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ABSTRACT

This paper presents a generalization of the Separation Theorem of stochastic control.
The generalization consists in assuming observations ahead of running time. We consider
the following problem of optimal pursuit: Given noisy incomplete observations of a linear
stochastic system, control another linear stochastic system so that a quadratic functional of
the difference (in some generalized sense) between the two processes is minimized. Provided
that we have access to observations only up to the time of control, the Separation Theorem
states that the solution to this problem is given by a linear combination of the Kalman
filtering estimates. Now suppose instead that we have observations ahead of running time.
(Consider for instance an airplane with terrain following radar.) Then the basic result of
this paper is that a weighted integral of the minimum variance smoothing estimate should be
included in the optimal control. This result is obtained by use of Fejér kernels and enlargement
of the state space. Finally we provide proof of optimality.

1. INTRODUCTION

The problem of controlling a (continuous time) linear stochastic system,
given noisy incomplete information of the system’s state, for the purpose of
minimizing a quadratic functional has been solved by Potter [8] and others in
the case of linear feedback (the Separation Theorem). Wonham [9] has given
a rigorous proof of the Separation Theorem, and very recently he has shown
[10] that it is valid in the more general case with a nonquadratic cost functional
and when the feedback is not a priori assumed to be linear. However in this
paper we shall consider quadratic criteria only.

The Separation Theorem states that the optimal control of the process can
be determined by solving one deterministic control problem (the one we should

t Another rigorous proof has been given by Zachrisson [14].
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56 ANDERS LINDQUIST

have if the noise were not present and the state were exactly known) and one
problem of filtering. The second one, of course, is the well-known rminimum-
variance filtering problem of Kalman and Bucy [4]. (This problem has also
been solved by Zachrisson [12] in a very simple manner.)

Since lately the problem of smoothing (interpolation} has attracted a
certain interest and has been solved by Bryson and Frazier [2], Meditch [7],
Zachrisson [11], and otherst (these papers differ in method rather than result),
the question arises whether the following stochastic probiem of control can be
solved, using the smoothing estimate:

Control the linear stochastic system described by the differential equations
(x is an m;-vector, y an m,-vector and u an m;-control vector):

z—): =A(t)x(t) + B(t)u(r) + vi(r) @
J (1.1)
= COYO +os(t) ®)

(where #,(?) and p,(7) are Gaussian white noise vectors with the appropriate
dimensions) when the object is to minimize:

T
E{ [ {x0) = D) e~ W QOO ~ Dyr) s — b))

+u()* Qa(t)u(t)ydt + [X(T) — Dy (T — W)]* Qs[x(T) — Dy (T~ B)]; (1.2)

given the distributions of x(0) and y(#)) and also the observations (z(¢) is an
mig~vector and w(¢) is a Gaussian white noise vector):

Z{y=HO)y©)+w(t) (©O<i<D) (1.3)

where —T < fo < —h <0, T> 2h and * denotes transposition. Thus the problem
is to find a control «(t) that is a functional on {z(s);s e [0,¢]} for every 7 on
[0,77], and this control function should minimize (1.2).

The reason for choosing t, € (~T,—h) as starting time for y(¢z) will be
evident in Section 2 (Eq. 2.1). Since in Section 7 we will find that there are
different expressions for the control law on [0,4),[4, T — hland(T — h, T}
respectively, we introduce the restriction 7> 24 (which incidentally should
be met in most applications).

The matrices A(t), B(t), C(1), Dy(t), H(t), Q(#), Qx(2) and O,(1)~! are
Lebesgue measurable and bounded on the interval [y, 7']. (All matrices should

.t, Very rec?nﬂy K'f\ilath [13] bas given a unified (and very efegant) approach to filtering
and interpolation {(which incidentally also gives a solution to nonlinear estimation problems).
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have appropriate dimensions so that the expressions above are defined.)
Furthermore we assume that Q,(¢) and Qs are positive semidefinite, Q,(t) is
positive definite, and that all three are symmetric.

x(0), y(t,) and the Gaussian white noise vectors have zero meant and
covariance matrices:

E{o,(t) 0(n)*} = Qu)8(r — 1), E{ea(t) var)*} = Qu()8(t — 7),
E{vi() vx(r)*} = 0 (0)8(t —7),  E{w(t) w(r)*} = Q1) 8z — ),
Ex(O)x(0)} =S,  E{y(t)yt)*} =15,  E{x(O)p(10)*} = Sy

w(t) is independent of v,(¢) and v4(¢); v,(r), v,(¢) and w(r) are independent of
x(0) and y(t). Q.(t), O,(1), Os(t), O.(¢) and Q.(r)~" are matrices with the
appropriate dimensions that are measurable and bounded on [¢,, T].

Now the white noise vectors (these are stochastic vector processes in a
generalized sense) can be considered to be the formal derivatives of standard
Wiener processes (of course the Wiener process is nowhere differentiable in
any usual sense). To give the systems (1.1) and (1.3) a more respectable appear-
ance we could use the Ito form, where in (1.3) we observe the integral of z
rather than z itself, However, we will find it convenient not to do this, although
we will mean the same thing. Thus stochastic integrals of the type | f(s)v(s)ds,
where v(s) is white noise and f{s) is a function belonging to L,, are defined in
quadratic mean ([3] p. 426, [9] p. 95). Furthermore, we have an underlying
probability space (2,%, P), where £ is the sample space (for convenience the
sample variable w € 2 will be suppressed), # is a o-algebra taking care of
x(0), (o) and the Wiener processes (these should be separable), and P is the
(complete) probability measure.

Of course we may regard the more general problem of controlling (1.1)
given not only (1.3) but also noisy observations of x(s) (s € [0,7]). Since this
part of the problem is a filtering problem, our equations would become some-
what more complicated without giving any further new results, and therefore
the problem at stake might get obscured. For this reason we do not choose to
extend our problem in this way.

If we regard the special case when v,(¢t) = 0 and x(0) is deterministic (we
obtain the optimal contro! for this case if we put @, = Q. =S¢ = S,y =0 in
the equations derived in the sequel), x(z) is still a stochastic process, but the
stochastic element is introduced through u(r) = € [0,2], which is a function of
the observations received so far. Therefore, given the observations, at time #
we will have perfect knowledge of x(z).

t The restriction Ex{0) = Ep(t,) = 0 is not crucial. When treating the general case, just
replace p(0]0) = O by 5(0]0) = Ep(0) in (5.1) and change the following calculations accor-
dingly. S,, S,, and S,, now signify convariance matrices.
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Another possible modification of problem formulation (1.1)-(1.3) is that
x(¢) is perfectly known (although u,(t) +0 and x(0) is stochastic). This
problem is not a trivial modification of the one posed, and it will not be treated
here.

It should be noted that in our problem x(¢) and y() are correlated (for
v, (¢) and v,(¢), and x(0) and y(z,) are), although in many applications this is
not so. (In these cases Q,, = S,, =0.)

Problem formulation (1.1)}-(1.3), modified in one of the ways mentioned
above, might adequately describe the following situation: We want to fly an
airplane at a constant vertical distance (p) above an undulating ground (that
is along the dotted line in Fig. 1.1). The x-process (which can be controlled)
describes the motion of the airplane and the y-process the ground (or rather
the dotted line). The airplane has a terrain following radar making noisy

Fic. 1.1,

incomplete measurements of y(t), or rather y{¢) + p which of course amounts
to the same calculations. As indicated in the figure, at time ¢ we will have
measurements up to point A4 while actually y(z — k) is of interest. It is then
natural to minimize a quadratic mean of the difference x,(¢) — y,(t — h) as for
example (1.2); (x; and y, are the first components of vectors x and y and their
meaning is given in the figure).

2. TRANSFORMATION OF THE PROBLEM THROUGH EXTENSION OF THE STATE SPACE

Since y(r) appears in (1.2) with delayed time argument, we cannot apply the
Separation Theorem to our problem. For this reason we will transform the
problem by using Dirac’s 8-function:

1
y(t—iz)sz(t—h~'r)y(r)dr (~T<to<—h<0<t<T).
£
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As an approximation of y(¢ — ) we will use y™ (¢t — h,t) where:

y(r, 1) = [ 87— 5)y(5)ds 2.1)

and where 5,(¢) is the Fejér kernel:

sinz(n+11t)
S,(t) =~ | 2 2T/, 2T<i<2T. 2.2)
AT+ 1 sinZ(llz)

(The reason for choosing the period in this way is that
t—h—to

YOt — b, t) = f 8.()y(t—h—s)ds and t—h—ty<2T—h)

—h

It is a well known property of the Fejér kernel that (for example reference [1]):

)= 5yt @.3)
k=—n
where:
1 Ik|
n=grl1=a31)
s
A=‘2“T-

Let q,(¢) be an m,-vector function and «(#) a scalar function given by:
t
a(t) = [ e y(r)dr (2.4)
to
ay(t) = y, eiram (2.5)

YO = 10 = [ Sy i = S aman. 26

Then for g,(t) we have the following differential equation:

qu(t) _ _—kiAr

0 2.7
a0 — [ e y(r) dr.

to
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Let e be denoted by Bi(t), p be an m, + 2(n + 1)m,-vector and F an
(my + 2(n + 1ymy)x(m, + 2(n + 1)m,) matrix given by:

x 4 0 0 0
y 0 C 0 0
P={ 9 F=}0 B, 0 0
\ In 6 B 0 ... 0
Bulr) = v,
Furthermore:
B v,(#)
0 Uz(t)
B'@)=10}; H (t)=(0,H,0...0); v(H)={ O
0 0

Now, if we replace y(t — k) with y™(¢ — h,¢) in the problem of Section 1,
we will have the following problem:
Control the system of differential equations:

%’: F(1)p(t) + B'(t) u(t) + (t) 238)

given the observations:
z(t)=H'(t)p(t) + w(t) O<t<T) 2.9

when the object is to minimize:
T
E{f [(x — 2 o D1 g)* Qu(x — 2 o4 Dy gi) + w* Qyuldr
+[X(T) = 2 al(T) D3 g T)I* Qa[x(T) — 2, o(T) D5 qs(T)]}

T
= {f @* Q/'p+u* Qrwdr + p(T)* Qs'P(T)} (2.10)
0

{where now * denotes Hermitian transposition).

As it is quite clear that the Separation Theorem is valid for a complex
state vector of this type, and that the equations for the deterministic problem
as well as that of the filtering problem are unaltered (this is clear from the
proofs by Zachrisson [12]), we now have a problem of standard form. It
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OPTIMAL STOCHASTIC CONTROL 61

remains to be shown that the solution of (2.8)-(2.10) is equivalent to that of
(1.2)(1.3) as n — o, This will be done in Section 8.

3. QUESTIONS CONCERNING THE CONVERGENCE OF THE APPROXIMATE SYSTEM

We will need the following lemma, which is a slight modification of
Fejér’s Theorem [1]:

LeMMA 3.1. If the function f(t) is measurable and bounded on {a,b], where a
and b are real numbers such that 0 <b —a <2T, and the function ¢(t) is
defined by:

1) for a<t<b
d(t)={3f(t) for t=a and t=b (3.1)
0 for b—2T<t<a and b<t<a+2T,
then

b
[ 87 =) f(mrdr - $(0)
almost everywhere on the interval
I=[b—-2T,a+2T] as n— .

If f(t) is continuous on [a,b]
b

| 87 =) f(xydr > $(0)

a

everywhere on I.

Proof. Extend ¢(¢) outside [b—2T,a+ 2T] so that ¢(¢) is a periodic
function with period 4T. Now, b—f< b—b+2T=2T and a—t>a—a—2T=
—2T, which should explain the choice of 7. (In addition, it is clear that
b—-2T<a<b<a+2Tsince 0 <b — a < 2T.) Therefore,

b b b—t

[ 8r =0/ dr = [ 8 — ) $r dr = [ 8,(s)(1 +5)ds

a a a—t

2T

- f 8,(5) $(t + 5) ds.

~2T

Evidently ¢(f + s) is zero on the intervals added to the integral in the last step
(except possibly for the end points), for ¢(¢) has period 4T, t+s<t+2T<a+4T
and 1 +s>1t—2T>b—4T.
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Now according to reference [1] p. 113,

2T

f 8.()P(t+8)ds —~ (1) as n—>w

-2T

provided that 1°:

_1‘%:}4(—{_}5 € L("‘-C"\), CO)

and that 2°:
o1 T
lim & f BIB(+ 7) + 3t — 7] — ()| dr =0,

Since $(¢) is bounded and

foa
L4277
condition 1° is fulfilled. Moreover, according to a theorem by Lebesgue

({1] p. 116), condition 2° holds a.e. on I if ¢(¢) is integrable on I. Of course, this
requirement is fulfilled and therefore

f 8,(r — 1) f(r)dr — ¢(t) a.c. on I.

If f(¢) is continuous condition 2° is fulfilled in every point of . (Even in the
points of discontinuity of ¢(¢), i.e., f = a and ¢ = b, this is true due to the defini-
tion of ¢(¢) in these points.) This concludes the proof of the lemma.

Let | x| signify the Euclidean norm (x* x)!/2 of the vector x. Then if x(¢) isa
stochastic process, [[x(t)l| = (E|x(¢)|*)"/? is a norm also. [For x| =0<>x=0
and [lax]=|«|{x]] (x is a number) are trivially satisfied. Furthermore,
Ix +yI* < E|x]* + E| y|* + 2E{|x||y[} < E|x|> + E| y|* + 2AE |x[>) 2 (E| y|»)'
={{lxi + |¥])?, that is {{x + y{| < llx|| + || yll, where Schwarz’s inequality has been
used.]

LeMMA 3.2 ||y(¢)]| is a continuous function if y(t) is given by (1.1b).
The proof of this assertion follows immediately from the fact that

Iy = tr{Y(t,25) S, Y(t, 15)*} + j tr{Y(t, 1) Q,(7) Y(t,7)*}dr

[where Y(z,+) is the fundamental matrix of (1.1b)], for Y(¢,7) is continuous
and @, is bounded.
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Lemma 3.3. If y(7) is given by (1.1b), y™ (7,1) by (2.1) and

() for ty<r<t

(T, 1) = {3y(7) for 7=ty and T=t (3.2)
0 otherwise

then for a fixed t y™(r,t) converges for every = on [t — 2Tty + 2T] to o(7,t) in
the norm |-|| = (E|-|)"? (where |-| is the Euclidean norm) as n — , that is
for every tlim||y™(r,1) — n(7,1)| =0. Moreover, | y™(t — h,t} — y(t — h)| is

uniformly bounded on any bounded interval.

Proof. For any ¢ € [t — 27,1, + 2T} we have:

Vv (o, t) = f 8,(s — o) y(s)ds = f 8u(s — o) (s, t)ds

2T+o 2T
_ f 8u(s — o) m(s.1)ds = [ 8(s)m(o+s,¢)ds
—2T+o 27

because 2T+ 0 = 2T+t —2T=t, 2T+ o< 2T+t +2T =1, and x(s,t)
is zero outside s € [t,,t]. Since

2T

[ S(ods=1 11],
-2T7
we have
2T
w(rt)= [ Susyn(r,0)ds,
—2T
and therefore:
2T
Iy, =m0 < [ 8f)lnlo +s,0)—n(r,0lds (3.3
-2T

Now, since [[9(o + s,t) — (7, 1)l < Iln(a + s, 1)l + In(7, )l < [ ¥(o + $)I| +
(|l¥(=)|] which is bounded on a bounded interval due to the continuity (Lemma
3.2,) and because of

2T
f S.(s)ds =1,

2T

(putting o = 7 =t — h) the last assertion of Lemma 3.3 is true. Furthermore,
the boundedness of [|5(o + s5,1) — n(r,1)|| assures the validity of condition 1°
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(in the proof of Lemma 3.1). Then (considering ¢ as a fixed parameter) for
every 7,

2T

| 8to + 5,0) =, )] ds — (o, 8) = 9z, )]

—2T
in all points o for which condition 2° is fulfilled (compare the proof of Lemma
3.1). This condition certainly holds for o = 7, for the continuity of || y(r + 5) —
7(7,¢)|| with respect to s (a trivial modification of Lemma 3.2) assures con-
tinuity of [[p(7 + s,¢) — 7(7,t)|| except for the two points of discontinuity.
Here, however, our choice of n makes condition 2° valid. Therefore, for a
fixed t| y™(z,t) — y(7,1)]| — 0 everywhere on the interval [ — 2T, t, + 2T] as
n — o, which concludes the proof of the lemma.

4. THE DETERMINISTIC PROBLEM

The problem to minimize:
T
f [p(7)* Q) (D) p(7) + u(r)* Or(Du(r)ldr + p(T)* Q3'p(T)  (4.1)
0

when

5’5= FO)p(t) + B'(1)ut) 4.2)

has the following solution (reference [12] or any standard textbook on the
subject):

u(t) =—0,(t)"" B'(t)* P(t) p(t) (4.3)
where P(¢t) is given by the matrix Riccati equation:
dP
= —_Q/—~F*P—PF+PB Q;'B'*P
dt QI Q2 (44)
P(T)= Q5.
Writing P(¢) in the following way (where notations are obvious):
Pxx ny Px—n Pxn
P,, P, P, .. P,
P={P., P, P.., .. P,
an Pny P’l—" .. Pnn
it is clear that:
u(t) =—0x(2) 1 B(£)* Pro(t) x(2) — Q1) B(1)* Poy(1) ¥(2)
- 2 Qo) B()* Pud 1) 4ul)- 4.5
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Then since (Qll)xx =0 (Ql,)xy =0, (Ql’)xk =—o 0, D, and (QJ,)xx =0,
(03 =0, (Q1)s=—0(T)Q;D; straightforward calculations of the
submatrices of the matrix Riccati equation give:

dPxx = _QI —'PxxA - A*Pxx “"‘P;xJ:BQ;1 B*Pxx

dr 4.6)
Pxx(T) = Q3
fgfﬂ’:_/f':ny ""nyc'— Z Bkka +PxxBQ;lB*ny

dt = %))
P(T)=0
Dot — 0,0, Dy~ A* P+ Py BOF' B Py,

4.8)
L P (T)= —o(T) Q3 Dy

where as before:
(1) = y, A0
Bu(?) = ek,

1t is clear from (4.7) that P,, depends on n and therefore, in the sequel, we will
use the notation P for finite n, whereas P, will signify the limit function
asn—> w.

Let @(t,7) be the fundamental matrix of (4.8), that is:

ot 4.9)

{ 067) _ (.. BOT B — 491,
D(r,7) =1L

Hence:

Pu(t) =~a(T)P(1,T) Q3 D3 — f a(T)D(t,7) Qi(7) Di(r)dr.  (4.10)

t

We need an expression for —3 By Py:

——z BUOPalD) = 3 AT 10D, T) Qs s

T
+ [ 20D, ) 04(7) Dy dr
=@, T)Q; D3 8(T—h—1)
T
+ [ B, 7) 0:() Di(n) 8,(r — b — 1) dr.
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Letting the fundamental matrix of (1.1b) be Y (¢,7), a simple check shows that:

PY@O) == [ B, T) Qs Dy Y(r,1)8,(T — h— 1) dr

t

f B(t,5) 01(5) Di(5)8,(s — h — 7)ds Y(r,t)dr.  (4.11)

ﬂ‘ﬂ

Now, since @(¢,T) Q; D; Y(7,t) is continuous with respect to = on [0, T}, the
first term of (4.11) tends to &, T) Q3 D3 Y(T —h,t) for t <T—h and to
zero for t > T — h due to Lemma 3.1, Likewise, the inner integral of the second
term tends to @(t,7 + h) Q,(= + h) D,(= + h) a.e. for r < T — h and to zero for
7> T — h, because D(t,5) Q,(s) D,(s) is bounded and measurable with respect
to s on [0,T]. Clearly the integrand of the outer integral of the second term in
(4.11) is uniformly bounded (for all matrices are bounded and

T
J‘ S.(s—h—T)ds<1),

T

and therefore according to the dominated convergence theorem (for instance
reference [5] p. 69) as n — © we will have:

Po(t)=— f_ D(t, v+ h) Qi(r+ ) D(r+h) Y(r,t)dr

t
— O, T)Q: D, Y(T—hyt) for t<T—h
P.(t)=0 for T—h<t<T.

(Actually the first expression for P, is valid for < T— honly,butast=T—h
constitutes a set of measure zero the cost functional will not be affected by this
change.) It is quite clear that P&)(n = 1,2,3...) and P,, are uniformly bounded
on [0, T] (this fact will be used in the sequel), for [ 8,dr < | and all matrices
involved are bounded.

Thus we can express the differential equation for P, in two different ways
(the former of which will be used in Section 7):

dP

7;‘1 =D(t,t + N Ot + Dt +h)+ D, T)Q3 D;(T—h—1t)

— A*P,,—P,,C+P,, BO7'B*P,, ae. (4.12)
P(T)=0.
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(The underlined term will be missing for ¢t > T — h.)

Py @(t,145) 01t + W Dyt + h) = A4* Py — P, C

: + P, BQ3'B*P,, ae. for t<T-h (4.13)
Po(T—h)=—O(T—h,T) Q; Ds
P (t)=0 for T—h<t<T.
[(4.13) is the interpretation of (4.12).]

5. THE FILTERING PROBLEM

In order to determine the optimal control law in the stochastic case we
need the minimum variance filtering estimate 5(¢ |¢), which will replace p(¢) in
(4.3) according to the Separation Theorem, where the second 7 signifies the
well known fact that p(z|t) = E{p(?)|z(s); s € [0,¢]}, where {z(s); s € [0,2]}
stands for the minimal o-algebra with respect to this information (really z(s)
should be replaced by its integral as pointed out in Section 1).

For the filtering we will have the stochastic system:

‘—g: Fp— B' Q5" B"* Pp(t|t) + v.
Then the filtering estimate satisfies the following system of differential
equations [10]:

{‘—1‘9 (F-B'Q3'B*P—K*H)p+K*z

dr (5.1)
p0}0)=0
where the gain-matrix K is:
K(t)= Q.0 H1t) R(t). (5.2)

R(t) satisfies the matrix Riccati differential equation [10], [12]:

dt (5.3)
R(0) = E{p(0) p(0)*}
where R,(t)6(t — ) = E{e(t)v(7)*}, from which we have (R))ex= Qs

(Ri)xy = Qxys (R1)yx = Oy (R)),, = @, and all other submatrices equal to zero.
Since

{ﬁzm + FR+ RF*— RH'* Q;'H'R

K=(Q;' HR,,, ;' HR,,, ;' HR,_,, ... 0;' HR,,),
H'p=Hy and B Q;'B*Pp=
((BG3'B*P, %+ BQ3! B*P&';,) P+ 3", BO' B*P4.)%,0,0,...00%
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(this is clear from the expression (4.5)), we will have the following filtering
estimates:

[ d)’c‘(n) . .
o~ (A= BQ B*P) 2™ — (BO3' B* P + R, H* 0 H)S

— 2, BQy' B* Py + Ry H* Q7' 2 (54
-n

| £(0]0)=0

{ Y (C— R, H* 0 H)§+ Ry H* 07 2

ar (5.5)
7(0[0)=0
dé"_ * -1 s * -1

dt _(Bkl— Rky'H Qz H)y"}’RkyH z zZ (5 6)
440/0) = .

Since obviously the x-estimate given by (5.4) depends on n, we use the notation
£™(z|1), whereas £(#/1) will signify the limit functionasn — ., Straightforward
calculations of the submatrices of the matrix Riccati equation (5.3) give:

{ dRyy =0, +AR,,+ R,,C*—~ R, ,H* O;' HR,,

dr (5.7
ny(o) = Sxy Y(O’ to)*
Ry 0,4+ CR,, + R, C*— R, H* Q' HR
df Xy »y ¥y yy z ry (58)
R,,(0) = G(0)
dev * * -1
ar Ry C* + B Ry, — Riy H* Q7' HR,,
(5.9)

R, (0)= f e N G(r)dr
where ’
G(r) = Y(1,4) S, Y(0, tg)* + f Y(7,5) Q)(s) ¥ (0,5)* ds (5.10)
H
In calculating °

J Ry(0) = E{x(0)»(0)*},  R,(0) = E{y(0)»(0)*}
an

0
R (0) = E{qu(0) (0)*} = f e E{y(r) y(O)*} dr
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we have used the fact that

W) = Y6, 1) y(00) + [ Y(t,5)va(s) ds.

Let the fundamental matrix of

d.
= (C—R,H* Q' H)x
be ¥(¢, 1) that is:
o¥(1,7) -1
———éf "(C_RyyH Qz H)'P(t,‘r) (5”)
Y(r,7)=1L
Then (as B, = e™*'¥):
t
Rus(t) = Riy(0) (1,00* + [ &% R, () Wi(t, 7)* dr
(4]
1] t
- f e A Gy drP(, 0% + [ e Ry (n) W, ¥ dr. (5.12)
10 0
If we introduce the notation:
|ty =z(r) - Hp(t|1), (5.13)

we will have the following expression for §,(¢]?):

Gutl) = | eV (r|7)dr

ey

e KM R () P, sY* dsH(r)* Q,(7) ' 5(r|r)dr

¥
|

+] j ™% G(s) dsW(r, 0% H(r)* Q,(r)' 5(r|n)dr.  (5.14)

Ot

We will wait until Section 7 to determine the term
3 BO;' B* Py
in (5.4).
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6. THE SMOOTHING ESTIMATE

It will be shown in Section 7 that the optimal control includes an integral
of the minimum variance smoothing (interpolation) estimate PH(z|¢) =
E{y(1)|z(s); s € [0,¢]}(= < ). For this reason we will determine a suitable
expression for $(7|¢) and at the same time we will get a verification of the basic
equations given by Zachrisson [11] and others.

From Section 2 we have:

YOr, 1) = [ 8 — )Ms)ds = 3 e qy ). 6.1)
Let
$9G]) = E(y(e, 1)|2(0); 0 € 10,11
and Alt) = E{nfr, )] 2(0); 0 € 10,11

where 7(r,¢) is defined in Lemma 3.3. Then we have:

LeMMA 6.1. 3™(7|t) — 7(7|t) on [t,, T]x [0,T] in the norm of Lemma 3.3

asn-— w,

Proof (compare reference [6] p. 348).
I9®Cr|6) = 4i(7|D)]|* = E|E{y™(7, 1) — (7, )|2(0); 0 € [0, ]}
< EE{|y®™(r, 1) — n(7, D)]*|2(0); 0 € [0,1]}
= E|y®(r, 1) = q(z, O)]? = | y(r, 1) — (7, )]* > 0

when n -> « according to Lemma 3.3. Furthermore for t€[0,T], 7€
[t—2T,ty +2T)2 [-T,t, + 2T] > [t,,T), because #,>-—T and hence the
lemma is true.

Thus according to Lemma 6.1:

P(r|t) for to<r<t
PO = (3@ ]) for 7=t 6.2)
0 for t<r<T

where — stands for convergence in the above sense.t

T As this is convergence in the mean, there is a subsequence that converges a.s.
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Thus we need an expression for p™(r|t):

59(r0) = 5 vy Elgu0)lz(0): 5 < 10,11 = S vt deln)
= f 3.(t — s) p(s|s)ds
0
+ [ [ 8r = 5) R(5) ¥(o.)* dsH(0)* Qu(0)™ Holo) do
00

t O
+ f f 8,(r — 5)G(s)ds¥P(, 0)* H(0)*Q,(0)"! 5(o|0) do
0 1o

where we have used the expression (5.14) for §(z|¢) and (2.3) for 8,(¢).

Since j(s|s) is continuous a.s. (for according to reference [9] p. 165 j(s|s) is
a Gaussian diffusion process) and R,,(s), ¥(o,s) and G(s) are continuous, we
can apply Lemma 3.1 and therefore:

P8y = p(rl7) + f R, (1) (o, 7)* H{0)* Qo) ' #(o|o)do
for O<r<t (6.3)

rir) = f G(r) ¥(o,0)* H(a)* Q.(0)"' X(o|0) do
for 1, <r<0. (6.4)

As the two expressions are the same for 7 =0 we have replaced < with <
Moreover, we have used the dominated convergence theorem.

By differentiating (6.3) and (6.4) with respect to ¢ we will have the following
differential equations:

o
_3’%}1‘ )= Ryyx) Pt ) HEY* Q) 5t 1)
$(rlr) given by (5.5)  for O <7<t (65)

PO _ Gy 0.0 HO* 0.0 2t

$(r|0) =0 for 15<7<O. (6.6)

(Note that y(r|r) is a Gaussian diffusion, for Z(o|o)do is a differential of a
Wiener process (compare reference [9] p. 165), and therefore (6.5) and (6.6)
are formal notations for (6.3) and (6.4) respectively.)
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Define U(¢) as the matrix solution to:

du .
{ 71; = _(C* -H Qzl HRyy) U (6.7)
U©) =1

Then from (5.11) it is quite clear that the fundamental matrix of (6.7) is
Y(r,1)* (where ¢ and 7 have been reversed):

U@t)=¥(r,1)*U(r). (6.8)
Furthermore, define the matrix V(r):
V(1) =Ry () U(1). (6.9)

Then the differential equations for $(7[¢) when 0 < 7 < ¢ can be formulated
in the following manner, as it is clear that U(z)™! exists [12]:

{ PEID _ vy vy Hey 0.0 el (6.10)

y(TI'r) given by (5.5).
By differentiating (6.9) we will determine a matrix differential equation for
V(t):
dV _dR,, du

=@ TRy

=0, U+CR,,U+R,,C*U—R,, H* ;1 HR, U

—R,C*U+R, H*Q;'HR,, U
=Q,U+CV
where we have used (5.8), (6.7), and (6.9).

Thus the matrix functions U(¢t) and V(¢) satisfy the linear system of
differential equations:

‘i,[t] —C*U+H*Q;'HV
¥ _ourcy ©.11)

U(O) —~I;  V(0)=G(0).

Equations (6.10) and (6.11) have been derived by Zachrisson [11] by other
means.
We will need the following lemma in the sequel:

LeMMA 6.2. |lii(=|2)l| and ||$™(7|t)|| are uniformly bounded on {t,,T] < [0, T,
where ||| is the norm of Lemma 3.3.
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Proof.

G |DI? = Elii(r|6)|* = E|E{n(r, 1)|2(s);s € [0, £ T}|?
< EE{|n(r,0)|* | z(s);5 € [0, 1T} = E|n(7, DI = (=, I

where |-] stands for Euclidean norm. Now, since according to Lemma 3.2
ly(7)ll is continuous and thus bounded, [ip(r, t)|| is bounded too, and so is
I(|))l. Furthermore,

510 < [ 8 = 56l0lds < max 156610 < max 1y

and therefore [[§™(7|¢)] is uniformly bounded.
7. THE OPTIMAL CONTROL LAW
According to the Separation Theorem and (4.5) the optimal control of the
approximate problem is:
4(t) = —Qa() ™ B(t)*[Pee(t) 2(t|1) + PS(1) 3(t]1) — g™(®)]  (7.1)
where:

£0==5 Pu0)itln).

=—n

We wish to determine g™(¢), for this term is present in both (7.1) and (5.4).
It is convenient to determine >, o, (s)4(t|¢) first. Therefore, remembering
(2.5) and {6.1), we obtain:

z a(8)dilt 1) = z ¥ 95 Efg (1) 2(0); o € [0, 1]}
— E{y®(s — h,1)|2(0); o € [0, £]} = $(s — h|1).

By using (4.10) we can now determine g™(r):

T
() = B, T) Qs Dy JT— ht) + [ B, ) 0,(1)Dy(x) (e — ht) dir.

Let g(¢) signify the formal limit of g”(¢) when n -—> . Then using the norm
11l =(E]-]>)"? of Lemma 3.3 we have:

lg — g™l <9 T) Qs D} |i(T — h|t) — 3T — | )|
+ [ 190, 7) @u(x) DD i(r = hlt) = 57z — k1)) dr.
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Now, since the integrand is uniformly bounded for every » (Lemma 6.2) and
I — 7™ -0 as n - o (Lemma 6.1), g™(¢) — g(¢) in the sense described
above (reference [5] p. 69). Then using (6.2) we have:

t

g(t)=f@(t,s+h)Q,(s+/1)D,(s+h)fz(s|t)ds for t<T—h (1.2)

t—h
and

g()=P(t,T) Qs Dy (T — hit)
T—h

+ f (1, s+ h) Qs+ h) Di(s + W) P(s|t)ds  for t>T—h. (1.3)
t—h

Since t =T — h is a set of measure zero, the choice of g(¢) on this set affects
neither the cost function nor £(¢|¢), and therefore we might as well let (7.2) be
valid for ¢ = T — h, although Lemma 6.1 gives another resuit.

It is quite clear that ||g(¢)|| and ||g®™(¢)|] are uniformly bounded on [0, T},
for according to Lemma 6.2, || #(s|)}l and |[7™(s|1)|| are uniformly bounded on
[~h,T] %[0, T]. (This fact will be used below.)

By differentiating we obtain a differential (vector-) equation for g(¢):

= BT+ B QU+ ) Dyt + W HE0) —~ Q0) D)3 — hlo)

+(Pxx BQEI B* — A*)g(‘t)

f D(t, s+ ) Q\(s + ) D (s+h)ay(s|t)

t—h

for t<T—h; for t>T—h the first term will be missing and instead
&B(1,T) Qs Dy[05(T — h|t)/0t] will be added, and finally i_, will be replaced by
f13. [As according to (6.3) and (6.4) the ¢-dependence of j(r|¢) is introduced
by the upper limit of a stochastic integral, differentiating g(¢) with respect to
this parameter is permitted provided the order of integration is immaterial.
Now, this is clearly the case since all (deterministic) functions involved are
bounded on [#,, T’} (reference [3] p. 431).]
Using (6.5) and (6.6) we have:

%g_ P, BQO;'B¥ — A*)g + P(1,t + h) Q,(t + h) Dy(t + By p(t]t)
— Qi(t) Di(t) (¢t — hit) + T () H@)* Q.(t) " 2(t]t) (714
g0)=0
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(g(0) = 0 because, according to (6.6), 7(7]0) = 0 for = < 0; the underlined term
is missing for ¢ > T — h) where I'(¢) is an m; x m, matrix given by:

(2,5 + k) Oy(s + k) Di(s + h) R, (s) P(t, s)* ds

Sty

0
+ [ B+ B) Qus + h) Difs + h) Gis) P&, 0)* ds
1~k for O<t<h
t
FO= = [ @15+ 5 Qs+ B Di(s + ) Ryy(s) Wit 9)* ds
~h for h<t<T-—h
Tk

= f (1,5 + h) Qy(s + B) Di(s + k) R, (s) P(t, 5)* ds

t—h
+@(1,T) Q3 D3 R, (T — h) ¥(t, T — h)*
for T—h<t<T. (1.5)

Using (4.9) and (5.11) we have:

A (P..BO3 B*— AN+ I(C* ~ H* 0;' HR,)

+D(t,t+h) Q) (t+ h) Dt + ) R, (1)
— Oi(t) D) R, (t — By W(1, 1 — B)* (7.6)

This equation is valid for A <1< T—# only. For 0 <1</ the last term is
replaced by —Q,(t) D,(¢) G (¢ — h) P(2,0)* (for t = h the two terms are the same)
and for T'— h < t < T the next to last term is replaced by

O, T) Qs Dy Ry() ST — h —1).

Furthermore:
I(0) = [ (0, 7) Q:() Dy(7) G(r — h)dr. (7.7)
0

It remains to give a differential equation for £(¢|r) (the limit function of
X™(t]t) as n — ). Formally we will have the following equation:

e
=~ BQ;' B*P) £~ (BO;' B* Py + Ry, H* 07 H) 08

+BQy'B*g+ R H* Q7' z .
#(0]0) =0.
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Letting #(¢|¢) be given by (7.8), we have:
%(ﬁ"" —£)=(4—-BQ7' B*P) (3" — %) — BQ7' BYPS — Py,))
+ BQ;' B*(g™ —g)
1200 — 2¢10)] < j |D(r, 1)* B(7) Qo)™ B(r)*|[|P5)(r) — Pry(7)]| X
x | | ar
+ I | D, £)* B(7) Q)™ B(x)*[[|| g™(r) — g(r)] dr.

Since the integrands are uniformly bounded for all » and tends to zero as
n — o, itis clear that ||[£®(¢|¢) — £(z|¢)l| tends to zero, too (reference [5] p. 69).
Moreover, uniform boundedness of [P — P,,|| and ||g™ — gl implies that
[|#™(¢ |t) — £(¢|t)|| is uniformly bounded on {0,T].

If #i(z) is the formal limit of #”(¢) as n — «, we obtain:

2™ — all <[ Q7" B*[{|Pul |2 — 2| + [P’ — Py | 7] + 12 — £l

and therefore we have proved the following lemma:

LemMa 7.1, 49(t) — (1) and 2™(t|t) — %£(¢|t) in the norm of Lemma 3.3
as n — . Moreover, |@™(t) — 4(t)|| is uniformly bounded on [0,T] for all n.

In order to obtain a closed loop control system, it is more convenient to
write (7.8) in the following way:

. R % =10 _ I
dt—Ax+Bu+nyH Q7 (z— Hp) 79
#(0j0) =0.

In Section 8 we will show that # is the optimal control of our problem. Define
the m;-vector w(t) (not to be confused with the sample variable):

o(t) = P (1) %(t]t) + Py (1) 1|1} — g(0). (7.10)
Then the optimal control can be written:
() = —Q,(t)™" B(1)* w(t). (7.11)
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By differentiating (7.10) and using (4.6), (4.12), (5.5), (7.4), and (7.8) we
obtain a differential equation for w(f):

deo
dt

=P, A%~ P, . BQ;'B*P, £ — P BO;'B*P,,y

+ Py BQ7' B*g + P Ry H* Q7' 2 — Q £ — P AR

— A*P X+ P, . BQ;'B*P, £+ P, Cy

+P R,y H* Q) Z+D(t,t +h) Q¢ + h) Dt + h)

+P(t,T) Qs D3 (T —h—1t) — A* P, § — P, (P

+ P BQ;' B*P.,j— P, BQ;' B*g + A*g

—B(t,t+ ) Ot + WDt + )P+ O, D F(t—hlt)—TH*Q;'Z
=~ A*w — Qi[% — Dy J(t = h|)] + D, T) Q3 D3 $¥(T — h ~ 1)

+ (P Ry + Py Ry — DYH* Q' 2.

[~<3

Jrun uz
| FILTER !

§
z
===u{F;LTER %-{WTERPOLATOR S
x + Rtn
n $tun $it— hit) ,

St

FiG. 7.1.

(The underlined terms are missing for 1> T— h; £=%(t|r), §=p(t]t) and
£ =2(1) — Hit]1).)
Furthermore w(0)=0, for X(0{0)=#0|0)=g(0)=0. Then we have
(observing that @(¢,T) Q; D, j(¢|¢) is a continuous function):
{ dw N R .
g = AT () = QO = Di(0) 5t — h|1)]
+ [Pelt) Rey(1) + Po(1) Ry(t) — T H(t)* Q(e)™' 2(t 1) (7.12)
w(0) =0
L w(T=h+0)=w(T—h=0)+D(T~hT)Q; Dy (T~ h|T—h).
A matrix block diagram of the optimal controller is given in Fig. 7.1. The
filters are the usual Kalman filters ([4],[9],[12]) as given by (7.9) and (5.5)
(for % there is a feedback loop) and the interpolator is given by Section 6

(for a more detailed discussion of this interpolator and a block diagram for it,
we refer to Zachrisson [11]). Furthermore P,,, R,y and R,, (given by (4.6), (5.7)
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and (5.8)) are the same as if the time argument of y(¢) in (1.2) were not delayed.
However, this is not true for P,, which is given by (4.12) or (4.13). In addition,
we need I'(¢) as given by (7.6) and the paragraph following it. Also note that
w(?) is discontinuous for t = T'— 4 (and so is I'(¢)).

Equation (7.12) can in a certain sense be considered to be an adjoint
equation of (1.1a). It seems as though (7.12) can be derived by means of
Pontryagin’s maximum principle, although we are not prepared to give an
unobjectionable solution to this problem at present. We hope to return to this
problem in another paper. Nevertheless, we will give the basic ideas of this
nonrigorous and formal solution in the Appendix.

8. OPTIMALITY OF THE FORMAL SOLUTION

We will use the following notations:
T
Llu]= f {[x(1) — Di(r) y(t — WT* Qu(B)[x(2) — Dy(2) ¥t — h)]
0

+ u(2)* Qx(t)u(r)}dt
+ [X(T) — D3 (T = W)I* Qs[(T) — D3 /(T - h)] @.n

T
L,[u] = f {[x(t) — D)yt — b, DI* Qu(D[x(1) — Di(t) y™( — h, )]
0

+ u(t)* Qx(¢)u(t)} dt

+ [X(T) = Dy y™(T — b, D)I* Q3x(T) — D3y™(T—h,T)]  (82)
Vu] = E{L[u]} (1.2)
Valul = E{Ly[u]} (2.10)

where of course x(¢ ) is a function of u(t) given by the differential equation (1.1a).

Let U be any class of (£, w)-measurable functions #(z, w) (w is the sample
variable) such that for a fixed ¢ € [0, 7] the vector u(f,w) is a linear function
M, [z] of the observation vector z(, w) on the interval 0 < = < f and such that

T T
[ Elufzdr= [ Jul?di < .
0 0
(With this assumption V{u] < « and V,[u] < «.) Furthermore, 2" and

should belong to U. (In the sequel w will be suppressed from notation.) We
know that min V,[u] is provided by 4" (Separation Theoremt) and we will
uelU

+ Cf. {8] or [14]. Wonham [10] does not employ the class U.
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show that there exists a u € {/ that minimizes ¥ [u]and that this optimal control
is precisely #(¢).

LemMA 8.1, For every u e U, |V, [u) — V[u]] - 0asn — .

Proof (]| signifies Euclidean norm when applied to vectors and matrices;
1+ is the norm of Lemma 3.3; for nonstochastic elements: |-| = {|-{).

As [§ lultdt < oo, [b lulidt < |5 lulldt is bounded on [0,T}, because
L,[0,T}< L[0,T].

Now, {y(¢}l] is bounded on [0, T} due to the continuity (Lemma 3.2), and
the same is true for |[x(¢)}. For let X(z,7) be the fundamental matrix of (1.1a)
and we will have:

x(1)] < | X(5,00x(0) + | X(t,7) e1(r)dr] + [ 1 X(2,7) B o) .
] 0

The first term 1s bounded (and continuous) for the same reason as || y(t)|,, and
the second term is smaller than K’ f§ lujldr (where K’ is the upper bound of
| X(t,7) B()|) and thus bounded on [0,T]. Then we have:

|Lafua) = LI < [ {21x(1) = Dy(0) 1t = )| |@4(2) Di(2)]

¢

< |3 =) = y™(e = h.0)]

+IDV@)* Q) Dy(@)] | (2 = ) — p™(t — b, )%} dt
+2|X(T) = Dy (T = [ | Q3 D3| | (T — h) — y™(T — h,T)|
4| Dy* Qy Dy} | (T — h) — y(T — h, T)|2.

Using Schwarz’s inequality we obtain (for convenience arguments are
suppressed from notation):

|Valu] = V]| = |E{L,[u] — L{ul}| < E|L,[u] — L[u]|
<[ {210 Dillx— Diyl ]y — v

+ Dy @Dy -y ™| dt
+2(Q3 Dl [x = Dyylllly =yl + | D3* @y D | y — y ™2

Now, [Q,Dy|, |D*Q,Dy|, and |ix— Dyyli < fixll + | Di|llyl, i=1,3 are
bounded. Furthermore, according to Lemma 3.3, ||y — y™| is uniformly
bounded for all # and tends to zero as n — «. Therefore |V, [u] — V[u]] -> 0
as n — o (reference [5] p. 69), which was to be proved.

LEmMMA 8.2, [V ™)~ V[d)] - 0asn — w.
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Proof. Let x™(z) and x(¢) signify the solutions of (1.1a) when u(¢) equals
#™(¢) and 7(¢) respectively. In the same way as in Lemma 8.1 we have (argu-
ments are suppressed from notation):

[VIa] - VIl < [ 21045 = x| |x— Dy |
0

+ Q%™ — x[2 + 2| Qo] 4™ —a] [ ]
+ Q| [4® — 4|} dr + 2] Q5] | x® — x| |x — Dy |
+ [ Qs X — x|,

But [xe) = x(0)] < [ 1X(2,7) BE| [ax) — ()] .
0

Now, [[#™ — {j]] is uniformly bounded on [0, T] for all n and tends to zero as
n — o (Lemma 7.1). Then |x™ — x]| has these properties, too.

Moreover, as pointed out earlier in this section, [x]| and | y|| are bounded on
[0,T]. Since [id] < | Q5" B*[{|Pe|l%] + [P |91 + ligl}, the same is true for
i), because | Q3! B*|, |Pysl, II£]l, | Py, li$ll and ||g|| are all bounded. As for
I 7|l and || g| this is clear from Lemma 6.2 and Section 7 respectively, and in the
same way as in Lemma 6.2 we can show that ||£]| < ||x||. Therefore, |V [#™] —
V[#]| - 0asn — «, for the integrand is uniformly bounded and — Oasn —
(reference [5] p. 69).

LemMa 8.3. |V, [d™] — V[E®™]| > 0asn — «.

Proof (this is a simple modification of Lemma 8.1). The only change in the
proof of Lemma 8.1 is that x™ should replace x. Then |[x™]|| should be
uniformly bounded. But this is clearly the case as [x™| < [Ix]| + [x™ — x]|
(cf. the proof of Lemma 8.2).

THEOREM 8.1. #i(¢) is an optimal solution in the class U to the problem posed
in Section 1, that is to minimize V[u].

Proof. Suppose that () is not optimal. Then there is a u'(¢) € U such that
Viu'l < V[d]. Let e>0 be the difference, that is V[u']= V[i] —e. Now
according to Lemma 8.1, there is an N, such that |V,[u']— V[u']] < e for
every n> N; and, according to Lemma 8.3, an N, such that |V, [4™]—
V[#™]| < }e for every n> N,. Furthermore according to Lemma 8.2, there
is an N; such that |V [#“™] — V[4]] < 4e when n > N;. Then for n> max (N,
N,, N3) we have:

Vo'l < V'] + e = V[i] — }e < V[i™] — e < V,[4™].
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But according to the Separation Theorem #™ is optimal in the class U for the
problem of minimizing ¥,[«]. Thus we have established a contradiction and
the theorem must be true.
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APPENDIX

In this Appendix we will derive the basic equations of our paper in a formal
manner using the maximum principle of Pontryagin and the following
assumption.

We assume that at each time ¢ (or at least at almost every ¢) the optimal
control #(z)is the same as if no further observations other than {z(s); s € [0,7]}
were to be received in the future. This is a natural assumption since we cannot
anticipate future observations. That is, determining the control #(r|¢) which
for every T >t is measurable with respect to the o-ring {z(s); s € [0,7]} and
that minimizes (for convenience we put D, = D, =7and 0, =0}:

E { f {[x(7) — y(= — O* Q\(Dx(7) — y(r — W)}

+ #(7|1)* Qu(r) (7| )} d7|2(s); 5 € [0, 1]
the optimal control minimizing ¥ [u] is obtained as:
aft) = a(t|t).
[In order that this procedure be well defined (we can get a control equivalent
to #i(r|t) by changing its value for instance at = = £, which would give a different

(1)) we must impose some restriction like continuity. ]
Putting x = x; + x, (where x, like uis {z(s); s € [0, 7]}-measurable) we have:

d

[ %zAx, +Bu  x(0)=0
dx
»-‘—52 =Ax;+v;  x(0) = x(0).

Then we have:
E{[x(7) — y(r — )1* Q1(7) [x(7) — y(7 — h)]|z(s); 5 € [0, ]}
= [(r[t) — P(r — h[6)]* Q\(7) [R(r]t) — $(7 — h|1)]
+E{[x2(7) — y(7 — BI* Qu(7) [x2(7) — y(r — W]|z(s); 5 € [0, ]}
— [#r]t) — $lr — RO)]* Qy(7) [£al7]t) — $(= — hl1)] (A1)
where £({1) = E{x(7)|z(s); s € [0,1]} = x,(7) + £,(7]1).
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Since only the first term of (A1) depends on the choice of u(r), we have the
following control problem (recognizing the fact that E {u* Q, u|z(s); s € [0,¢]} =
u* Qyu):

min f {[2(|1) — $(r — AOI* Qu(DIE(|t) — $(x — B|O)] + u(r)* Qi(7)u(7)} dr
when:

{ M_A( )2+ B(nu(r) >t (A2)

£(z|r) given
[In deriving (A2) we have used the fact that (for 7> 1):

EU X(7,5)v,(s)ds|z(s); s € [0, t]} = E{ ( X(7,5) vl(s)ds} =

and that E {u(7)|z(s); s € [0,¢]} = u(r) according to our assumption.]

Applying Pontryagin’s maximum principle to this problem (cf. reference
[12]) and letting A(7|t) signify the adjoint vector, we will have the following
Hamiltonian:

H = AL+ A*Bu+ (R - QX —P) +u*Qyu (A3)
where £ = £(7|t) and § = (7 — At). Hence:
#(r|t) = —3Qx(7)! B(r)* Nrlt) (Ad)
where:
oA s
{a—T:—A*/\“‘ZQI(x"‘J’) 5
XT|1) =0.

Define &(7|t) = 3A(7|¢). Then according to our assumption:

a4(t) =—0:(t)" Bt)* a(t]t)
or [cf. (7.1D]:

w(t) = a(t[) (A6)

where &(7]#) is given by the following system:
01D _ 4 26e10) — BE) Qalr) B kel (A7)
~—a“’§:")=— A a(el) = QAN + QI —HD

R(t]t)given;  &(T|t)=0.

Information Sciences 1 (1968), 55-85



OPTIMAL STOCHASTIC CONTROL 83

Now, it is reasonable to assume that @(|¢) includes a term P, (7) X(|t),
for if (= — h|t) = 0 the solution of the above system is &(7|t) = P, (1) £(|t),
where (for instance reference [12]):

dp xx A% -1 p%
{ dt - Ql PxxA A Pxx+PxxBQ2 B Pxx (Ag)
P_(0)=0.
For this reason, we will write (A8) in the following way:

o0&

Pl (Pyx BQ7' B* — A%)& — P BQ3' B* @ — Q, %(7[t) + Q1 3(7 — hit)
a(T|t)=0.
Then, &(¢,7) being defined by (4.9):

a(t]1) = [ B(t, ) Puc(s) B(s) Qo)™ Bs)* @(s1) s

T T
+ [ B(t,5) 01(5) %G5|t ds — | B(t,5) 01(5) (s — h|t)ds. (A10)
But, for s > t:
2(s|t) = X (s, ) £(t|t) — j X(s,0) B(0) 05(0)~* B(c)* @(o|t) do

Psle) = Y(s, 1) (2]2).
Hence, using (A10):

a(t|t) = f B(t,5) 0,(5) X (s, ) ds 5(t|)

— f D(t,s+h) Qy(s+ h) Y(s,t)dsp(t]t)
_ f D(t,s + k) Qy(s + h) $(s|t) ds

— | 8(2,5) 01(5) [ X(5,0) B(o) Qa(0) ™" B(0)* (o]1) dods

+ f &(t,5) Po(s) B(s) Q2(s)~! B(s)* @(s|t)ds  for t<T—h.
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For ¢ > T — h the second term will be missing and the upper limit of the third
term will be T — /4 instead of ¢.
Here T @(1,5) Q,(s) X(s,)ds = P,(¢), and defining P,,(t) in the following
way:
T—h
P (t)=— f D(t,s+h) Qs+ h) Y(s,0)ds for t<T—h (All)

t

P (t)=0 for t>T—h
or:

dpP,,

r D(t,t + h) Q\(t + h) + P,, BQ;' B*P,, — A*P,, - P, C

for t<T—h (Al2)

P (1)=0 for ¢t>T—-h.

Then we will have:

w(r) = @(t]t) = Po(£) £(t]1) + Puy(t) 3(t|1) — g(1) (A13)
where:
min(t, T—h)
g)= [ B+ 0i(s+ 5G| ds
t—h

+ [ () Posl5) B(s) Qals) ™ B(s)* (s]1) s

- f &(t, 0) f ®(0,5) Q1(s) X(s,0) ds B(0) Qx(0)~* B(c)* &(o|t) do

)

Py(0)

where we have changed the order of integration in the last term. Since the last
two terms cancel out we have:

min(t, T—h)

o(t) = f D(t, s+ h) O\(s + h) J(s|t) ds. (Al14)

t—h

These are exactly the equations received in the paper (putting D, = D;=1
and Q,=0).

A rigorous proof using these ideas would as well prove the Separation
Theorem.
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