Υ2(S)SαSβ|j .

e3K�i�MyN�EXN�K3NEXF���N�O�EoM6i�C`JpTDEXF�N�I²j ª ~X} � mLn3PRW���W�N
Si

|α|β = Υ′
1(S)Sigαβ + Υ′

2(S)SiSαSβ + Υ2(S)Si
|αSβ + Υ2(S)SαSi

|β .

\QI`AVi�EGF�EGF���N�O�WsI�i3NpC�EGF�WZ[�W��(|�S�W M�M�EXI`F�M�O�W�SW í C�i:Ir^�W`nrP6E,NOBN�O�I�MyW6I�H Υ1, Υ2, Υ3
C�F�[ Υ4

|�SWZM�W�F�NWZ[
W C�SUXEGW�S n3��EG^�W MRK�MRN�O�W�zwF�C�U@W��3|�S�W M�M�EGI�F

{
Ki

α|β = Υ(S)(Sigαβ + Ki
βSα),

Υ(S) = κ
tan 1

2

√
2κS√

2κS
.

j ª ~G} ï�m

«R_�ABC�F�EG|�K�UoCrN�EGF��²j ª ~G} ï�m�n�P6EXN�OxNO�WqS�I`UXW MRI�H x C�F�[ ξ SW�^`W�SpMyW [*n(PQWqC�UGM�I�I`i3NC�EXF
Kj

α|βKα
mKβ

k =Kj

α|kKα
m =Υ(S)(Sjgkm − δj

mSk). j ª ~G}Z� m
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ö�Ør 1Ør� � á���Þ�ã�Ý/õ3Þj�±á����!�QÛ�á�ã��

ö WLN A, B C�Fw[ C i:W�JLI�FwM<NpC�F�NM ~�® O�W�F"NO�W�JLI`A�|�K3NC�N�EGI�F�MZn@P6O�WZF"W���C�ABEXF�EXF��¬P6O�WLN�O�W�S LF̂G EGM
F�W��`C�N�EG^�Wq[3W�z�F�EXN�WqI�S6F�I�NZn�JZC�FxiwW�[�I�F�W�J�I�AB|wI`F�W�F�N�g±P6EoMyW`n�N�O�C�NsEGM

LF̂G = LO

Z
G − AL( ������� S)HG − BL( ������� S)VG −L( ������� U)VG + LΦVG + CLRG.

a�MyEGF��BNO�W�H�I�SAVK�UoC�M�j ª ~¿� mLn�PRW�C�S�SEG^�W�CrN

LF̂G =

[
dξα

Dηα

]T

⊗M
[

dξβ

Dηβ

]

, j ª ~¿� � m
P6O�W�SW�NO�WqADCrNS�EX�

M=

(
a c
c b

)(
Mαβ Nαβ

Pαβ Qαβ

)

+

(
Mβα Pβα

Nβα Qβα

)(
a c
c b

)

,

OwC�M6JLI`AB|wI`F�W�F�NM&�`EX^`W�Fxi(_
Mαβ = −ASα|β

Nαβ = gαβ

Qαβ = C(Rβαγι + Rγαβι)S
ιηγ

Pαβ = Yαβγιη
γηι + ARγαβιη

γSι − BSα|β − Uα|β + gmnF mKn
α|β,

P6EXN�O Yαβγι = (Rγαβι − C(RγαειS
ε)|β)

~
� F$NO�WVJZC�M�W�P6O�W�F¬PRW�M�WLN C = 1 C�F�[ S = 0 nwPQW�OwC{^�W�n Sα|β = gαβ

n Sι = 0 C�F�[ Kn
α|β = 0 nC�F�[ M i:WZJ�I�ABWZM

M =

[
−2(aA + cB)gαβ − 2cUα|β Dαβ

Dαβ 2cgαβ

]

,

P6O�W�SW Dαβ = (a − bB − cA)gαβ − bUα|β
~ ª S�I`AâN�O�EoM�EXN�EoMd|wI�M�M�EGi�UXW�NIx[3WZS�EG^�WBJLI`F�[3EXN�EGI�F�M�H�I`S

J�I�F�N�SpC�JLN�EG^(E,N<_ ~a¦ O�WZF U ≡ 0 ÿ�n*NO�WBI�i�M�W�S^�WZSd[�_�FwC�ABEGJZMdEGMqJ�I�F�N�SpC�JLN�EG^�W�H�I`SqMyK�EXNC�i�UGW a, b C�F�[ c
~

® O�EGM9EGM9EXF¬C�JZJLI`S[�C�F�JLW�P6EXN�O$NO�W�SWZM�K�U,NpM6EGF°ì Ö î ~&å IrPRW�^`W�S n�P6O�W�F�WZ^�W�S S > 0 C�F�[ Yαβγιη
γηι 6= 0H�I`S9M�I�ABW η n3NO�W�F

M =

[
2c b
b 0

]

Yαβγιη
γηι + O(η). j ª ~ ��} m

«&C`MyW []I`F]NO�WZM�W�J�C�UGJ�K�UGC�N�EGI�F�MZn�N�O�W�H�I`UXUGIrP6EGF��BS�W MyK�UXNsJ�C�F�i:W�H�I�SAVK�UoCrNWZ[ ~
ð ì�S�Zu¨+S�¬��©]N_�] ��b����pÿ����±��è�����é��(¾$�:��é,¾+b c ÿr�
b�ÿZÿ ý³ÿyÀB�Gb��Bç���� S = 0 ç
b�ÿ~gv�£é�� ��§ � e éoç�EXF�z�F�EXN�W�UG_
NO�EGFòè{ç |η|g → ∞ ½
³&��ÿZÿyÀL½ ¦ W³I�K3NpMyW�N�H�SI�A j ª ~¿�3} m�C�Fw[óMyO�IrP NO�CrNxH�I�S η UoC�S��W²WZF�I�K��`O@n6NO�W»ADCrNS�EX��|�SWZJLW [3EGF��
Yαβγιη

γηι C�F�[�O�WZF�JLW LF̂G EGM�é���ý���ûY�wé��l� ~Y® IBNO�EoM&W�F�[*n�F�I�NW�N�O�C�N
[

a c
c b

]

> 0 =⇒ b > 0.

\QI`F�M�EG[3WZS&N�O�W�[�WLN�WZS�ABEGF�C�F�N6I�H�N�O�WqABC�N�SE,��I�HuEGF�N�WZS�W M<N t
∣
∣
∣
∣

2c b
b 0

∣
∣
∣
∣
= −b2 < 0.
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� N6NO�W�FxH�I`UXUGIrPsMRN�O�C�N
[

a c
c b

]

> 0 =⇒
[

2c b
b 0

] EoM&EXFw[3WLz�F�E,NW ~
® O�W�SWLH�I�SW�n�C`M |η|g → ∞ n LF̂G iwW JLI�ABW M&EXF�[�WLz�F�EXN�W ~
ö�Ør 1Ø¡  ¢��uÝ/�����1á��� ��l�Rã`áuÝ/õQ�

¦ WBF�IrP EGF(^�WZMyN�EG�`C�N�WVN�O�WDJLI`F(^�W�S��WZF�JLWVI�H Σ̂ n�EXF»N�O�WDJ�C`MyW�I�H&JLI`F�M<NpC�F�NdJ�K�S^{C�N�K�SW ~a¦ WDC�UoM�I�|�K�N
U ≡ 0 C�F�[�UXW�N B i:W�CBJLI`F�M<NpC�F�N ~ ª I�S&N�O�W ö _`C�|�K�F�Ir^BH�K�F�J�NEXI`F$JZC�F�[�EG[�C�N�W

V (x, v, ξ, v̂) =
1

2
gij∆vi∆vj + BS(x, ξ),

P6EXN�O ∆vi = (vi − v̂i) n3NO�W�N�I�NC�U@[�W�SEX^rCrNEX^`W�iwW JLI�ABW M
V̇ = gij∆vi(Dtv

j − Dtv̂
j) + BSiẋ

i + BSαξ̇α, j ª ~¿��� m
C�UXI`F���N�O�W�M�_3M<NW�AÂ[�_�FwC�ABEGJZM&I�H Σ C�F�[ Σ̂

~Y´ IrPqn
Dtv̂

j = Dt(K
j
αηα) = Kj

α|kẋkηα + Kj

α|β ξ̇βηα + Kj
αDtη

α

= Kj

α|kvkηα + Kj

α|β ξ̇βηα + Kj
α

[
− BgαβSβ + Φα + CRα

]

P6O�W�SWdPRWqO�C{^`W�K�M�WZ[�NO�W�My_3MyN�WZAÂ[3_(F�C�ABEoJ�M&I�H Σ C�F�[ Σ̂
~ ª SI�A j ª ~ Ä mRPQWqI`i3NC�EXF

−BKj
α gαβSβ

︸ ︷︷ ︸

Sα

= BSj .

� UGM�I�n�F�I�NEXF���NO�CrN Kj
αΦα = F j n�PRWqJ�C�F$J�I�F�N�EGF(K�WdN�O�W�JZC�UoJLK�UoCrNEXI`F�M&C�M

Dtv̂
j = Kj

α|kvkηα + Kj

α|β ξ̇βηα + BSj + F j + CKj
αRα. j ª ~¿��� m

\QI`F�JLWZF�N�SpCrN�EGF��BI�F�N�O�WqUGC`M<N&N�WZS�AÂEXF°j ª ~¿��� m�n3H�SI�A j ª ~X} � m&C�Fw[³j ª ~G}Z� mRE,N6H�I`UXUGIrPsMRN�O�C�N
Kj

αRα = κΥ−1(S)Kj

α|kKα
mv̂kv̂m.

´ WL�(NZn�PQWq|�C{_�C�NyNW�F�N�EGI�FxN�I�NO�W�MyW JLI`F�[�NW�SAÂEGF"j ª ~ ��� m&C�Fw[]F�I�N�EoJLW�NO�CrN
Kj

α|β ξ̇βηα = Kj

α|β
[
ηβ − AgβγSγ

]
ηα = Kj

α|βηβηα = Kj

α|βKβ
k v̂kKα

mv̂m = Kj

α|kKα
mv̂kv̂m,

P6O�W�SWqN�O�WVWZ¸�K�C�UGEXN�EGWZM6I`S�EG��EGFxH�S�I`AkN�O�W�[3_(F�C�A�EoJ�MsI�H Σ̂ nuj ª ~ � mLn ηα = Kα
mv̂m C�F�['j ª ~G}Z� m6S�W My|:WZJLg

NEX^`W�UG_ ~D® O�WZF"i(_»M�K�i�MyN�EXN�K�N�EGF�� ηα = Kα
mv̂m EXF³N�O�WBz�SMyN�N�WZS�A C`M�PQWZUXU±nYj ª ~¿��� m�JZC�F"iwWDM�W�WZF»NI

W ¸�K�C�U
Dtv̂

j = Kj

α|kKα
mv̂m

[
vk + v̂k + CκΥ−1(S)v̂k

]
+ BSj + F j .

¦ EXN�O C = −2κ−1Υ(S) n3PRW�C�SS�EG^�WdCrN6N�O�W�z�F�C�U*W��3|�S�W M�M�EGI�F
Dtv̂

j = Kj

α|kKα
mv̂m∆vk + BSj + F j . j ª ~¿�rÄ m

\QI`F�M�EG[3WZSsF�W���N9N�O�W�UGC`M<NsNW�SADMsEGF$N�O�WVN�I�NpC�U�[�W�SEX^rCrNEX^`W]j ª ~¿��� m ~ ª SI�A÷j ª ~ Ä m�n:EGF²JLI�F�ê<K�F�J�NEXI`F
P6EXN�O²[�_�FwC�ABEGJZM&I�H Σ̂ C�F�[�NO�W å C�ABEXUXN�I`F3g . C�J�I�i�E�W ¸`KwCrN�EGI�F'j ª ~ ï`mLn�E,N6H�I`UXUGIrPsMRN�OwCrN
Sαξ̇α = −Ki

αSi(η
α − AgαβSβ) = −Siv̂

i − AgαβSαSβ = −Siv̂
i − ASβSβ = −Siv̂

i − 2AS.
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e3K�i�MyN�EXN�K3NEXF���N�O�W MyW�ABI3[3E,zwWZ[�N�WZS�ADM6i�C`JpTDEXF�NI²j ª ~ �`� mR_(EXWZUG[�M

V̇ = gij∆vi
[

��F
j − Kj

α|kKα
mv̂m∆vk − BSj −��F

j
]
+ BSiv

i + B
[
− Siv̂

i − 2AS
]

= −gij∆viKj

α|kKα
mv̂m∆vk − Bgij∆viSj + BSi∆vi − 2ABS

= −gij∆viKj

α|kKα
mv̂m∆vk −����

BSi∆vi +����
BSi∆vi − 2ABS

= −gij∆viKj

α|kKα
mv̂m∆vk − 2ABS.

«R_�K�MyEGF��²j ª ~G}Z� m�n�PRWqC�SS�EG^�WdCrN
V̇ = −gij∆viΥ(S)

[
Sjgkm − δj

mSk

]
v̂m∆vk − 2ABS

= −Υ(S)
[
gkmSi − gimSk

]
v̂m∆vi∆vk − 2ABS. j ª ~ �`Ö m

ð ì�S�Zu¨+S�¬ �©]Gt/] k
À&é���éoç�rr��ÿmgv���Yb�è�� supt |v(t)|g ≤ vmax e �Gb��6é��®o�����±éGfZé��±�q��è�ý�é��(ç6ÿyÀ&�Gb���iDèr�wé ÀLÿr�Xý
éoç�¾����pèr�������Gb�èr� ρ �2fr�L���mg�b��L��� e A >

√
2B−1S− 1

2 |Υ(S)|(vmax + |η|g)2|η|g e B > ( vmax

ρ
)2 èr��ý

C = −2κ−1Υ(S) e �Yb����»�Yb���ÿ c çL���Dfr�L� Σ̂ é��wé���é
è��l�pýxèr� ξ(0) = x(0) e η(0) = 0 �pÿr�uf{����¾���ç�½
³&��ÿZÿyÀL½ ö WLNRN�O�W�[3WZM�EX�`F]|�C�SC�ABWLN�WZS B i:Wdz��3WZ[xC�F�[x[3WLNW�SABEXF�W []P6EXN�O$M�I�ABW�I`i3ê<WZJLN�EG^�WdEXFxABEXFw["! ~� M�P6EGUXU�iwW»EXUGUXKwM<NSC�N�WZ[@nREXN]EoM�M�K3¹�JLEGW�F�N�N�I£JpO�I�I�MyW A |�S�I`|wWZS�UG_æEGF�I�Sp[3W�SBNI'N�K�SF V̇ F�WZ�`CrNEX^`W
[�WLz�F�EXN�W ~1® I�NO�EoM6W�F�[@n�JLI`F�MyEo[3WZS

−Υ(S)
[
gkmSi − gimSk

]
v̂m∆vi∆vk≤ |Υ(S)|

[

|gkmSiv̂
m∆vi∆vk | + |gimSkv̂m∆vi∆vk |

]

.

ª S�I`A·j ª ~ ï`m&C�F�[]N�O�W�C`M�M�K�AB|3N�EGI�F supt |v(t)|g ≤ vmax
n�E,N6H�I`UXUGIrPsMQN�O�C�N

|gkmSiv̂
m∆vi∆vk| ≤

√
2S|η|g(vmax + |η|g)2,

P6O�W�SW�NO�W�JLI`F�M�W�S^{C�N�EG^�WdPQI`SMyN6J�C�M�WqM�J�W�F�C�S�EGI�EGMsC`M�M�K�ABWZ[ ~�® O�W�MC�ABW�i:I�K�F�[xEoM6I�i�NC�EGF�W [�H�I`S
|gimSkv̂m∆vi∆vk |.

® O�W�SWLH�I�SW�n(NO�W�H�I�UGUGIrP6EXF���EGF�WZ¸�K�C�UXEXN<_�O�I`UG[�M
V̇ ≤ 2|Υ(S)|

√
2S|η|g(vmax + |η|g)2 − 2ABS.

® O�W�F¬M<NSC�EX�`O�NyH�I�SP&C�Sp[�J�C�UGJ�K�UGC�N�EGI�F�M&M�O�IrPóNO�CrN9JpO�I�I�MyEGF��
A >

√
2B−1S− 1

2 |Υ(S)|(vmax + |η|g)2|η|g ,
_(EGW�Uo[�M V̇ < 0

~så W�F�J�W�n�C�M�_(A�|�N�I�NEGJqJ�I�F(^�WZS��`W�F�J�W�I�H�N�O�W�WZMyN�EGADCrN�EGI�F¬WZS�SI�S&NI]�ZW�SI�n3H�I`UXUGIrPsM6H�SI�Aö _`C�|�K�F�Ir^f© MR[�EXSWZJLNsA�W�N�O�I3[ ~ö WLN�K�M�N�O�WZFæJLI`F�MyEo[3WZSVNO�W�JpO�I`EGJ�W]I�H B
~'® O�W�JpO�I�MyWZF°EXF�E,NEGC�UXEG�ZC�N�EGI�F£|:I�EGF�NZnY_(EGW�Uo[�M V (0) =

1
2gijv

i(0)vj(0) ≤ 1
2v2

max

~Y� N9C�F(_]C�S�i�E,NSC�S�_�N�EGABW�EGF�M<NpC�F�J�W t n3E,N6NO�W�F$H�I`UXUGIrPsMQN�O�C�N

V (t) =
1

2
gij∆vi∆vj + BS ≤ 1

2
v2
max,

P6O�EGJpO$EGA�|�UXEGWZM BS ≤ 1
2v2

max

~ e(EGF�JLW S = 1
2d(x, ξ)2 n3i(_]SWZ¸�K�EGSEXF�� B > ( vmax

ρ
)2 PQW�I�i�NC�EGF

d(x, ξ) ≤ vmax√
B

< ρ,

P6O�EGJpO��`K�C�SpC�F�NW�WZMvN�O�C�N d(x, ξ) MyNC{_3MQMyADC�UGUGW�SYNO�C�F�N�O�W�EXFrê<W J�NEX^(EXN<_DSC`[3EXKwM1CrN&C�UGU�NEXABWdEXF�MyNC�F�JLW M ~
# åG6HBD1+M ¨y¥ ,�.��E7:(+.ÍB §%$ . ¨ 7�* 38.Í9�* 4-4�§ .�7�B�.p6+,:1+MN.'7�( ¥ 7

d(x, ξ)
*-,/,N7�MN* ¨ 7 4 F 4 .p,�,/7:( ¥ 6<7:(+.Í*-6 $ . ¨ 7�* 3®* 7GFOM ¥p© *-1E, ¥ 7 ¥54-47�*-;�.p,
P�&)(+*-,�*-,/*-;�C~BDMN7 ¥ 687�*-6OBDM © .M)7:BXèD..pCO7�(+. © .pMN* 3 ¥ 7:* 38.p,�B5I
S = 1

2
d(x, ξ)2

9/. 4-4 ? © .'&m6E. © P
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ö WLN X iwW9N�O�W�K�F�EXN � g�M�|�O�W�SW&|�C�SpC�ABW�N�W�SEG��WZ[�i(_ x1, x2 ∈ [0, π] C�F�[ x3 ∈ [0, 2π]

~�® O�EGM1EGMQC�M�|�C�J�W
I�H�J�I�F�MyNC�F�N6J�K�S^{C�N�K�SW κ = 1

~�® O�WqA�W�N�SEGJdEoM6��EG^�WZF�i(_

g.,. =





1 0 0
0 sin2 x1 0
0 0 sin2 x1 sin2 x2





P6O�EGJpO$EGA�|�UXEoJLEXN�UG_]�`EX^`WZMQN�O�W�[�EGMyNC�F�JLW�H�K�FwJ�N�EGI�F�n S n�C�M

cos
√

2S = cosx1 cos ξ1 +

sinx1 sin ξ1[cosx2 cos ξ2 + cos(x3 − ξ3) sin x2 sin ξ2].

® O�W�W��(N�W�SEGI�S�H�I�SpJLWZMZn F n@C�SWV�`EX^`W�F»i(_ − ��SpC�[ W n*P6O�WZS�W W = sin x1 cosx2 cosx3
C�F�[ U ≡ 0

~
¦ W�[3W�z�F�W�C�F'I`i�MyWZS�^`W�S Σ̂ i(_¬NO�W�JpO�I`EGJ�WZM A = 3 1+S√

S+10−7

n B = 3 C�F�[ C = −1
~ ª EG��K�SW ª ~ Ä

M�O�IrPôN�O�W�J�I�F(^�WZS��`W�F�J�W9I�H�N�O�WqI�i�M�W�S^�WZSQP6O�WZFxN�O�WqEGF�EXN�EoC�U@[�C�NCBC�SW






x1(0) = ξ1(0) = 1
x2(0) = ξ2(0) = 0.7
x3(0) = ξ3(0) = 2







v1(0) = 2.25
v2(0) = 1.25
v3(0) = 4







v̂1(0) = 0
v̂2(0) = 0
v̂3(0) = 0.

2 4 6 8 10

-2

-1
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v1, v̂1

t
2 4 6 8 10

-2

-1

1

2

3

v2, v̂2

t

2 4 6 8 10

2

4

6

8

v3, v̂3

t

ª EG��K�SW ª ~ Ä t ® O�W9M�I�UGEG[�UXEGF�WsSWLH�WZSMYN�I�NO�W9I`S�EG��EGF�C�U�My_3MyN�WZAxn�P6O�EGUXW9N�O�Wd[�C�M�O�W [BUXEGF�W9SW�|�S�W MyWZF`NpM�N�O�W
I`i�M�W�S^�W�S ~

e3EXABEGUGC�S�M�EXA�K�UGC�N�EGI�F¬SWZM�K�UXNM�O�C{^�W�C�UGM�I�i:W�W�F»I�i3NpC�EGF�WZ[¬EGF¬NO�W�JZC�M�WZM6I�HvN�O�W�O�_(|:W�SiwI`UXEoJq|�UoC�F�W
j�JLI`F�M<NpC�F�NsF�WZ�`CrNEX^`WdJ�K�S^{C�N�K�SW mRC�F�[�NO�WqEGF�^`W�S�N�W []|:W�F�[�K�UXK�A I`FxCBJ�C�SyN�j
��W�SIDJLK�S^rCrNK�S�W{m ~
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