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Abstract. Given a finite endomorphism ϕ of a variety X defined overSthe field of
fractions K of a Dedekind domain, we study the extension K(ϕ−∞ (α)) := n≥1 K(ϕ−n (α))
generated by the preimages of α under all iterates of ϕ. In particular when ϕ is
post-critically finite, i.e. there exists a non-empty, Zariski-open W ⊆ X such that
ϕ−1 (W ) ⊆ W and ϕ : W → X is étale, we prove that K(ϕ−∞ (α)) is ramified over
only finitely many primes of K. This provides a large supply of infinite extensions
with restricted ramification, and generalizes results of Aitken-Hajir-Maire [AHM05]
in the case X = A1 and Cullinan-Hajir, Jones-Manes [CH12, JM14] in the case
X = P1 . Moreover, we conjecture that this finite ramification condition characterizes
post-critically finite morphisms, and we give an entirely new result showing this for
X = P1 . The proof relies on Faltings’ theorem and a local argument.

1. Introduction
For a number field K and a finite set S of places of K, the arithmetic fundamental
group Gal (KS /K) is the Galois group of the maximal algebraic extension of K unramified outside of S. These groups are objects of great number-theoretic interest, and
well-known quotients of them arise through algebraic geometry, for example in the form
of linear representations attached to abelian varieties. Recently another approach to
constructing such quotients has arisen, one that relies on arithmetic dynamical systems.
It was first observed in [AHM05] that adjoining iterated pre-images of α ∈ K under
a polynomial f ∈ K[x] gave rise to infinite extensions unramified outside a finite set
of primes, provided that f is post-critically finite, i.e. the forward orbit of each critical
point of f is finite. In [CH12] and [JM14, Theorem 3.2] this approach was extended
to the case where f is a rational function. In this paper, we extend this result even
further, to the case where f is allowed to be any finite endomorphism of a smooth,
irreducible variety, and K is allowed to be the fraction field of any Dedekind domain.
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We conjecture, however, that this finite ramification phenomenon for arithmetic dynamical systems is limited to those that are post-critically finite, and we prove this in
the case where f is a rational function.
We begin by extending the definition of post-critical finiteness of a rational function
to the case of endomorphisms of more general varieties.
Definition 1. Let X be an irreducible, smooth variety, and let ϕ : X → X be a finite
morphism. We say that ϕ is post-critically finite (PCF) if there is a non-empty
Zariski-open W ⊆ X such that ϕ−1 (W ) ⊆ W , and such that ϕ : W → X is étale.
Note that a PCF map must be separable, since an inseparable morphism is nowhere
étale. In the case X = PN , over the complex numbers, it is easy to see that Definition 1
is equivalent to the usual one, namely that if Cϕ ⊆ PN
C is the critical locus of ϕ, then
the sequence ϕn (Cϕ ) is supported on a finite collection of irreducible subvarieties of PN
C
as n → ∞. Indeed, this latter condition holds if and only if the union
[
ϕn (Cϕ ) ⊆ PN
(1)
C
n>0

is an algebraic subvariety of PN
C , and thus the condition in Definition 1 is satisfied,
where we take W to be the complement of the union in (1).
Although the definition of PCF maps is purely geometric, PCF maps have special
arithmetic properties besides the finite ramification of preimage fields explored in this
article. See [FG13, Pin13] for some recent examples.
In this paper, we consider the primes that ramify in extensions obtained by taking
backward images of K-points of X, where we typically take K to be a global field.
Definition 2. Let K be any field, and let ϕ : X → X be defined over K. If α ∈
X(K)
and n is a positive integer, we set Kn,ϕ (α) = K(ϕ−n (α)), and K∞,ϕ (α) =
S
−n
(α)). If K is a global field, we set Sn,ϕ (α) to be the set of primes of K
n>0 K(ϕ
that ramify in Kn,ϕ (α) for n ∈ N ∪ {∞}. When ϕ is clear from context, we suppress it
and write Kn (α) and Sn (α).
Our first theorem says that if a map is PCF, then the field generated by the full
iterated backward orbit of an algebraic point is ramified at only finitely many primes.
Theorem 3. Let X be a smooth, irreducible, projective variety defined over the field
of fractions K of a Dedekind domain R, and suppose that ϕ : X → X is a PCF
morphism defined over K. Then there exists a non-empty Zariski-open W ⊆ X such
that the following holds: for any α ∈ W (K), S∞ (α) is a finite set.
Remark. An equivalent way of stating Theorem 3 is that the ramification of the associated so-called arboreal representation (see [BJ07, BJ09, JM14]) has finite support.
The subvariety W ⊆ X in Theorem 3 can, at worst, be taken to be the W from
Definition 1 (i.e., the complement of the postcritical set), as shown in the proof of
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Theorem 3. In the case X = P1 , we show in Theorem 8 that we may in fact take
W = X, thus reproducing in this case the existing results in the literature ( [AHM05,
CH12, JM14]). Moreover, in-progress of work of Levy and Tucker [LT] shows that
Theorem 3 may be amplified to W = X by proving a result about the behavior of PCF
morphisms under restriction.
We conjecture that the finite ramification of preimage fields given by Theorem 3 in
fact characterizes PCF morphisms:
Conjecture 4. Let X be a smooth, irreducible, projective variety defined over the
field of fractions K of a Dedekind domain S
R. Suppose that ϕ : X → X is a non-PCF
morphism defined over K, α ∈ X(K), and n>0 ϕ−n (α) is an infinite set. Then S∞ (α)
is an infinite set.
S
If ϕ−n (α) is not Zariski-dense
then we say that α is an exceptional point for ϕ.
S
For X = P1 this means that ϕ−n (α) is a finite set, which occurs only when, after
coordinate change, α = ∞ and ϕ is a polynomial,
or when α ∈ {0, ∞} and ϕ(z) = z d .
S
If dim X >S1 and α is exceptional for ϕ but n>0 ϕ−n (α) is infinite, then the Zariskiclosure of n>0 ϕ−n (α) is a positive-dimension subvariety Y that is fixed under ϕ, and
α is not exceptional under ϕ|Y .
Conjecture 4 is known only in the case where K is a function field over a number
field k, ϕ is a univariate polynomial defined over k, and α is transcendental over k
[AHM05, Theorem 1.1]. We prove the following:
Theorem 5. Conjecture 4 holds when K is a number field and X = P1 .
We also raise a second conjecture here: in Theorem 3, we get an infinite field extension of K that is ramified over finitely many primes of K. It is a longstanding problem
to study extensions of number fields with restricted tame ramification, and it would
be interesting to have a dynamical source of such extensions. We conjecture, however,
that this is not possible:
Conjecture 6. In the situation of Theorem 3, there always exists at least one prime
of K in S∞ (α) where the ramification is wild.
2. Proof of Theorem 3
Before giving the proof of Theorem 3, we state and prove an appropriate version of
the Chevalley-Weil Theorem.
Theorem 7 (Chevalley-Weil). Let ϕ : X → Y be a finite étale map of schemes
defined over A, and let P ∈ Y (A). Then there is a finite, unramified extension B/A
of rings and a point Q ∈ X (B) such that f (Q) = P .
Proof. First, let Z = X ×Y Spec(A) be the fiber product relative to the maps ϕ :
X → Y and P : Spec(A) → Y . Since P and ϕ are finite, so is the map Z → Spec(A),
and hence Z = Spec(B) for some finite A-module B [Har77, p. 91]. By definition, the
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fiber product gives a map Spec(B) → X , i.e., a point Q ∈ X (B) with P = ϕ(Q).
Here, we abuse notation and use P to refer to the canonical map Spec(B) → Y induced
by composing the canonical map Spec(B) → Spec(A) with P : Spec(A) → Y . Finally,
the fact that B/A is unramified follows from the fiber product of étale morphisms being
étale.

Proof of Theorem 3. Let R be a Dedekind domain, with fraction field K, let X/K be
an irreducible, smooth, projective variety, let ϕ : X → X be a PCF morphism defined
over K, let W ⊆ X be a set as in Definition 1, and let α ∈ W (K). We now describe
a finite set of primes which will contain all primes ramifying in any of the extensions
Kn /K. Specifically, let S ⊆ Spec(R) be the set of places p for which X has bad
reduction modulo p, ϕ has bad reduction modulo p, the ramification subscheme of ϕ
has a fibral component modulo p, or α collides with the complement of W modulo p.
In other words, if RS is the localization of R at S, then X is the generic fiber of a
scheme X → Spec(RS ), W is the generic fiber of a scheme W → Spec(RS ), α extends
to a morphism α
e : Spec(RS ) → W , and ϕ extends to an étale morphism ϕ : W → X
over RS . Now, note that if U = ϕ−n (W ), then since the inclusion map U → W is
étale, so is the map ϕn : U → W . Theorem 3 is the application of the Chevalley-Weil
Theorem to the point α
e ∈ W (RS ) and the map ϕn : U → W .

Remark. The ramification subscheme of ϕ mod p has a fibral component if and only if
the reduction of ϕ mod p is inseparable.
As noted in the introduction, the restriction to an open subset in Theorem 3 is likely
artificial, and can be eliminated provided that PCF morphisms are “PCF all the way
down”; in [LT], Levy and Tucker prove that the restriction can be lifted. Here we will
prove that the restriction can be lifted provided X = P1 .
Theorem 8. If X = P1 then Theorem 3 holds with W = X.
Proof. The proof of Theorem 3 explicitly constructs W to be X minus the postcritical
set of ϕ, which when X = P1 and ϕ is PCF is a finite set of points. The critical locus
Cϕ consists of a finite set of points, and there exists some constant m such that if
β ∈ Cϕ then α = ϕi (β) for some i ≤ m or α is not in the forward orbit of β.
Suppose first that α is not a periodic point of ϕ. Then ϕ−m (α) consists of a finite
set of points, none of which is of the form ϕi (β) for any β ∈ Cϕ . Thus, K∞ (α)/Km (α)
is finitely ramified. Km (α)/K is finitely ramified since it is a finite extension, and
therefore K∞ (α)/K is finitely ramified, as required.
If α is periodic, then we first observe that Kn (α) ⊆ Km (α) if n < m, and therefore
∞
∞
[
[
K∞,ϕ (α) =
Ki,ϕ (α) =
Kni,ϕ (α) = K∞,ϕn (α)
i=1

i=1

for every n ≥ 1. Since K∞,ϕ (α) = K∞,ϕn (α), we may freely replace ϕ with an iterate,
and in particular we may assume that α is fixed. But now Kn (α) is the compositum of
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Kn−1 (β) over all β ∈ ϕ−1 (α) \ {α}. Since β is not periodic, K∞ (β) is finitely ramified,
and this implies K∞ (α) is finitely ramified.

3. Examples
The proof of Theorem 3 is sufficiently explicit that a set of primes outside of which
the preimage extensions are unramified can often be presented with relative ease.
Example 9. Dupont [Dup02] produces an example of a quadratic map ϕ : P2 → P2
which is post-critically finite, namely


ϕ[x : y : z] = (x − y + z)2 : (x + y − z)2 : (−x + y + z)2 .
One checks that the post-critical locus of this morphism is precisely that defined by
xyz(x − y)(y − z)(z − x) = 0.
Thus, in the proof of Theorem 3, we may take W ⊆ P2 to be the complement of this
divisor.
Given a number field K, and a point P ∈ W (K), let S be any set of places of K
containing all places above 2, above the coordinates of P , and above their pairwise
differences. Then if OK,S is the set of S-integers of K, the morphism ϕ : W → W
is the generic fibre of an étale map ϕ : W → W of OK,S -schemes, and P extends to
a point P ∈ W(OK,S ). It follows from the proof of Theorem 3 that the extensions
K(ϕ−n (P )) are all unramified above primes outside of S.
Incidentally, we note that, given a set S, there are only finitely many points P ∈
W (K) for which this set of places suffices, which in this case follows from the finiteness
of solutions to S-unit equations. More generally, if W ⊆ P2 is an affine open set
containing infinitely many S-integral points, this places substantial restrictions on the
complement P2 \ W (in our case, the postcritical set); see, e.g., work of Corvaja and
Zannier [CZ04].
Observe that the periodic postcritical components are x = y, y = z, and z = x,
which ϕ permutes in a 3-cycle. Let us look at how ϕ3 acts on these components. Since
ϕ has a Z/3Z-automorphism by the coordinate change x 7→ y 7→ z 7→ x, it suffices to
look at the action of ϕ3 on just one of these components. Let us look at the component
x = y, and let us dehomogenize by setting z = 1. It is a straight forward computation
that
(4x2 − 4x − 1)4
ϕ3 (x) =
(16x4 − 32x3 + 40x2 − 24x + 1)2
There are 14 critical points, counted with multiplicity: the two roots of 4x2 − 4x − 1
are quadruple zeros and triple critical points, the roots of 16x4 − 32x3 + 40x2 − 24x + 1
are double poles and simple critical points, ∞ is a simple critical point (the top two
terms of both numerator and denominator are the same), and after factoring those out
we obtain 1/2 as a triple critical point. 0, 1/2, ∞ all map to the fixed point 1. More
specifically, the critical values are 0, 1, ∞, which are precisely the intersections of the
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other postcritical components with x = y. As expected based on the in-progress work
in [LT], the restriction of ϕ3 to x = y is PCF. If we pull back a point on this line, then
again we obtain finite ramification.
Example 10. As another example, consider the generalized Tchebyshev map ϕ : P2 →
P2 given by
ϕ[x : y : z] = [x2 − 2yz : y 2 − 2xz : z 2 ],
whose postcritical set consists of the quintic curve
z(x2 y 2 − 4x3 z − 4y 3 z + 18xyz 2 − 27z 4 ) = 0.
If W is the complement of this curve, and P ∈ W (K), then there is a finite set S of
primes such that over OK,S , ϕ extends to an étale map ϕ : W → W, and P extends
to a point W(OK,S ). The extensions K(ϕ−n (P )) are again unramified above primes
outside of S. It follows again from the result of Corvaja and Zannier [CZ04] that a
given set S will work for only finitely many points.
In this example, there is in fact a simpler way of accessing this fact (noting that
computing the set of primes modulo which a given point intersects the above quintic is
perhaps not trivial). The Tchebyshev example above fits into a commutative diagram
Q7→Q2

G2m −−−−→


πy


for π(x, y) = x + y +

1 1
,
xy x

+

1
y

G2m

π
y

P2 −−−→ P2
ϕ

+ xy , which is ramified exactly where x = y, x = y −2 ,

or y = x−2 . Thus if P ∈ P2 (K) satisfies P = π(Q), and S is a set of places of K for
n
which Q is an S-unit, then the extension K(ϕ−n (P )), contained in K(Q1/2 ), will be
unramified outside of S.
4. A characterization of PCF morphisms on P1
Let us now turn to the proof of Theorem 5; throughout this section, unless otherwise noted, we assume that K is a number field. The key ingredient of the proof of
Theorem 3 is that a given α ∈ X(K) will only collide with a proper closed algebraic
subset of X modulo finitely many primes. If f : X → X is postcritically infinite,
then we expect α to collide with the postcritical set modulo infinitely many primes.
However, such collision modulo a prime alone is insufficient to guarantee ramification
of pre-image fields at that prime.
Example 11. Let p be a prime number, f (z) = z(z − p), and α = 0. The unique finite
critical point is p/2, with critical value −p2 /2. Although −p2 /2 ≡ 0 mod p, we have
Q(f −1 (0)) = Q, and so there is no ramification in Q(f −1 (0)).
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It is not hard to prove that, if X = P1 , then for every infinite postcritical orbit and
every α that does not lie on it, there exist infinitely many primes modulo which α does
lie in the orbit. Indeed, by results of Silverman [Sil93], this is true of every infinite
forward orbit. Our proof of Theorem 5 requires the following stronger version of this:
Lemma 12. Let ϕ(z) : P1K → P1K , let e ≥ 2 be an integer, suppose that 0 is not a
postcritical point under ϕ, suppose that a ∈ P1 (K) is not preperiodic, and let S be any
finite set of places of K. Then there exist p 6∈ S and n ≥ 0 such that vp (ϕn (a)) is
positive and not divisible by e.
Proof. Before beginning the proof, we note that it is enough to establish the claim
for some iterate of ϕ. If 0 is not post-critical for ϕ, then it is not post-critical for ϕk
either, for any k ≥ 1. Since every iterate of ϕk is also an iterate of ϕ, the result for
ϕ now follows from that for ϕk . We may replace ϕ with an iterate, then, to assume
that deg(ϕ) ≥ 5. Note also that the numerator of ϕ has no repeated roots, since such
a root β would satisfy ϕ(β) = ϕ0 (β) = 0, which contradicts our hypothesis that 0 is
not post-critical for ϕ. Since ∞ is also not mapped by ϕ to 0 with multiplicity, we
may assume that the numerator of ϕ (written in lowest terms as a quotient of two
polynomials) has at least 4 distinct simple roots.
Now fix ϕ, e, and a as in the statement and suppose, toward a contradiction, that
there is some finite set S of places of K such that for all p 6∈ S and all n ≥ 0, if
vp (ϕn (a)) > 0 then e | vp (ϕn (a)). We will enlarge our set S below, which clearly does
not disrupt this property.
Write ϕn (a0 ) = αn /βn with αn , βn ∈ OK chosen so that αn OK + βn OK all divide
some fixed ideal I (we can do this by the finiteness of the class group). Write ϕ(x/y) =
F (x, y)/G(x, y) with integral coefficients, and enlarge the set S of places enough that
×
Res(F, G) ∈ OK,S
and such that OK,S is a PID in which I generates the trivial ideal.
For a given n, write ϕn (a0 )OK,S = a/b, where a and b are coprime ideals in OK,S .
Note that, by our construction of S, we have
F (αn−1 , βn−1 )OK,S = a.
We have assumed that e | vp (ϕn (a0 )) for every n ≥ 0 and every p 6∈ S with vp (ϕn (a0 )) >
0, and so (since OK,S is a PID) we have
F (αn−1 , βn−1 ) = sy e ,
×
×
for some S-unit s. Choosing a finite set S of coset representatives of OK,S
/(OK,S
)e ,
we in fact have that for each n ≥ 0,

(2)

s−1 F (αn−1 , βn−1 ) = y e ,

for some y ∈ K and some s ∈ S . Since S is finite, there is one particular s ∈ S such
that (2) has a solution with y ∈ K for all n in some infinite set Z. Since αn OK + βn OK
all divide some fixed ideal I, and since we have that F (x, 1) has four distinct simple
roots, we may apply a result of Darmon and Granville [DG95, Theorem 10 ] to conclude
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that there are only finitely many distinct values ϕn (a0 ) = αn /βn with n ∈ Z. But Z
is infinite, and this would mean that a0 is preperiodic for ϕ. The lemma follows from
this contradiction.

From Lemma 12, we now prove Theorem 5.
Proof of Theorem 5. We first make some reductions of the theorem. Note that the
compositum of a finite extension of K with a finitely-ramified extension will again
be finitely ramified, so it suffices to prove the theorem after adjoining some algebraic
values to K. In particular, we will assume that ϕ has a critical point ζ ∈ P1 (K) whose
orbit is infinite, and we denote by e ≥ 2 the local degree of ϕ at this point.
We write Kn (α) = K(ϕ−n (α)). If ϕk (β) = α, then Kn (β) ⊆ Kn+k (α), so it suffices
to prove the theorem after replacing α with any of its preimages. Since α is not exceptional, it has infinitely many preimages, only finitely many of which can be postcritical.
Without loss of generality, then, we will suppose that α is not post-critical. Finally,
making a change of coordinates if necessary, we assume for convenience that α = 0 and
that ϕ(∞) = ∞. When we write
ϕ([x : y]) =

F (x, y)
,
G(x, y)

with F and G coprime homogeneous forms, this last assumption gives that G(x, y) is
divisible by y.
Toward a contradiction, suppose that there exists a finite set S of places of K such
that the fields Kn (0)/K are all unramified outside of S. We will replace S with a larger
finite set such that the coefficients of F and G are S-integral; Res(F, G) is an S-unit;
ζ and ϕ(ζ) are S-integral; and the constant terms of G(x + ζ, 1) and F (1, x), and the
quantity ϕ(e) (ζ)/e!, are S-units, where ϕ(e) denotes the eth derivative of ϕ evaluated at
ζ (which is necessarily non-zero). Note that it follows from this that ϕ(z + ζ) admits
a power series expansion with S-integral coefficients of the form

ϕ(e) (ζ) e
z + O z e+1 ,
e!
e
with the coefficient of z an S-unit. Also note that if we set
ϕ(z + ζ) = ϕ(ζ) +

Fn+1 (x, y) = F (Fn (x, y), Gn (x, y))
and
Gn+1 (x, y) = G(Fn (x, y), Gn (x, y))
then Res(Fn , Gn ) is always an S-unit, and Fn and Gn always have S-integral coefficients.
By Lemma 12 there exists a prime p 6∈ S such that vp (ϕn (ζ)) is positive and not
divisible by e. We have
0 < vp (ϕn (ζ)) = vp (Fn−1 (ϕ(ζ), 1)) − vp (Gn−1 (ϕ(ζ), 1)).
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But Fn−1 (ϕ(ζ), 1) and Gn−1 (ϕ(ζ), 1) are S-integers with no common factor, and so in
fact
vp (ϕn (ζ)) = vp (Fn−1 (ϕ(ζ), 1)).
Let P be a prime of Kn (0) dividing p. Note that, since p does not ramify, we have
vP (x) = vp (x) for all x ∈ K.
n
If we write Fn (x, 1) = sn xd + · · · for each n, then a simple induction using the fact
2 +···+dn−1
that y divides G(x, y) shows that sn = s1+d+d
. In particular, this value is an
1
S-unit for all n (given our assumption that it is for n = 1).
Factoring in Kn−1 (0), we have
Fn−1 (x, y) = sn−1 (x − δ1 y) · · · (x − δdn−1 y),
where δ1 , ..., δdn−1 are necessarily S-integral. If e | vP (ϕ(ζ) − δi ) for each i, then the
same would be true for
r
X
vP (Fn−1 (ϕ(ζ), 1)) =
vP (ϕ(ζ) − δi ),
i=1

which we know not to be the case. So we have some i with e - vP (ϕ(ζ) − δi ) > 0.
Now consider the function ψ(z) = ϕ(z + ζ) − δi . The roots of ψ(z) are all Kn (0)rational, since each is of the form γ − ζ, with γ an nth preimage of 0 (more specifically,
a first preimage of δi ). By hypothesis, this function admits a power series expansion
which converges on the P-adic open unit disk. On the other hand, we know that this
power series has the form
ϕ(e) (ζ) e
z + O(z e+1 ),
e!
where the remaining terms all have P-integral coefficients. The Newton Polygon for
ψ, then, has an initial segment of length e and slope −vP (ϕ(ζ) − δi )/e, followed by
an infinite segment of slope 0. Consequently, one of the roots of ψ has valuation
vP (ϕ(ζ) − δi )/e (indeed, e of them do), but such roots are Kn (0)-rational, and thus
have integral P-valuation. We conclude that vP (ϕ(ζ) − δi ) is divisible by e. This is a
contradiction.

ψ(z) = (ϕ(ζ) − δi ) +

Remark. In higher dimension, if α is exceptional, then its backward image is contained
in a positive-codimension closed subvariety Y ( X. In line with Conjecture 4, we
conjecture that whenever the restriction of ϕ to Y is postcritically infinite, we again get
ramification at infinitely many primes. The reason for the restriction to non-exceptional
points in the statement of Conjecture 4 is that even when ϕ is postcritically infinite,
its restriction to Y may be PCF.
If Lemma 12 is true for a higher-dimensional variety X, it is not too difficult to
generalize Theorem 5. The proof of Theorem 5 can be reinterpreted in Newton polygon
language, which readily generalizes to higher dimension; for a survey, see [Rab12].
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The other step in the proof requires showing that a given α collides with one postcritical component at a time; this is why S contains the set of primes where two critical
points of ϕ collide. To generalize this to higher dimension, first, we note that at all but
finitely many primes — indeed, generically, for all primes — no two components of the
critical locus, a finite union of irreducible hypersurfaces, will have the same reduction.
Now, we need to deal with the case in which α collides with the intersection of
n
ϕ (C1 ) and ϕn (C2 ) where C1 and C2 are two distinct critical components, mapping to
their images with local degrees e1 and e2 . In that case, α would have a preimage of
multiplicity e1 e2 , which is clearly divisible by e1 . More generally, the proper intersection
of critical components of mapping degrees e1 , . . . , ek maps to its preimage with degree
e1 . . . ek ; improper intersection will only happen modulo finitely many primes, which
we can exclude. We can thus make e1 the e we use in the proof of Theorem 5.
The difficulty is in generalizing Lemma 12. To obtain the same argument, we first
must assume that the Bombieri-Lang conjecture is true. Although the conjecture
merely says that general-type varieties have non-Zariski dense sets of rational points,
rather than finite sets, in the particular example of sy e = f (ϕ(C)), where C is a
hypersurface, ϕ is its image, and f (ϕ(C)) is a normalized defining polynomial for
ϕ(C), Bombieri-Lang does in fact imply finiteness.
The problem is that we cannot place all the defining polynomials for the components
of the postcritical locus into one equation. The components will have growing degrees,
so they will come from Chow varieties of growing dimension. The converse, i.e. colliding a specified hypersurface with a Zariski-dense orbit of points, follows trivially from
Bombieri-Lang, but for our purposes, we need to show that a specified non-postcritical
α collides with the postcritical locus, to degrees not divisible by certain mapping degrees, modulo infinitely many primes. We cannot make any use of stronger conjectures,
such as a uniform bound on the number of rational points of general-type varieties:
such conjectures only apply for families with fixed discrete parameters, just as the
uniform bound conjecture for rational points of general-type curves lets the number of
points depend on the genus.
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