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Parallel Computations 

Â Executing iterative algorithms                                in parallel: 

Á trivial when         has structure, e.g.  

Á or when there is a central coordinator that maintains global state 

Â More challenging when state (decision variables) updates are distributed 

Â Component-wise parallelization: Each processor responsible for one decision 

variable, executes 

Â Selected issues: 

Á How to gather states from other processors? 

ÁWhat if this information is delayed, noisy, distorted? 

Á How to account for asynchronous execution? 
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Asynchronous Model 

Â Let     be the set of event times, when some of the processors executes an update. 

 

Â Let                be the event times  when processor   updates its state 

 

Â   

 

Â   

Â                    is the most recent version of     available to processor   at time   , and 

was computed at time                      ,  

 

Â Information from other processors possibly delayed 

 

Â Accounts for asynchronicity and information delay.  
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Total Asynchronism 

Â Updates arbitrarily infrequent, information delays arbitrarily long 

 

Â Formally, the execution is totally asynchronous if  

ÁThe update sets        are infinite, and 

ÁFor every sequence                   with                          ,  it  

also holds that 

 

Â No processor ceases to update and communicate its information. 
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Asynchronous Convergence Theorem 

Â Theorem: If there is a sequence of nonempty sets             with 

 

      satisfying 

      (Synchronous convergence condition)    

 

 

and for every sequence            with                          , every limit point of          

is a fixed point of  F  

 

     (Box condition) 

     for every t there exists sets                      such that  

 

 

     Then, if                      , then every limit point of              is a fixed point of F 
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Max-Norm Contractions Under Total Asynchronism 

Â Max-norm contraction:  There exists                 such that                 

 

 

Á Have unique fixed points, linear convergence rates. 

 

Â Also converge under total asynchronism, since 

 

  

      satisfy the conditions of the asynchronous convergence theorem. 

Â The gradient method converges totally asynchronously when it is a max-norm 

contraction. 
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Partially Asynchronism 

Â An algorithm is called partially asynchronous if  

Â During every window of length D, each processor updates at least once 

Â The information used by any node is outdated with at most D time units 

 

Â  If f is convex and has Lipschitz gradient (L > 0), then the gradient method  

 

 

      converges under partial asynchronism, provided that  
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Distributed Optimization over Graphs 

Â Convex optimization problem under (logical) communication constraints 

 

 

 

 

 

 

 

 

 

Â Nodes can only exchange information with immediate neighbors in G. 
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Example: robust estimation 

Â Nodes measure different noisy versions          of the same quantity. 

 

Â Would like to agree on common estimate       that minimizes 

 

 

 

      where            is the Huber loss 
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The Dual Approach 

Â Introduce local decision vector         and re-write problem on the form 

 

 

 

 

Â Relax consistency constraints using Lagrange multipliers, solve dual problem. 

 

 

 

 

 

Â Can do with less than consistency on every edge. 
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A Primal Approach 

Â For simplicity, drop constraint and consider 

 

 

 

Â Can we develop a solution approach that works directly with primal variables? 

 

Â Yes, if we introduce local decision vectors and reconcile ñsufficientlyò well 
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A Two-Step Approach 

Â Step 1: Nodes take step in gradient direction 

 

 

Â Step 2: Reconcile by forming network-wide average 

 

 

 

Â Recovers standard gradient method 

 

 

 

Â Network-averaging possible with peer-to-peer exchanges only 
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Distributed Averaging and Consensus 

Â Averaging can be performed distributedly 

 

 

 

Â For appropriately chosen weights,  

 

 

 

 

Â Known as distribtued averaging or average consensus. 
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