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Contraction Mapping

A F:X — X (X closed) is a contraction mapping if |F(xz) — F(y)|| < oz — vy,
Va,y € X for some norm || - || and a € [0, 1).

A A contraction mapping F' has a unique fixed point z* € X (i.e., F(x*) = z*).

A For any initial z(0) € X, the sequence {z(t)} generated by the iterative method
z(t+ 1) = F(x(t)) converges to x* geometrically:

|(t) — 2" < a'||(0) — 2", V¥t =0.

A if the following hold:
(i) f is twice continuously differentiable
(ii) dvéi(m) < L for some L > 0, Vz, Vi
(ili) D ;4 |dvd£j($)| + 5 < \dv J(2))| . Wi for some 8> 0
(V2 f satisfies a diagonal dommance condition),
then the gradient mapping F(z) = z — aV f(z) with 0 < a < + is a maximum-
norm contracion mapping.
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Parallel Computations

Executing iterative algorithms(t + 1) = F(z(t)) in parallel:
A trivial when F(-) 'has structure, e.di(z) = > _ F@ (2

Ve p . -
A or when there is a central coordinator that maintains global state= Z F®) ()
p

More challenging when state (decision variables) updates are distributed

Componentwiseparallelization: Each processor responsible for one decisior
variable, executes; (t + 1) = F;(z;(t), z_;(t))
Z;(t)

Selected issues:

A How to gather states from other processors?
A What if this information is delayed, noisy, distorted?
A How to accounfor asynchronousxecution?
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Asynchronous Model

Let T be the set of event times, when safiie processomxecutes an update

Let 7() c 7 = be thevent timeswhenprocessor updates itstate

E@ @), @), e @) ifteT®

x;(t) otherwise

FiIX%Xi,X:XlXXQX---XXn,F:(Fl,...,Fn)IX—)X

=\ (r17 (1)) is the most recent version of - available to processor - attime
was computed attimeg” (1) e 70 0 < 77 (¢) < ¢

Information from other processors possidslayed

Accountsfor asynchronicityand information delay.



A

otal Asynchronism

Updates arbitrarily infrequent, information delays arbitrarily long

Formally, the execution ®tally asynchronousf
A The update sets® . are infinite, and

A For every sequende,} € T . withy, .t = oo , it
also holds thatlimy_,., 7" (t;) = oo

NO processor ceases to update and communicate its information.



Asynchronous Convergence Theorem

A Theorem: If there is a sequence of nonempty $&t¢t)} with
D X(t=-1)DX(t) D
satisfying
(Synchronous convergence condition)

F(x) e X(t+1) Vt, Vo € X(t)

and for every sequenée(t)}  with) € X (t) Wt , every limit pdinttof
IS a fixed point of F

(Box condition)
for everyt there exists sets(; (t) C X; such that

X(t) = X1(t) x Xo(t) x -+ x X, ()

Then, if z(0) € X(0) 1, then every limit point of(¢)} Is a fixed poiRt of



Max-Norm Contractions Under Total Asynchronism
A Max-norm contraction:  There existse [0, 1) such that
|F(z) = F(y)lloo < allz =yl Vr,yeX

A Have unique fixed points, linear convergence rates.

A Also converge under totakynchronismsince
X(t)={z eR" ||z — 2"]lec < a'[|z(0) — 2"||oc ]
satisfy the conditions of the asynchronous convergence theorem.

A The gradient method converges totally asynchronously when it is -sonax
contraction.
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Partially Asynchronism

An algorithm is callegartially asynchronousf

(i) For each i and ¢, {t,t +1,...,t + D — 1} NT® £ )
(i) t — D < 7.)(t) <tV Vi, j

During every window of length D, each processor updates at least once
The information used by any node is outdated with at most D time units

If fis convex and hdsipschitzgradient (L > 0), then the gradient method
r(t+1)=2x(t) — aVf(x(t))
converges under partiasynchronismprovided that

1
s L(1+(n+1)D)




Distributed Optimization over Graphs

A Convex optimization problem under (logical) communication constraints

miilei%}ze Zfz,ev foi(x) fo1(x) foz(z)
subjectto x € N;ev X,
(V.E) =G
X X fos (@)

A Nodes can only exchange information with immediate neighbors in G.



Example: robust estimation

A Nodes measure different noisy versiong ) of the same quantity.

A Would like to agree on common estimaite that minimizes

minimize ) .y ||yi(t) — ||z
subject to z € X
(V.E)=G

wherel| - ||z is the Huber loss

= Quadratic norm
----- Huber norm I 607
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A

he Dual Approach

Introduce local decision vector®) . andangte problem on the form

minimize Y, fo;(z(¥)
subject to () =20U) V(i j) e E

Relax consistency constraints using Lagrange multipliers, solve dual proble

fm(fC) foz(x) fm(fB(l)) f02($(2))
21— 4(2)

fo3(z)

Can do with less than consistency on every edge.
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A Primal Approach

A For simplicity, drop constraint and consider
minimize Y ., foi()
A Can we develop a solution approach that works directly with primal variable

A Yes, | f we 1 ntroduce | ocal deci si
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A Two-Step Approach

A Step 1: Nodes take step in gradient direction
:%(Z) (t -+ 1) = 113(7’) (t) — OéVfoZ' (ZL’(Z))

A Step 2: Reconcile by forming netwewide average
(’5) Z CIZ(‘?) t+ 1

A Recovers standard gradient method

D (t+1) = Zx(J) _avaO (2U)) = 2D (¢ __vao 2 (¢

A Network—averaglng possible with pe@r-peer exchanges onIy
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Distributed Averaging and Consensus

A Averaging can be performetistributedly

A For appropriately chosen weights,

A Known asdistribtuedaveraging or average consensus.
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