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Canonical Correlation Analysis, Approximate Covariance
Extension, and Identification of Stationary Time Series
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Certain subspace identification methods cannot be expected to work for

generic data since the positive-real requirement is ignored. The algorithms

are analyzed in the context of stochastic realization theory. The original
model reduction procedure of Desai and Pal is partially justified.
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Abstract— In this paper we analyze a class of state space iden-
tification algorithms for time-series, based on canonical cor-
relation analysis, in the light of recent results on stochastic
systems theory. In principle, these so called “subspace meth-
ods” can be described as covariance estimation followed by
stochastic realization. The methods offer the major advantage
of converting the nonlinear parameter estimation phase in tra-
ditional ARMA models identification into the solution of a
Riccati equation but introduce at the same time some nontriv-
ial mathematical problems related to positivity. The reason for
this is that an essential part of the problem is equivalent to
the well-known rational covariance extension problem. There-
fore, the usual deterministic arguments based on factorization
of a Hankel matrix are not valid for generic data, something
that is habitually overlooked in the literature. We demonstrate
that there is no guarantee that several popular identification
procedures based on the same principle will not fail to pro-
duce a positive extension, unless some rather stringent assump-
tions are made which, in general, are not explicitly reported.
In this paper the statistical problem of stochastic modeling
from estimated covariances is phrased in the geometric lan-
guage of stochastic realization theory. We review the basic
ideas of stochastic realization theory in the context of iden-
tification, discuss the concept of stochastic balancing and of
stochastic model reduction by principal subsystem truncation.
The model reduction method of Desai and Pal (1982) [A real-
ization approach to stochastic model reduction. Proc. 1st De-
cision and Control Conf., pp. 1105-1112.], based on truncated
balanced stochastic realizations, is partially justified, showing
that the reduced system structure has a positive covariance
sequence but is in general not balanced. As a byproduct of
this analysis we obtain a theorem prescribing conditions un-
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der which the ‘subspace identification’ methods produce bona
fide stochastic systems. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

Recently there has been a renewed interest in state
space identification algorithms for time series based
on a two steps procedure which in principle can
be described as estimation of a rational covariance
model from observed data followed by stochastic
realization. The method offers the major advan-
tage of converting the nonlinear parameter estima-
tion phase which is necessary in traditional ARMA
models identification into a partial realization prob-
lem, involving a Hankel matrix of estimated co-
variances, and the solution of a Riccati equation,
both much better understood problems for which
efficient numerical solution techniques are avail-
able. In this framework we can naturally accom-
modate multivariate processes and there are indica-
tions that the algorithms may work also with data
containing purely deterministic components (van
Overshee and De Moor, 1993). A drawback, how-
ever, to be emphasized in this paper, is that, unlike,
say, least-squares identification of ARMA models,
these methods do not work for arbitrary data.
This type of procedure was apparently first ad-
vocated by Faurre (1969); see also Faurre and
Chataigner (1971) and Faurre and Marmorat
(1969). More recent work, based on canoni-
cal correlation analysis (Akaike, 1975) (or some
other singular-value decomposition) and the Ho-
Kalman algorithm (Kalman et al., 1969), is due
to Aoki (1990), Larimore (1990), and van Over-
shee and De Moor (1993). In the modern versions
of the algorithm canonical correlation analysis is
performed directly on the observed data without
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computing the covariance estimates (van Over-
shee and De Moor, 1993). Numerical experience
shows that the computation time needed to get the
final model parameters estimates compares very
favorably with traditional iterative prediction error
methods for ARMA models.

On the other hand there is a price to be paid for
this simplification. These methods introduce some
nontrivial mathematical problems related to posi-
tivity. The reason for this is that an essential part
of the problem is equivalent to the weli-known
“rational covariance extension problem”. There-
fore the usual deterministic realization arguments
based on factorization of a Hankel matrix are not
valid for generic data, something that is habitually
overlooked in the literature. Note that positivity
is the natural condition insuring solvability of the
Riccati equation required to compute state space
models of the signal from the covariance estimates.

Central in the procedures described above is the
following classical problem of identification of a
covariance sequence. Let

Ao, Ay, .. AV (1

be a finite set of sample m X m covariance matrices
estimated in some unspecified way from a certain
m-dimensional sequence of observations

oy vyl (2)

and consider the problem of finding a minimal *
triplet of matrices (A4, C, C) such that

CA*'C' =Ar k=12...,v (3)
and such that the infinite sequence
{Ao, Ay Ag, . 4

obtained from (1) by setting A := CA*'C' fork =
v+ 1,v+2,...,is a bona fide covariance sequence.

In the literature the last condition is generally ig-
nored. The remaining problem of finding a minimal
triplet (4, C, C) satisfying (3) is called the “minimal
partial realization problem”. The triplet (4, C, )
is usually computed by minimal factorization of a
block Hankel matrix corresponding to the data (1)
as follows:

Al Ar Ay oo A
Ar Ay Ay -0 Ajy
H=1 . s :
LA Ay Nivz o Ny
" C C
CA cA’

= : : ' (5)

L ca™ | L Gyt

* Here (4. C, €) is minimal if (4, C) is completely observable
and (4, C') is completely reachable,

where i + j — 1 = v and the Hankel matrix H
is chosen as close to square as possible by taking
{i~jl < 1. Infact, (3) holds if and only if (5) holds
for all (i, ) such that i + j — 1 = v, and hence the
minimal factorization must be made for a choice
of (/, j) in which the Hankel matrix (5) has max-
imal rank. The infinite sequence {Ag, A}, Ay, ...}
obtained in this way by setting Ay := C4*~!C’ for
k=v+1v+2 ... iscalled a “minimal rational
extension” of the finite sequence (1) and is in gen-
eral not a covariance sequence. The dimension r of
a minimal rational extension is called the “(alge-
braic) degree” of the partial sequence (1). Clearly
the degree r is also equal to the McMillan degree
of the m X m rational matrix

Z(z):C(zI—A)_lC—"Jr%Ao, (6)

and the elements of the infinite sequence (4) are the
coefficients of the Laurent expansion

Z(z) = %Ao + Az Azt (7)

about z = 0.

The underlying identification problem is however
a great deal more complicated than the classical
partial realization problem. In fact, the requirement
that (4) be a bona fide covariance sequence amounts
to (4) being a positive sequence in the sense that,
for every ¢ € Z., the block Toeplitz matrices T;,

Ao A Ay - A
Al Ao A - A

L={ . . C : ®)
A A A Ao

formed from the infinite sequence (4), be positive
definite or, equivalently, that the matrix function

®(z):=Z(2)+ Z(1/z) €)
be positive semidefinite on the unit circle, i.e.
(% =20 0€[0,2m). (10)

This property is equivalent to & being a spectral
density matrix. In fact, it will be the spectral density
of the covariance sequence (4). Clearly (1) cannot
be a partial covariance sequence unless T, > 0, but
this is not enough.

From the point of view of identification there
seem to be two possible routes to determine a model
(A, C, C) from the finite covariance sequence (1).
One that has been proposed in the literature is do
minimal factorization (5) of a finite block Hankel
matrix in balanced form (Aoki, 1990; van Overshee
and De Moor, 1993). This yields a solution to the
minimal partial realization problem, and, as will be
shown in this paper, there is no a priori guaran-
tee that this method will yield a positive extension.
This fact has nothing to do with sample variability
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(random fluctuations) of the covariance estimates
(1), and to emphasize this point we initially assume
that all strings of data (2) are infinitely long. A the-
oretically sounder identification method, which will
not be considered in this paper, could instead be to
perform positive extension first and then to use a
stochastic model reduction procedure on the triplet
(4, C, €) of the positive extended sequence.

The issues regarding positive extension are dis-
cussed in Section 2, where the nontrivial nature of
the positivity constraints are explained. The failure
to take this difficulty into consideration has been
pointed out by the authors of this paper at many
scientific meetings in the last ten years. This has had
no apparent effect, except for two recent papers,
Heij et al. (1992) and Vaccaro and Vukina (1993), in
which these problems are mentioned. Consequently
this point will be strongly emphasized. We illus-
trate our point on the identification procedure of
Aoki (1990) and demonstrate that there is a hidden,
and not easily tested, assumption without which the
procedure will not be guaranteed to succeed. The
punch line is that none of the subspace identifica-
tion methods under consideration can be expected
to always work for generic data but that some not
entirely natural conditions on the data are needed.

The analysis of the basic theoretical issues be-
hind subspace identification is carried out in the ge-
ometric framework of stochastic realization theory;
see, e.g. Lindquist and Picci (1985) , Lindquist and
Picci (1991). In Section 3 we introduce some basic
concepts from this theory and adapt them to the
problem of identification. To this end, we first dis-
cuss an idealized situation in which the time series
(2) is infinitely long, i.e. T = o, and the available
covariance data are given by the ergodic limit

T
R e DI PR
for all k and j. Then the sample estimates in the
sequence (1) are bona fide covariance matrices and
the Toeplitz matrix T, formed from the data will
be positive definite and symmetric. We introduce a
Hilbert space of observed (infinite) strings of data
{y,}, allowing us to use the geometric concepts and
machinery of linear stochastic system theory as de-
veloped in Lindquist and Picci (1985) and Lindquist
and Picci (1991) also for the statistical problem of
identification, In this way we establish a correspon-
dence which turns operations on random quantities
defined on abstract probability spaces into proto-
types of statistical algorithms involving computa-
tions based on the observed data. Canonical cor-
relations and balanced stochastic realizations are
then analyzed in this setting in Section 4, and the
basic concepts and principles used in the subspace
identification methods, as well as in the model re-

duction procedures of Desai and Pal, are translated
into the more natural context of geometric stochas-
tic realization theory.

Although the explicit computation of covariance
sequences can be avoided completely in the methods
discussed in this paper, it is useful to think in terms
of such objects. The realization theory developed in
Sections 3 and 4 deals with an idealized situation
which admits the construction of an exact infinite
covariance sequence (4). Consequently, the difficult
question of positivity is not an issue here. Nor is it
the finite sample size per se which is the problem,
but the fact that only a finite covariance sequence
(1) could be constructed from the data (2) when T
is finite. Therefore, we separate these issues by dis-
cussing stochastic realization theory from finite co-
variance data in Section 5 and subspace identifica-
tion in Section 6. In this framework we show that
the method of van Overshee and De Moor (1993) is
valid under some rather stringent assumptions. We
stress that we are only concerned with identification
procedures for state space modeling of time series.
“Subspace identification” methods for determinis-
tic systems with measurable inputs or for spectral
factors do not involve positivity, but stability may
still be a problem. However, the algorithms of van
Overshee and De Moor (1994a) and van Overshee
and De Moor (1994b) also have a stochastic part,
so the problem of positivity arises here too.

Another idea behind the subspace identification
methods considered in this paper is to disregard
modes corresponding to “small” canonical corre-
lation coefficients. This is called “balanced trunca-
tion” and is in fact a stochastic model reduction
procedure. In all such procedures there must be a
guarantee that the reduced-degree matrix function
(6) is positive real, and therefore the preservation of
positivity in such reductions is a main concern of
this paper. Section 7 is devoted to such issues. The
model reduction procedure of Desai and Pal (1982)
was never theoretically justified in their work or in
their subsequent work Desai et al. (1985) and De-
sai (1986).* Here we shall demonstrate that this
reduction procedure produces a positive real, but
not in general balanced, reduced model structure.
In fact, the singular values of the truncated system
are usually not equal to the r first singular values
of the original system.

It is an interesting fact that the procedure of De-
sai and Pal does produce balanced truncations for
continuous-time stochastic systems. A partial result
in this direction was given by Harshavaradhana et
al. (1984), who showed that the truncated function

* In Desai et al. (1985) a different model reduction procedure,
which is not relevant to subspace identification, is considered,
namely “deterministic” model reduction of the minimum phase
spectral factors.
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is positive real and conjectured that it is balanced.
We shall demonstrate that it is indeed balanced,
a result that is actually already contained in the
work of Ober (1991). The problem with the Desai-
Pal procedure in discrete time depends on the fact
that the spectral factors of the truncated approxi-
mate spectrum behave differently than in continu-
ous time. While in continuous time the realizations
of the reduced spectral factors are proper subsys-
tems, obtained by partitioning the matrices of the
realizations of the factors of ®, this is not the case
in discrete time, contrary to early claims of Desai
and Pal. As indicated in Ober (1991), a balanced
truncation procedure is available in discrete time,
but the systems matrices are no longer submatrices
of those of the original system, and therefore it is
not equivalent to the truncation procedure used n
subspace identification.

Several of the results of this paper have previously
been announced in Lindquist and Picci (1994a)*
and in Lindquist and Picci (1994b).

2. POSITIVE, NONPOSITIVE AND APPROXIMATE
FACTORIZATIONS OF THE HANKEL MATRIX OF
COVARIANCES

The solution to the minimal partial realiza-
tion problem , i.e. the problem to find the triplet
(A, C, C) satisfying (1) is in general not unique.
This lack of uniqueness, studied in, for example,
Kalman e al. (1969), Kalman (1979) and Gragg
and Lindquist (1983), is not an issue in this pa-
per. Therefore, to avoid this question altogether,
we shall make the standard assumption that the
algebraic degree of (1) equals that of

{AOvAl»--- ,Av—l} (12)

so that we can use a Hankel matrix (5) based on
this data, i.e. with / + j = v, allowing us to define
the shifted Hankel matrix

Ay Ay Ay - Ap
A Ay As - Ay
o(H) = . . . . .
. : . T : (13‘)
At N2 A -+ Ay

uniquely. In this case the classical Ho—Kalman al-
gorithm (Kalman et al., 1969) produces a minimal
solution (4, C, C) which is unique up to a similar-
ity transformation.

As first pointed out by Zeiger and McEwen
(1974), the minimal factorization on which the
Ho-Kalman procedure is based may be performed

* We warn the reader that a preliminary version of Lindquist
and Picci (1994a), containing some erroneous statements, was
accidentally published in place of the paper finally submitted
for publication. The correct version can be obtained from the
authors.

by “Singular-value decomposition”, thereby fixing
(4, C, C) uniquely; see also Kung (1978). In fact,
the Hankel matrix H may be factored as

H=UV' UU=I=V'V, (14)

where X is the square »n X n diagonal matrix of the
nonzero singular values taken in decreasing order.
Setting Q := UZY2 and Q := VE!2 this leads to a
factorization

H=0Q QQ=3=0'0 (15)

of the type (5). Then a minimal realization (4, C, C)
is obtained by solving

QAQ =a(H), CQ' =pi(H), CQ =p(H),
where g (H) is the shifted Hankel matrix (13) and
p1(H) 1s the first block row of H. It follows that

the triplet (4, C, C) must be given by

A=3"12U" ac(H)VEZ 12, (16)
C=p(H)VE'? (17)
C=p(HHYUZ'7?, (18)

a form to which we refer as “finite-interval bal-
anced”, since it is balanced in the sense that Q'Q
and Q’Q are both equal to , and that

C C
c4 _ CA
Q= 0= :
y . 19
ca™! 4yt )

Aoki (1990) has proposed that this procedure be
used also for identification of time series. The prob-
lem with such a strategy is that this algorithm is a
deterministic realization procedure and hence does
not a priori insure that (6) is positive real, or even
stable for that matter, even if the Toeplitz matrix
T, is positive definite. In fact, it is shown in Byrnes
and Lindquist (1982) that there are open subsets
of the space of covariance data (1) for which A is
not stable, and a fortiori the same holds for positiv-
ity. In fact, like that in van Overshee and De Moor
(1993), the procedure in Aoki (1990) is based on the
following hidden assumption which is not entirely
natural.

Assumption 1. The covariance data (1) can be gen-
erated exactly by some (unknown) stochastic sys-
tem of dimension equal to rank H.

Therefore, not only must we know that there ex-
1sts an underlying finite-dimensional system, but we
must also have some upper bound for its dimen-
sion. A conservative upper bound which will always
suffice is [3].

Is this assumption natural? If the covariance data
are really generated exactly from a “true” stochastic
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system and there is a reliable estimate of its order
which is no more than half of the length of the
covariance sequence, then the assumption will hold.
However, and this is an important point of this
paper, one cannot expect Assumption 1 to hold for
an arbitrary covariance sequence (1).

To clarify this point, let us agree to call
{Ap, A1, Az, ... } a “minimal rational extension” of
{Ag, Ay, ..., A} if the rational function (7) has
minimal degree. By definition this is the algebraic
degree of {Ag, Ay,..., Av}. A rational extension is
called positive if, for every u > v, the block Toeplitz
matrices T, formed from the corresponding infi-
nite sequence (4) are positive definite. An extension
with this property is called a “positive rational
extension”. It is weil known that the extension
{Ag, A1, Ag, ... } is positive if and only if (7) is pos-
itive real, i.e. the rational function Z(z) is analytic
in the closed unit disc and the matrix function

d(z) = Z(z) + Z(1/z)’ (20)

is nonnegative definite on the unit circle, making ® a
spectral density matrix. A minimal positive rational
extension of the finite sequence (1) is one for which
the dimension of the triplet (4, C, C) in (6) is as
small as possible.

Definition 1. The positive degree p of the finite co-
variance sequence {Ag, Ay,..., A} is the dimen-
sion of any minimal positive extension.

A well-known example of a positive extension is
the “maximum entropy extension” (Whittle, 1963)
corresponding to the spectral density ®(z) :=
W (z)W (1/z)’, where the spectral factor W (z) is
(modulo a multiplicative constant matrix) the in-
verse of the Levinson-Szegd' matrix polynomial
of order v corresponding to the finite covariance
sequence (1). Since the rational function W(z)
generically has the McMillan degree equal to
my, it follows from spectral factorization theory
(Anderson, 1958) that Z(z) has also degree mv.
Consequently, the positive degree p is bounded
from below by the algebraic degree r and from
above by mv.

As already pointed out, it is very common in the
literature (Aoki (1990), van Overshee and De Moor
(1993) and others) to disregard the positivity con-
straint and to use algebraic rather than positive ex-
tensions, usually computed by minimal factoriza-
tion a block Hankel matrix such as (5), or by meth-
ods which in principle are equivalent to this, even
if the Hankel matrix is not explicitly computed. In
fact, Assumption 1 may also be formulated in the
following way.

Assumption 2. The positive degree of (1) equals the
algebraic degree.

This assumption prescribes a property of the co-
variance sequence (1) which is not generic. We can
illustrate this point by considering the rational ex-
tension problem for a finite scalar covariance se-
quence (1). The positive degree p lies between the
algebraic degree r and v. Note that neither the case
p = vnor the case p < v are “rare events”, because
there are open sets of covariance sequences (1) of
both categories. In fact, it was shown in Byrnes
and Lindquist (1996) that for each u such that 5 <
u < v there is an open set of covariance data in
RY for which p = u. If the upper limit p = v is at-
tained there are infinitely many nonequivalent mini-
mal triplets (4, C, C) providing a positive extension,
one of which is the maximum entropy extension.
In fact, it can be shown that these v-dimensional
extensions form an Euclidean space (Byrnes and
Lindquist, 1989). This shows that the finite data (1)
never contains enough information to establish a
“true” underlying system. A similar statement can
be made in the case when p < v.

Example 1. Consider the case m = 1 and v = 2,
i.e. consider a scalar partial covariance sequence
Ao, AL AL TIEA = Ay =0, wehaver = p =
0. Otherwise, we always have r = 1, whereas the
positive degree can be either one or two. In fact,
setting yo := Aj/Agand y; := (A2+A2)/(1-A2), it
can be shown (Georgiou (1987); also see Byrnes and
Lindquist (1996), where other examples are also
given) that p = 1 if and only if

|Yol

| <
Y < el

and p = 2 otherwise.

In fact, it is not hard to construct examples for
which the gap between algebraic and positive rank
is arbitrarily large, as the following theorem shows.

Theorem 3. Let n € Z, be fixed. Then for an ar-
bitrarily large v there is a stable rational function
Z(z) of degree n, such that the Toeplitz matrix T,
formed as in (8) from the coefficients of the Lau-
rent expansion (7), is positive definite while 7., is
indefinite.

Consequently, you cannot test the positivity of
a rational extension of (1) by checking a finite
Toeplitz matrix, however large is its dimension.
The proof of Theorem 3 is given in Appendix A.

Let us now return to the identification procedure
of Aoki (1990). In practice the rank of H will al-
ways be full, and to compute a partial realization of
reasonable dimension the basic idea is to partition
X as
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(& 0
= [ 0 s, } 21
where the singular values in X, are smaller than

those in Z,, perhaps close to zero, and then take
2, = 0 so that H is approximated by

H=U [%‘ 8] V' = U3z V. (22)
The matrix H; is a best approximation (given the
rank) of H in (the induced) £*>-norm, but it is
in general not Hankel and hence cannot be used
to determine a reduced order system. Of course,
one may instead use Hankel-norm approximation
(Adamjan et al., 1971), which produces another
best approximation of H in £»-norm that is Han-
kel and has the same rank as H;. However, if X, is
“very small” compared to X, then H; is close to
H and hence approximately Hankel. For this rea-
son, Aoki’s (1990) procedure is based on the orig-
inal data H and o(H). Thus identifying H; with
H in (22) and noting that U U} = [ and V1 V| =1,
the same type of calculation as above yields the re-
duced triplet (4,, C,, C;) given by

A, =3"2u omviE A (23)
G =p(HYNE', (24)
¢, = pi(HHYUZ ' 2 (25)

It is not hard to see, and it is shown in Aoki
(1990), that (23)-(25) is a “principal subsystem
truncation in the sense that, if H is produced by
a finite-dimensional system with (4, C, C) having
finite-interval balanced form (16)-(18), we have

A4, =4y, C=¢C, C=0q, (26)
where
_{4n 4n
A= [Azl Azz}
C=[Cl Cz],
c=[G G| 27)

In fact, since U \U{ = ViV| = [1,0), this is seen
by merely solving (16)~(18) for o(H), py(H) and
p1(H') and inserting in (23)-(25).

However, it must be shown that (26) corresponds
to a stochastic system, i.e. that

.1
Zi(z) = Gzl — An) "G+ ’2‘/\0 (28)

is positive real, provided of course that Z, defined
by (6), is positive real. The question of stability was
answered in the affirmative in Pernebo and Silver-
man (1982) and is addressed in Aoki (1990). The
crucial question of positivity, however, is not dis-
cussed in Aoki (1990) and its validity is in doubt.

Positivity will, however, be proven for a somewhat
modified procedure described below.

In fact, following Akaike (1975), Desai and Pal
(1984) and Desai et al. (1985), instead of H we shall
consider a normalized Hankel matrix

A=L'HLTT, (29)

where L. and L, are lower triangular Cholesky
factors of the Toeplitz matrices 7_ and T, of (i)
and the corresponding sequence of transposed co-
variances respectively; see Section 4 below. This is
also the Hankel matrix considered in van Overshee
and De Moor (1993). Taking the singular value de-
composition of A instead of H, the singular values
become the “canonical correlation coefficients”, i.e.
the cosines of the angles between the past and the
future of the process y. The systems matrices can
be determined in a manner analogous to (16)—(18),
but now

QT'0=3=0'T"'Q (30)

instead of (15) so the realization is not balanced in
the same (deterministic) way as above. To see this,
consider the singular value decomposition A =
USU’ so that H = (L U)S(L_V)'. Since H =
QQ’ and this factorization is unique modulo coor-
dinate transformation in state space, we may take
Q= L,032 and O = L_VEY2 Then, (30) fol-
lows from U'U = I = V'V. As we shall see next,
(30) corresponds to a more natural type of balanc-
ing corresponding to a Hankel operator describing
the interface between the past and the future of the
time series y.

3. STOCHASTIC REALIZATION THEORY IN THE
HILBERT SPACE OF A SAMPLE FUNCTION

In this section we introduce a mathematical
framework which is suitable for the identifica-
tion problem described above. We define a Hilbert
space of observed (infinite) strings of data {y}.
This framework turns out to be isomorphic to that
of geometric stochastic realization theory, thus
allowing us to use the geometric concepts and ma-
chinery of linear stochastic system theory as devel-
oped in Lindquist and Picci (1985) and Lindquist
and Picci (1991) also for the statistical problem of
identification. In this way we also establish a cor-
respondence which converts operations on random
quantities defined on abstract probability spaces
into prototypes of statistical algorithms involving
computations based on the observed data.

In identification we have access only to a finite
string of data

{vo.y1.y2, ...y} (31

Here T may be quite large but, of course, always
finite. To begin with, we shall, however, consider
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the idealized situation that we are given a doubly
infinite sequence of m-dimensional data

{...ysay-2y-Lyoyuynys... b (32)

together with a corresponding covariance sequence
{Ar =0, each matrix A, of the sequence being com-
puted from the data (32) by an ergodic limit of the
type (11). In Section 5 we then modify the theory
to handle the situation of finite data (31).

For each k € Z define the m X o matrix

¥ = [y Yier, Yesz, .- ] (33)

and consider the sequence y := {y(t)},ez. This ob-
ject will be referred to as the m-dimensional sta-
tionary time series constructed from the data (32).
The space Y of all finite linear combinations

> dy(n);

is a real vector space and can be equipped with
an inner product defined by linear extension of the
bilinear form

a €R” (L eZ

to+T
(@ y k), by () = Jim oy 3. e
= d'Ak-jb, (34)

which clearly does not depend on #. This in-
ner product is nondegenerate if the Toeplitz ma-
trix Tk, constructed from the covariance data
{Ao, A1, ..., A}, is a positive definite symmetric
matrix for all k. Here we shall assume that the se-
quence { Tk }e=o is actually coercive, i.e. Ty > ¢l for
some ¢ > 0 and all k > 0. (See Assumption 2 below
for an alternative characterization.) We also define
a “shift operator” U on the family of semi-infinite
matrices (33), by setting

Ud'y(t) =ad'y(t + 1) teZ, acR™

defining a linear map which is isometric with re-
spect to the inner product (34) and extendable by
linearity to all of Y. In particular, the sequence of
matrices {y(¢)} corresponding to the time series y
is propagated in time by the action of the operator
U, ie.

yi(2) = U'y(0), teZ,

(33)

where y; denotes the ith row component of y. Then,
closing the vector space Y in the inner product (34),
we obtain a Hilbert space H(y) := cl Y. The shift
operator U is extended by continuity to all of H (y)
and is a unitary operator there.

As explained in more detail in Appendix B,
this Hilbert space framework is isomorphic to the
one described in Lindquist and Picci (1985) and
Lindquist and Picci (1991), and hence all results in
the geometric theory of stochastic realization can

i=12....m

AUTO 32:5-D

be carried over to the present framework by merely
identifying the time series y with a stationary
stochastic process y. In particular, the subspaces
H~ and H* of H(y) generated by the elements (33)
for ¢+ < 0 and ¢ = 0, respectively, can be regarded
as the past and future subspaces of the stationary
process y. For reasons of uniformity of notation
the inner product (34) will also be denoted

(§,n) = E{&n} (36)

as the frameworks are completely equivalent. Here
we allow E {-} to operate on matrices of time series,
taking inner products component-wise. Moreover,
the coercivity condition introduced above insures
that NyezU'H™ = 0 and n,ezU'H* =0, ie. yisa
purely nondeterministic sequence,

As we have pointed out above, the subspace iden-
tification methods of Aoki (1990) and van Overshee
and De Moor (1993) are based on the assumption
that the available data is generated by an under-
lying stochastic system of finite dimension. More
specifically, using the notations introduced above,
we assume that the data are generated by a linear
system of the type

x(t+ 1) = Ax(t) + Bw(t),
y(1) = Cx(t) + Dwl(t)

defined for all 1 € Z, where w is some vector-valued
normalized white noise time series * (say, of di-
mension p), and (4, B, C, D) are constant matrices
with A4 a stability matrix. Throughout this paper
we shall assume (without restriction) that (4, B, C)

37

is a minimal triplet and that the matrix [ g has

linearly independent columns.

The system is assumed to be in statistical steady
state so that the n-dimensional state x and the m-
dimensional output y are uniquely defined by (37)
as linear causal functionals of the past input w. This
clearly implies that x and y are jointly stationary
time series so that in particular, the cross-covariance
matrices of x(¢) and y(s) will depend only on the
difference ¢ — 5. We shall think of the system (37)
as a representation of the output time series y. The
state and input variables x and w are introduced in
order to display the special structure of the dynamic
model of y and are by no means unique. Such a
representation is called a state space realization of

y.

Remark 1. Despite the fact that the model (37) is
defined in terms of sample sequences, all equalities
must be understood in the sense of Hilbert space
metric, just as in the case of models based on ran-
dom variables.

* This means that E{w(t)w(s)’'} = I8, where 3, is the Kro-
necker delta.
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The number of state variables » is called the di-
mension of the realization. A realization is minimal
if there is no other realization of y of smaller di-
mension. In this case the covariance matrix of the
state vector,

P=E{x()x()'} (38)

. . . . | B
is positive definite. Moreover as the matrix [ D

is taken with linearly independent columns, the
number of (scalar) white noise inputs p is also as
small as possible. Clearly, the covariance sequence
{Ao, A1, Az, ... } of the output {y(¢)} of a minimal
model (37) is a rational sequence of degree n, i.e.
represented as

Ay =CA'C k=01,2,...,
where C' = APC' + BD',
Ag = CPC' + DD'. (39)

In the following we shall need to assume that the
corresponding spectral density ® (z) satisfies the fol-
lowing condition.

Assumption 4. The spectral density ¢ of the output
process of the underlying system (37) is coercive in
the sense that

&%) >0 foralld € [0,2m]. (40)

In particular, y is a full-rank process, i.e. its com-
ponents are linearly independent sequences. Recall
that a positive real function Z such that ®(z) :=
Z(z) + Z(z™')' satisfies (40) is called strictly posi-
tive real.

Let H (w) be the Hilbert space generated by w, i.e.
the closure of the linear space spanned by the family
{wi(t), i = 1...p t € Z} with respect to the met-
ric induced by the inner product (€, n) = E{En},
where E{-} is defined by (36). Let H* and H~ be
the subspaces of H(w) generated by the compo-
nents of future {y(0), y(1), ¥(2)...} and past out-
puts {y(—1), y(=2), p(=3) ...}, respectively.

The subspace

X = {a'x(0) | a € R"} 0

is invariant under coordinate changes of the
type (4, B,C) — (TAT™',TB,CT™!) and is a
coordinate-free representation of the realization
(37). Such an object is called a Markovian split-
ting subspace in Lindquist and Picci (1985) and
Lindquist and Picci (1991). Next, define the sta-
tionary Hankel operator of y, H : H* — H™ as

H =E" |y, 42)
where Ef7 A is the orthogonal projection of A onto

H~. The splitting subspace property of X is equiv-
alent to the commutativity of the diagram

g % b
o*~ -C
X

i.e. to the factorization
H = CO*, (43)

where the operators @ := EF" |, and C := E¥ |y
are the observability and constructibility operators,
respectively, relative to the splitting subspace X.
It can be shown that the splitting subspace X is
minimal if and only if ® and C are both injective
(see, e.g. Lindquist and Picci, 1991).

The system (37) is a forward or causal realization
of y in the sense that the subspace H* (w), generated
by the future of w, is orthogonal to X and H, i.e.
to the present state and past output. Corresponding
to (37) there is another realization

{i(r — 1) =A%) +Bw(z - 1),

y(t —1) = Cx(t) + Dw(z - 1), (a4)

which is backward or anticausal in the sense that
the subspace H~ (w), generated by the past of w, is
orthogonal to X and H*. Like x(0), x(0) is a basis
in X, ie.

X = {ad'%(0) | a € R"}. (45)

In fact, x(0) is the dual basis of x(0) in the sense
that E{x(0)x(0)’} = I. Hence

P=pP"  x0) =P 'x(0). (46)
The particular notations used in (37) and (44) reflect
the special meaning of the parameters (4, C, C).
Computing the covariance matrix of the output us-
ing the dual realizations (37) and (44), it is in fact
readily seen that (4, C, C) is precisely a triplet real-
izing the positive real part (6) of the spectral den-
sity matrix ®(z) of the time series y. There are in-
finitely many minimal factorizations (43), one for
each Markovian splitting subspace, but the basis in
each state space X can be chosen so that the triplets
(4, C, C) are the same for each minimal X . This
is called a uniform choice of bases (Lindquist and
Picci, 1991).

Important examples of minimal splitting sub-
spaces are the forward and backward predictor
spaces

X.=E" H* X, =E"H",

47
which are the orthogonal complements of the null
space of the Hankel operator (42) and of its adjoint,
respectively.

Fixing a uniform choice of bases, and thus the
triplets (4, C, C), the splitting subspace X_ has the
forward stochastic realization

{x_(t +1) = Ax_(t) + B_w_(1),
y(t) = Cx_(t) + D_w_(2), (48)
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with state covariance P_, and X, has the backward
realization

{h(r — D) =A%) +Bews (¢ - 1),
pt=1D) =Ca) + Duiwr (=1, (49

with state covariance P .

These two stochastic realizations will play an im-
portant role in what follows. In fact, an important
interpretation of these realizations is that

x_(t+ 1) = Ax_(t) + B_DZ'[y(t) - Cx_(1)]
(50)

is the unique steady-state Kalman filter of any min-
imal realization (37) of y in the fixed uniform choice
of bases. Moreover, if P, is the state covariance ma-
trix (38) corresponding to the forward counterpart
of (49), i.e. P, = (P,)7!, then

P <P<P, 51

for the state covariance of any minimal realization
(37).
In the same way

(1 —1) = A% () + Bo Dyt = 1) ~ Cxy (1))

is the backward steady-state Kalman filter of all
minimal backward realizations (44), and

P, <P<P.
for an arbitrary backward minimal realization (44),
where P_ is the backward counterpart of P-.

4. CANONICAL CORRELATIONS AND BALANCED
STOCHASTIC REALIZATION

In this section we characterize the properties of
minimal factorizations of the (stationary) Hankel
operator (42) of a time series admitting a finite-
dimensional realization of the type (37). Equiva-
lently, we study certain factorizations of the infinite
Hankel matrix of the corresponding infinite covari-
ance sequence {Ag, A}, Ay, ... }. Some portions of
this section can be found in an equivalent but some-
what different setting in Section 2 of Desai et al.
(1985). Here we need to recall the basic concepts
and set notations. This will be done in the geomet-
ric framework of Section 3, thereby providing sev-
eral new insights.

To obtain a convenient matrix representation
of the Hankel operator 3 we shall introduce or-
thonormal bases in H~ and H*. To this end it will
be useful to represent past and future outputs as
infinite vectors in the form

y(-1) y(0)
y(=2) y(1)

y-=1y(=3) |- Y+ = y(2)

(52)

Let L_ and L, be the lower triangular Cholesky
factors of the infinite block Toeplitz matrices

T = E{y_y'_} = L-L,_, T+ = E{y.{.y;_} = L+L;_
and let
vi= L'y, (53)

be the corresponding orthonormal bases in H~ and
H*, respectively. Now, (39) implies that

V= LI'y_,

Ay Ay Ay ..
, Ay A3 Ag ...
Ho:=E{y+y_} = | A3 Ay As ...
C C
CA CA'

=|ca CA? |- (4

and therefore we have the following representation
result, which can be found in Desai er al. (1985).

Proposition 1. Let y be realized by a finite dimen-
sional model of the form (37). Then, in the or-
thonormal basis (53) the matrix representation of
the Hankel operator # is

Ao =L]E{y.y }L-T = L7'QQ'LT,

(55)
where
C C
c4 ) CA
Q=] cq? and Q=] Gq)2
(56)

Note that, with a uniform choice of bases, we
obtain the same matrix factorization (54) for Hx,
irrespective of which X (i.e. which minimal realiza-
tion of y) is chosen.

Recall that the adjoint @* of the observability
operator O is defined as the unique linear operator
H™* — X such that (O, A) = (£, O*A) for all €
X and A € H*. Orthogonality implies that

(EF"E A) = (E A) = (E EXA),

and therefore O* = E¥X|y+. In the same way, we
see that C* = EX|y-. The finite-rank linear op-
erators O*0O and C*C are defined on X and are
the coordinate-free representations of the observ-
ability and constructibility gramians. The splitting
subspace X is observable if and only if O* @ is full
rank and constructible if and only if C*C is full
rank. The following representations show that these
gramians are related to P- and P,, the state co-
variances of the forward and backward steady-state
Kalman filters (Picci and Pinzoni, 1994).



718 A. Lindquist and G. Picci

Proposition 2. Let x(0) and x(0) be the conjugate
basis vectors in a minimal splitting subspace X as
defined above. Then, in a uniform choice of bases,

O*Od'7(0) = a' P, x(0) (57)
and
C*Ca'x(0) = a’ P_x(0), (58)

i.e. C*C and @*O have matrix representations P-
and P, , respectively, independently of X

Proof. 1t is shown in Lindquist and Picci (1991)
that, since X is minimal,

EY ' x(0) = a'x_(0),
and therefore
C*Cd' x(0) = EXa'x_(0) = EXd' P_3_(0).

But, since the bases x(0) and x_(0) are chosen uni-
formly

E¥d'x_(0)=d'x(0) acR"
and consequently (58) follows. The proof of (57) is

analogous.

The factorization (55) can also be derived from
(43) and the following useful matrix representations
of the observability and constructibility operators.

Proposition 3. Let x(0) and X(0) be basis vectors
for the minimal splitting subspace X given by (41)

and (45). Then

Odx0) =ad Q' LTV, O*b' v =bL;'Qx(0)
(59)

and

Ca'x(0)=d Q'L Ty, C*b'v =b'L7'Qx(0),
(60)

where © and Q are given by (56).

Proof. Since, in view of (37)
y+ = Qx(0) + terms which are orthogonal toX
and v = L7'y,, we have
E{vx(0)'} = LT'QP (61)

Consequently, for any a € R”, the usual projection
formula * yields

Oa x(0) = ET d'x(0) = d E{x(0)V' }V
and
O*b'v = EXb'v = b E{vx(0)' } P~ x(0)
* If £ € H(w) and the subspace Z C H(w) is spanned by

the components of the full-rank random vector z, then EZE =
E{E/WE{zz’ 2.

from which (59) follows. A symmetric argument
yields (60).

To interpret this result in the context of balanced
realization theory one should note that the matrix
representations of O* and C* are the transposes of
those of @ and C if and only if x(0) is an orthogonal
basis, i.e. P = P = I. Moreover, it follows from (59)
that

O0*0d' x(0) = a' Q' T7'Qx(0),

showing that Q' 7, ') is a matrix representation of
O*@, in harmony with the analysis at the end of
Section 2. In the same way, (60) yields

C*Cd' x(0) = ' Q' T7'Q5%(0),

and hence Q'T-'Q) is a matrix representation of
C*C. Together with Proposition 2 this yields the
following explicit formulas for P_ and P, :

QTr7Q =P, QT'Q="P.
(62)

Now, let {g), 02, G3,... } be the singular values
of the Hankel operator J{. Since rank H = n,
o; = 0 for i > n. The nonzero singular values

lzo2002z0%...20,>0 (63)

are the cosines of the angles between the subspaces
H_ and H,; they are known as the canonical cor-
relation coefficients of y (Hotelling, 1936; Ander-
son, 1958). Obviously oy < 1 if and only if H_. N
+ = 0. The squares of the canonical correlation
coefficients are the eigenvalues of H *H | i.e.

H*HE = Uizgi,
which, in view of (43) may be written
O*OC*C(O*E) = 07 (O*E)),

and, therefore, as was also demonstrated in Picci
and Pinzoni (1994)

AMO*OC*C) = {ot, o}, ..., okl (64)

1e. of, 03, ..., o} are the eigenvalues of O*OC*C.
But, in view of Proposition 2, this is precisely the
coordinate-free version of the invariance condition

{of, 03,.... 02} = A{P_P,} (65)

of Desai and Pal (1984).

This suggests that an appropriate uniform choice
of bases would be the one that makes P_ and P,
equal and equal to the diagonal matrix of nonzero
canonical correlation coefficients.

In fact, in view of Proposition 1, the infinite nor-
malized Hankel matrix H., is the matrix represen-
tation of the operator  in the orthonormal bases
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(53). Therefore, A, has the singular-value decom-
position

He = UsZo V., = USV, (66)

where X is the diagonal n X n matrix consisting of
the canonical correlation coefficients

Y = diag{o), 02, 03,... , 0,}, (67)

and 3, is the infinite matrix

50
Zw:[oo]'

Moreover U, and V. are infinite orthogonal ma-
trices, and U and V are o X n submatrices of U
and ¥V, with the the property that

Uu=I1=V'V. (68)

We now rotate the orthonormal bases (53) in H*
and H~ to obtain u := U,V and v:= V_v, respec-
tively. Note that E{uv'} = 2. What makes these
orthonormal bases useful is that they are adapted
to the orthogonal decomposition *

H VH*=[H n(H"*)]
eH ® [H* n(H)*], (69)

where HY .= X_ v X, is the so-called frame space
(Lindquist and Picci, 1985; Lindquist and Picci,
1991), in the sense that

X_ =span{vy, v3,..., s}
X, =span{uy, us,. .., ty}.

This is true since X_ is precisely the subspace of
random variables in A~ having nonzero correla-
tion with the future H+ and, dually, X, is the sub-
space of random variables in #* having nonzero
correlation with the past H~. Since therefore
{Vael, Vas2, Vaa3,. .. b and {unsy, Une, Unes, ...}
span H- n (H*)* and H* n (H™)*, respectively,
these spaces will play no role in what follows.
Now define the n-dimensional vectors

- 1/2

011 2v| ]
/

o, N

z=| T =2V'Lily,

2
0',!/ VnJ
ro_ll/Zu] h

1/2
0'2/ U

=32y'Llly,. (70)

N
1

Lo—’t/Zun ]

From what we have seen before, z is a basis in X_
and Z is a basis in X, and they have the properties

E{zZ'} =3 =E{zZ'}). an

* The symbols vV and @ denote vector sum and orthogonal
vector sum of subspaces.

In fact, we even have more as seen from the follow-
ing amplification  of a theorem by Desai and Pal
(1984, Theorem 1).

Theorem 5. The basis vectors
x_(0) =z x:0) =2 (72)

in X and X, respectively, belong to the same
uniform choice of basis, i.e. to the same choice of
triplets (4, C, C), and in this uniform choice

P.=3=P,. (73)

If the canonical correlation coefficients {0, 03, 03,
..., On} are distinct, this is, modulo muitiplication
with a signature matrix ¥, the only uniform choice
of bases for which (73) holds.

Such a choice of (4, C, €) is know as “stochasti-
cally balanced”, and, in the case of distinct canon-
ical correlation coefficients, it defines a canonical
form with respect to state space isomorphism in (6)
by fixing the sign in, say, the first element in each
row of C. Such canonical forms have also been stud-
ied by Ober (1991).

Proof. 1t follows from (55) and (66) that
E{z'} = 32 (74)

Now, choose (4, C, C) so that %,(0) = Z, and let
the bases in the other splitting subspaces be cho-
sen accordingly so that the choice of bases is uni-
form. We want to show that x_ (0) = z. To this end,
first note that x, (0) = Z7!%, (0) and that x_(0) =
E*-x,(0); see Lindquist and Picci (1991). Then,
by usual projection formula and the fact that zis a
basis in X_

x_(0) =2 1E{zZ/}3 "2,

which, in view of (74), yields x- (0) = z as claimed.
Hence (73) follows from (71).

Next, suppose that (QAQ~!,CQ!,CQ) is
another uniform choice of bases which is also
stochastically balanced. Since then x_(0) = Qz
and, as is readily seen from the backward sys-
tem (44), %, (0) = Q~TZ so that P~ = 030’ and
P, = Q7 T3Q!, (73) yields

Qz0 =3 and QO TIQ'=53,
from which we have
o3 =320

Since 3 has distinct entries, it follows from Corol-
lary 2, p. 223 in Gantmacher (1959) that there is

t A priori there is no reason why choosing bases in X_ and
X4+ would lead to the same (4, C, €). This important property
is explicitly mentioned in Theorem 5.

+ A signature matrix is a diagonal matrix of 1.
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a scalar polynomial @(z) such that @ = @(Z?).
Hence Q is diagonal and commutes with X so that,
by Q2Q’ = X, we have

Qo =1

Consequently, since Q is diagonal, it must be a sig-
nature matrix.

In view of (72) and (46), the first of relations (60)
and (59), respectively, yield

z=Q'T"'y.  z=Q'T7'y,. (75)

Consequently, in view of (71), (30) holds also for
the case of an infinite Hankel matrix. This can, of
course, also be seen from (62).

Note that the normalization of the block Hankel
matrix H,, is necessary in order for the singular val-
ues to become the canonical correlation coefficients,
i.e. the singular values of 2 . In fact, if we were to
use the unnormalized matrix representation (54) of
H instead, as may seem simpler and more natural,
the transpose of (54) would not be the matrix rep-
resentation of H * in the same bases, a property
which is crucial in the singular value decomposition
above. This is because (54) corresponds to the bases
y_in H™ and y. in H*, which are not orthogonal.
As we shall see in the next section, this holds also
in applicable parts for the finite-dimensional case
studied in Section 2, and therefore the normalized
Hankel matrix A, defined in Section 2, is preferable
to the unnormalized H. 3

Formulas, such as (16)—(18), expressing 4, C, C
in terms of the Hankel matrix H., can be easily
derived from basic principles. In fact, standard cal-
culations based on the forward model (37) and the
backward model (44) yield

A=E{x(Hx(0)} P} (76)
C=E{y0)x(0) P!, (7
C=E{p(=Dx(0)} P! = E{y(~=1)x(0)"} (78)

for any dual pair of bases x(0) and x(0).

Proposition 4. The triplet (76)-(78) corresponding
to the stochastically balanced bases (70) can be
computed by means of the formulas

A=3""U L' o(H) LTV (79)
C=p(Ho)LZTVE, (80)
C=p (HLL;TUZ™!2, (81)
where H. is the unnormalized Hankel matrix (54),

o(Hy) is obtained from H, by deleting the first
block row, and p) (H«) is the first block row.

Proof. First, in (76) and (77), we take x(0) to
be x_(0). By the Kalman filter representation

dlx: (1) ~x- (1)1 L UH~ > H™ forall a € R”,
we have

Efx_(Dx_(0)'} = E{x, (1)x_(0)"}
=P E{%,(1)x-(0)'}.

But, (4, C. O) is stochastically balanced, and there-
fore, by Theorem 5and (70), P- = 3 = P,, x_(0) =
2p'L-ty_and %4 (1) = SY2U' L7 o (y4), where
o{y.+) is obtained from y, by deleting the subvec-
tor corresponding to time ¢ = 0. Consequently, in
view of (76)

A= LI Eloy )y tLZTvETE
which is identical to (79). Likewise, from (80)
C=E{p0)y_}L-TvE"12

which yields (80). Finally, taking x(0) to be X, (0)
in (78), a symmetric argument yields (81).

Note that (79)-(81) are obtained by applying
the Ho—Kalman algorithm to H factorized corre-
sponding to the singular-value decomposition (66).

5. STOCHASTIC REALIZATION FROM FINITE
COVARIANCE DATA

In this section we modify the realization theory
of Section 4 to the case that only a finite segment

{0, p(1), »(2),.... y(vt (82)

of the time series {y(z)} is available. We still define
each y(r) as the semi-infinite string (33) of data, and
therefore we can form, via the ergodic limit (11), an
exact partial covariance sequence

{Ao. AL Ay AL (83)

The corresponding realization problem, which is
purely theoretical and is intended to prepare for
the more realistic identification situation with finite
strings of observed data (Section 6), is therefore the
partial stochastic realization problem mentioned in
Section 2. We retain the crucial Assumption 1, im-
plying that the data (82) is the output of some min-
imal “true” system (37) of dimension » and that v
is large enough for n to equal the positive degree of
the partial sequence (83).

Now, suppose that v = 27 — 1, and partition the
data into two matrices

»(0) yiT)
y(1) T+ 1)
Yy = : y: = : :
yir=1 y2r-1)

representing the past and the future, respectively,
and define the corresponding (finite-dimensional)
subspaces Y, and ¥ spanned by the rows of y7



Approximate covariance extension and identification 721

and y?, respectively, as explained in Section 3. Since
the data size T will be important in the consider-
ations that will follow, we denote the finite block
Hankel matrix H of Section 2, relative to the data
(84), by H,, i.e.
H; = E{y; (y»7)'}. (85)

Let Ty be the smallest integer T such that rank
H, = n. It is well-known that 1¢ is the maximum
of the observability and constructibility indicies of
(4, C, ©), so nis an upper bound for Ty. As pointed
out in the beginning of Section 2, we need T > T¢
to be certain that the factorization of H. yields a
unique (4, C, C).

Next, we shall consider the class of minimal split-
ting subspaces for Y and Y, i.e. the subspaces
X; admitting a canonical factorization

v; %oy

OrN G
X7

of the finite-interval Hankel operator

Hy = E |y;. (86)
It is standard (Lindquist and Picci, 1985; Lindquist
and Picci, 1991) to show that the forward and back-
ward predictor spaces

X =E%Y} and X =EV Y

are such minimal splitting subspaces. The proof of
the following theorem is deferred to Appendix D.

Theorem 6. Let X be a minimal Markovian split-

ting subspace for the stationary time series {y(¢)}.
Then, if T > 19

X, =U"X (87

is a minimal splitting subspace for ¥” and Y}, and

X =E%"X, X =E¥X. (8%)

Conversely, any basis £(7) in X;_ has a unique
representation *

£(t) = EY" x(1), (89)

where x(T) is a basis in X7, and any basis *(1) in
X+ has a unique representation

(1) = E¥ 3(1), (50)

with %(T) a basis in X7. As X varies over the family
X of all minimal Markovian splitting subspaces,
the corresponding x(0) [X(0)] constitute a uniform
choice of bases.

The stochastic realizations corresponding to the
finite-interval predictor spaces X,_ and X, are

* With slight misuse of notations, the orthogonal projection
operator applied to a vector will denote the vector of the
projections of the components.

nonstationary. However, taking advantage of the
representations (89) and (90), we shall be able to ex-
press these realizations in such a way that they can
be parameterized by the stationary triplet (4, C, C)
corresponding to one uniform choice of bases, both
for the forward and the backward settings. In fact,
if the bases £(T) and X(T) are chosen so that x(T)
and x(T) in representations (89) and (90) are dual
bases in X7, i.e. E{x(T)X(T)} = I, then the same
choice of (4, C, C) is used for all X € X. Such a
choice of bases in X7_ and X, is called coherent.

The' realizations generated by these coherent
bases are precisely the (transient) forward and
backward Kalman filters. In fact, the vector x(T)
is the one-step predictor of x(T) based on ¥, and,
as shown in Appendix C, it evolves in time as the
Kalman filter

@+ 1) =AX0) + K(O)y@) - Cx(D)];
%(0) =0, 91)
where the gain K(¢) is given by

K@) = (C' = AP-(1)C') (Mg — CP_(1)C')!
(92)

and the filter estimate covariance
P_(1) = E{()2(t)"} 93
is the solution of the matrix Riccati equation
P(t+1)=AP_()A" + (C' — AP_(1)C")
(Ag — CP_(1)C') " N(C' - AP_(1)C'’,
P_(0)) = 0. (94)

Symmetrically, in terms of the backward system
(44) corresponding to (37), the components of

1) = EX %(1) (95)

form a basis in X7 and are generated by the back-
ward Kalman filter

¥t -1 =A%)+ K@)yt = 1) - Cx(1)],

*¥Q2T-1) =0, (96)
with
K@) = (C' - AB.()C) (Ao - CP-(1)C)™,
o
where
P.(t) = E{x()x(1)} (98)

is obtained by solving the matrix Riccati equation
Pot-1D)=AP.(t)A+ (C' -A'P.(1)C")
(Ao = CPL()C')"N(C' = A'B,()C'Y
P 21-1)=0. 99
Now, it is well known that both

v(t) = (Ag = CP_()C')~12[y(t) — Cx(1))
(100)
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and

V(1) = (Ao — CPL(OC) ™ 2[p(t — 1) — Ck(1))
(101)
are normalized white noises, called the forward and
backward (transient) innovation processes, respec-

tively. Consequently, we may write the Kalman fil-
ter (91) as

X(t+1) =A%) + B_()v(1),
y(t) = Cx(t) + D_(1)v(2), (102)

where D_(t) 1= (Ag — CP_(1)C'}!"? and B_(1) :=
K(t)D_(t). Likewise, the backward Kalman filter
(91) may be written

{52(1 — 1) =A%) + B, ()v(t - 1),
y(t—=1) = C¥(t) + Dy (1)¥(r — 1), (103)

where D, (t) := (Ag — CP.(1)C'")"/2 and B.(1) =
K(t)D. (¢). Comparing with (37) and (44), we see
that (102) and (103) are stochastic realizations,
which unlike (37) and (44) are time-varying and de-
scribe the output y only on the interval [0, 2T ~ 1].
In fact, since

P—P_(1) = E{[x(t) - 2@)]1[x(&) = O]} =0,
and, for the same reason, P— P, (1) =0, we have

P(t)y<P<P,(t):=P.()},
(104)

so we see that the predictor spaces X,— and X,
are extremal splitting subspaces, just as X_ and X
in (51).

It is now immediately seen that the finite-interval
counterparts of equations (76)—(78) are given by

A=E{X(t+ DD 'IP-(T)"".  (105)
C=E{y(mxT)IP-(1)7", (106)
C=E{y(r - HXT)Y 1P (1)

= E{y(T - DT} (107)

In complete analogy with the stationary frame-
work in Section 4, the canonical correlation coeffi-
cients

> 0,(T) >0
(108)

between the finite past ¥~ and the finite future Y;*
are now defined as the singular values of the opera-
tor H; given by (86). To determine these we need a
matrix representation of H in some orthonormal
bases. Using the pair (100)~(101) of transient in-
novation processes for this purpose, we obtain the
normalized matrix (29), which we shall here denote
H.. Singular value decomposition yields

H‘r = UTZTVT,- (109)

lzon(T)=zo0(T) = -+ -

where UrUy = I = V.V, and 2, is the diagonal
matrix of canonical correlation coefficients. As in
Section 4 it is seen that

{z(r) = ZPVILD) sy,

are bases in X~ and X.,, respectively, and that

E{z(T)z(T)'} = 3, = E{Z{T)3(T)}.
(111)

Here L7 and L7 are the finite-interval counterparts
of L_ and L., respectively, and they are of course
submatrices of these. Note that H, as defined by
(85), is now given by

HT':L:HT(L;),' (112)

We observe that, in analogy to Theorem 5, z(T)
and Z(7) are coherent bases, and the correspond-
ing triplet (A4, C, C) is a finite-interval stochastically
balanced realization, i.e.

P_(1) =%, = P.(T). (113)

The following finite-interval modification of Propo-
sition 4 is essentially the canonical singular-value
decomposition version of the Ho-Kalman algo-
rithm applied to the finite block Hankel matrix H,
and the proof is analogous.

Proposition 5. The finite-interval stochastically
balanced triplet (4., C;, Cr), obtained from (105)-
(107) by choosing the bases £(T) = z(T) and
¥(T) = 2(T), is given by

A =2 PUNLH o (HWLT) TV ED 2,
Cr = pr(H)L7) TV, 212
Cr = pi(H)(LD) U], (114)

where the operators o (-} and p;(-) are defined as
in Section 2 and in Proposition 4.

Note that the triplet (4, Cr, C,) actually varies
with T, but that, for each T, it is similar to the
stochastically balanced triplet (4, C, C) of Section
4, i.e. there 1s a nonsingular matrix Q, so that

(A, C‘r' é‘() = (QTAQ;I, CQ.,—.I, CQ;)
(115)

It is easy to check that, in the uniform choice of
bases corresponding (115), the stationary predictor
spaces X_ and X, will have the state covariances

P =Q.30Q, and P, =0;7z0;,
(116)

analogously to the situation in the proof of Theo-
rem 5. The fact that these state covariances are not
diagonal and equal is a manifestation of the fact
that the triplet (A4, Cr, C;) is not stochastically bal-
anced in the sense of Section 4. It is well known
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that P_(t) and P, () tend monotonically to P_ and
P, respectively, as ¢t — oo, and therefore we have
the following ordering;

P(1T):=3,<sP.<(P) ' < (Pe() ' :=37"

Since the number n of nonzero singular values
(108) is in general too large to yield a reasonable
model, we must consider what happens when some
of the smallest singular values are set equal to zero.
The truncation procedure employed by van Over-
shee and De Moor (1993) is equivalent to the prin-
cipal subsystem truncation presented in Section 2,
except that, and this is very important, the singular-
value decomposition is performed on the normal-
ized block Hankel matrix A, which is the natural
matrix representation of the operator H. It will
be shown in Section 7 that such a truncation will
preserve positivity in the stationary case (Theorem
10). In order to carry this result over to the case of
finite T, we need to assume that the spectral den-
sity & of the time series {y(¢)} is coercive so that
Assumption 2 is fulfilled, i.e. that the function Z is
strictly positive real.

The following theorem is a corollary of Theo-
rem 10, to be proved in Appendix D, shows that
principal subsystem truncation preserves positivity
provided T is chosen large enough.

Theorem 7. Suppose that the spectral density ¢ of
the time series {y(¢)} is coercive. Then, there is an
integer T; > To such that, for T > Ty, the_ princi-
pal subsystem truncation ((4:)11, (Crhy, (Cr)y) of
(A+, Cr, Cy) is a minimal realization of a strictly
positive real function (28).

6. SUBSPACE IDENTIFICATION

The analysis in Sections 3-5 is based on the ide-
alized assumption that we have access to an infinite
sequence (32) of data. In reality we will have a finite
string of observed data

o yu.y2 ..., yal, arn

where, however, N may be quite large. More specif-
ically, we assume that N is sufficiently large that
replacing the ergodic limits (11) by truncated sums
yields good approximations of

{Ao, AL Az LAV (118)
where, of course, v <« N. This is equivalent to say-
ing that T := N — v is sufficiently large for

T

1
> @ yiexyin b (119)
T+15 ]

to be essentially the same as the inner product (34).
In this section, therefore, we shall use the finite-

interval realization theory of Section § as if we had
a finite time series

{y(0), y(1), y(2),..., y(")}, (120)

while substituting the semi-infinite string (33) of
data by

yre] fore=0,1,...,v.
(121)

In particular, in this case the inner product becomes
merely that of a finite-dimensional Euclidean space
so that the block Hankel matrix H, can be written

y) =y, yier ..

H, = T+ 1y$(y;)'.
where
(}’T—l Yr ... YT+1-1
_ Yr-2 Yr-t -.. YT+7-2
Y = . . . and
| Yo W ... yr
[ yr Vret oo T
Yrel Y2 oo YT+141
+ _
yT - . . . .
L V2r-1 Y2r ... YT42r-1

Consequently, the identification of a minimal sta-
tionary state space innovation model describing the
data (117) can be performed in the following steps:

(1) Perform canonical correlation analysis on the
data y_, ¥ to obtain, from (110), the state
vectors £-(T) = z(T) and X, (T) = Z(T) and,
from (109), the corresponding common state
covariance matrix X, i.e. the diagonal matrix
of the (finite interval) canonical correlation co-
efficients (108).

(2) Given the singular value decomposition (109),
compute via (114) a minimal realization
(4,C, C). This realization will be in finite-
interval balanced form, ie. (113) will hold
instead of (73).

(3) To obtain a state space model (37) for y we
need to compute the matrices B and D, Note
that such matrices will exist if and only if
(4, C, C,Ay) defines a positive real function
(6), or, in other words, if and only if there is a
symmetric positive definite P = P’, such that

P—APA’ C - APC ]

C—-CPA' Ay—-cPC | =0

(122)
(See, e.g. Faurre et al. (1979) or Willems
(1971).) For each P satisfying (122), B and D
can be determined (in a nonunique way) by a
full rank factorization of M(P), i.e.

[g][B’ D' | = M)

M(P) .= [

(123)
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(4) In particular, the (stationary) forward in-
novation model (48) can be determined in
this way once the state covariance P- =
E{x_(t)x_(t)'} has been determined. Ob-
taining P. amounts to finding the minimal
solution of the algebraic Riccati equation

P=APA + (C' — APC)
(Ao = CPC)™(C' = APC) (194

or, alternatively, taking the limit in the Ric-
cati equation (94) as ¢ — oo with initial con-
dition P_(T1) = X;. (The corresponding dual
procedures yield P,.) Again, in both cases, a
positive definite P_ can be found if and only
if (4, C, C, Ay) defines a positive real function
(6). In fact, in general, {P._(¢)},>p may not
even converge unless this positivity condition
is fulfilled and may in fact exhibit dynamical
behavior with several of the characteristics of
chaotic dynamics (Byrnes et al., 1991; Byrnes
et al., 1994).

Assuming that Assumption 1 holds, this pro-
cedure is consistent in the sense that, for 7 fixed
but sufficiently large (see Section 2), we will have
rankH, = n as T — oo, and the triplet (4, C, C)
will be uniquely determined from the data and
similar to the triplet (4, C, C) of the “true” gener-
ating system. Hence, in particular, in the limit as
T — oo, at least in theory positivity will be guar-
anteed. If 7 is an upper bound for the order of the
“true” system, we may choose T to be any integer
larger than #.

In practice, however, T is finite, and even if we
had a true system generating exact data, the spec-
tral estimate &7, although converging to the true
spectrum ® as T — oo may in principle fail to be
positive for any finite T if there are frequencies w
for which ®(¢/®) = 0. Positivity for a suitably large
T can however be guaranteed if the “true” spec-
trum is coercive. The following proposition, which
also applies to Aoki’s (1990) method discussed in
Section 2, is proved in Appendix D.

Proposition 6. Suppose that the conditions of As-
sumptions 1 and 4 are fulfilled. Then, there is a T €
Z. such that, for T > Ty, the triplet (4, C, () de-
fined by (114) yields a function (6) which is strictly
positive real.

However, in practice, rank H; normally will keep
increasing with T, even for very large T, so that
one must resort to some kind of truncation of the
Hankel singular values. As we have pointed out in
Section 3, setting all canonical correlation coeffi-
cients 0,41 (T), 0r+2(T), ... equal to zero for some
suitable r, as is done in, for example, van Overshee
and De Moor (1993), is equivalent to principal sub-

system truncation. An important issue is therefore
under what conditions such a procedure will insure
positivity. Here we must distinguish between prob-
lems generated by the sample fluctuations of the
data due to finite sample size T, as considered in
Proposition 6, and the system theoretical question
of preserving positivity under truncation, as consid-
ered in Theorem 7. Even if we had an infinite string
of data generated by a “true” high-dimensional sys-
tem, such a truncation procedure may fail if T is
smaller than that dimension.

Combining Theorem 7 with Proposition 6, we
immediately obtain the following result, which jus-
tifies this approximation procedure, provided the
rather stringent Assumption 1 holds and we have
coercivity, and provided 7 and T are sufficiently
large.

Theorem 8. Suppose that the conditions of As-
sumptions 1 and 4 are fulfifled. Then, there are pos-
itive integers Ty and T; > Ty such that, for T = T
and T = Ty, the triplet (4, C1, ), obtained from
(27) by taking H := H; in (23)-(25), is a minimal
realization of a strictly positive real function (28).

We note that, in van Overshee and De Moor
(1993), the large Hankel matrix

He =) EDT ) D ET D)}
x (E{pz 7)Y D7 ys

is used in place of Hr. This leads to a procedure
which is equivalent to the one described above.
Moreover, the computation of a second singular-
value decomposition in van Overshee and De Moor
(1993), based on Hr+1 := E{y¥, (y7,)'}, together
with a subsequent change of bases, is actually re-
dundant, as can be deduced from the following
proposition. In fact, a considerable amount of com-
putation is needed in van Overshee and De Moor
(1993) to compensate for the fact that taking z(T +
1), computed from a second singular-value decom-
position, as a basis in X(741)- would lead to a
Kalman filter model with time-varying parameters.

Proposition 7. To each coherent pair of bases x(T)
and x(7) in the finite-interval predictor spaces X+
and X, there corresponds a minimal factorization

H; = QQ) (125)
of the block Hankel matrix H,. Here

Q8(1) = EY p} and Q.X(1) = EV )7
(126)

Conversely, given a minimal factorization (125),

#1) =QuT7) 'y; and  X(T) = QUTF) "y
(127)

is a coherent pair of bases in X;_ and X7..
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Proof. Let £(1) and X(T) be a coherent choice of
bases in X;- and X;.. Then, for any X; as defined
in Theorem 6, there is a unique pair (x(T), X(T))
of dual bases such that (89) and (90) hold. Let Q.
and Q. be the matrices defined via

EXy* = Qx(1) and E*y; = Q.x(7).
(128)

Then, the splitting property (Lindquist and Picci,
1985; Lindquist and Picci, 1991) of X7 with respect
to Y and Y;' yields

E{y:(y7)'} = E{EXyX(E*y;)'},

which, in view of (128), is the same as (125). Apply-
ing EY" and EY7 to, respectively, the first and sec-
ond equations of (128), the splitting property yields
(126).

As for the converse statement, equations (127)
follow from the construction in the proof of Theo-
rem 6, from which it also follows that the resulting
bases £(T) and X(T) are constructed from the same
(4, C, C) and are therefore coherent.

As soon as the parameters (4, C, C) have been
fixed by a particular choice of x(T) in the represen-
tation (89) in Theorem 6, we must choose (T + 1)
as

Rt +1) = ErUx(1) (129)

to stay within the same uniform choice of bases.
More specifically Proposition 7 implies that Q; and
Q. are uniquely determined once x(7) has been
selected. Hence, (4, C, C) is uniquely determined
by the Ho—Kalman algorithm so that

= C
. QT+| = [QTA/]

is prescribed, as is
T+ 1) =QUT5 )y (130)

Of course, this analysis is purely conceptual,
demonstrating that the step determining (1 + 1)
by an extra singular-value decomposition, as in
van Overschee and De Moor (1993), is actually re-
dundant. If we actually were to determine (T + 1)
as described above, we would better compute Q4
from Qryy = Q7LH,,,, where the left inverse is
very easily obtained from the singular-value de-
composition of H.

We stress that Assumption 1, although quite lim-
iting, is absolutely crucial in insuring that the sub-
space identification algorithms mentioned above
will actually work. Note that for generic data these
algorithms may break down for any fixed 1. The
same is true for all other subspace methods which
deal with identification of covariance models (or
equivalent) involving stochastic signals.

On the other hand, Assumption 1 introduces a
quite unrealistic condition which, as we have seen
in Section 2, is untestable. Moreover, we have abso-
lutely no procedure to estimate 7y and T, in Propo-
sition 8, as the proof is based only on continuity
arguments.

7. STOCHASTIC MODEL REDUCTION

As we have already pointed out, some truncation
procedure or stochastic model reduction technique
may have to be employed in the partial stochas-
tic realization step in order to keep the dimension
of the model at a reasonable level. To justify any
such procedure one must either assume that there is
an underlying “true” system of sufficiently low or-
der, i.e., invoke Assumption 1, or to perform ratio-
nal covariance extension (Kalman, 1981; Georgiou,
1987; Kimura, 1987; Byrnes et a/., 1995; Byrnes and
Lindquist, 1996) to extend the covariance sequence
(83) to an infinite one. The latter can be done in
many ways, one of which is the maximum entropy
extension.

In either case, the truncation problem is equiva-
lent to approximating a positive real matrix func-
tion

Z(z) =CQzl - A)7'C + %Ao (131)

of a degree n which is often too large, by another
positive real matrix function Z, of lower degree.
In this section we shall investigate how this can- be
done and also how such an approximation affects
the canonical correlation structure.

One main question to be addressed is whether
the principal subsystem truncation (26) preserves
positive realness and balancing, and hence the lead-
ing canonical correlation coefficients, as originally
claimed by Desai and Pal (1982). As it turns out,
the answer is affirmative to the first but not to the
second of these questions. This also explains the na-
ture of the subspace-identification approximation
obtained by setting some canonical correlation co-
efficients equal to zero.

It is instructive to first consider the continuous-
time counterpart of this problem since the latter
is simpler and exhibits more desirable proper-
ties. Also, it has been widely believed that the
continuous-time results are valid also in the present
discrete-time setting, which in general is not true.

It is well-known (see, e.g. Faurre et al., 1979) that
an m X m matrix function Z with minimal realiza-
tion

Z(s) = C(sI — A)'C + %R (132)

is positive real with respect to the right half plane if
and only if there is a symmetric matrix P > 0 such
that
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AP - P4’ C' - PC’

M(P)Z=[ é—*CP R

} >0,
(133)

where here we assume that R is positive definite and
symmetric. In this case there are two solutions of
(133), P- and P, , with the property that any other
solution of (133) satisfies

P.<P=<P, (134)

These extremal solutions play the same role as P_
and P, in the discrete-time setting, and

rankM(P.) = m = rankM (P, ).
(135)

If the state space coordinates are chosen so that
both P_ and P, := P;! are diagonal and equal,
and thus, by (65), equal to the diagonal matrix X
of canonical correlation coefficients, we say that
(A, C, C) is stochastically balanced.

Now, suppose that X is partitioned as in (21) with
041 < Oy, and consider the corresponding princi-
pal subsystem truncation (27). Using the stochas-
tic realization framework, Harshavaradhana er a/.
(1984) showed that

-
Zy(s) = C\(sI — A)7IC + =R
(136)

is a minimal realization of a positive real function
and conjectured that (A, €y, C1) is stochastically
balanced. We shall next show that this conjecture
is true, as has already been done by Ober (1991) in
a framework of canonical forms.

First, note that positivity is easily proved by in-
serting (21) into (133) to yield

—A“Z, —ZlA;] * (—:; —Zlq’
* * > 0,
C -G % R (137)

where blocks which play no role in the analysis are
marked by an asterisk. Consequently,

—AnZ - 145 G - 5iC ]

G - Gi3) R = 0.

{138)

Since, in addition, it can be shown that A4;; is sta-
ble (Pernebo and Silverman, 1982; Harshavarad-
hana et al., 1984), i.e. has all its eigenvalues in the
open left half plane, (136) is positive real, but it re-
mains to prove that (4, C, C1) is a minimal re-
alization. This was done in Harshavaradhana er
al. (1984). It is important to observe here that,
contrary to the situation in the discrete-time set-
ting, rank M;(X;) =rank M(X) = m and rank
M{(Z{") = rank M(Z"'") = m, important facts
that will be seen to imply that the reduced system
is stochastically balanced.

Recall that in the continuous-time setting the
spectral density ®(s) = Z(s) + Z(—s)’ is coercive if,

M1(21)=[

for some € > 0, we have ®(s) = ¢/ for all s on the
imaginary axis. This is equivalent to the condition
that R > 0 and ¢ has no zeros on the imaginary
axis (Faurre et al., 1979, Theorem 4.17).

Theorem 9. Let (132) be positive real (in the
continuous-time sense) with ®(s) ;= Z(s) + Z(—s)
coercive, and let (4, C, €) be in stochastically bal-
anced forl_n. Then, if 0,4 < 0, the reduced system
(A11, C1, Cy) defines a positive real function (136)
for which it is a minimal realization in stochasti-
cally balanced form, and $(s) := Z;(s) + Zi(—s)
is coercive.

Proof. We have already shown that Z; is positive
real, and we refer the reader to Harshavaradhana
et al. (1984) for the proof that (4, C;, C)) is a
minimal realization of Z;. It remains to show that
®, is coercive and that (4,,, C;, C;) is stochastically
balanced, i.e. that Pi_ = %; = P}, where P and
Py, are solutions to the algebraic Riccati equation

AP+ P A}, + (C ~ PICOR™Y(C - P C))' =0,
(139)

such that any other solution P; of (139) satisfies
P . < P < P... Tothis end, note that since M (Z;)
and M, (}21—’) have rank m, both X, and Zl" satisfy
(139). Therefore, as is well known (Molinari, 1977)
and easy to show, Q := Z! — I, satisfies

IQ+ QT + QC{R™'C1Q =0,
(140)

where
I = A4 — (€' =3 CHRIC. (141)

Since @ is coercive, 7! -3 = P, ~ P_ > 0 (Faurre
et al., 1979, Theorem 4.17) so that o; < 1. Hence
Q > 0, and therefore (140) is equivalent to

Lo'+ Qo'+ CRIC =0
(142)

Now, since (Cy, A1;) is observable, then, in view
of (141), so is (C;, I}). Since, in addition, the Lya-
punov equation (142) has a positive definite solu-
tion O~ ', I, must be a stability matrix. Therefore, X,
is the minimal (stabilizing) solution P;_ of (139). In
the same way, using the backward setting, we show
that P, := P;! = £,. Consequently, (4,1, C1, o))
is stochastically balanced. Since P, — Pj_ > 0, @,
is coercive,

Let us now return to the discrete-time setting. Let
us recall that, if (4, C, C, 3A¢) is 2 minimal realiza-
tion of (131), the matrix function Z is positive real
if and only if the linear matrix inequality (122) has
a symmetric solution P > 0. Conversely, given the
positive real rational function (131) with the prop-
erty that ®(z) = Z(z) + Z(z~!)’ is the spectral den-
sity of the time series y, the state covariance P of
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any minimal stochastic realization (37) of y satis-
fies (122) and the matrices B, D in (37) satisfy (123).
Consequently, as pointed out in Section 5, the ma-
trices B and D can be determined via a matrix fac-
torization of M (P) once P has been determined.

Now, if (A4, C, C) is in stochastically balanced
form, Theorem 5 implies that M(Z) = 0. In view
of (67) and (27), M (3) may be written

* * *

pA| -—AnZ]A;] - AlzZZA;z * C-'{ —Al]zlc; —AuZzCéjl
G - C]Z[A;] - CzZzA;z *x Ag— C]Z]C]’ - CzZzCé

where, as before, the blocks which do not enter the
analysis are marked with an asterisk. Since M (X} =
0, this implies that

A An ]
M (Zy) - [ 52]22[62] >0,
2 2 - (143)
where

S — AnZiAdy G- AnsiC
Ml(zl)=|: 1 11«14y 1 11=1 1]

Ci - Q1Z14]; Ao - OE(C)
(144)

is the matrix function (122) corresponding to the
reduced triplet (4, Cy, C}). Therefore, M(Z;) = 0,
so if we can show that A4, is stable, i.e. has all its
eigenvalues strictly inside the unit circle, it follows
that

Zi(2) = Gzl — )\ + %Ao
(145)

is positive real. As we shall see below, this is true
without the requirement needed in continuous time
that 0,4, < 0,.

For (4, G, C1) also to be balanced, =; would

“have to be the minimal solution P,_ of M;(P,) = 0,

which in turn would require that rank M(Z;) =
rank M(Z) = m. Due to the extra positive semidef-
inite term in (143), however, this will in general not
be the case and therefore 3; > P,_ will correspond
to an external realization, as will Z;! < Pj,; see
Lindquist and Picci (1991).

To show that (4;;, C;, C) is minimal we need to
assume that & is coercive, or, equivalently, that Z
is strictly positive real. It is well known (Faurre et
al., 1979, Theorem A4.4) that this implies that

P, - P_>0. (146)

In fact, if Ag > 0, which in particular holds if y is
full rank, (146) is equivalent to coercivity. Coerciv-
ity also implies that

Ag—~CP.C' > 0. (147)
Remark 2. With (4, C, C) in balanced form, P- =

3 = P, and, in view of (46), P, = X~!. Hence,
(146) becomes £~! > X, which obviously holds if

and only if 0y < 1, which in turn is equivalent to
H- n H* = 0. Consequently, given the full rank
condition Ag > 0, coercivity is equivalent to the
past and the future spaces of y having a trivial in-
tersection.

Theorem 10. Let (131) be positive real, and let
(A, C, C) be in stochastically balanced form. Then,
the reduced-degree function (145) obtained via
principal subsystem decomposition (28) is posi-
tive real. Moreover, if Z is strictly positive real,
then so is Z,, and (4,;, C), G, %Ao) is a minimal
realization of Z;.

For the proof we need the following lemma, the
proof of which is given in Appendix D.

Lemma 1. Let the matrix function Z be given by
(131), where Ag > 0, but where (C, 4) and (C, 4")
are not necessarily observable, and suppose that
(122) has two positive definite symmetric solutions,
Py and P, such that

P -P >0 (148)

Then, Z is strictly positive real.

Proof of Theorem 10. To prove that Z; is positive
real it remains to show that A is stable. To this
end, we note that P is the reachability gramian of
(37). In particular, if (4, C, C) is stochastically bal-
anced, the reachability gramian of the system (48)
equals X so, in view of Theorem 4.2 in Pernebo and
Silverman (1982), 4, is stable. By Remark 2, coer-
civity of ® implies that ! — = > 0, from which it
follows that ;! — 3; > 0 and that Aq > 0. More-
over, By construction, M(Z;) = 0 and M, (Z{!) =
0. Therefore, by Lemma 1, Z, is strictly positive real
if Z is.

To prove minimality, we prove that (C;, 4;;) is
observable. Then, the rest follows by symmetry. By
regularity condition (147)

Ag — C121C[ > Ay — Cc3C > 0,

and consequently, since M; (%) = 0, X; satisfies the
algebraic Riccati inequality

Ay PAy—P + (C] — AP CY)
(Ao — CLPC) N - AnPCYY 20,

but in general not with equality. Now, since A4;; is
stable, (4},, C}) is stabilizable. Moreover, given con-
dition (40), we have proved above that the reduced-
degree spectral density ® is coercive. Therefore, by
Theorem 2 in Molinari (1975), there is a unique
symmetric Py > 0 which satisfies (149) with equal-
ity and for which

Ti- := An = (€] = AuPi-C))(Ag — P -C)) 7' Cy
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is stable. It is well known (Faurre et a/., 1979) that
Py_ is the minimal symmetric solution of the linear
matrix inequality M;(P;) = 0, i.e. that any other
symmetric solution P satisfies P, = P;_. We also
know that M;(Z;') = 0. Next, since 3;' - %, >
0, a fortiori it holds that Q := 7' -~ P_ > 0. A
tedious but straight-forward calculation shows that
Q satisfies

(@'~ C]'R_IC,)_lF{_ ~-0=z20,
from which it follows that

o '~CR'C -1_07M- <0
(149)

(cf. Faurre et al. (1979), pp. 85 and 95).

Now, suppose that (C), 4;;) is not observable.
Then, there is a nonzero a € C" and a A € C, such
that [C;, Al — A 1]a = 0. and therefore, in view of
(149),

(- [APa*0lax<.

But, A is an eigenvalue of the stable matrix 4;;, im-
plying that JA] < 1, so we must have g = 0 contrary
to assumption. Consequently, (C;, 4;;) i1s obsery-
able.

A remaining question is whether there is some
balanced order-reduction procedure in discrete time
which preserves both positivity and balancing. That
this, is the case in continuous time implies that the
answer is affirmative, but the reduced system cannot
be a simple principal subsystem truncation.

Theorem 11. Let (6) be strictly positive real and let
(4, C, C) be in stochastically balanced form. More-
over, given a decomposition (27), such that 0,4 <
ay, let

A=Ay — A + Ap) 4y,

G =C —GU + Ay) 4y,

C,=C) — G + Ay~ 4),,
Aw=7Ag— GU+ An) G - G+ 471G

Then, (4,, C,, é,, Ay) 1s a minimal realization of a
strictly positive real function

- 1
Z(z) = C(zI — A,)7'Cl + =An.
(150)

Moreover, (A,, C.. C., Ag) is stochastically bal-
anced with canonical correlation coefficients
o1, 07,..., 0.

To understand why this reduced-order system
does preserve both positivity and balancing, note
that for

I —Ap(+ A42)7' 0
T=10 I 0
0 —GU+A4p)" "' 1

we obtain

St - AZ14, x C - 4,5,C,
TMOT =| % * *
C - C,Z,A; * App — C,Z[C,,

and consequently, if M, (P) is the the matrix func-
tion (122) corresponding to the reduced-order sys-
tem, M, (07) = 0 and rank M, (%) < rank M ().

To prove Theorem 11 we observe that (4,, C,, C,,
Arp) is precisely what one obtains if one transforms
(4, C, C,Ay) by the appropriate linear fractional
transform to the continuous-time setting and then,
after reduction, back to discrete time again as sug-
gested in Ober (1991). The proof is deferred to Ap-
pendix D.

§. CONCLUSIONS

The purpose of this paper is to analyze a class of
popular subspace identification procedures for state
space models in the theoretical framework of ra-
tional covariance extension, balanced model reduc-
tion, and geometric theory for splitting subspaces.
We have pointed out that these methods are based
on the hidden Assumption 1 which is not entirely
natural and which is in general untestable.

The procedures of Aoki (1990) and van Overshee
and De Moor (1993) can be regarded as prototypes
for this class of algorithms. We point out that they
are essentially equivalent to the Ho-Kalman algo-
rithm in which the basic factorization is performed
by singular-value decomposition of a block Hankel
matrix of finite covariance data, as in Aoki (1990),
or of a normalized version of this matrix, as in van
Overshee and De Moor (1993). The latter normal-
ization is natural in that it yields a matrix represen-
tation of the abstract Hankel operator of geometric
stochastic systems theory in orthonormal coordi-
nates and allows for theoretical verification of the
truncation step.

A major problem with these algorithms is that
they are based on realization algorithms for deter-
ministic systems. Therefore, they require that the
positive degree of the data equals the algebraic de-
gree. To achieve this, one must assume that the data
are generated exactly by an underlying system and
that the amount of data is sufficient for constructing
an accurate partial covariance sequence the length
of which is sufficient in relation to the dimension of
the underlying system. Hence, it is absolutely cru-
cial that a reliable upper bound of the dimension
of the “true” underlying system is available.

We stress that these stringent assumptions are
not satisfied for generic data, as was pointed out in
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Section 2. In fact, in Byrnes and Lindquist (1996)
it is shown that the positive degree has no generic
value. In fact, just for the moment considering the
single-output case, for each p, such thatr < p<v,
there is a nonempty open set of partial covariance
sequences having positive degree p in the space of
sequences of length v. Secondly, for any r, it is pos-
sible to construct examples of long partial covari-
ance sequences having algebraic degree r but having
arbitrarily large positive degree (Theorem 3).

In Section 7 we proved an open question con-
cerning the preservation of positivity in the orig-
inal (discrete-time) model reduction procedure of
Desai and Pal (1984). Unlike that of the later pa-
per (Desai et al., 1985), this procedure is equivalent
to the principal subsystem truncation used in van
Overshee and De Moor (1993), but not to the one
in Aoki (1990). We prove that positivity is preserved
provided that the original data satisfies Assumption
1, justifying setting the smaller canonical correla-
tion coefficients equal to zero. Unlike the situation
in continuous time, this truncation does not pre-
serve balancing. The validity of the corresponding
procedure of Aoki (1990) has not been settled.

The contribution of this paper is to provide the-
oretical understanding of these identification algo-
rithms and to point out possible pitfalls of such pro-
cedures. Hence, the primary purpose is not to sug-
gest alternative procedures. Nevertheless, we would
like to point out that a two-stage procedure equiva-
lent to covariance extension followed by model re-
duction would work on any finite string of data,
thus eliminating the need for Assumption 1. How-
ever, we leave open the question of how such a
procedure should be implemented with respect to
the data. The approximation would then of course
depend on which covariance extension is used, a
maximum-entropy extension or some other.
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APPENDIX A. PROOF OF THEOREM 3

We first give a proof for the special case n = 1. Consider a
scalar function

Z(2) = lz+b
2z+a

(A1)

with a scalar sequence (4), such that Ay = I. Now it is well
known (see, e.g. Schur, 1918; ?) that T, is positive definite if
and only if

lyl<l t=012...,v-1, (A2)

where {yo, ¥1.y2....} are the so-called Schur parameters.
There is a bijective relation between partial sequences (1)
and partial sequences {yo, ¥1,.... yv-1} of the same length
(Schur, 1918; Akhiezer, 1965). In Byrnes et al. (1991), it was
shown that the Schur parameters of (A.1) are generated by
the nonlinear dynamical system

@ 1
O+l = ——5 &= (a+b),
-y 2
_ovew L (A3)
Yr+1—l_y’2 }’0~2 a

and that 7, becomes singular precisely when there is finite
escape. It was also shown in Byrnes er al. (1991) that {a,} is
generated by a linear system

ey | _f 2/ =1 u
I R | S

where &, = v;/u; and K := (a+b)(1 +ab) 1. If k is greater than
one in modulus, the coefficient matrix of (A.4) has complex
eigenvalues and is thus, modulo a constant scalar factor, similar

to
cos@ sin@
-5in@ cos@ |’

where 6 := arctan VK2 — 1. Hence, o is the slope of a line
through the origin in R? which rotates counter-clockwise with
the constant angle 6 in each time step. Consequently

arctan o4+ = arctano, + 6.

Moreover, assuming that oy > 0, the Schur condition y; < 1
will fail as soon as o44+) becomes negative or infinite, as can
be seen from the first of recursions (A.3). Hence, (A.2) holds
it and only if

m
arctan &, < —2— (A.S)
Therefore, for a small € > 0, take ¢ = 1 — ¢ and b =

O _ 2 . _
| + €, yielding a stable Z. Then, k = 5%y > | and 0 =
arctan ('2:6—52' 4—¢ ) We may choose € so that

9 9

<8< -,
v+l Y

where 9 := T — arctanog. Then, (A.5) holds so that T, > 0,
but we also have

™
arctan 0ty4+1 > £Y

so that Ty4q # 0.
Next, let n be arbitrary. Consider the scalar function

1 ¢nl2) + 3@+ )1 (2)
2 @u(z) + Fa+ b)Pai(z)

(z) =

where {@,} and (¢,} are the Szeg6 polynomials of
the first and second kind, respectively (Akhiezer, 1965).
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The function Z has the property that its first n Schur
parameters, {yo.¥1.....¥n—1}, are precisely the data
which uniquely determines @, @u—|, @¥n and Y,
(Georgiou, 1987; Kimura, 1987, Byrnes et al., 1994). Now,
in Byrnes et al. (1994), it is shown that the remaining Schur
parameters are generated by

o 1
Oy} = ———— 0O = ={(a+b),
" 1- y12+n—l 2

Yer1 = —Yi 0
+l = T
l—)',2+"_‘

Hence, we have reduced the problem to the case n = 1. If we
choose the initial Schur parameters sufficiently small so that
@»(2) and @,_)(2) are approximately z” and z"!

®n(z) + loPu-1(2)

is stable if we choose a :=1—2¢ and b := | + € for some small
€ > 0. Then x > 1 and the proof for the case n = 1 carries
through with a trivial modification.

APPENDIX B. THE HILBERT SPACE OF A SAMPLE
FUNCTION

Let y = {y(f)};>0 be a zero-mean wide-sense-stationary
stochastic process defined on a probability space {Q, A, P},
such that the limit (11) exists for almost all trajectories {y, =
y(t, w);t =0,1,...}. It is relatively easy to show that whenever
the limit exists, the mXm matrix function ¥ — Ay obtained from
a particular trajectory is then a bona fide covariance function.
(The continuous-time analog of this property was observed
already by Wiener (1933).) If, moreover, the sample limit is
(almost surely) independent of the particular trajectory and,
hence, necessarily coincides with the “ensemble” covariance
function, we shall call such a process second-order stationary.
Conditions for second order stationarity are given, for example,
on p. 210 in Hannan (1970). It is obvious from Birkhoff’s
ergodic theorem that any (zero-mean) strictly stationary ergodic
process is also second-order ergodic.

In this Appendix we shall show that the properties of the
Hilbert space structure associated to a stationary time series
y, defined on p. 10, are identical to those of the Hilbert space
induced by a second-order ergodic process. *

The two frameworks, i.e. the statistical “time-series” struc-
ture and the “probabilistic” structure, are in fact isomorphic.
To see this, pick a “representative” trajectory of y, i.e. one in
the subset of Q (of probability one) for which the limit (11)
exists. Clearly there will be no loss of generality in assuming
that the probability space Q of y is the “sample space”, of
all possible trajectories of y, i.e. the set of all semi-infinite se-
quences w = {wyp, w1, W3,... }, w, € R™ With this choice, A
will be the usual g-algebra of cylinder subsets of 0 and the
tth random variable of the process, y(¢), is just the canonical
projection function

yt, w) : w —~ w;.

Let us arrange the tails of the observed sample trajectory of
the process in a sequence of m X oo matrices y := {y(k) }r=0
as in (33). For w in the subset of Q0 where the time averages
converge, define the map 7,

Tw:adyt) - d'y(t) t=z0 acR™

associating the ith scalar components of each m-dimensional
random vector y(z) of the process to the corresponding ith

* For a process of this kind the Hilbert space H(y) is the
closure in L?(Q, A, P) of the linear vector space generated by
the scalar random variables w — y;(t, w) {Rozanov, 1963).

AUTO 32:5-E

(infinite) row of the m X o matrix y(¢) constructed from the
corresponding sample path {y(s, w);? € Z}. By second-order
ergodicity, the set of all such w € Q will have probability
measure one and the map T, will in fact be norm preserving,
since by construction we have

Ay = Ey(1)y(s)' = Ey(t)y(s)’,

where A, is the covariance matrix of y. The map T, can then
be extended by linearity and continuity to a unitary linear
operator T, : H(y) — H(y) which commutes with the action
of the natural shift operators (both of which we denote U), in
these two Hilbert spaces:

H{y) LJH(y)
Tw | L Ty

Hy) S H(y)

This isomorphism allows us to employ exactly the same for-
malism and notations used in the geometric theory of stochastic
systems (Lindquist and Picci, 1985; Lindquist and Picci, 1991)
in the present statistical setup, where we build estimates of the
parameters of models describing the data in terms of an ob-
served time series instead of stochastic processes. This provides
a remarkable conceptual unity and admits a'straightforward
derivation in the style of stochastic realization theory of the
formulas in the paper van Overshee and De Moor (1993), there
obtained with considerable effort through lengthy and formal
manipulations.

APPENDIX C. THE INVARIANT FORM OF THE
KALMAN FILTER

Given a stationary stochastic system (37), the Kalman filter
is usually determined via the matrix Riccati equation

Q (t+1)=AQ@W)A' - [A40()C’ + BD')
[CQ()C" + DD'17'[40()C’ + BD'Y + BE,

(o8]
where Q(0) = P := E{x(0)x(0)’'}. Here
Q1) = E{[x(t) - 2(O)x(2) — 2]}, (C2)
and the Kalman gain is given by
K1) = [AQ()C' + BD')[CQ(1)C’ + DD’ 1.
(C3)

These equations of course depend on P, B and D, which vary
as the splitting subspace X varies over X, whereas (4, C, ) is
invariant if a uniform choice of bases is made.

However, as we shall see, the gain K depends only on the
triplet (4, C, C) and hence one should be able to replace (C.1)
and (C.3) with equations which also only depend on (4, C, &),
and hence are invariant over X. Clearly, in view of Theorem
6, P_(1), as defined by (93), has this property. Moreover,

Q) =P—-P_(1)
and, consequently, in view of (39), and the Lyapunov equation
P=AP4’ + BE,

P, B and D in (C.1) and (C.3) can be eliminated to yield pre-
cisely (94) and (92). A symmetric argument yields the backward
equations.

It is easy to see that as Q(t) - Qe monotonously, P_(¢) —
P_, and hence P = P_, as should be.
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APPENDIX D. SOME DEFERRED PROOFS

Proof of Theorem 6. Since X is a splitting subspace for the
infinite past H™~ and the infinite future H*, by stationarity,
X splits A = UTH™ and H} = UTH*. But Y7 C Hf
and ¥;¥ C H7, and hence X splits Y;~ and Y;" also (see, e.g.
Lindquist and Picci, 1985; Lindquist and Picci, 1991). Now,
using the projection formula in the footnote of page 718, we
have for any b'y} € Y.*

A A Ar
_ Ay Az . Avn
EYp'yr =b"| . . ‘
AT A'r+l e /\2171
Ao A .. A
Al Ae . Ay )
Co B Y
AL AIT~1 o Ag
=b' Qe (T " vy
=b'QE

where Q. and Q. are appropriate finite-dimensional observ-
ability and constructibility matrices (19) of t_‘ull rank. If T > 79,

there is a minimal factorization H = .2, such that & :=
QL(T;7)"'y; has n components, and

E{EE} = QT 0. > 0.

Therefore, since the components of § belong to Xoo, dim Xr- =
n = dim X7 so, since X,_ is minimal, X must also be minimal
and Xy be spanned by the components of £.

Next, from the backward system (44) we see that

yr = Q. %(T) + terms orthogonal toXy,
and therefore, by the same projection formula,
EY" &' x(1) = a' E{x(T)2(T) }Qu(T7 ) 'y; =d'E.

Consequently, EY* X, = {d'E [ a € R"} = Xr_, establishing
the first of identities (88). The second follows from a symmetric
argument.

The representation formula (89) follows from the minimal-
ity of X; as a splitting subspace for Y;* and Y7, which, in
particular, implies that the constructibility operator,

. o 5
Cy = Eer X Xo

is injective (Lindquist and Picci, 1985; Lindquist and Picci,
1991). In other words, for each k = 1,2,..., n, there is a unique
random variable x;(7) € Xr whose projection onto Yy is
(7). To show that x(0) form a uniform choice of bases as
X varies over X, first take X to be the stationary backward
predictor space X, and let x+ (T) be the unique basis in UT X,
such that (1) = E¥* x, (7). Now, let X € X be arbitrary.
Then, since Xy is a splitting subspace for ¥;” and UTX} C
UTH* (Lindquist and Picci, 1991, Proposition 2.1(vi)), we have

1) = EY (1) = EYT EXx, (1),

and therefore, by the uniqueness of the representation (89),
x(0) = EXx, (0) for all X € X, which is a well-known charac-
terization of uniform choice of bases (see Section 6 in Lindquist
and Picci (1991)). A symmetric argument in the backward set-
ting yields the corresponding statement for (90).

Proof of Proposition 6. Suppose that the underlying system
prescribed by Assumption 1 has a positive real function Z of

MacMillan degree n, and let (1) be a corresponding partial
covariance sequence , where v is large enough for the Hankel
matrix H, defined by (5), to have rank n. Let (4, C,C) be the
triplet determined from H via (16)-(18). Likewise, let Hy be
the Hankel matrix obtained by exchanging the covariance data
by estimates

{Aor. M, Ay}

of type (119), and let (47, Cr. Cr) be the corresponding triplet
obtained via (16)-(18). We want to prove that

Z7(2) := Crizl ~ A7) "'C + %AOT

1s strictly positive real for a sufficiently large 7. Now, if

deg Z7 + degZ, replace X by [% g], U by [U 0], V by

! . )
[V o], and =71 by [ ) g] in (16)<18) in the appropri-
ate calculation so that (4, C C) and (47, Cr, Cr) have the
same dimensions. This will not affect Z and Zr. By con-
tinuity,_ (A1, Cr, Cr,Agr) can be made arbitrarily close to
(4.C C,Ag) in any norm by choosing T sufficiently large.
Thus, the same holds for
VA ify _ V4 i0
o ax HZ (™) — Zr (&)

and hence, since ®(z) := Z(z) + Z(z™!)’ satisfies (40), so will
Sr(z) :=Zr(2) + Zrz™Y for sufficiently large T. Moreover,
since |A(A4)] < 1, we have |1A(47)| < 1 by continuity for
sufficiently large 7. Consequently, there is a Tp such that Zr
is strictly positive real for T = Tp.

Proof of Theorem 7. Let Z, defined by (6), be strictly positive
real, and let (4, C,C) be chosen in stochastically balanced
form. Then, by Theorem 10, Z|, defined by (145) in terms of
the principal subsystem truncation (A4y;, C1. C1), is also strictly
positive real. We want to prove that this property is carried
over to rational matrix function

- 1
Zn(z) = (Co)y (2 = (A0)11) " HCr)y) + 780

for T sufficiently large.

To this end, let Oy be defined by (115). Since the canonical
correlation coefficients (108) tend to the canonical correlation
coefficients (63) as T — o, I, — X. Moreover, as explained
in the text preceding Theorem 7, the Riccati solution P_ (1)
tends to Q-2 Q0 as ¢ — co if the initial condition is taken to be
P_(T1) = Z. Consequently, for any € > 0, there is a sufficiently
large T, such that [|Z, — Z|} < § and =y ~ @20l < 5 so
that ||= - Q:ZQ%l < €. Hence, Qr tends to a limit Qe with
the property £ = Qw304 Using the same argument in the
backward direction, the second of relations (116) shows that
Qo also satisfies = = 0xTZQ5'. Consequently, by the same
argument as in the proof of Theorem 5, Qe is a signature
matrix, and hence in particular diagonal. Therefore

(A1, (Co1 (Co)
- ((Qe)114( Qoo )1} C(Qw) 1 C(Quo)1y)

as T — 00,

where (Qw) 11 is the corresponding truncation of the signature
matrix, and consequently, by continuity, Z;; — Z;. Hence,
since Z; is positive real, then so is Z7| for T sufficiently large.

Proof of Lemma 1. Let us first consider the case when (4, C, &)
is a minimal triplet. Then, Z is positive real by the Positive Real
Lemma, and the linear matrix inequality (122) has a minimal
and a maximal solution, P_ and P, respectively, which, in
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particular, have the property that P_ < Py and P, < P,. Then,
in view of (148), P, — P_ > 0, and therefore Z is strictly positive
real (Faurre et al., 1979, Theorem A4.4) .

Next, let us reduce the general case to the case consid-
ered above. If (C, 4) is not observable, change the coordi-
nates in state space, through a transformation (4,C,C) —
(04071, co™", 9C"), so that

c=[¢o] A=["i 2] ¢=[¢&x]

where (C, A) is observable. Then, if P; and P, have the corre-
sponding representations

aelh] e P2

it is easy to see that | and B satisfy the reduced version
of the linear matrix iAnequality (122) obtained by exchanging
(A4.C,C) for (4,C,C) and that, in this new setting, (148)
holds, i.e. B — P, > 0. If (C, A') is not observable, we proceed
by removing these unobservable modes. First note that B}’
and P5 ! satisfy the dual linear matrix inequality obtained by
exchanging (4, C, C) by (A’, C, €). Then, changing coordinates
in state space so that

e-[&+] ¥-[* 0] e-[e0],

with (C, 4’) observable, and defining

A B! ox . B ox
P,1=[1 *] P21=[2 *]

we see that (Z_, €, C. $Ao) is a minimal realization of Z. More-
over, P| and P, satisfy the corresponding linear matrix inequal-
ity (122) and have the property (148) in this setting. Hence,
the problem is reduced to the case already studied above.

Proof of Theorem 11. 1t is well-known that the discrete-time
setting can be transformed to the continuous-time setting via
a bilinear transformation s = %, mapping the unit disc onto
the left half plane so that

Z(s) = Z4 (I—U) D.1)
l-5

is positive real in the continuous-time sense if and only if

Z4 is positive real in the discrete-time sense. It is not hard

to show (see, e.g. Glover, 1984; Faurre et al., 1979) that, if

(44, Ca. Ca, $Ao) and (4., C.. .. §R) are realizations of Z,

and Z,, respectively, we have

(d: = (44 + D7 (44 - D,
l C. = VIC/ A4+ D)7,
éc = \/Z_éd(A(II + I)-]. (DZ)
(R = Ay - Cytdy +D7'C) - Cytay + D7
and inversely
(A4 = (I- 47U + 40),
|G =V2CAI - 407",
Cy =V« (I - A7), (D3)
(Ao =R+C.UU-4)7'C +C.I-4)7'CL.

Under this transformation the observability gramian and the
constructibility gramian (i.e. the observability gramian of
(C, 4")) are preserved so that (Ay, Cy, Cy, %Ao) is a min-
imal realization if and only if (4.C.C., %R) is (see, e.g.
Glover, 1984, p. 1119). Moreover, coercivity is preserved, and
the solution sets of the corresponding linear matrix inequal-
ities (133) and (122) are identical. (This is because P is the
reachability gramian of a spectral factor and this gramian is
also preserved.)

Therefore, Theorem 11 is a straight-forward consequence of
Theorem 9. In fact, transforming the problem of Theorem 11
via (D.2) to the continuous-time setting, all the requirements of
Theorem 131 are satisfied. Then, performing principal subsys-
tem decomposition in the continuous-time setting and trans-
forming the reduced-order positive real function thus obtained
via (D.3) back to discrete time, the desired result is obtained.



